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A multidimensional, finite difference numerical scheme for the freezing process of
biological tissues during cryosurgery is presented, which is a modification of an
earlier numerical solution for inanimate materials. The tissues are treated as nonideal
materials, freezing over a temperature range and possessing temperature-dependent
thermophysical properties, blood perfusion, and metabolic heat generation. The nu-
merical scheme is based on the application of an effective specific heat, substituting
the intrinsic property, to include the latent heat effect within the phase transition
temperature range. Results of the numerical solution were verified against an existing
exact solution of a one-dimensional inverse Stefan problem in Cartesian coordinates.
Results were further validated against experimental data available from the literature.
The utility of the numerical solution for the design and application of cryodevices is
demonstrated by parametric studies of the freezing processes around spherical and
cylindrical cryoprobes. The parameters studied are the cryoprobe cooling power and
the dimensions of the frozen region. Results are calculated for typical thermophysical
properties of soft biological tissues, for angioma and for water.

Introduction

Heat transfer involving phase change in biological tissues is
of great importance in medical applications. Examples are in the
destruction of undesired tissues by freezing, termed cryosurgery
(Oh, 1981; Orpwood, 1981; Onik et al., 1991), or in the preser-
vation of desired tissues, referred to as cryopreservation (Akhtar
et al, 1979; Fahy, 1981; Rubinsky, 1986). For the general
solution for these problems, the biological tissues have to be
considered as nonideal materials wherein thermophysical prop-
erties are temperature-dependent and phase transition occurs
over a temperature range. Freezing problems in biological tis-
sues must also include the thermal effects of blood perfusion
and metabolic heat generation in the unfrozen regions.

There exist a limited number of analytical solutions for phase-
change problems, all of which are one dimensional. Most of
these solutions apply to simplified and idealized systems and are
usually presented for inanimate materials (Carslaw and Jaeger,
1959; Lunardini, 1981). Exact solutions for freezing problems
in biological tissues are presented for inverse problems only,
of which boundary conditions are specified at the moving front
(Rubinsky and Shitzer, 1976; Rabin and Shitzer, 1995). The
complexity of multidimensional freezing problems suggests the
application of numerical techniques. There seem to be two basic
approaches for obtaining numerical solutions for these prob-
lems: One is based on a moving interface tracing technique
(Shamsundar and Sparrow, 1975; Viskanta, 1983; Yoo and
Rubinsky, 1986; Rabin, 1995) while the other is based on the
enthalpy formulation (Lazaridis, 1970; Shamsundar and Spar-
row, 1975; Hsiao and Chung, 1984).

The objectives of this paper are: (a) To present an explicit
numerical solution for the multidimensional freezing problem,
with application to cryosurgical processes in peripheral biologi-
cal tissues. The solution is a modification of an earlier one
developed for inanimate materials (Rabin and Korin, 1993)
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and includes the thermal effects of both blood perfusion and
metabolic heat generation. (5) To demonstrate the utility of the
numerical solution for design purposes, which will be done
by showing that commonly used cryosurgical devices are not
optimally designed.

Mathematical Formulation

It is customary to assume that heat transfer in biological
tissues, characterized by a dense capillary network and low
blood perfusion, can be modeled by the classical bioheat equa-
tion (Pennes, 1948):

C% =V (kVT) + wpCpo(T, = T) + Gumer (1)

Although the general validity of this model is questionable,
it was demonstrated recently that it can be used for engineering
calculations and especially around a cryosurgical probe (Rabin
et al., 1996a). The general boundary condition of Eq. (1) is
given by:

