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Abstract

We study the design of optimal rating systems in the presence of moral
hazard. A decision-maker chooses an action that generates value for buy-
ers. An intermediary observes a noisy signal of the decision-maker’s choice
and chooses a rating system, i.e., a signal of the decision for buyers. We
provide a full characterization of the set of allocations that can arise in
equilibrium under any arbitrary rating system. We use this characteriza-
tion to study various design aspects of optimal rating systems. Specifically,
we study the properties of optimal ratings when the DM’s effort is produc-
tive and when they can manipulate the intermediary’s signal with a noise.
Rating uncertainty is a fairly robust feature of optimal rating systems.

1 Introduction

Information disclosure policies are at the heart of designing markets with asym-
metric information. In ever growing digital markets such as Airbnb, Amazon
Marketplace and Uber, where transactions are not repeated, buyers rely on the
market designer to convey information about the sellers to them. These infor-
mation can mitigate some of the market inefficiencies which arise from adverse
selection and moral hazard. Specifically, information can incentivize the sellers

“We thank James Best, Aislinn Bohren, Odilon Camara, Emir Kamenica, Alexey Kushnir,
Jacopo Perego, llya Segal, and Ariel Zetlin-Jones as well as various seminar and conference par-
ticipants for their helpful comments.



to provide better service while the higher benefit sellers usually get from having
better signals can lead to manipulation of the signals from them. In this paper,
we study the optimal design of information disclosure policy in presence of these
incentives.

We study a settings in which an intermediary observes some information
about the actions chosen by a decision maker (DM) and decides how to convey
this information to a third party, i.e., market or a buyer — henceforth market. We
assume that the actions taken by decision maker are costly. Additionally, these
actions are valued to the market. Finally, we assume that the market is willing
to pay up to their expected value for the item or service based on the signal they
received from the intermediary and its prior.

To be able to find optimal information provision in these group of problems,
we first introduce the concept of interim prices. Interim prices characterize the
DM’s expectation of market’s expectation of their valuation. In presence of rat-
ing uncertainty, i.e., when signals are random conditional on the state, the DM
faces uncertainty about market’s beliefs. Thus, interim prices can be thought of
as second order expectation of the state. While in general, these interim prices
cannot be fully characterized in a simple fashion, our main mathematical result
is that when market valuations and interim prices are comonotone then exis-
tence of a signal structure is equivalent to second order stochastic dominance.
This characterization allows to cast the information design problem as a mecha-
nism design problem with transfers, i.e., interim prices, where transfers have to
satisfy a certain feasibility constraint, i.e., second-order stochastic dominance
relative to market valuation.

We then use this characterization to two main applications. First, we study
the problem of Pareto optimal rating design under productive effort We find that
under some general conditions, any Pareto-optimal rating system is determin-
istic and exhibits monotone partition. Additionally, we can identify the main
forces that determine optimal ratings. There are two forces that shape the prop-
erties of the optimal rating system: redistributive forces and incentives forces.
Pooling of realizations, allows for redistribution across different types of DMs
with different costs. In contrast, since effort is productive provision of incentives
requires information of revelation. The relative tractability of our characteriza-
tion allows us to charaterize conditions under which optimal rating is pooling
for middle values of realizations while it is fully revealing for extreme values
where their incentive effects of the strongest.

Our second application is rating design under manipulation where the DM
can ex-post alter the statistics observed by the intermediary at a cost. Optimal



ratings in this case have to balance ex-ante incentive for productive effort with
ex-post incentive for manipulation. Our main finding is that rating uncertainty
is a robust feature of optimal rating design. We show this by showing that the
interim price function associated with an optimal rating is continuous. Since it
cannot be fully revealing, it must involve uncertainty. In other words, the often
used partition ratings are never optimal since they lead to discontinuities in the
interim price function.

Interestingly, rating uncertainty must be present when cost of manipulation
is high, i.e., when manipulation is arduous. This is because when manipula-
tion is arduous it is possible to use rating uncertainty — and thus partially pool
ex-post realizations — to induce ex-ante effort without having to allow for ma-
nipulation. When manipulation is effortless, i.e., its marginal cost is low, optimal
rating always involves manipulation. However, the feasibility restriction on in-
terim prices imply that rating uncertainty should be mixed with deterministic
disclosure. Some mid-value reports should be revealed fully to the market while
extreme-values should face rating uncertainty.

Finally, we show that our characterization result for interim prices can also
be used in more general environments. Namely, when the market has a dog-
matic prior about actions of the DM and when the market uses the information
disclosed by the intermediary to take an action which in turn affect interim
prices.

1.1 Related Literature

Our paper is related to a few strands of literature in information economics and
mechanism design. Most closely, it is related to the Bayesian persuasion liter-
ature, as in Kamenica and Gentzkow (2011), Rayo and Segal (2010), Alonso and
Camara (2016), and Dworczak and Martini (2019), among many others. How-
ever, unlike most of this literature, in our setup, the state in which an information
structure is designed upon is itself endogenous and is affected by the choice of
information structure. A notable exception is the paper by Boleslavsky and Kim
(2020) where they consider a model with moral hazard where an agent controls
the distribution of state with her effort. They show that Kamenica and Gentzkow
(2011)’s concavification method extends to their environment. In our setup, we
are able to provide a sharp characterization of the set of implementable out-
comes. Furthermore, we are able to solve the resulting mechanism design prob-
lem under fairly general assumptions on the cost function and distribution of
types. Kolotilin et al. (2017) study a problem of information transmission where



one of the parties is privately informed. However, in their setup, the informed
party possesses information about her payoff which is independent of the state.
In contrast, in our model sellers are informed about the state (their cost type),
and the information disclosure affects their choice of quality.’

From a technical perspective, our paper is also related to a subset of the
Bayesian persuasion literature that studies problems in which receivers’ actions
depend on their posterior mean. For example, Gentzkow and Kamenica (2016),
Kolotilin (2018), Dworczak and Martini (2019), and Roesler and Szentes (2017)
use Blackwell (1953)’s result that the existence of an information structure is
equivalent to the distribution of the posterior mean second-order stochastically
dominating (SOSD) the prior. However, in our study finding this posterior mean
is not enough, since sellers’ incentives depend on the expected prices, which are
themselves determined by the expectation of the posterior mean conditional
on the state. Our contribution to this literature is to show that any profile
of second-order expectations that dominates full-information valuations in the
sense of Second Order Stochastic Dominance can be derived from some infor-
mation structure. Moreover, we use the majorization ranking in order to shed
light on key properties of all the information structures that induce a certain
distribution of second-order expectations.

In our formulation, we use the majorization ranking for the functions rep-
resenting interim prices and action profiles by the DM. Thus our mechanism
design problem is equivalent to a mechanism design problem with transfers in
which the transfer function majorizes the market valuations function. Similar to
this problem, Kleiner et al. (2020) solve a class of problems where majorization
appears as a constraint. Their solution method uses the characterization of ex-
treme points of the set of functions that majorizes a certain function. In contrast,
our solution of the mechanism design problem involves calculus of variations
due to the lack of linearity that is present in their model.”

Our paper is also related to the extensive literature on contracting and mech-

'Few other papers have also focused on the joint problem of mechanism and information
design; Guo and Shmaya (2019) and Doval and Skreta (2019) are notable examples.

2Gershkov et al. (2020) study optimal auction design with risk-averse bidders who have dual
risk aversion a la Yaari (1987). In their problem, the feasibility of allocations implies a majoriza-
tion constraint on quantities, i.e., probability of allocation of the object to each bidder. Similar
to our paper, they use calculus of variations to solve this problem. In contrast, our mechanism
design problem is equivalent to a problem in which transfers must be majorized by qualities.
This together with incentive compatibility puts more restriction on the set of implementable
allocations.



anism design. Where as often the main assumption is that monetary transfers
are available to provide incentives, in our setup incentives for quality provision
are provided using the rating system. In fact, this is often the case in multi-sided
platforms: seller badges in eBay and Airbnb as well as rider and driver ratings
in Uber and Lyft are a few examples. A few notable exceptions are models that
study the problem of certification and its interactions with moral hazard: Al-
bano and Lizzeri (2001), Zubrickas (2015), and Zapechelnyuk (2020).> An impor-
tant contribution is that of Albano and Lizzeri (2001) where a key assumption
is that the intermediary can charge an arbitrary fee schedule. The presence of
an unrestricted fee schedule potentially reduces the importance of the certifi-
cation mechanism. This is in contrast with our model where monetary trans-
fers are not flexible. More recently, Zubrickas (2015), Zapechelnyuk (2020) and
“*RayOhunchic also study variants of this problem. Their focus is, however, on
deterministic ratings. As we show, rating uncertainty is an important feature of
optimal ratings.

Finally, a recent series of papers have studied information design where
“senders” (our DM) are strategic vis-a-vis the information structure. Notably
“*FrankelKartik, **Ball, and **Pereze-RichetSkreta all study similar problems.
Compared to this strand of the literature, our mathematical result on second
order expectations allows us to study a large class of problems without any re-
strictions on information structures (in contrast with **Ball and **FrankelKa-
rtik). While our focus is on moral hazard as opposed to adverse selection, we
believe that our techniques can also be used to study models with adverse se-
lection.

The rest of the paper is organized as follows: we start with an example in
section 2; in section 3 we set up the model; in sections 4 and 5, we describe
two applications of the model; in section 6 we consider some extensions of our
model; finally, section 7 concludes. All the proofs are relegated to the appendix
unless otherwise indicated.

3Evidently, our paper is also related to the extensive and growing literature that studies the
problem of certification and information disclosure (e.g., Lizzeri (1999), Ostrovsky and Schwarz
(2010), Boleslavsky and Cotton (2015), Harbaugh and Rasmusen (2018), and Hopenhayn and
Saeedi (2020)).



2 An Example

To motivate our analysis, we consider an example of the design of a rating sys-
tem. Consider a seller of a good of random quality that exerts effort a € [0, 1]
which determines the distribution of quality, y € [0, 1], given by

al — 1

a—1"

G (gla) = Pr(y < gla) =

The seller can be of two types, § € {1,4}, which determines the cost of exert-
ing effort, c(a,0) = §. Suppose that Pr (6 = 1) = 1/4 and that 0 is private
information to the seller and not observed by other market participants.

