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1 Proper ideals are contained in maximal ideals

An ideal I in R is proper ⇐⇒ I ̸= R ⇐⇒ 1 /∈ I.

Theorem: If I is proper, there is J ⊇ I such that J is maximal.

Proof : Consider the poset P = {I : I proper ideal of R} ordered by inclusion.

J is a maximal ideal of R ⇐⇒ J is a maximal element of P.

We wish to apply Zorn’s Lemma, but must first verify that its hypothesis holds for P, namely that every
chain of P has an upper bound. Note I ∈ P, so P ̸= ∅.
Let C ⊆ P be a chain. C is a set of proper ideals linearly ordered by inclusion, i.e. for I0, I1 ∈ C, either
I0 ⊆ I1 or I1 ⊆ I0.

If C = ∅, C is bounded by I. Otherwise, let K =
⋃
C = {r ∈ R : ∃J ∈ C, r ∈ J}. For all J ∈ C,

J ⊆ K. Observe C contains a non-empty set, so K ̸= ∅.
Claim 1: K is an ideal. Proof : 0 ∈ K. If a, b ∈ K, choose J, J ′ ∈ C such that a ∈ J , b ∈ J ′. WLOG,
suppose J ⊆ J ′. Then, a, b ∈ J ′, so a+ b ∈ J ′ ⊆ K. For r ∈ R, ra ∈ J ′ ⊆ K.

Claim 2: K is proper. Proof : 1 /∈ J for all J ∈ C, so 1 /∈ K, so K ̸= R.

By Zorn’s Lemma, there is J ⊇ I such that J is maximal.

2 Closure

For rings R,S, R×S is the obvious construction (coordinate-wise operations on the cartesian product).
Note: (1, 0)× (0, 1) = (0, 0) so R× S is not typically ID.

On the other hand, if R is an ID, then R[x] is an ID.

3 More definitions

An ideal I is principal if I = (a) = Ra for some a ∈ R.

An R-module M is cyclic if M = Rm for some m ∈ M .

Note: If (G,+) is any abelian group, we can define ng for n ∈ Z, g ∈ G in the natural way (gn under
multiplicative notation).

(1) This makes G into a Z-module

(2) This is the only scalar multiplication defined on Z×G that makes G a Z-module.

(3) Every Z-module arises in this way from some abelian group.

A principal ideal domain (PID) is a ring R such that

(1) R is an ID.
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(2) All ideals are principal.

Examples: Z is a PID. For any field K, K[x] is a PID.

Let R be a ring. Let I, J be ideals.

Let I + J = {a+ b : a ∈ I, b ∈ J}. I + j is an ideal. In fact, I + J is the least ideal containing I ∪ J .

I ∩ J is also an ideal. In fact, I ∩ J is the largest ideal contained in I, J .

Let IJ = {
∑n

i=1 aibi : n ∈ N, ai ∈ I, bi ∈ J}. IJ is an ideal. In fact, it is the least ideal containing
{ab : a ∈ I, b ∈ J}.
Note that IJ ⊆ I ∩ J since I and J are ideals.

Examples: For I = 4Z, J = 6Z, I ∩ J = 12Z, I + J = 2Z and IJ = 24Z.

Let a1, . . . , ak ∈ R. Define (a1, . . . , ak) to be the least ideal containing a1, . . . , ak. It is given by
{
∑k

i=1 riai : ri ∈ R}.
Example: Z[x] is an ID, not PID. To see this, consider (2, x) = {p ∈ Z : constant term of p is even}. It
cannot be generated by any single element.
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