4+ v-1) )
on

The numerical solution of Egs. (1) and (2) is developed for
the following assumptions: (a) Phase transition occurs over a
relatively wide temperature range, typically between —1°C (up-
per boundary) to —8°C (lower boundary), which is dependent
on the tissue type (Altmann and Dittmer, 1971; Wessling and
Blackshear, 1973). (b) No volume changes occur while the
medium is undergoing phase transition. (¢) The thermal con-
ductivity is temperature and space dependent. (d) The volumet-
ric specific heat is defined as an effective property incorporating
the latent heat effect (Goodman, 1958; Voller, 1986). Based
on experimental data, this effective property is represented by
two linear functions, both starting at the intrinsic specific heat
values at the phase transition temperature boundaries, and inter-
secting at a peak temperature of —3°C. The slopes of the linear
functions are chosen such that the integral of this property over
the phase transition temperature range equals the phase transi-
tion enthalpy changes (Bonacina et al., 1974; Comini and del
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Giudice, 1976). (e) Blood perfusion is temperature and space
dependent and exists in the unfrozen region only. (f) The tem-
perature of blood entering the tissue is uniform in space, a
condition particularly applicable to peripheral tissues, character-
ized by a dense capillary network and relatively low blood
perfusion. (g) Metabolic heat generation rate decreases expo-
nentially with temperature in the unfrozen region (Eberhart,
1985).

Equation (1) is rewritten in a finite differences form for a
typical numerical grid point i, j, k, for the three-dimensional
case, independent of the coordinate system:

+1
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where [, m, and n are spatial indices for all the grid points in
the neighborhood of node i, j, k. Contrary to common practice,
the heat source term of blood perfusion in Eq. (3) is specified
at time level p + 1, although the other terms on the right-hand
side of the equation are written at time level p. This way of
presentation is motivated by stability considerations, which are
discussed hereafter. Rearrangement of Eq. (3) yields:
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where the thermophysical properties, the blood perfusion, and
the metabolic heat generation are temperature dependent and
thus have to be evaluated at each time level for each grid point.

The thermal resistance to heat transfer by conduction from
grid point i, j, k to its neighboring grid points /, m, n is given

by:
e _[&n L [4n
1m.n—i,jk 2‘! i 2kA ik

where 7 is substituted by x in the Cartesian geometry and by r
in the cylindrical and spherical geometries. The heat transfer
area by conduction, A, is expressed for the cylindrical geometry
by:

(5)

(rx Ar/4)A0Az n=r
ArAz
rA§Ar

A n=260 (6)
n=z

For a one-dimensional heat conduction case in a spherical geom-
etry, A is given by:

Nomenclature

A = 47%(r = Ar/4)? @)

The thermal resistance to heat transfer by convection from a
boundary grid point i, j, k to the surroundings, at temperature
T;, is given by:

1
Ai.j.kU:

where T, replaces T; ;, in Eq. (4).

Using standard stability analysis techniques (Carnahan et al.,
1969), it can be shown that the stability criterion for the case
of no blood perfusion is:

Ats[

It can further be shown that the stability of this numerical
scheme increases with the inclusion of the blood perfusion term.
This is due to the specific formulation of the blood perfusion
term for time level p + 1. Rewriting this term at time level p
would result in a decrease in stability as blood perfusion in-
creases. For example, computer simulations were performed to
indicate the stability limits for the general case of heat transfer
in unfrozen tissues. A one-dimensional problem and typical
thermophysical properties of soft tissues were chosen, and a
step function was forced at the boundary, from an initial temper-
ature of 37°C down to 0°C. Solving with the blood perfusion
term written at time level p results in maximal time steps of
3.6, 12, 23, and 45 s, for space intervals of 1, 2, 3, and 5
mm, respectively. However, solving the same problems with
the blood perfusion term written at time level p + 1, Eq. (3),
results in increase of 6, 17, 39, and 100 percent, respectively,
of the maximal time step for the cases described above.

The stability criterion presented above is necessary but not
sufficient for calculating the maximal time step. An additional
criterion is derived from energy conservation considerations.
Time steps should be selected such that the temperature at each
grid point of the phase transition region would change over a
number of successive time steps. This will ensure that the latent
heat effect is included in its entirety by the function representing
the effective specific heat.