An intermediary, such as a platform or a certifier, observes y and chooses
an information structure (S, 7 (+|y)) where 7 (:|y) € A (S).* The intermediary
charges a tariff, ¢, to the seller in exchange for this information. The buyer payoff
is y but she only observes the signal realization sent by the intermediary. She
then uses her prior and the signal from the intermediary to update her beliefs,
and pays her posterior mean, p(s) = E, [y|s] to the seller.” The payoff of the
seller from choosing effort a is thus given by

/o /Sp(S)ﬂ'(dS|y) dG (yla) —t — ¢ (a,0).

Suppose that the outside option of the seller has a payoff of 0. The intermediary
wishes to maximize its own revenue from the tariff £.

We wish to compare the revenue of the intermediary for different informa-
tion structure. To see the trade-offs, consider first full disclosure policy, i.e.,
S =10,1], 7 ({y} ly) = 1. In this case, p (y) = y. Hence, conditional on partici-
pation each type of seller choose a to maximize

a 1 a

a
/de(yW)—g:m—@—a

This objective is concave and single-peaked in @ and is maximizedata (§ = 1) =
0.057,a (0 = 4) = 0.312. Given these choices, the before tariff payoff of each
type of seller are u (f = 1) = 0.2316 and u (0 = 4) = 0.327, respectively for

“Throughout the paper, we will use A (S) to denote the set of all probability measures over
the set S.

>Throughout the paper, we assume that buyers outside option is zero and they are on the
long side of the market, so they are willing to pay their expected value of the item to the seller.



the high- and the low-cost types. This implies that the intermediary faces a
demand function as depicted in Figure 1 as a function of its tariff. If the in-
termediary charges any tariff below u(1) both types of sellers participate but if
the intermediary charges above this level but below u(4), only the low-cost sell-
ers participate. The difference between areas A and B is the difference between
the revenue of the intermediary under a low and high tariff. Since the area A
is bigger, optimal tariff and the intermediary’s expected revenue are given by
t = 0.327, and Revenue = 0.245. Thus, here, full disclosure policy leads to
exclusion of high-cost sellers.

Quantity Pr(sale)
B B’ ‘
A Al
0 u(l) u(4) t 0 u(l) u(4) t

Figure 1: Demand curve faced by the intermediary under full disclosure (left)
and upper-censorship (right)

Next, consider a somewhat extreme information structure that pools the re-
alizations of y above 0.16 but fully discloses realizations of y below 0.16. In this
case, S = [0,0.16]JU{H}and 7 ({y} |y) = 1,y < 0.16,7 ({H} |y) = 1,y > 0.16.
In response to this information structure, both seller types will shade their ef-
forts which in turn changes the prior of the market and thus value of p (H ), price
paid following a realization of s = H. Specifically,

(11— Y199G (la (D) +3/4 fy,ydG (yla (4)
P = T 174G (0.16]a (1)) — 3/4G (0.16a (4))




In equilibrium, market’s belief about effort by different seller types should be
consistent with their choices. The unique pure strategy equilibrium of this game
is given by a (1) ~ 0.049 and a (4) ~ 0.2197. The resulting demand curve faced
by the intermediary is depicted in left panel of Figure 1. Since the area B’ is big-
ger than A’, optimal tariff includes both high and low types in the market and is
given by t = 0.254 which is higher than the revenue under full disclosure policy.
Hiding information has two effects. First, it reduces the incentives to exert effort
by both types of sellers. Second, since the two types of sellers generate different
distributions of qualities, by pooling some values, it redistributes profits from
the low-cost seller to the high-cost one. If this redistribution is big enough, it
leads to the intermediary charging a lower tariff to encourage participation by
both types of sellers and higher revenue for the intermediary.

While the “upper-censorship” information structure considered here increases
the revenue of the intermediary, it turns out to be sub-optimal. Indeed, as we
show in section 4, the optimal information structure for this example is of “lower-
censorship” form, i.e., one that pools an interval of qualities for low values of y
and fully reveals the values of qualities outside of this interval. The threshold
for censorship is given by 7 ~ 0.72.

Several questions arise from this exercise. First, given that we have shown
that it is optimal for the intermediary to hide some information, what is the
optimal information structure? Second, would randomized signals ever be op-
timal? In what follows, we develop techniques to solve for a general solution
of this problem. Specifically, in section 4, we show that in this example, lower-
censorship is optimal.

3 General Model and Interim Prices

In this section, we describe our general model of rating design and provide a
sharp characterization result for the set of feasible payoffs. In general, we are
interested in settings in which an intermediary observes some information about
the actions chosen by a decision maker (DM) and decides how to convey this
information to a third party, i.e., market or a buyer, who then pays their posterior
mean as a price to the DM.

More specifically, consider a DM who chooses an action a € A C RY. This
action creates a possibly random realization y € Y C RM with o (:]a) € A (Y)
describing the distribution of y given the action chosen by the DM. The action
and the outcome generates value of v (a, y) for a market or a buyer who then is



willing to pay her expected payoff E [v (a, y) |s] conditional on the information
available to her as well as her beliefs about equilibrium play.® The information
structure is chosen by an intermediary who observes y € Y and chooses a signal
structure (S, 7 (-|y)) where S is a set of signal realizations and 7 (-|y) € A (S)
for all y € Y.” Figure 2 depicts the structure of the model and actions.

pMiaca | LSy ota) f ) e a®)

1565

Market: v(a,y)

pay p = E[v|s]

Figure 2: General Structure of the Model

The DM has a type 6 € O with probability distribution given by F' € A (0).?
This type affects their cost of exerting effort, a. Hence, the payoff of the DM is
given by

/Y/SE[U\S] dr (s|y) do (y|a) — ¢ (a, 0) )

where ¢ (+,) is the cost of exerting effort. In a pure strategy equilibrium, DM
chooses a (f) to maximize (1).

In the above, the ex-post market price E [v|s] not only depends on the in-
formation structure, 7 (+|-), but also it depends on the market’s prior about the

®We maintain the assumption that the buyers are on the long-side of the market thus willing
to pay their expected value. One can extend our analysis by allowing buyers to have positive
outside options or positive bargaining power.

"More formally, an information structure is a family of probability spaces
{(S, 7 (-]y))},ey where S is the space of signal realizations and . is a o-algebra.
All throughout the paper, we work with S' as a compact subset of some Euclidean space and .
as the Borel o-algebra associated with topology induced by the Euclidean norm and a compact
space for S. Hence, we drop the o-algebra in our analysis. Additionally, when describing
subsets, we refer to Borel subsets.

8We will often assume that © C R has a discrete distribution over a finite set of types or
it has a continuous distribution with c.d.f. F. Using F as denoting the probability measure
governing 6 is a slight abuse of notation to avoid clutter.



distribution of (a, y) which in turn depends on the strategy profile of the DM. In
other words, it is an equilibrium object. More specifically, the market uses their
prior about the distribution of § — given by F' — together with their beliefs about
the equilibrium strategies of the DM types, a (6), to form a prior u € A (A x Y)
and uses Bayes’ Rule to form the posterior expectation E [v|s] satisfying

[ [ EWsdredi= [ v@pnSduys cs. @
AxY J§' AXY

The above defines an equilibrium given the information structure. More
specifically, given an information structure (S, 7) an equilibrium is an action
profile a () by different types of the DM where: First, given market beliefs
w € A(AxY) and E [v]s], a () maximizes (1); Second, given a (6) market
beliefs satisfy

p(A xY") :/ / do (yla(0))dF () ,VA ' C AY' CY
together with Bayesian updating as defined in (2).

3.1 Examples

To clarify the scope and applicability of our analysis, we describe a few examples
of the above environment:

1. Reputation Mechanisms in Online Platforms: Consider the problem
of an online platform such as Airbnb or eBay in designing its reputation system.
It is a long-standing fact that online platforms suffer from adverse selection and
moral hazard. The platform observes various performance parameters about a
provider (a host on Airbnb and seller on eBay) that is not observed by the mar-
ket.” These performance measures forms the basis of the platforms certification
policy (such as Super Host in case of Airbnb or eBay Top rated Seller program
in case of eBay) As noted by Hui et al. (2020), details of the certification policy
affects the behavior of the providers. One can, thus, think about the certification
policy of the platform as the information structure described in our model. Our

°As documented by Saeedi (2019), Hui et al. (2016), and Nosko and Tadelis (2015), there are
many performances indicators available to eBay which are not conveyed to the market directly.
Some examples include total quantities sold, previous claims and their outcomes, the standing
of the seller with eBay, exact distribution of detailed sellers ratings, etc.
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model then addresses the issues and tradeoffs for the platform and providers
arising from the effect of certification policy on provider behavior."

2. Ratings in asset markets: Similar to platforms, certification in financial
markets is done based on data and forecasting models which are proprietary to
the rating agencies. The major rating agencies in the United States, Moody’s,
Fitch, and S&P, operate under the so called “issuer-pay” model in which the is-
suer of a security pays for the rating and then the rating score for a security
is freely available to the public. One can thus view our analysis as the effect
of credit rating models on the behavior of issuers. Arguably, efforts such as in-
vestments that increase value for bond holders as opposed to equity holders or
insiders are not fully observable by the credit rating agencies. However, their
rating models affect the behavior of the issuers similar to our model. An impor-
tant topic is the issue of regulation of the credit rating models, as discussed in
Rivlin and Soroushian (2017). We show that a fully deterministic rating model,
one that is set by a regulator and thus observable to the issuer, is desirable when
manipulation of an indicator is not an issue, see section 4. In presence of ma-
nipulation, as we show in section 5, rating uncertainty is desirable and thus
regulators should allow for some degree of uncertainty when designing the cer-
tification policies.3. Manipulation of Ratings: Rating manipulations are very
common.'" This often occurs through misrepresentation of the data by the party
being rated. In online platforms, data manipulation by providers has a constant
presence.'” For example, as discussed by He et al. (2022), third party sellers on

YGiven our assumption about inability of the intermediary to offer non-linear pricing sched-
ules, this is most applicable to settings where pricing and transactions are not set and controlled
by the platform.

