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Chapter 9

Motors: Modeling and Selection

9.1 Electric Motors
An electric motor converts electrical energy and current into mechanical energy
and torque. Electric motors are prevalent in robotics and consumer electronics
applications, often in combination with an energy-dense chemical battery.

Basic operating principle of a motor:
When a conductor with an electrical current is located in a magnetic field, the
conductor experiences a force (Figure 9.1). The magnitude of the force (F) is
proportional to the strength of magnetic field (B), length of the conductor (L), and
current (i), F = B · i ·L. The direction of force can be found by Flemming’s left
hand law (Figure 9.1). Using a coiled conductor (Figure 9.2) leads to a torque,
with direction dependent upon the direction of current (and voltage). This is the
physical basis for torque production in a motor.

Figure 9.1: Fleming’s left hand rule
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Figure 9.2: Simple DC Motor Schematics

Figure 9.2 depicts a simplified version of an electric motor with:
Fixed field: Magnetic field, produced by magnets.
Armature: Coil of wire used to produce torque. When current flows through the
coil, the armature conductor experiences a torque.
Commutation: The torque produced by the coil and magnet is dependent on
their relative orientation. When the coil above is horizontal, torque is maximized.
When it is vertical, torque is zero. To keep a steady torque, DC motors have many
coils and many magnets, each with slightly different orientation. As the rotor
moves, currents are switched on and off, in each direction, by the commutator. In
DC motors, it is often composed of split rings and contacted with a brush.
Stator: Stationary part of the motor. Often permanent magnets in DC motors.
Rotor: Rotating part of the motor. Often conductors in DC motors.

Figure 9.3 illustrates the operating principle in more detail. When an armature
is placed in a fixed field and current flows through the coil, the left side of the
coil experiences upward force and right side of the coil experiences downward
force (Figure 9.3a). As the rotor moves, the tangent component of the force,
responsible for torque generation, becomes Ftan = B · i · Lcosα , where α is the
angle of the rotor with respect to the ideal orientation (Fig 9.3b). When α is 90
degrees, the force is zero (although inertia may carry the rotor through this point).
Once the armature has rotated more than 90 degrees, the commutator switches
the direction of current such that the direction of the force on each side of the
coil remains the same and the rotor experiences the same direction of torque. A
motor with multiple coils, each with a different orientation, can generate approx-
imately constant torque (Figure 9.4), τem ≈Ka · i, where Ka is the torque constant.
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(a) Simple DC motor with α = 0 (b) Simple DC motor with α 6= 0

Figure 9.3: Simple DC motor operation explanation

Figure 9.4: Multiple coil torque superposition

When an armature conductor moves with velocity orthogonal to a magnetic field,
a voltage is generated. This is called back EMF. The magnitude of the voltage
(Vb) is proportional to the strength of the magnetic field (B), length of the con-
ductor (L), and the velocity of the conductor normal to the magnetic field (v),
or Vb = B ·L · v. The direction of the induced voltage can be found using Flem-
ming’s right hand law. It will fight the applied voltage if the motor is rotating in
the same direction as the induced torque. In a DC motor with commutation and
many coils and magnets, the back EMF is approximately proportional to angular
velocity (θ̇m), or Vb ≈ Kb · θ̇m, where Kb ≈ Ka is the velocity constant.

In AC motors, the input AC current is usually applied to the wire coils on the
stator to provide a varying magnetic field as shown in Figure 9.5. The rotor here
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Figure 9.5: Simple AC motor

Figure 9.6: DC motor circuit

is usually a permanent magnet. The mechanism of torque production is magnetic
force. Note that due to the alternate current directions, there are alternate mag-
netic field directions, so no brush is needed. Constant torque can be produced by
carefully designing the phase differences between different coil pairs.

AC motors are commonly used for high power applications while DC motors are
popular in robotics applications due to ease in control.

9.2 DC Motor Modeling
A circuit diagram for an armature-controlled DC motor is shown in Figure 9.6.
The motor shaft is coupled to a load through the gear train as illustrated in Fig-
ure 9.7. The motor parameters are:
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Figure 9.7: DC Motor Gear Train

• Va is the applied armature voltage,

• ia is the current through the motor coil in the armature,

• Ka is the motor-torque constant,

• τem = Ka · ia is the electromechanical torque due to current in the motor

• θm is the angular displacement of the motor rotor,

• Kb is the back EMF constant (equal to Ka in an ideal motor),

• Vb = Kb · θ̇m is the back emf,

• Ra is the armature resistance,

• La is the armature inductance,

• RG is the gear ratio,

• θo = 1/RG ·θm is the angular displacement of the gearbox output shaft,

• Jm is the rotational mass moment of inertia of the motor,

• JL is the rotational mass moment of inertia of the load,

• Je = JL+R2
G ·Jm is the effective moment of the inertia of the motor and load

referred to the output shaft,

• bm is the viscous friction coef. of the motor,

• bo is the viscous friction coef. of the output shaft,

• be = bo+R2
G ·bm is the effective viscous friction coefficient of the combined

motor and load referred to the output shaft.