The stability criterion, Eq. (9), requires relatively short time
intervals, which seems to be the major disadvantage of the
proposed numerical scheme. For example, time steps in the
range of 0.5 to 5 s are required for typical thermophysical
properties of biological tissues, Table 1, and for space intervals
of 1 mm in a three-dimensional problem. Therefore, it seems
that any unconditionally stable numerical scheme would be
preferable for the solution of the freezing problem, as there are
no limitations on the length of time intervals. Regardless of the
chosen numerical technique, the nature of the freezing process
during cryosurgery, i.e., dramatic changes in thermophysical
properties and steep temperature gradients, will demand a rela-
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A = area, m*

C = volumetric specific heat, J/m?
- °C

d = cryoprobe diameter, m

k = thermal conductivity, W/m-°C

L = length of the cylindrical cryo-
probe active surface, m

n = unit normal coordinate, m

¢ = volumetric heat source, W/m?>

r, 8, z = cylindrical coordinates

R = thermal resistance to heat flow,

°C/W

t =time, s
T = temperature, °C

V = volume, m®

Subscripts
b = blood
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S; = location of freezing front for cylin-
drical cryoprobe, Fig. 3, in radial (j
= 1) and axial (j = 2) directions

"U = heat transfer coefficient, W/m?2-°C

w = blood perfusion rate = ml,/ml, — s
n = general coordinate

i, j, k = calculated grid point
I, m, n = neighbor grid point to the
calculated one
met = metabolic
ml = upper boundary of phase
transition
ms = lower boundary of phase
transition
p = time level
s = boundary surface
t = tissue
© = infinity
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Table 1 Typical thermophysical properties of water (Fletcher, 1970),
soft biological tissues (Chato, 1985), and angioma (Comini and del Gui-
dice, 1976)

Water Soft Biological | Angioma
Tissues

Initial temperature 37°C 37°C 37°C
Upper limit of phase transition 0°C -1°C -1°C
Peak temperature of phase transition - -3°C -3°C
Lower limit of phase transition - -8°C -8°C
Blood temperature - 37°C 37°C
;ll'?se::,aa&/ t;,glrigtc.\:ctivity of the unfrozen 0.6 0.5 0.56
Thermal conductivity of the frozen 225 2 222
tissue, W/m-°C

]Svg;cxgxg (I;eat of the unfrozen tissue, 4.18 3.6 3.89
iile/c@g écat of the frozen tissue, 1.13 1.8 2.01
Latent heat, MJ/m’ 3317 250 250
Blood heat source, w,C,, kW/m>-°C - s40 48.5
Metabolic heat generation, kW/m® - 33.8 338

tively fine numerical grid distribution. In turn, this will demand
arelatively short time interval from energy conservation consid-
erations, as mentioned above. For example, a one-dimensional
modified Crank-Nicholson technique has been recently pre-
sented (Rabin and Shitzer, 1996), which is suitable for both
inverse and ordinary phase-change problems. It is shown there
that four to five numerical grid points are required within the
phase transition temperature range, at any given time. The phase
transition temperature range thickness was about 1 mm and,
therefore, a relatively fine numerical grid was required. Al-
though the Crank-Nicholson technique is unconditionally sta-
ble in nature, time intervals on the order of 1 s were required
in order to satisfy the energy conservation criterion presented
above. Therefore, the unconditionally stable numerical tech-
niques do not automatically guarantee shorter time intervals for
the particular problem of freezing of biological tissues. The
application of implicit numerical schemes with approximately
the same time intervals as required for the explicit numerical
scheme suggested here will become more questionable for two-
dimensional and three-dimensional freezing problems.

Finally, the explicit nature of the proposed numerical scheme
demands a relatively small computer memory, which enables
large-scale computer simulations, e.g., for the optimization of
multiprobe cryosurgical operations. A comparison of typical
matrix sizes required for a typical finite elements numerical
scheme and a numerical solution similar to the one suggested
here is presented by Rabin and Korin (1993).