"There has been several lawsuits involving manipulation of ratings in various industries.
In the context of education, a notable example is the indictment of the Dean of Busi-
ness School at Temple University who was convicted of U.S. News ranking manipulations
using falsified data in 2022 and was sentenced to prison. See https://www.justice.gov/usao-
edpa/pr/former-temple-business-school-dean-sentenced-over-one-year-prison-rankings-
fraud-scheme, accessed August 16, 2022. Recently, Columbia University has been
accused of manipulating its U.S. News ranking - see https://www.nytimes.
com/2022/03/17/us/columbia-university-rank.html and http:
//www.math.columbia.edu/~thaddeus/ranking/investigation.html,
accessed August 16, 2022. In the context of financial markets, the issue of “greenwashing”
in ESG ratings (Environmental, Social and Governance) has gained significant interest by
regulators, see https://www.bloomberg.com/news/articles/2022-05-31/
deutsche-bank-s-dws-unit-raided-amid-allegations-of-greenwashing,
accessed August 16, 2022.

2He et al. (2022) show that amazon sellers try to buy fake reviews to boost their ranking
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Amazon.com, sometimes pay customers to leave positive reviews and inflate
their ratings. One can view this in the context of our model. For example, the
DM can have access to a costly action to increase the indicator y observed by
the intermediary without affecting the market valuation. If this indicator is also
related to another productive action — one that increases market valuation — this
creates a trade-off for rating design. Information provision increases incentives
for undertaking productive action while it increases incentives for data manip-
ulation which makes the information less valuable. In section 5, we study this
application.

3.2 Interim Prices: Definition and Characterization

In this section, we introduce a mathematical object, interim prices, that allows us
to tractably analyze the problem of rating design in the environment described
above. Our first major result is a novel characterization of these interim prices
that allows us to solve the problem of rating design in various applications.
The notion of interim prices are simple. They are the mathematical object
that indicates the DM’s incentives. Specifically, we define interim prices as

p(y) = / E [o]s] dr (s]y) )

Given that E [v|s] is an equilibrium object which depends on the beliefs of the
market about the DM’s action profile, so is p (y). Nevertheless, it is a sufficient
statistics for the information structure from the DM’s perspective. Specifically,
the payoff of the DM is given by

[pwdo o) - c(a.0)

Interim prices are essentially the DM’s beliefs about the beliefs of the mar-
ket/buyer. More precisely, at the interim time of realization of y and before
realization of the signal, the DM faces a distribution over the realization of sig-
nals — when random signals are used — and thus over the market’s beliefs. One
can thus interpret them as second order beliefs of the DM.

Example 1. Interim Prices To get a sense of interim prices and their relation-
ship with an information structure, we consider two examples as depicted in

and overall rating on amazon marketplace. The issue of feedback manipulation has been a long
debated issue in case of eBay, for example see Hui et al. (2017).
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Figure 3. Suppose that A =Y =[0,1],v (a,y) = a,0 (Y'|a) = 1[a € Y’]. That
is, market only values the DM’s action and the intermediary observes it. Then
an example of an information structure is one in which a deterministic signal is
sent
1 s=la<a
m(sla)=41 s=a,a € [a,a
1 s=h,a>a

In words, the above information structure pools values of a below a, fully sepa-
rates values of a € [a,al, and pools values of a above a. Its associated interim
prices are given by

faggadu

(o) <4
pla)=<a a € [a,al

Josmadu _

Masy >0

Another example of an information structure is a partially mixing one in which
we have
7 (sla) = a(a) s=a
l—a(a) s=N

In words, the above information structure reveals the state with probability v (a)
and sends a generic signal with probability 1 — « (s). Thus, the DM faces uncer-
tainty regarding its ratings. In this case, interim prices are given by

R A

13



Figure 3: Examples of interim prices as in Example 1. Left panel is a deterministic
signal structure; right panel is partial mixing signal structure with « (a) constant

Figure 3 depicts the interim prices associated with each signal structure and
its relationship with market valuations.

Given our definition of interim prices, instead of viewing an equilibrium as
an action profile a (§) and the distribution of market prices, E [v]s], it induces,
we can view it as an action profile a (f) and an interim price function p (y).
Evidently, given p (y), a (#) must be incentive compatible, i.e.,

0(6) € argmax [ p(y)do (y]a) ¢ (0.0).

An important question that arises in characterization of interim prices is
whether simple conditions exist to characterize the set of interim price profiles
that result from a particular information structure and action profiles. As we dis-
cuss below through a series of examples, in general, the answer to this question
is no. However, our main result is that under some restriction on information
structures, a simple characterization exists.

First, let us examine interim prices. Suppose that the sets Y, A, and S are
finite so we can easily write conditional expectations. We have that interim
prices are given by

. Z(a,g)eAv (avy):u(avy>ﬂ-(3|y)
PO =2 S A )

7 (s[y) .
seS

Since ) 7 (sly) = 1, it can readily be seen that p (y) is weighted average of
values of v (a, y) where the weights depend on y. In fact, we can go further and

14



write the above as

. Z(a,g)eA v ((l, Q) % (CL, ?j) ™ (3|?))
P =2, z(a = pe)mGly) Y

_ yGY aGA v (av g) 2 (CL, g)) ™ (S‘Q)
; Dyey (ZaeA pa,y) m (sly)

S 0@ )7 (51)
2 Zyeyuy< (e Tl

_ (sly) py (9)
-S>y & y) 7 (sly) ®

GeY seS Zy ey ILLy

™ (sly)

where in the above 7 () = E [v (a,y) |y] is the mean of v (a, y) conditional on
realization of y while i, () = >, .4 1 (a,7) is the marginal distribution of u
along the y-direction. We make the following assumption about :

Assumption 1. The range of ¥ (), i.e, U (Y') is a finite collection of closed subin-
tervals of R.

Assumption 1 is a technical assumption that allows us to prove our main
result on characterization of interim prices, i.e., Theorem 1. It holds for example
if Y is a finite collection of disjoint connected sets and 7 (-) is continuous.

The expression (4) states that p (y) is a weighted average of ¥ (y). Hence,
it is natural to think that p (y) is a less dispersed version of v (), i.e., a mean-
preserving contraction. Indeed, we have the following lemma:

Lemma 1. For any information structure (S, ) and p (y) defined by (3), p (+) sec-
ond order stochastically dominates (-), i.e., for all concave and increasing function
u:R—R,

ZUy <Z“y y))
Zﬂy :Zﬂy y)p(y)

While the above result is a necessary requirement for interim prices, in gen-
eral its reverse is not true. To see this, consider the following example:
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Example 2.

1. Suppose that A =Y = {1/2,1} v (a,y) = a,and o (Y'|a) = 1[a € Y],
i.e., there are two actions that are observable by the intermediary and market
valuation is simply the action of the DM. In this case, © (a) = a. Moreover, the
weight of a in p (a) is given by

7 (s|a)’

PO D s la)

seS

By the Cauchy-Schwartz inequality,

S "7 (sla) m(sla) S 7 (sla) Liaca ()

ses 2aea k(@) (sla) £ 7 (s]a) ==
7 (sa)
SEZSW(SM) SVIOLICT) > 1

This implies that the weight of a in p(a) is higher than p (a). Since p (1) +
1 (1/2) = 1, we must have that p(1) > p(1/2). Since the set of price profiles
that second order stochastically dominate a includes interim prices that satisfy
1/2 < p(1) < p(1/2) < 1, not all prices that are less dispersed than market
values T (a) are feasible.

2. Suppose that A = Y = {0,1,3}, v(a,y) = ©(a) = a, 0 (Y'|a) =
1[a € Y'],and u ({a}) = 1/3. In words, the consumers only care about the ac-
tion of the seller and y coincides with it. Figure 4 depicts the values of p(0) and
p(1), note that the sum of the three interim prices are always equal to 4 given
the Bayes’ Rule. Area A shows the set of vectors x = (x1, x9, z3) that second
order stochastically dominate (0, 1,3). Each random variable is represented by
(21, z2), the third element is the distance from the x; + x5 = 4 line. The condi-
tionsare: 0 < z; < 3,1 < x;+x; < 4,foralli, jand x; + 22 +x3 = 4. However,
the set of interim prices does not coincide with the set A and is depicted by set
B. To find the set of all interim prices, one can consider cases where the interme-
diary reveal one of the states fully while mixing the other two, in another two
extremes the intermediary reveals all the information or non. Moreover, interim
prices are not necessarily monotone. A signal that pulls a = 0,3 and reveals
a = 1 leads to an interim price of 3/2 for a = 0 and 1 for a = 1 — depicted by
point C'in Figure 4.
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Figure 4: Depiction of the set of interim prices and mean-preserving contractions
of market valuations for Example 2; The green area, A, represents the three state
random variables that are mean-preserving contraction of a. The yellow area,
B, is the set of interim prices arising from some information structure.

The above example illustrates the difficulties associated with identifying the
set of all interim prices for all information structure. Nevertheless, we are able to
show a somewhat general result when market valuations have the same rank-
ing as interim prices, comonotonicity. Our main mathematical result is that
when market valuations 7 (y) and p (y) are comonotone then existence of a sig-
nal structure is equivalent to second order stochastic dominance. The following
theorem states this result:

Theorem 1. Consider an action profile a () and its associated v (y) as defined in
(4). Suppose that p (y) is a function that mapsY into R such that:

1. p(+) is comonotone withT (-), i.e, p(y) > p(y') =70 (y) >0 (y),

2. p(-) second order stochastically dominates (-).

Then, there exists an information structure (S, 7) such thatp (y) = > .o E [v]s] 7 (s]y).