• τo output torque at the load side
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The electronic portion of the system can be modeled using Kirchoff’s voltage law:

∑V =Va(t)−Vb(t) = Ra · ia(t)+La
dia(t)

dt

or, including the definition of back EMF,

Va(t)−Kbθ̇m(t) = Raia(t)+La
dia(t)

dt

For purposes of dynamical modeling of the system, we wish to obtain equations
of motion in which the highest order derivative is isolated on one side. Here, this
will be the rate of change in current:

d
dt

ia(t) =
1
La
· (Va(t)−Kbθ̇m(t)−Raia(t)) (9.1)

The mechanical portion of the system can be modeled using Newton’s second law.
This relationship must be consistently calculated on one side of the gearbox to
avoid mismatch between torque and inertia. On the output shaft side, the torques
include electromechanical, damping, and external output contributions:

∑τ = RG · τem− τo−beθ̇o = Jeθ̈o

or, including the definition of the electromechanical torque,

RGKa · ia(t)− τo−beθ̇o = Jeθ̈o

Isolating the highest derivative, here acceleration of the output shaft, we have:

θ̈o =
1
Je
· (RGKa · ia(t)− τo−beθ̇o) (9.2)

Equations 9.1 and 9.2 are a set of coupled equations of motion that fully describe
the dynamics of the system. The terms in these equations break down as:

• State variables are current, ia, output angle, θo, and output velocity, θ̇o.

• System inputs are applied voltage, Va, and output shaft torque, τo.

• Constant parameters include coil inductance, La, motor constants, Ka and
Kb, coil resistance, Ra, gear ratio, RG, rotor and load inertias, Je (or Jm and
JL), and motor and load damping, be (or bm and bo).
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A state-space representation of this system can be defined with state x, where:

x1 = θo
x2 = θ̇o
x3 = ia

and input u, where:
u1 = τo
u2 =Va

Equations 9.1 (noting θ̇m = RG · θ̇o) and 9.2 can therefore be written as:

ẋ1 = x2

ẋ2 =−
be

Je
x2 +

RGKa

Je
x3−

1
Je

u1

ẋ3 =−
Kb ·RG

La
x2−

Ra

La
x3 +

1
La

u2

or, in typical state-space form, as

ẋ = Ax+Bu

where

A =


0 1 0

0 −be

Je

RGKa

Je

0 −Kb ·RG

La
−Ra

La



B =


0 0

−
1
Je

0

0
1
La


This organization is well-suited to numerical simulation using ode45 in Matlab.
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9.3 Motor Selection
The most important criteria in motor selection are often related to maximum
torque, velocity and power. For motor selection, we can usually use a simpli-
fied version of the model presented in the previous section.

Inductance is often neglected in such a simplification, since it is usually very
small (see the red box in Figure 9.8). Notice that without inductance, the elec-
tronics equation is no longer dynamic. In other words, as soon as a voltage is
applied the current will instantly change, with a value completely prescribed by
applied voltage, rotational speed, and constant parameters. In the real system,
current dynamics are typically very fast compared to the mechanical dynamics,
making this a strong approximation. Notice that this will reduce the size of our
state space from three (θo, θ̇o and ia) to two (θo and θ̇o). It is often convenient to
then consider current as an input to the system, rather than voltage. The governing
equation for the electrical portion of the system becomes:

Va = Ra · ia +RGKb · θ̇o

It is also convenient to consider the system at steady state, i.e. θ̈o ≈ 0, and to
neglect friction, i.e. be≈ 0. This approximation is weaker than that for inductance,
and should be used carefully. The governing equation for the mechanical side of
the system then becomes:

RGτem = τo

or, substituting for τem and solving for ia,

ia =
τo

RGKa

This leads to a simplified, steady-state equation relating applied voltage, output
torque and output speed:

τo =
RGKa

Ra
·Va−

R2
GKaKb

Ra
· θ̇o (9.3)

That is, for a given applied voltage, there is a linear relationship between output
torque and motor speed at steady state. Using this relationship and the constants
for a particular motor (e.g. from the pink box in the datasheet in Figure 9.8)
we can create torque-speed curves as in Figure 9.9. We can also solve for key
outcomes under simplified circumstances, including peak torque, peak speed and
peak power, which is useful for motor selection.
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Figure 9.8: Maxon motor datasheet
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Figure 9.9: Speed torque curve

• Peak torque: From equation 9.3, we can see that output torque will increase
as applied voltage (and therefore coil current) is increased, and as output
velocity is decreased. For θ̇ = 0, we have:

iamax ≈Va/Ra→maximum (stall) current

τomax ≈ RGKa · iamax =
RGKaVa

Ra
= τstall →maximum (stall) torque

In real motors, we cannot apply arbitrarily large voltage or current indef-
initely without causing damage. With high currents, the motor will expe-
rience Joule heating in the coil at a rate of P = ia ·Va = i2a · Ra. As the
temperature of the motor increases, the permanent magnets will eventually
lose their magnetic effect, or demagnetize. Manufacturers typically list the
maximum current that can be constantly applied without overheating the
motor as the nominal torque, τnom. Higher current can, however, be applied
for short durations, provided that there is enought time between bursts for
the motor to cool down.