Results and Discussion

The former version of the numerical solution, not including
the thermal effects of blood perfusion and metabolic heat genera-
tion (Rabin and Korin, 1993), was validated against two exact
solutions of the ordinary Stefan problem (Carslaw and Jaeger,
1959). It was also validated against two-dimensional solutions
involving mixed boundary conditions (Lazaridis, 1970; Hsiao
and Chang, 1984). Therefore, examination of the present numer-
ical solution is focused on the blood perfusion term. This is done
by comparing its predictions with those of an exact solution of
the one-dimensional problem (Rabin and Shitzer, 1995). Results
showed very good conformity of the two solutions.

The required cooling power and the propagation of the freez-
ing front are studied next, for a one-dimensional case with
spherical geometry. Radial heat flow in a spherical geometry
is assumed to simulate a superficial cryotreatment. The actual
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cooling power of a cryoprobe is determined by both its internal
structure and by the surrounding tissue, from which heat is
absorbed. The lower bound design value for this quantity may
be estimated by assuming that the internal structure of the cryo-
probe is made of highly conductive materials, and thus the
dominant resistance to heat flow resides in the surrounding
tissue.

Two cases were considered in which the cooling effects are
produced by either the expansion of a high pressure gas (Joule-
Thomson effect) or by boiling. The lowest temperatures achiev-
able for these cases were assumed at —120°C (argon or nitrogen
gas) and —196°C (liquid nitrogen), respectively. The tempera-
ture forcing functions at the surface of the cryoprobe were
constructed of two linear segments. The first segment began at
a normal tissue temperature of 37°C and dropped to the lowest
temperature in 60 s, producing cooling rates of about 160°C/
min and 230°C/min at the surface of the cryoprobe, respectively.
In the second segment the temperature remained constant, at
this low level, throughout the duration of the application. These
cooling protocols can be expected from high performance cryo-
probes, especially in superficial cryotreatments where only a
part of the cryoprobe is in direct contact with the tissue, and
where the cryoprobe feeding tube can be relatively large. Each
case was additionally examined for two conditions: (a) no blood
perfusion, and (&) a specific blood heat source value of w,C,
= 10 kW/m?>-°C. Thermophysical properties of the biological
tissue are presented in Table 1. The range of spherical cryoprobe
diameters considered are 5, 15, and 25 mm with the latter repre-
senting an upper bound for engineering design.

Figure 1 shows the locations of the two interfaces bounding
the phase transition range, designated by T, and T,,, for the
three different spherical cryoprobes. As is to be expected for
this geometry, the interface velocities decrease as-the radii of
the ice balls increase. The gaps between the interfaces widen
continuously, indicating the thickening of the phase transition
region. The effect of blood perfusion on the interface location
is shown to slow down the freezing front propagation for the
same operating parameters, as is to be expected.

Figure 2 shows the cooling power of the cryoprobe. Values
were calculated by multiplying the temperature gradient adja-
cent to the cryoprobe surface by the thermal conductivity of
the frozen region and the surface area of the cryoprobe. The
actual cooling power in a specific application is calculated by

60 T T T T T T

55k o NOBLOOD PERFUSION ]
o CRYOPROBE

sof e WC=10kW/m*-°C ]

INTERFACE RADIUS, mm

TIME, min

Fig. 1 Freezing front propagation around spherical cryoprobes in soft
biological tissues, for zero and 10 kW/m?3 — °C heat sources due to blood
perfusion. T,,; = —8°C and T,,, = —1°C represent the lower and upper
boundaries of phase transition.
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Fig. 2 Cooling power absorbed by spherical cryoprobes for two op-
erating3 temperatures and a heat source due to blood perfusion of 10
kW/m?® - °C

multiplying the values presented in Fig. 2 by the relative portion
of the active surface of the cryoprobe that is in contact with
the cryotreated tissue. As seen in Fig. 1, the differences in the
freezing front locations between the cases of no blood perfusion
and blood perfusion are not large. It follows that similar temper-
ature distributions can be expected to develop in the frozen
region of these two cases and, therefore, small differences in
the cooling powers are to be expected. Thus, Fig. 2 presents
results for the case of blood perfusion only. As can be expected,
the cooling power required to initiate the process (first stage)
is much higher than that required after the cryoprobe had
reached its constant lowest temperature. From this figure it may
be deduced that the cooling power of the cryoprobe tends to
approach a constant value in time asymptotically. The power
required for the case where the lowest cryoprobe temperature
is —120°C (Joule-Thomson effect), is about 35 to 40 percent
lower than that required for the case of —196°C cryoprobe
temperature (liquid nitrogen).