The proof is relegated to the Appendix. Here are the intuitive steps. We prove
this theorem in two steps: First, we show it when Y is finite. Second, we use an
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approximation argument for an arbitrary compact Y. For finite Y, our proof is
based on the separating hyperplane theorem. In particular, we consider the set

s- a0

In Example 2, the set S is the part of set B in Figure 4 above the 45-degree
line. If n = |Y|, then S C R". It is fairly straightforward to show that S is a
convex and compact subset of R”. Thus, by the separating hyperplane theorem,
for a p (y) not to belong to S, there must exist A\ € R™, with A # 0 such that
D, AW (Y) >3, A (W) P (y),Vp € S. Hence, if we show that for any A # 0,
there exists py € S such that }° A(y)p(y) < >, A(y)Pa (y), then it must
be that p € S. We show existence of p) by construction of signal structures
which depend on the monotonicity properties of A (y). Specifically, we index
members of Y in the increasing direction of 7, i.e, U (y;) > U (y;—1),n > 1 > 2.
When A (y;) /it (yi) = A (Yie1) /1 (yiz1), Vi > 2, then py (y) = T (y), i.e., full
disclosure. When A (y;) /1 (yi) < A(yi—1) /1 (yi—1), for some i, we pool states
y;—1 and y; and use an inductive argument to construct py (y).

For arbitrary compact Y, we approximate the distribution of p, (-) with a
sequence of discrete distributions whose supports are ordered according to the
subset order, i.e., they are a filtration. We can then apply the result from the
finite case to construct an information structure associated with each of these
discrete approximations. By compactness of the space of measures over the pos-
terior mean and y, these information structures must have a convergent subse-
quence with a limiting information structure. It thus remains to be shown that
the expectation of the posterior mean conditional on y under this limiting infor-
mation structure coincides with p (y). To show that, we resort to the martingale
convergence theorem. This filtration and the realization of y and posterior mean
form a bounded martingale. As a result, we can apply Doob’s martingale conver-
gence theorem to show that the limiting information structure generates interim
price p (y). We formalize this argument in the appendix.

The above Theorem implies that we can characterize “co-monotone” equi-
libria of the game for arbitrary information structure with an action profile
{a (0)},co and interim prices p (y) such that:

3(S,m) :p(y) =) 7w (sly) Efols] } :

seS

1. it is incentive compatible:
a(f) € arg max/p(y) do (yla) — ¢ (a,0),V0 € O, (5)
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2. Interim prices p (y) dominate T (y) = E[v (a,y) |y] according to the sec-
ond order stochastic order.

3. interim prices and market valuations are co-monotone.

We use this implication of Theorem 1 in the rest of the paper to characterize
optimal rating systems in various settings.

Remark on Theorem 1 The result in Theorem 1 is reminiscent of the result
of Blackwell (1953) and Rothschild and Stiglitz (1970) — the general version can
be found in Strassen (1965). That result states that for any two random vari-
ables = and y, there exists a random variable s such that E [z|s] has the same
distribution as y if and only if y second-order stochastically dominates x. While
similar, this result is different in two ways. First, it is stated for the second order
conditional expectation and thus Blackwell’s result cannot be applied. The key
intricacy is that the same signal structure that generates the random variable
[E [0|s] must be used to generate E [E [0]s] |y]. Second, as illustrated by Example
2, the equivalent of Blackwell’s result does not hold in general and can only be
shown when v and p are co-monotone.

Majorization In the rest of the paper, we will use Theorem 1 to characterize
optimal rating systems in various applications. When Y C R, the majorization
formulation — see Hardy et al. (1934) — of second order stochastic dominance
helps us use a Lagrangian method to solve for the optimal rating systems. When
Y = R, we can write

Y

Yy
p>sospv<=>/ p(@)duy(@?)Z/ 5 () duy (5) Wy € R.

— o0

4 Application 1: Rating Design with Moral Haz-
ard

Our first application of rating design is a general version of the model in section
3. We will show that for a large class of objective functions, optimal ratings are
deterministic. We then provide specific characterization of optimal ratings and
characterize how they depend on the distribution of outcomes.

More specifically, suppose that A = [0,a] for some a > 0, Y = [0,1],
v(y,a) = yand © = {by,---,0,,}. We assume that the cost function ¢ (a, 0)
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is decreasing in 0, increasing in a and submodular. This implies that higher 0’s
are more efficient in exerting effort. Additionally, we assume that y conditional
on a is distributed according to a continuously differentiable c.d.f. G (y|a). We
make the following assumption:

Assumption 2. The distribution of y conditional on a is decreasing with respect

toa, ie, G, (yla) <0

This assumption implies that an increase in a shifts the distribution of y to
the right, i.e., increases G (-|a) according to first order stochastic dominance.

We consider the class of pareto optimal objectives. That is, if payoff of the
DM of type 6 is given by u (), then the objective is given by [ A (6) u () dF. For
example, the monopoly problem of section 2 is a special case of this objective.
There, the intermediary wishes to maximize his revenue from certification fees
which translate into maximizing the utility of the lowest quality seller who is
active in the market, if that type is 8 then the objective will be to maximize

Under our characterization result, the problem of rating design is to choose
p(y) and a (#) to maximize

ST FO)A0) [ / P (y) G (y]a (9)) — ¢ (a (6) ﬁ)]
0O

subject to the incentive compatibility constraint (5), monotonicity of p (y) and
majorization constraint

wa)/oy (9)dG (3l (8) > 3" f (6 /gdG@\aw)) ©

0cO 0cO
S 10) [ p@)dcGlao) =Y 16 / 4G (3a (6))
0O 0 00 0

Our first result illustrates that Pareto optimal ratings are always determin-
istic:

Proposition 1. Suppose that the first-order approach is valid, then Pareto-optimal
rating systems are monotone partitions.

It is worth mentioning that, first, we assume that the first-order approach
is valid. This is because in our proof of this theorem, we use the existence of
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Lagrange multipliers on the incentive compatibility constraint. The first-order
approach ensures that such Lagrange multipliers exist and our proof is valid.
We suspect that the result holds even in the absence of the first-order approach
yet our proof no longer works. Second, our proposition illustrates that not only
optimal rating systems are deterministic but also monotone partitions. In other
words, for any y, either y is revealed perfectly or there exists an interval around
y where only it is revealed that y belongs to this interval.

The above proposition implies that moral hazard in the form described above
does not lead to rating uncertainty. While this is informative about general prop-
erties of optimal ratings, the number of partitions and the precise design of op-
timal ratings depends on the distribution function g (y|a). In what follows, we
discuss two cases for the optimal disclosure policy of the monopolist intermedi-
ary.

Two-Type Case Suppose that © = {6,6,} with 6, < 65, f(0;) = f;, and
A(01) =1, (02) = 0. This is the problem of a monopolist that wishes to serve
both types of sellers and thus wants to maximize the pre-tariff payoff of the
high-cost seller.

Before stating our formal result, we provide a heuristic analysis of the main
determinants of optimal rating. Suppose that the Lagrange multipliers on the
incentive compatibility constraints of each type of seller are v;, j = 1,2. Then,
given effort level of a; and as, finding the optimal interim price is equivalent to

max [T(5)p () (0) dy
subject to the majorization and monotonicity constraints. In this formulation
h (+) is the unconditional density of y, i.e., h (y) = f1g (y|a1) + f2g (y|az). The
function I (y) is the gain function associated with optimal rating design and is
given by:

['(y) =

g (y]ay) <1+ ga (ylay) n Ja (y|a2)g(y|a2))' (7)

I (y) Ygwla) g (ylas) g (ylar)

Analyzing the terms in the gain function identifies two forces that shape the
properties of the optimal rating system:

1. Redistributive: The first term in the gain function g (y|a;) /h (y) is a de-
creasing function of the likelihood ratio g (y|as) /g (y|a1). Under the mono-
tone likelihood ratio property, this likelihood function is increasing in y
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and as a result the term ¢ (y|a1) /h (y) is decreasing in y. Thus, when
71 = v = 0, i.e,, when we do not have to worry about the effect of
the rating system on incentives, then optimal rating system is simply one
that provides no information. Intuitively, absent the incentive constraints,
holding a; and ay fixed, the payoff of the high-cost seller is maximized
when no information is provided.

2. Incentive: The second and third term in the gain function represents the

importance of incentive provision for types 1and 2. The function g, (y|a) /g (y|a)

is an increasing function; negative for low values of y and positive for
higher values of y. As a result, the second term creates a force for infor-
mation revelation. In fact, when 7, and v, are very large, the gain function
I" (y) becomes increasing and as a result it is optimal to reveal all informa-
tion.

At the optimum, the exact nature of the optimal rating system depends on how
these forces interact. While the guiding principle for the design of rating sys-
tems is Proposition 2, in what follows, we provide conditions for which revela-
tion must occur for high and low values. As we show later, various classes of
distribution functions g (y|a) satisfy this assumption:

Assumption 3. The distribution function g (y|a) satisfies:
1. Monotone likelihood ratio, i.e., g, (y|a) /g (y|a) is increasing iny for all a.

2. For arbitrary as > a4, define the function {(z) as the solution of z =
g (9 (2)la2) /g (9 (z) |a1). The functionq (z) must satisfy the following prop-

erties:
(a) The function ¢ (z) = g, (¥ (2) |a) /g (7 (2) |a) satisfies ¢" (z) < 0,
(b) The function ) (z2) = zg, (y (2) |a) /g (9 (2) |a) satisfies " (z) > 0,
(c) The function ¢ (2) /¢" (2) is increasing in z.

Using the above assumption, we have the following proposition:

Proposition 2. Suppose that Assumption 3 hold. If at the optimum as > ay, then
there exists two thresholds y, < vy, where optimal monopoly rating system is fully
revealing for values of y below vy, and above ys while it is pooling for values of

v € (Y1,92)-
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Under Assumption 3, the incentive effects are strongest for extreme values of
y while the the redistributive force is strongest for mid values of y. As the Propo-
sition illustrates optimal rating system pools intermediate values of y while fully
reveals extreme values. Roughly speaking the full revelation of extreme values
of y are associated with incentive provision for types 1and 2. Under Assumption
3, the incentive effect for type 1 — the second term in the gain function (7) - is
steepest for low values of y while the incentive effect for type 2 — the third term
in the gain function (7) — is steepest for high values of y. Thus, mid-values of y
are pooled since redistributive effect dominates, while at the extremes incentive
effects dominate.