Keep in mind that this approximation does not account for friction in the
gearbox (often listed in terms of efficiency) or acceleration of motor and
gearbox elements.

• Maximum speed: From equation 9.3, we can see that motor velocity will
increase as applied voltage is increased and output torque is decreased. In
the idealized case that τo = 0, we have:

θ̇omax ≈
1

RG ·Kb
·Va→maximum (no load) speed
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In real motors, we cannot apply arbitrarily large voltage or allow arbitrar-
ily high speeds without causing damage. At high voltage, the brushes in
brushed DC motors will be slightly damaged with each switch of the com-
mutator, reducing motor life. At very high voltage, the coil insulator can
break down, even in brushless motors. At high speeds bearings may be
damaged, resulting in higher friction and shorter life. Manufacturers will
typically specify a maximum applied voltage, or nominal voltage Vnom, and
maximum speed, or ωmax, that can be continually applied without reducing
motor life. In some applications, it is worthwhile to sacrifice motor en-
durance for higher speed (and power) in a smaller, lighter motor.

Keep in mind that this approximation does not account for friction, which
results in the need for finite current even with no external load, thereby re-
ducing peak speed.

• Maximum power: The optimal power output occurs with a combination
of medium torque and speed. This is not simply the product of maximum
torque and maximum speed, since these two events do not occur under the
same conditions. Manufacturers typically list (see, for example, the green
box in Figure 9.8) the continual torque, τnom, and velocity, θ̇nom, that corre-
spond to the maximum continual power:

Pmax ≈ τnom · θ̇nom→maximum continuous power

In real motors, the same practical limits on applied voltage and coil current
apply as in the preceeding discussions of peak motor speed and torque. It
is therefore possible to achieve higher average power than the rated nomi-
nal power by increasing applied voltage and operating speed, but sacrificing
motor life. It is also possible to achieve short bursts of very high power
without sacrificing motor life, provided that the operating speed and volt-
age are kept below manufacturer limits and the current exceeds the nominal
rating only for short bursts. Finally, one can achieve very high power output
for short periods of time by exceeding the voltage, speed and current limits
simultaneously, at a cost of reduced motor life.

Keep in mind that the above simplification does not take gearbox losses
into consideration.

• Efficiency: Efficiency, η , is the ratio of power output to power input, or
η = Pout put/Pinput . For DC motors, η is typically around 0.8. In other
words, for each Joule of electrical energy supplied, under optimal condi-
tions, 0.8 Joules of mechanical work are performed. Gearboxes have addi-
tional losses, with efficiencies from 0.4 to 0.8. In other words, for each Joule
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of mechanical work done on the gearbox by the motor, 0.4 to 0.8 Joules of
work are done by the gearbox on whatever is attached to the output shaft.

Motor inefficiency is captured by the mismatch between Ka and Kb, and re-
quires no further modeling. Gearbox losses, however, require a little more
consideration. Lost power occurs as lost torque between the input and out-
put of the gearbox, due to friction. (Power losses cannot come from lost
velocity, of course, since the elements are constrained to move together). If
we approximate the effect as Coloumb friction, resistance will scale with
normal forces between teeth, which in turn will scale with transmission
torque. In other words, the transmitted toque will be some fraction of the
ideal (frictionless) transmitted torque, and will scale linearly. Since power
losses occur due to torque loss, the linear coefficient is therefore approx-
imately equal to η . Returning to equation 9.2, we can adjust the sum of
torques to account for this loss:

∑τ = RG ·η · τem− τo−beθ̇o = Jeθ̈o

or, in terms of our preferred state variables,

θ̈o =
1
Je
· (RGKa ·η · ia(t)− τo−beθ̇o) (9.4)

• Dynamic response: The complete dynamic behavior of the system, includ-
ing transient responses to changes in applied voltage or external loads, re-
quires analysis using the complete equations of motion, i.e. 9.1 and 9.2. The
time constant of the motor listed by the manufacturer characterizes the time
it takes for the rotor to accelerate towards the no-load speed when a step
increase in voltage is applied. This only applies to the motor; inertia from a
gearbox or external inertia will slow things down. The bandwidth of a gear-
motor system characterizes the maximum frequency for which the system
is responsive to changes in, e.g., desired motor speed. In most applications
using electric motors, it is useful in the detailed design phase to perform a
full simulation of motor behavior under expected operating conditions.

• Other mechanical considerations: Most motors and gearboxes are not de-
signed to sustain large radial loads on their output shafts. During motor
integration, be sure to check the maximum radial and axial loads recom-
mended by the manufacturer (such as those in Figure 9.8.
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