A parametric study of a two-dimensional and axisymmetric
cylindrical cryoprobe is addressed next, as is presented schemat-
ically in Fig. 3. The parameters under study are the same as for
the spherical geometry, i.e., the cryoprobe cooling power and
the frozen region dimensions. This study includes three freezing
media: water, a medium having typical thermophysical proper-
ties of soft biological tissues, and an angioma. The thermophysi-
cal properties are listed in Table 1. Although phase transition
of pure water occurs at a single temperature, it is assumed to
freeze over the same temperature range typical of biological
tissues for the purposes of the present parametric study. Ex-
tremely high blood perfusion is assumed in this study, of 40
and 48.5 kW/m?> — °C for internal soft body tissues and for an
angioma, respectively. The freezing front in this study is defined
by the lower boundary of the phase transition temperature range,
i.e., —8°C, which indicates the boundary enclosing the com-
pletely frozen region.

This study includes a wide range of cryoprobe dimensions
considered suitable for minimal-invasive cryosurgery. The di-
ameters under consideration vary between 2 mm, which may
be considered as very fine for a minimal-invasive procedure,
and up to 7 mm. The length of the cryoprobe active surface, L
(Fig. 3), varies between 5 and 30 mm.

The cooling protocol considered here includes a constant
cooling rate of 100°C/min at the cryoprobe surface, from a
normal body temperature of 37°C down to —196°C, which re-
main constant thereafter. An average cooling rate of 100°C/min
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Fig. 3 Schematic presentation of an axi-symmetric freezing problem
around a cylindrical cryoprobe used for a parametric study of minimal-
invasive cryosurgery

is deemed reasonable for a low cooling power cryoprobe in an
uncontrolled cryoprotocol. The process is terminated after 10
minutes, as the cooling power absorbed from the tissue reaches
almost its steady-state condition. It is noted that the time re-
quired to reach steady state is a weak function of the cryoprobe
dimensions; smaller cryoprobes will reach steady state faster,
e.g., Fig. 2. A cryoprotocol duration of 10 minutes at —196°C
was chosen for all cases to compare the performance of the
cryoprobes. Two time points are defined for the analysis: A—
when the cryoprobe temperature reaches —196°C for the first
time, and B—when the heat transfer process approaches a
steady-state condition (assumed after 10 minutes in this study).

The computed cryoprobe cooling powers are listed in Table
2. The cooling power was calculated by integrating the products
of the thermal conductivity and the temperature gradient over

Table 2 Calculated cooling powers absorbed by cylindrical cryo-
probes, W .

d Freezing

mm Medium

water

2 tissue

water

5 tissue

A - time at which cryoprobe temperature reaches -196°C

B - 10 min afterwards (approaching a steady state)
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the cryoprobe active surface for the listed time. As expected
and qualitatively similar to the spherical case, the cooling power
pear a steady-state condition (at time point B) is significantly
lower than that required during the first stage of cooling (which
ends at time point A). This difference increases as the length
and diameter of the cryoprobe are increased. The calculated
cooling power near a steady-state condition can be used as an
engineering design parameter, regardless of the particular cool-
ing protocol applied. In the range of the values presented, this
difference ranges between 5 percent for the smallest cryoprobe
in water to 37 percent for the largest cryoprobe in an angioma.