Some examples of distributions that satisfy Assumption 3 are:

1. C.d.f.is a power of y: G (y|a) = y** for o > 0.
2. C.d.f.isapowerof 1 —y: G (yla) =1 — (1 —y)e for a > 0.

3. C.df. is exponential of y : G (y|a) = (e¥@¥ —1) / (e*® — 1) for some
1—e—¥(a)y

increasing function v (a). A similar property holds for G (y|a) = ==
Note that the example in section 2 is the last example above for ¢ (a) = loga.
We can then simply use Proposition 2 and impose the “mid-pooling” information
structure. It turns out that for that example, the information structure is lower-
censorship, i.e., the lower bound of the mid-pooling region is y; = 0 and the
upper bound is given by yo ~ 0.72.

5 Application 2: Rating Design under Manipula-
tion

In this section, we consider another application of our result in section (3) to a
setting where the DM can manipulate the statistic observed by the intermediary.

More specifically, consider a special case of the model in section (4) where
there is only one type 6. Suppose that market valuation is v (y,a) = y and
that Y = [0,1]. More importantly, suppose that the intermediary does not
observe the true realization of y. It instead observes x which the DM can ma-
nipulate at a cost. In particular, the DM, after observing y can pay a cost and
reveal z to the intermediary. The cost of manipulation is given by ¢, (v — y) =

k—(x;y)2 + 7 |x —y| where k,7 > 0 and 7 < 1. We assume that the interme-
diary wishes to maximize the surplus generated by the DM which is given by
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[y —cm (2 (y) — y)] dG (y|a) — ¢ (a) where & (y) is the manipulation strategy
of the DM for each realization of y € [0, 1].
We make the following assumption about the distribution:

Assumption 4. The c.d.f of y, G (:|-) satisfies the following properties:
1. G (yla) is a C* function of y and a.

The above assumption helps us prove our main result about the shape of
optimal ratings in Proposition 2.

In this setup, a rating system is a signal structure (S, 7 (s|z)), i.e., an in-
formation structure that maps manipulated values x into signals for the mar-
ket/buyers. In equilibrium, there is common knowledge of strategies by the
DM and thus the buyers’ interpretation of the signals depends on manipulation
strategy of the DM. This updating takes the form of

Elyls] =E[27" (2)]s]

where 27! is the inverse correspondence of the DM’s equilibrium manipulation
strategy.'” The DM’s interim price from reporting 2’ to the intermediary is given
by

E[E[yls][2] =B [E[27" () ]s] [2] = p(2') ®)

Since payoff function of the DM is supermodular between = and y, this im-
plies that the equilibrium manipulation function & (y) is increasing in y. More-
over, equilibrium interim price p(Z (y)) is also increasing. Therefore, the co-
monotonicity assumption of Theorem 1 holds. Hence, existence of a signal struc-
ture that satisfies (8) is equivalent to p (y) = p (2 (y)) dominating y according
to second order stochastic dominance. Thus, we have the following corollary:

Corollary 1. Consider any manipulation strategy i (y) together with an informa-
tion structure (7, S). Then & (-) is an equilibrium strategy if and only if there exists
an increasing interim price function, p (y), such that:

1. The function p (y) second order stochastically dominates y (given the distri-
bution of y, G (y|a)),

13When there are multiple y’s that report z to the intermediary, set Y C [0, 1], the conditional
expectation E [:%’1 (z) |s] pools them together and treats them as one observation with its value

given by conditional expectation of E [y\y € f’}
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2. The pair of functions p () , & (-) satisfies incentive compatibility
PW) —cm (@@ —y) ZpW) —cn (@) —y). Vy,y' €[0,1] (9

Corollary 1 implies that the problem of optimal rating design in this appli-
cation is given by

max / P () — e (& (9) — )] g (vla) dy — e (a) (P1)

p(-),fc(y),a
subject to:

1. ex-post incentive compatibility of the manipulation strategy:
PW) —cm (@@ —y) ZpW) —cn (@) —y) Yy, €[0,1]  (10)

2. ex-ante incentive compatibility of the effort:
o € argmax [ [p(9) e (0 0) ~ g Gl dy —c(@) (1)
3. Feasibility of the interim prices for some information structure

/pr(y)g(ma) dy > /Oy yg (yla) dy (12)

/Op(y)g(ma)dy:/o yg (yla) dy (13)

It is perhaps worth commenting that in this environment, there is no reason
for the intermediary to rule out manipulation in equilibrium. When the cost of
manipulation is high, e.g., 7 is close to 1, we will show that it is optimal for the
interim prices to have a slope of 7. This will then imply that marginal cost of
manipulation at Z (y) = y is equal to the increase in the interim prices and thus
it rules out manipulation in equilibrium. However, when 7 is low, e.g., 7 = 0,
then manipulation always occur in equilibrium.
We proceed by stating our main result of this section:

Theorem 2. Suppose that Assumption 4 holds. If p (-) is an interim price function
that achieves the maximum in (P1), then p (-) is continuous.
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The result in Theorem 2 is in sharp contrast with that in Proposition 1. In
Proposition 1, we established that optimal information structures are monotone
partitions. This means that the DM does not face any uncertainty with respect
to the determination of its rating. In contrast, when p () is continuous and when
not all information is revealed, then the rating system must involve randomiza-
tion or rating uncertainty.

The proof of Theorem 2 uses a perturbation argument as depicted in Figure 5.
A useful notion is to consider the optimal manipulation when majorization is not
taken into account, i.e., when there are no restrictions on prices. This is depicted
by the dashed red line in Figure 5. If optimal manipulation - when majorization
constraint (12) is imposed — has a discontinuity at y; (blue curve in Figure 27),
then % (y1+) is either higher than the uncosntrained optimal manipulation or
lower. In Figure 27, it is lower. The green line shows a perturbed manipulation
strategy wherein manipulation is reduced above y; and increased below. It is
possible to do this perturbation in such a way as to not violate the majorization
constraint. Intuitively, this decreases dispersion of prices and thus preserves
majorization. Since cost of manipulation is convex, the benefit of the increase
for values of y below y; is higher than the cost of decrease above y;. Hence,
the manipulation function in Figure 27 cannot be optimal. If & (y;+) is higher
than the unconstrained manipulation, then a simpler perturbation of lowering
manipulation above y; and increasing prices for all realizations of y is mean-
contracting and thus improves upon the original allocation.

A key insight of Theorem 25 is that we can divide the domain [0, 1] into a
collection of subintervals — possibly points — where the optimal interim price
function alternates between the identity function — for which majorization con-
straint is binding — and one in which majorization is slack and thus involves
rating uncertainty. In other words, partitions often used by various disclosure
mechanisms where various states are pooled are not optimal. Additionally, the
theorem illustrates an algorithm in order to find optimal ratings via optimization
over alternating intervals.

In Figure 6, we illustrate this insight. In the figure, interim price p (-) reveals
the state for values of y € [y1,42] and y € [y3,v4]. However, for values of
y € [0,91) U (y2,y3) U (y4, 1], information is partially revealed. Moreover, if
the distribution of y is such that in each of the sub-intervals [0, 1), (y2,¥3),
and (ys4,1], [ p(y) dG = [ ydG, then it must separate these intervals from each
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/ perturbation

Figure 5: A Perturbation of Discontinuous Allocations
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Figure 6: A Continuous Interim Price Function

other. Finally, since within each of these subintervals p (y) crosses the 45-degree
line once, the associated rating system must involve uncertainty.
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It should be noted that in the above rating system, although values of y €
(y1,y2) are revealed by the rating system, manipulation still occurs. This is be-
cause realizations of y < y; are manipulating and the only way to do that is to
allow realizations to manipulate as well. Note that the market is fully certain
about the value of y for values of z € [Z (y1),Z (y2)] and compensates them
accordingly, i.e., p (y) = y,y € [y1, y2).

We can provide two further characterization of optimal rating systems under
manipulation. To do so, we make the following assumption:

Assumption 5. In addition to Assumption 4, the c.d.f of y, G (+|) satisfies the
following properties:

1. First order stochastic dominance: % < O0forally € [0,1],Va € R,.

0G(yla)/Oa

Sl is bounded below.

2. The function

The first assumption simply ranks the distribution of y as a function of a
according to first order stochastic dominance. The second assumption is less
standard. The second assumption effectively states that the density of y is non-
zero and bounded below over [0, 1].

Our first main result is on optimal rating when manipulation is arduous.

Proposition 3. There exists T € (0, 1) such that for all T > T, there is no manip-
ulation under optimal rating, i.e., & (y) = y, and the optimal rating system satisfies

T 5=y

14
l—7 s=N (19

5—{N}U[O,1],7T({S}\y)—{

The above proposition states that when 7 is high enough, then the inter-
mediary should not allow any manipulation at the optimum. Note that 7 =
¢y, /O0x (y+,y) is the marginal cost of manipulation at £ = y. Naturally, one
way to implement no manipulation under ex-post incentive compatibility is to
have a price function where the marginal benefit of manipulation, the slope of
the price function, is equal to its marginal cost. This gives rise to a pricing func-
tion whose slope at y is equal to the marginal cost of manipulation 7. Similar to
Example 1, one way to achieve this is using a partial mixing information struc-
ture as described in (14). Note that ex-ante incentive compatibility implies that
we would want to reward productive effort as much as possible and hence the
slope of price function should be 7; the steepest price function that implements
no manipulation.
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The following proposition provides another insight into optimal rating sys-

tems when k = 8855" is small enough:

Proposition 4. There exists k, T such that for all values of k < k,7 < 1, opti-
mal rating involves rating uncertainty. Additionally, majorization constraint is not
binding for values of y € (0, 1).

The above result states that when manipulation is effortless rating uncer-
tainty is a robust feature of optimal ratings.

