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1 Free modules

Notation: In general, infinite sums/products aren’t defined over algebraic structures, because they
do not admit notions of convergence. However, we define them by convention when the support of
a sum is finite. That is, if we have some infinite family (ri)i∈I drawn from an abelian group but
WI = {i ∈ I : ri ̸= 0} is finite, then we define

∑
i∈I ri =

∑
i∈WI

ri. If WI = ∅, define the sum to be 0.

Suppose an R-module M is free with basis X. Then, for each m ∈ M , there is a unique sequence
(rx)x∈X such that {x ∈ X : rx ̸= 0} is finite and m =

∑
x∈X rxx. That X is spanning gives us existence

and that X is independent gives us uniqueness, an easy exercise.

M is also isomorphic to an R-module whose elements are (rx)x∈X with {x ∈ X : x ̸= 0} finite, with
pointwise addition and multiplication, which we might refer to as the direct sum of |X| copies of R.

2 Closure under polynomial-ization

Facts:

(1) R is a Noetherian ring =⇒ R[x] is a Noetherian ring, sometimes called Hilbert’s basis theorem.

(2) R is a UFD =⇒ R[x] is a UFD.

Proof of (1): Let I be an ideal of R[x].

For each n, let Jn = {r ∈ R : ∃a0, . . . , an−1 ∈ R,
∑n−1

i=0 aix
i + rxn ∈ I}.

Claim (A): Jn is an ideal of R. Proof : 0 = 0 + 0x + . . . 0xn ∈ I, so 0 ∈ Jn. Jn is closed under linear
combinations with coefficients from R since the polynomials witnessing membership in Jn are in ideal
I which is closed under linear combinations and the witness for a linear combination of elements in Jn
is the corresponding linear combination of witnessing polynomials for constituent elements.

Claim (B): Jn ⊆ Jn+1. Proof : p ∈ I =⇒ px ∈ I.

As R is Noetherian, the ascending chain (Jn) eventually stabilizes, i.e. there is m ∈ N such that
n ≥ m =⇒ Jn = Jm. As R Noetherian, for each i with 0 ≤ i ≤ m, Ji is a finitely generated ideal of R,
so choose Fi ⊆ I, a finite set of polynomials of degree i such that their leading coefficients generate Ji.

Let F =
⋃m

i=0 Fi. We claim F generates I.

Claim: For all h ∈ I, h is an R[x]-linear combination of elements of F .

Proof : h = 0 works. If h ̸= 0, let’s induct on degree.

In particular, suppose that for all polynomials in I of smaller degree than h, the claim holds.

Case 1 : deg(h) = t ≤ m. The leading coefficient of h is c ∈ Jt.

c is R-linear in the leading coefficients of the polynomials in Ft from our setup.

Then subtracting that R-linear combination of those polynomials from h eliminates the leading term
and yields a lower degree polynomial. By the induction hypothesis that polynomial is in I, so by closure
of I under linear combinations, h ∈ I.
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Case 2 : deg(h) = t > m. The leading coefficient of h = c ∈ Jt = Jm.

As before, c is an R-linear combination of leading coefficients of polynomials in Fm.

Subtracting xt−m× the same R-linear combination of polynomials eliminates the leading term, giving
a polynomial of lower degree. Then, entirely as before, h ∈ I.

As any ideal is finitely generated, R[x] is Noetherian.
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