It can further be seen from Table 2 that the cooling power
required for freezing of an angioma is higher than that required
for the case of typical soft biological tissues, primarily due to
the higher blood perfusion. However, water freezing requires a
higher cooling power than is required for freezing of biological
tissues, a difference that increases with the cryoprobe diameter
and decreases with its length. This can be explained as follows.
On the one hand, biological tissues have blood perfusion and
metabolic heat sources, which tend to increase.the required
cryoprobe cooling power. One the other hand, the latent heat
of water is higher, a property that tends to result in a decrease of
the frozen region size and thus tends to increase the temperature
gradients within the frozen region and, in turn, to increase the
required cooling power. The balance between these two factors
determines the differences in cooling powers. The minimal dif-
ference, in the range of the present parametric study, is 22
percent and is obtained for the case of d = 2 mm and L = 30
mm, a configuration that can almost be considered as an infinite
cylinder from heat transfer considerations. The maximal differ-
ence is 56.5 percent and is obtained for the case of d = 5 mm
and L = 5 mm, which can be approximated as a spherical
cryoprobe.

The dimensions of the frozen region are addressed next. Ta-
bles 3 and 4 present the freezing front locations in the radial
and axial directions, S; and S,, respectively. In general, only
minor differences are observed in the interface location in the §,
direction, of about 5 percent for each cryoprobe configuration.
Significant differences are found in the S, direction, where the
freezing front of water propagates much slower due to the latent
heat effect as discussed above. It can be seen that for freezing
of an angioma, the freezing front propagates a bit faster and
farther than for the case of typical soft biological tissues. This
can be explained by the fact that both thermal conductivities,
of the unfrozen and of frozen regions, are higher for the angi-

Table 3 Calculated freezing front locations around cylindrical cryo-
probes in radial S, direction (Fig. 3), mm

d Freezing
mm Medium

L=5mm

L=10mm

A

water

A - time at which cryoprobe temperature reaches -196°C
B - 10 min afterwards (approaching a steady state)
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Table 4 Calculated freezing front locations around cylindrical cryo-
probes in the axial S; direction (Fig. 3), mm

d Freezing L=5mm L=10mm L=20mm L=30mm
mm | Medum P T 5 | A [ B8] a3 ] a ['5]

water 29 | ar | 20 | 44 | 29 | 48 | 29 | 49
2 ussuie | 41 | 74 | 43 Lo | 43 |83 | 43 | 84

[ dogioma | 44| 75 | 4a | 82 | 4a | 85 | 44 | 85
water 38 | 56 3.8 6.1 38 | 63.1 38 6.3

tissue s1 [ 86| 51 [. 93 | s1 | 95| 51 | 95
“angioma | 52. |88 | 52 |95 | 52 | 97 | 52 | .97
waer | 51 |78 | s1 | s2 | s1 |84 51 | 84
s tissue 61 |'106 | 61 | 12| 61 |15 | 61 |11s
“angioma | 62| 100 | 63 | 115 €3 | 117|637 1179
water 61 |97 | 61 |00 61 | 102 | 61 | 102

3o | 70 | 130
angioma | 70 |25 | 71 | 130 | 71 j 134 ] 71 | 135

tissue 6.9 12.3 70 |-12.7- 7.0

A - time at which cryoprobe temperature reaches -196°C
B - 10 min afterwards (approaching a steady state)

oma, Table 1. Tables 3 and 4 can be used to select the appro-
priate cryoprobe dimensions for a desired frozen region size.

In order to provide the reader with some insight, the diameter
of the calculated frozen region has been compared with avail-
able experimental data from the literature. A 3.4-mm-dia cylin-
drical cryoprobe of AccuProbe (CryoMedical Sciences, Inc.;
Chang et al., 1994) has been chosen for that comparison, which
has a 40-mm active surface length. The experiment has been
performed in a 1.5 percent gelatin solution, which is assumed
to have similar thermophysical properties to those of water. An
average cooling rate of 100°C/min was assumed, based on the
coolant temperature that returns from the cryoprobe, and an
active surface temperature of —165°C has been reported. Figure
4 presents the comparison of the freezing front location and the
cooling power required for this procedure as was calculated by
the numerical solution.