The intuition behind this result can be understood via trade-offs in manip-
ulation. In this setting, since marginal cost of manipulation at = = y is zero, as
long as interim prices are increasing, there will be manipulation. Hence, there is
a trade-off between allowing for manipulation and providing ex-ante incentives
for productive efforts.

To see this, note that the envelope condition associated with the ex-post
incentive constraint states that

u'(y) =k (x(y) —y)

where u (y) = p (y) —cm (¢ (y) , y) is the ex-post utility of the DM. As this shows,
an increase in x (y) leads to a steeper utility profile and thus increases the re-
turn to productive effort. Thus the optimal rating system balance the welfare
cost of manipulation with its incentive benefits. When £ is large, a small level of
manipulation can make u (y) steep and provide strong incentives for productive
effort. For high enough values of £, the level of manipulation required is small
and thus price does not need to be steep enough which then means that ma-
jorization is not going to be violated. However, as k decreases the required level
of manipulation increases and prices become too steep and violate majorization.
When this is the case, the majorization constraint binds for mid-values of y and
full revelation must occur.

6 Extensions

In this section, we discuss two other extensions of our majorization result in
order to illustrate the extent and depth of its applicability.

6.1 Different Priors

Consider a variation of the model in section 3, wherein the market has dog-
matic prior beliefs about the distribution of (a, 0); this is in contrast with the
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market having rational expectations which coincide with the equilibrium be-
havior of DM. More specifically, let ¢ € A (A x ©) be the prior of the market
and suppose that the market uses this prior and the true signal distribution to
do Bayesian updating. When A, ©, and Y are finite and we can write ¢ (a, 0) as
the probability of (a, 8) under market prior, interim prices are given by

pw) =3 Y apeat (@, 9) ¢ (a,9) 7 (Sly)ﬁ (sly).

s€S Z:(a,@)eA ¢ (a,9)  (s]9)

The above is identical to interim prices in section 3 except for the fact that ¢ is
used instead of the true distribution of (a,y). One can then conclude that the
following holds:

Lemma 2. If market prior is given by ¢ and T4 (y) = Ey4, [v (a,y) |y, if p (y) is
co-monotone with Ty (y) and p (y) =sosp Ue (y), both distributed according to ¢,,,
then there exists an information structure that induces p ().

To see the benefit of this result, consider a simple setting in which there is
only one type of DM who has a cost ¢ (a) and market has a biased belief that the
density of y is given by h (y). Moreover, suppose that E, [v (a,y) |y] =T, (y) =
ay + (1 — ) 7. Then the problem of optimal rating design is to find p (y) and a
to solve the following:

;r(lf;rX/O p () g (yla)dy —c(a)

subject to

/0 yp(y’)h(y’) dy' > /O yp(y’)h(y’) dy’
/Op(y)h(y)dyz/o Vs (y) h(y) dy

We can then use simple arguments from calculus of variations, similar to those
in section 4, to show the following;:
Proposition 5. Optimal ratings are:

1. Upper-censorship if for all a, h (y) /g (y|a) is hump-shaped, i.e., increasing-
then-decreasing. Moreover, if a* achieves the maximum of E [y|a] — ¢ (a) and
if h(y) is strictly dominated by g (y|a*) according to first order stochastic
dominance, then optimal rating is not full information.
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2. Lower-censorship if foralla, h (y) /g (y|a) is U-shaped, i.e., decreasing-then-
increasing. Moreover, if a* achieves the maximum of E [y|a] — ¢ (a) and
if h (y) strictly dominates g (y|a*) according to first order stochastic domi-
nance, then optimal rating is not full information.

Proposition 5 again illustrates the power of our result on characterization of
interim prices. It describe how the shape of the bias determines the structure of
optimal ratings. More specifically, in the class of the distributions considered,
more pessimism leads to upper-censorship while more optimism leads to lower-
censorship.

6.2 Allowing for Market Action

In the above, one of our key assumptions is that information does not lead to
an informed action by the market. This then implies that the interim prices, i.e.,
expectation of posterior mean conditional on the state, are linear in posterior
mean. A question that arises is whether this can be extended to a situation in
which information is valuable for the market and thus interim prices are not
necessarily linear in posterior means.

Here, we show that it is possible to extend our result to settings where the
information content of the intermediary’s signal leads to a change of action.
More specifically, suppose that market participants (or alternatively a buyer)
have a payoff of a- (y — g) with a € {0, 1} being chosen by the market. Suppose
as before that the price paid to the DM is (E[y|s] —y) 1 (E[y|s] > y). One
interpretation of this example is one in which v is the cost of shopping, such as
search, cognitive, etc., and thus the market participants only make the purchase
when their posterior mean value of the object is above y.

Suppose for simplicity that Y and S are finite. For any arbitrary rating sys-
tem (5, ), we can define the following objects:

q(y)=Pr({s:Elyls] >y} y)

() = ﬁE (sl — ) 1 Elyls) > o) Iy] ,if g (y) > 0

3

In words, ¢ (y) is the probability that market action is equal to 1 conditional on
the state being equal to y. Furthermore, p (y) = ¢ (y) p (y) is the interim price
vector faced by the DM. Thus, p (y) is the interim price conditional on o = 1.
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Note that given this change of variable, we can write

S (sly) Sy T(slY) (W —y) a (W) iy (V)

p(y) = -
>yer (610 ) 1y ()
where S = {Ely|s] >y} and 7 (s|ly) = %. This implies that 7 (-]y) €

A (S’) Thus, p (y) becomes the interim price function associated with the sig-

nal structure (S, 7 (-]y)) with the prior distribution of y given by ¢ (y) sy (y).
The following proposition summarizes this logic:

Proposition 6. Suppose that market payoff is given by v (a,y)-a whereaw € {0,1}
is the action optimally taken by the market and that marginal distribution of y is
given by a probability measure ji,. Then if a positive measure p and a pricing
function p (y) exists such that

1. p (?) < Ly (Y) for all Borel subsets Y C Y,

2. interim price function satisfies p (y)

/ﬁ(y)df):/U(y)dp

/ w(p)dp > / (T (y)) dp, Yu: concave

3. p(y) is co-monotone with ¥ (y) and minyey p (y) > 0

ol

It is worth mentioning that, first, the positive measure p can be thought of
as the probability of state being y and posterior mean of v (a, y) being positive.
Since posterior mean of v can be sometimes negative — which leads to o = 0,
p is not necessarily a probability but a positive measure. Moreover, by the first
condition, p is absolutely continuous with respect to p, and thus by Radon-
Nykodim theorem there must exist 0 < ¢ < 1 such that p = [ ¢(y) du,. The
function ¢ must then be the probability of positive posterior mean conditional on
y € Y. Second, the above is not an exact application of Theorem 1 since we are
imposing an additional constraint that interim prices are positive. This is indeed
because the market participants can guarantee a positive value for themselves
which then guarantees a positive value for the DM.

Then, there exists (S, ) such that

5 (y) =E | E :
p(y) { Lrén{%ﬁ}v a
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7 Conclusion

We explored the design of optimal rating systems in the presence of adverse
selection and moral hazard. We started by introducing the concept of interim
prices and to show the conditions where we can substitute the information prob-
lem with majorization conditions. We show that when the value created for the
consumers and the interim prices are comonotone our mechanism design and
information design problem can be simplified by just considering majorization
conditions for the interim prices and using them in the incentive conditions.

We then used our method to solve two applications. One for the optimal
information mechanism in presence of moral hazard. The other application is
exploring the optimal design in the presence of manipulation.

In this paper, we did not consider the case of matching where buyers/receivers
are heterogeneous in their taste for quality and the presence of information can
help with matching as well as giving incentives to sellers to exert effort. This will
remain as a topic for future research.
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A Proofs

A.1 Proof of Theorem 1

Proof. We will first prove the theorem when Y is finite. We will then show that
the theorem can be extended to cases when Y is a compact Euclidean space.
Before doing so, first we define the following set of interim price functions

S = {ﬁ(-) ‘a(sm) P (y) Z/SE[UIS] dﬂ(Sly)}

The following lemma is a key property of S that will be used in our proof.

Lemma 3. The set S is convex.

Proof. Let py (+),p2 (-) € S and their associated information structures be given
by (S1,m) and (Sz, ), respectively. Let p; and s be the probability mea-
sures representing the distributions of (s1,y) and (s2,y). Let uy s and pa s be
the marginal probability measures associated with p; and p» along sy and ss,
respectively. Note that 1, is the marginal probability measure of both 11 and yi5
along y.

Additionally, we have the standard conditional probability measures 1 (+|s1) , o

A (Y'). We can then define probability measures 7,75 € A (A (Y)) given by
(@) = [ L (lse) € 8] dpn, Y0 © A(Y)
S1
n(®) = [ Ll (lsa) € D)o, VO © A(Y)
Sa

Given this construction, we have

/151 (y)1 [yGY dpty = / [0]s1]1 V] dp (s1ly) dpsy
y SixY
:/ []s1] 1 Y] dpn (y|s1) dpia s
S1xY
:/E U|s1] Ml | )duls
S1
:/ E¢ ¢ )dTl
A®Y)

(-]s2) €



In other words, p; is the Radon-Nikodym derivative of the measure fA(Y) Ey[0] ¢ (-)dm
with respect to 1. By Radon-Nikodym theorem, this is unique up to a measure
zero change. The same property holds for p.

Now consider the measure A\7y+(1 — A\) m € A(A(Y)). Letpuy € A(A(Y) xY)
be defined as

/L)\<Bl XB2):A(Y)(b(BQ)d()\TI+(1_>\)7-2)’VB1 CA(Y),BQ cY

Similar to construction of the product measure, the above can be extended to
a Borel measure over all Borel subsets of A (Y) x Y. We can then compute
the conditional probability measure u, (-|y), Vy € Y. This is a signal structure
wherein S = Supp (A1 + (1 — \) 7).