The required cooling power, Table 2 and Fig. 4, indicates
the minimal coolant flow rate required through the cryoprobe
and, thus, determines the minimal performance desired from
the coolant supply system for each cryoprobe. For the purposes
of this discussion, the thermal efficiency of a cryosurgical de-

20 = 0
F NUMERICAL SOLUTION | -
18 &% + cMs CRYOPROBE ; >~ 1 o
g 16 & N «
g E N =
u 14 E = -20 g
D2 = 3 .
o 12 — - ~
< = - -30 i;
®o10 = 3 o
© s E = -0 ©
: -
m S E = -5 o
= = 3 3
g2 45 . 3
E — -60
2 —o— COOLING POWER J
o C Lol bbb b b g
.10 1 2 3 4 5 6 7 8 9 10

TIME, min

Fig.4 Comparison of the freezing front location around a 3.4-mm cylin-
drical cryoprobe of AccuProbe system, as was measured experimentally
(Chang et al., 1994) and as is predicted using the numerical scheme.
The required cryoprobe cooling power was calculated by the numerical
simulation.
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vice is defined as the ratio of the actual energy absorbed from
the cryotreated tissue to the maximal possible energy that the
cryoprobe can absorb. Assuming maximal thermal efficiency at
the cryoprobe, and assuming that most of the heat sink in a
boiling effect-based cryoprobe is due to the coolant boiling, the
minimal coolant flow rate can be calculated by dividing the
required cooling power by the latent heat of the coolant. For
example, a cryoprobe having a diameter of 3.4 mm and a length
of 40 mm (AccuProbe, Fig. 4) requires a maximal cooling
power of 70 W and an instantaneous cooling power of 51.5 W
after 10 min of operation, Fig. 4. Taking into consideration
the volumetric latent heat of liquid nitrogen (199 MJ/m?), the
minimal flow rates desired are 21.1 and 15.5 cm®/min, respec-
tively. Current liquid-nitrogen-based cryodevices are character-
ized by low thermal efficiency, which demands much higher
coolant consumption and which, in turn, requires large and
cumbersome coolant supply systems, such as that of CryoMedi-
cal Sciences, Inc. (Chang et al., 1994). The rate of coolant
consumption of commercial cryodevices is generally not pub-
lished; however, results presented in Table 2 indicate that com-
pact cryodevices with much higher thermal efficiency can be
designed. For example, a new cryodevice has been recently
reported by Rabin et al. (1997), which was capable of freezing
a water volume of 270 cm® within 13 min, using a triple-cryo-
probe configuration, with a total liquid nitrogen consumption
of 1050 cm’. Assuming that most of the energy absorbed from
the water is due to the latent heat of water freezing (331.7
MJ/m?), the thermal efficiency of this cryodevice is 43 percent.
This, among other things, serves to demonstrate the utility of
the numerical solution in improving the design of more efficient
cryosurgical systems.

Summary and Conclusions

A new multidimensional numerical solution applicable to
freezing of biological tissues during cryosurgery is presented.
The solution is a modification of an earlier one for inanimate
materials and includes the effects of blood perfusion and meta-
bolic heat generation. The new solution is explicit in nature and
its stability criterion demands relatively short time intervals.
However, it is argued that for typical conditions of cryosurgery,
i.e., steep temperature gradients and strong variations of the
thermophysical properties with temperature, an alternative im-
plicit solution will not necessarily guarantee higher efficiency
in the solution, especially in the three-dimensional case.

A very good agreement was found between the results of the
new solution and an exact one of the inverse Stefan problem
in biological tissues. A good agreement was further found be-
tween the numerical solution and experimental results available
from the literature of a 3.4-mm cylindrical cryoprobe. Paramet-
ric studies of freezing around spherical and cylindrical cryo-
probes are further presented, using typical parameters of a su-
perficial and a minimal-invasive cryoprocedures, respectively.
The results demonstrate the cooling power of the cryoprobes
and typical dimensions of the frozen region for a range of
operating parameters. Results indicate that common cryosurgi-
cal devices have a low thermal efficiency and a high coolant
consumption.
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