Given the above, we have

i)+ 0= N a1 [y e 7] dy =
/A L el (V) dOm + (- Nm)

This implies that Ap; + (1 — X) po € S which concludes the proof. O

1. When Y is finite.

Let Y = {y1,v2, - ,yn} such that T (y;) <0 (y2) < -+ < T (yn). When p(y)
is co-monotone with T (y), we must have that p (y1) < p(y2) < -+ < p(yn)- In
this case, S C R". For simplicity, we also let f; = p, ({v:}).

We show that if p satisfies p (y1) < -+ < p(y,) and p >=sosp U, then p € S. To
do so, we show that for any A € R", A # 0, then there exists p’ € S such that
A-p < X\-p'. This result combined with separating hyperplane theorem implies
thatp € S.

(i) We only need to focus on A > 0. This is because for all p’ € S,

Z fip (yz) = Zfz’p/ (yz) = Z fiv (?/1)

Thus,
At+af) - p<A+af)p <= Ap<A-p,VaeR
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where in the above f = (fi, -, fn). Thus choosing a large enough « implies
that A + af > 0.

(ii) we prove existence of p' by induction on n.

Step 1. claim holds when n = 2. When n = 2, then stochastic dominance is
equivalent to

Now, there are two possibilities: 1. A;/f1 > Ao/ fs. Then Chebyshev’s sum
inequality implies that

A'pIZfi%p(yi)
< Zfz%z:fzp(yz)
= (A1 + A2) Zfﬁ(yi) =X-p

In the above p (y;) = Y, fiU (y;) is the interim price vector associated with no
information.

2. )\1/f1 < )\g/fg. Then
A;
Ap= Zfi?p(yi)

= %Zfip(yi) + fo <)\—z — ﬁ)p(yz)

f2 h
A1 _ Ay A
< Ezi:fﬂ) (i) + [ (E - E) v (12)
Al_ Ao _
= flzv (1) +f2E’U (y2)

=MT(y1) + AT (y2) = A+ p'

where in the above p’ (y;) = U (y;) is the interim price associated with full infor-
mation.

Step 2. If the claim holds when |Y | = n — 1, then it must hold when |Y| = n.

To show this step, consider A € R™. There are two possibilities:

39



Case 1. The vector X satisfies A1/ f1 < Ao/ fo < -+

- < A/ fn- In this case, we can
write

)\'pzz)\ﬂ?(yi)

=355
>\1 ;

Zﬁp vi +;fz(fz fl) (4:)
Alz:fm (i +Zz<f 7 )flp(yz)
A1zfm w+ Y (3 )zfjp ()

i>2 Z Z =i

Given that p =s0sp U and that p is increasing in 7, second order stochastic dom-
inance implies that

ijp (y;) > Zfﬁ (y;) — Efjp (y;) < Zfﬁ (y;)

Thus, we can write
A-pzﬁZf'p(y-)JrZ(& )pry
fl i ' ’ fz fz— ! ]
Ai
_flzfz yz Z(E fz— )Zf] y]

where in the above p' is the interim price vector associated with full information.
Case 2. There exists k > 2 such that A,/ fi, < M\.—1/fx—1. In this case, consider
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the following

Y/ = {ylf o Yk—25 Yk Y41, 0 7yn}

v (y:) = fuv(yn) tfo10(yr—1) ;.
fetfr—1
v fe+tfier i=k
N VA ik k=1
P(Yi) = funly)+fu1p(oe_1) i—=k
fetfe—1
5 i 1 # kk—1
MMy i=k

This modification of p and v satisfies all the properties of p and v. That is, p

Y

n — 1, the hypothesis of induction implies that there must exists an information

is comonotone with © and satisfies stochastically dominates v. Since

structure (g, 7~r> and its associated interim price vector p that satisfies
Ap< NP (15)

Now, using (5, 7~r>, we construct a new information structure that satisfies the

claim for p. We define

T({stly) i#k k-1
T ({s}lye) i=k k-1

In words, this information structure pools y; and y;_; (they always send the
same signals) and otherwise replicates 7. Since this is the case, the posteriors
induced by this information structure is the same as those induced by 7. There-
fore

S=387({s}y) = {

ZW({S} i) E[0 (i) |s] = pisi # b,k — 1

S

ST wUsHy)E [0 () |s) = prvi = kb — 1

S
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Hence, the interim prices associated with (S, ) is given by

Pr=0w), D Wr—2) W) D We) D (Wrr1) - 5D (Yn))
We have

_ . A1 Ak
Ap= #;Jc%p (yj) + fi 7.7 (Yk—1) + [ 7. (yr)
ol Je1p (Yr—1) + fip (yk))
< 3 )+ e (Bl
=\p

where the inequality holds because \y_1/fr—1 > A/ fr and p (yx—1) < p (yx).

which proves the claim.
2. When Y is an arbitrary compact subset of a Euclidean Space.

Let V' = T (Y) be the range of T and a subset of R. Furthermore, let us de-
fine

VoeV.pv)=p(y),v(y) =v.
This function is well-defined since p is co-monotone with . That is if for two
values y; and vy, U (y1) = ¥ (y2), then we must have that p (y1) = p(y2). We
also let 1, € A (V') be the probability measure induced on V" using j,, and @ (-).
Clearly, we also must have that p () is a monotone function of v.
By Assumption **1, V' is a finite collection of subintervals. For ease of exposi-
tion, we prove the claim when there is only one subinterval [v,7]. The proof is
almost identical with a finite number but it is more cumbersome. Consider a
sequence of partitions V" = {vj =v <o} <--- <o} =7} forn = 1,2,---
with ming<;<,—1 vy, — v/ = 0 and V"1 C V™. We define

fr=mo (o)) 1<i<n—1
f’f? = Ho ([02—176})
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( fvl[vE[U?;pvzn)]d“’” fr>0i<n-1
o = g Ltbebianline g,
| vkt ' fr=0i>1
( fﬁ(v)l[ve[;g;pvf')]dﬂv fr>0i<n—1
() = fﬁ<v>1[ve£é;1,v)]duv fr>0i=n
| 2L+ fir=0i>1

In words, the above constructs a discretization of the buyer values v and the
DM’s interim prices p (v). Since p" (v) is an increasing function of v and by
construction, p" =sosp v" and V" is finite, we can apply the result from the first
part. That is, an information structure (S™, ™) exists where 7" : V" — A (S™)

such that
Pl =Y m ({s} o) Efols]
s€Sn

Note that each (S™, 7") induces a distribution over posterior beliefs of the buy-
ers given by 7" € A (A (V™)). Since any probability measure in A (V™) can
be embedded in A (V). This is because for any u € A (V™), we can construct
ft € A(O) defined by i (A) = > | ;1 [v) € A] where A is an arbitrary Borel
subset of V. Similarly, we can find 7" € A (A (V')) which is equivalent to 7".

Now consider the probability measure (" representing the joint distribution of
v™ and posterior mean E,, [v] = [wvdu for any i € Supp (7") induced by 7",
Note that (" € A(V x V). By an application of Reisz Representation theo-
rem (see Theorem 14.12 in Aliprantis and Border (2013)), A (V' x V) is compact
according to the weak-* topology." This implies that the sequence {("} must

“A rough argument for sequential compactness of A (V x V) is as follows: Note that
C (V' x V), the space of all continuous functions on V' x V, is separable since V' is a compact,
metrizable, and Hausdorff space (see Reisz’s Theorem in Royden and Fitzpatrick (1988) - sec-
tion12.3, page 251.) This implies that there exists a countable subset {a; } ;= of C (V x V') which
is dense in C (V' x V) according to sup-norm. Thus, for any sequence of measures {/,, }-_;
in A(V x V), for a given i, the sequence {f a; (v) dum}::1 must have a convergent sub-
sequent. Iterating repeatedly, as we increase 7, we can find a subsequence {ji,, }ro; where
{f a; (v) dumk} converges. We define ¢ («;) = limg_,o0 | @; (v) dfisy,,.. Since {a;} is dense in
C(V x V), then ¢ () = limy_0 [ @ (v) dpi, must exists for all « € C'(V x V) and can be
similarly defined. It is easy to show that ¢ («) is a linear functional over C' (V' x V') and thus a
member of its dual, C (V)". Hence, by Riesz Representation Theorem, there must exist a mea-
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have a convergent subsequence whose limit is given by ( € A(V x V). Let
Q” be the o-field generated by the sets {[v?, UZ-”H) }i<n71 U { [vﬁ_l,ﬁ}} and let

= G"x{0, A (V)}. In words, F" conveys the information that v € [v7,v!", )
orv € [v_,,7]. Note that F* C F"*! because V™ C V"' Moreover,

E[C"F"] = (", ")

where in the above, (v™,p") is the random variable with values (v}, p) with
probability f/'. Note that the above holds by the construction of 7" and (". As
a result

E [CnJrl‘f%] E [ [ n+1|fn+1} ‘fn}
I(EL( n+1 An+1) |fn}

P")

where the last equality follows because E [p (v) | F"] = p™, E [v| F"] = v™ given
the definition of p" and v™ above. All of this implies that F™ is a filtration and
(¢, F™) forms a bounded martingale — for a definition see Doob (1994). Hence
by Doob’s martingale convergence theorem — see Theorem XI.14 in Doob (1994),
we must have that

Jim E[("[F"] = E (|7

Therefore, E¢ [ [ vdu|v] = p (v). This concludes the proof.

A.2 Proof of Proposition 1

Proof. We show the claim by first showing that for all y, either the monotonicity
constraint is binding or the majorization constraint, equation 6, is binding at
the optimum. Suppose to the contrary that this does not hold. Note that a
change in p (y) for a measure zero of y’s, does not affect the objective, and the
majorization constraint. This implies that in order to achieve a contradiction,
we need to rule out an interval in which neither majorization nor monotonicity
constraint is binding. Suppose that there exists an interval I = [y, y»] for which
majorization and monotonicity are slack. Note that under the validity of the first
order approach and given any effort profile a (0), the optimal rating system must

sure C € A(V x V) where ¢ (« fozd{ This implies that p,,, converges to ¢ according to
the weak-* topology and hence, A (V x V) is sequentially compact.

44



be a solution to the following planning problem:
1
Y FOA 0| [ v a0 @)ds—cla®).0] @
7 9o 0
subject to

Ap@%wwmw—%wmﬁ>
S 1) t/[p )~ o9 (la (@) dy >0,y € [0,1]

ARG / —ylg (yla(0))dy =0
py)—p) =0,y >y

By combining the Theorems 1 in section 9.3 and 9.4 of Luenberger (1997) - to-
gether with the fact that we have finitely many types and thus finitely many
linear equality constraints, there must exist Lagrange multipliers -y () — for the
incentive compatibility constraint — so that p (y) satisfies

mmmﬁ" D ONO 6l @) +1 ) (@] dy (16

subject top =sosp ¥, and p (-) is monotone. Let usdefine h (y) = >, f (0) g (y|a (0))

and
_ 229 (0)[A(0) g (yla(8)) + () ga (yla (6))]
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The Lagrangian associated with (16) is given by

ﬁ:/o P (y) a (v) h () dy+

/ / ' ua ) — ) h () dy'dM ()

—-m ﬁ h(y') dy
0

—n [ W) — ) ) dy

where M (y) is an increasing function y. Moreover,

/ / Zf 9(y'la(0))dy'dM (y) =0

From the result in **KleinerMoldovanuStrack, we know that there exists an
pe (y) extreme point of the set {p : p =sosp ¥, p : monotone} that maximizes the

objective in (16) and a collection of disjoint intervals [gi,yi) exists such that

y y ¢ U, [g@)
Pe (Y) =\ I3 53 £(O)9(yla(@))dy [ _)
10 F@atlet@nay Y= Yo Vi

Note that optimality conditions implied by the Lagrangian are thatify € (gi, @)
then
a(y) —m+M(1) - M(y) = 0.

In other words, o (y) must be weakly increasing. Moreover, if (21, 22) C [0,1]\ |, [gi,@),

then M (y) has to be constant.
If the solution of the optimization problem (P1) is not a extreme point of
{p : p =sosp ¥, p : monotone}, then by Krein-Milman (see ***??), it must be a
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convex combination of the extreme points of the set {p : p =sosp ¥, p : monotone}.
Hence, there must exist another extreme point . (y) that also achieves the op-
timum in (16). If p. # p., there must exist y € (0, 1) so that p,. (y) = y for an
interval around y and p, (y) is constant for an interval around y. By optimality,
it must be that

ay)—m+MA)-M(y)=0,M(y)=MIy)

for ¢/ € I, an interval around y. This means that there must exist a constant,
c=m— M(1)+ M (y) so that forally/ € T

Zf 9(|a(8)) +7(0) ga (y/]a (6 —CZf 9(y'la(0))

or

D FOIAO) =) g(yla(8) +7(8) ga(y'la(8)] =0

0

which then implies that {g (y|a (7)) , ga (y]a (0)) }4cq are linearly dependent over
I’ which is in contradiction with our assumption. This concludes the proof. [

A.3 Proof of Proposition 2

We first prove the following Lemma:

Lemma 4. Consider the optimization problem max, folp (y) a(y) h(y) dy sub-
jectto{p : p =sosp Yy, p : monotone}. Suppose that o (x) is continuously differen-
tiable and that its derivative changes sign k < oo times, i.e., we can partition [0, 1]
into k intervals where in each interval o/ (x) has the same sign but not in two con-
secutive intervals. Then, an optimal information structure is an alternating partition
(between full revelation and pooling) with at most k intervals.

Proof. As in proof of Proposition 1, we know that fo y) dH is maximized at
extreme point p, of the set {p : p =sosp ¥, P : monotone} and thus a collection

of disjoint intervals gi,yi> exists such that

y y U, [g@)
Pe (¥) = § 171y %0 £(©)9(yla(6))dy [ _)
10 F@atletonay ¥ (Yo Vi
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As we have shown in proof of Proposition **1, a (y) must be increasing over any

subinterval I C [0,1]\ |, [gi,yi>. Thus, in order to show the result, it suffices

to show that we cannot have 3, = Y, for some ¢ # j. This would mean that p,

is associated with an alternating partition and that there is at most % intervals.
Suppose to the contrary that j, = Y, for some ¢ # j. There are three possi-

bilities:

S e@hw)dy [, awh(y)dy

fé’l h(y)dy f;]?' h(y)dy

. In this case, if we consider p. which pools the

entire interval [gi, §j> and is otherwise the same as p,, then

, . 77 yh (y) dy
[ nwawmnwa= [ W h W)y

=3 <1

= /yj a(y) h(y) dyE [?/wi sy < yj]

Zi

If we definea = H(,)-i(s) '~ E [04 (v) |y,

7

§y<@z} 22 =E [a(y) Y, Sy<§j}
andrecallthatp, () = E [yly, <y < 7| v (1,) = [uly, <v <7,],

then we can write

/y]ﬁe(y)a(y)h(y)dyz :H(?j)—H y :E[a(y)lgl.§y<?j]E[ylgi§y<?j}

Zq

)
y,)] @z + (1= a)2) (ape () + 0= a)pe (
)

e 1) 0= 2 ()

where the inequality follows because z; > 25 and p, (%) < Pe (Q]) and

Chebyshev’s sum inequality — see Hardy et al. (1934), Theorem 43. The
above then implies that p, delivers a higher value of [ padH which is a
contradiction.
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Syt awh@dy  f,7 aly)h(y)dy
Iy @)y Jy? hly)dy
that

. Note that since p. is optimal, we must have

o (y,) 2E[aw)ly, <y <]

because otherwise, there exist §j € (gj,yj) such that E [a (v) |gj <y< gj} <
Ela(y)|g<y< yj}. Then, a similar argument as above shows that sep-
arating [gj, Q) from [g,gj) increases the objective, which is a contradic-
tion. Similarly, we can show that o (7,) < E [a (y) |gj <y< y]}. Simi-
larly,

a(y) 2Ela@ly, <y<7]=a@)

and since « is continuous at 7, = Y, we must have

o(y) ZEla@)ly, <y<u|2a@) 2Ela@)ly, <y<7)|2a ().

This is a contradiction.

5 a(y)h(y)d %) o )h(e)d
3. Finally if fﬁiy_y v _ fgjy.(y) (y)dy
fg;« h(y)dy fﬂjj h(y)dy

, then pooling the entire interval

[gi,y]) keeps the value unchanged. This proves the lemma.

Now, we can use Lemma 4 to prove Proposition 2.

Proof. Under the first order approach, the optimal interim prices must max-
imize [} p(y) o (y) h(y) dy where h(y) = Y7, fig (yla;) and a (y) h(y) =
g (yla1) + >, 7iga (y]a;). Note that we can show that 7, is positive. We do this
by imposing the incentive constraints for both types as an inequality of the form
folp (¥) ga (yla;) dy > cq (a;,6;). If this inequality is slack at the optimum for
type 2, then at the optimum we can raise a; and redistribute the proceeds across
all realizations of y, i.e., increase all p (y) by the same amount. This raises the
payoff of type 1 because as > a; and monotone likelihood ratio implies that such
an increase shifts the distribution to the right. This, however, does not affect the
incentives of type 1 - since it is a uniform increase in p (-) — while does not vio-
late the incentive constraint of type 2 since the inequality is slack. Hence, type 2
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incentive constraint is binding at the optimum of the relaxed planning problem
which means that v; is positive. Moreover, a similar argument implies that 7, is
positive.

Given the definitions in Assumption 3, we can write

ofy) =2 (la) + 37 %i%a Wla) _ 1+ 70 @ () + v (5 ()
> fig (ylas) fit 2971 ()

where in the above ! is the inverse of the function jj () defined in Assumption
3 which is strictly increasing by part 1 of Assumption 3. Since the RHS of the
above is only a function of ! (y) or 2z, we can define & (! (y)) = a (y). Since
7 is increasing by Assumption 3, & inherits the monotonicity properties of a.

After some algebra, we have

((fr + 22)28 (2)) = (i + fo2) 19" (2) + 720" (2)]

Since y2, 71 > 0, Assumption 3 implies that there is a cutoff value of z - possibly
at the corners — where for values of z below the above is negative while for high
values of z it is positive. This means that if & (min z) is negative then it changes
sign only once but if it is positive, it changes sign at most twice. This combined
with Lemma 4 establishes the claim in the Proposition. [
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B Online Appendix

B.1 Separable Distributions

Consider the problem in this section and assume that g (y|a), the density of y
given a satisfies the following separability

g (yla) =143 (a)m(y) (17)

where m (y) is an increasing function that satisfies fol m(y)dy = 0and (5 (a) is
increasing and concave. Note that under this specification, the marginal benefit
of effort is given by

Ap@%mwwza@Ap@m@@

Hence, if effort profile a (6) is optimal, then

mmmlp@m@@:%WMﬂ

Hence, we must have
ca(a(),0) ca(a(t),0)
Ba(®) B (a(8))
Thus, if we choose the effort level of the lowest type a, the above determines the

effort level for all the other types. Let us refer to the solution of the above as
a (a,0). Hence, the problem of optimal rating design is given by

mmlpwwmm%w@@

a,p(-)

subject to

/0 P (Y) 9a (y) dy = ca (a,0) (18)



Similar to the analysis in subsection 4, given a, the problem of solving for op-

timal interim prices is to maximize fp %h( ) dy subject to ma-
jorization and monotonicity where h(y) = [ g(yla(a,0))dF (). Note that

in this formulation v is the Lagrange multlpller associated with the incentive
constraint

Given the separability assumption on g (-|-), we can show that the function
M is either decreasing in y — when v is low enough - or increasing -
for hlgh 7. Thus the solution of the above problem is either full pooling or full
information. Since full pooling leads to marginal benefit of effort being 0, we

have the following proposition:

Proposition 7. Suppose that g (-|a) satisfies (17).Then optimal monopoly rating
system is full disclosure.

This result can be understood by considering the two effects identified be-
fore: redistributive and incentive. Given our specification of the distribution, the
forces cannot be balanced. Since the redistributive force cannot dominate as it
leads to no effort being taken by the DM, full disclosure should be optimal.
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