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Background
Inspiration

This article/talk helped popularize the use of CPS and 
defunctionalization as, e.g., a way to derive efficient 

iterative algorithms from recursive algorithms.



Background
Heartbeat Scheduling as a refactoring via CPS+defunctionalization?

Using the recursion-to-iteration refactoring technique, and 
Heartbeat Scheduling, we can solve tricky multicore-

parallelization problems via a series of simple refactoring steps.



Traverse a pointer-based, binary tree
Our multicore-parallelization challenge:

sum(node* n) → int { 

  if (n == null) return 0 

  return sum(n.bs[0]) 

       + sum(n.bs[1]) 

       + n.v } 

type node = {v : int,    bs : node*[2]}

Child 

pointers

Integer 

payload

Our reference program

(In pseudo C++)

v1

v2 v3
… …



Introducing our parallelism primitive
Binary fork join

fork2join { s1 } { s2 }

s3

…

sum(node* n) → int { 

  if (n == null) return 0

  s = new int[2]

  fork2join { 

    s[i] = sum(n.bs[i]) 

  } i ∈ {0, 1}

  return s[0] 

       + s[1] 

       + n.v } 

sum(node* n) → int { 

  if (n == null) return 0

  s = new int[2]

  { s[i] = sum(n.bs[i]) 

  } i ∈ {0, 1}

  return s[0] 

       + s[1] 

       + n.v } 

sum(node* n) → int { 

  if (n == null) return 0 

  return sum(n.bs[0]) 

       + sum(n.bs[1]) 

       + n.v } 

Enables statements s1 and s2 to execute in parallel.

All of their writes are visible at the join point (i.e., s3).

We introduce 
a temporary 
array to hold 
intermediate 

results.

Recursive calls can 
execute in parallel.

Syntactic sugar for 
reducing clutter

Our reference program
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Challenge #1:
Granularity control

v1

v2 v3

v1

v2

v3

…
Balanced and large 

with abundant 
parallelism

Suppose we can assume nothing regarding 
the shape of any given input tree.

Long chains 
with no 

parallelism

Want to 
parallelize 

aggressively

Want to 
serialize⇒ ⇒



Challenge #2:
Overflow of the call stack is possible given certain inputs

v1

v2

v3

…



Our multicore-parallelization refactoring
Roadmap
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Reference 
program

CPS 
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Fork 
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CPS
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CPS

Parallelize w/ 
fork2join
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Parallel refactoring
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Fork-join primitives
Library interface

t = new_task(f)

fork(tc, tj)

join(tj)

Creates a new task t that, when run will invoke its thunk f.

Registers one dependency edge from the current task to join 
task tj and one from child task tc to tj, and schedules tc.

Resolves one dependency edge on join task tj.

t t

tj

t

tj

tc

tc

t

tj

tj = new_task(fj) tc = new_task(fc) fork(tc, tj)

Current task t

Example: task t spawns a child task tc with join point tj

t

tj
join(fj)

tc t

tj

tc…

⇒ ⇒ ⇒

⇒ ⇒ ⇒ ⇒ …
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Refactoring for parallel traversal
CPS convert the parallel algorithm

sum(node* n, k : int → void) 

                         → void { 

  if (n == null) { k(0); return }

  s = new int[2] 

  tj = new_task(𝜆 () ⇒ 

           k(s[0] + s[1] + n.v)) 

  { ti = new_task(𝜆 () ⇒ 

        sum(n.bs[i], 𝜆 si ⇒ {

           s[i] = si; join(tj)}) 

    fork(ti, tj) } i ∈ {0, 1} }

sum(node* n) → int {

 

  if (n == null) return 0

  s = new int[2]

  fork2join { 

    s[i] = sum(n.bs[i]) 

  } i ∈ {0, 1}

  return s[0] 

       + s[1] 

       + n.v } 
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Refactoring for parallel traversal
Defunctionalization of CPS

type kont = 

  | KTerm of int* // dest. of final result 

  | KPBranch of {i : int, s : int*, tj : task*}

sum(node* n, k : int → void) 

                         → void { 

  if (n == null) { k(0); return }

  s = new int[2] 

  tj = new_task(𝜆 () ⇒ 

           k(s[0] + s[1] + n.v)) 

  { ti = new_task(𝜆 () ⇒ 

        sum(n.bs[i], 𝜆 si ⇒ { // KPBranch

           s[i] = si; join(tj)}) 

    fork(ti, tj) } i ∈ {0, 1} }

sum(n0, 𝜆 s ⇒ { // KTerm 

  *ans = s })

Top-level call with input n0; 

final result pointed to by ans

There are two possible continuations (highlighted).

We introduce a data constructor to represent each:



Refactoring for parallel traversal
Defunctionalization of CPS

type kont = 

  | KTerm of int* // final result 

  | KPBranch of {i : int, s : int*, tj : task*}

sum(node* n, k : kont*) → void { 

  if (n == null) { 

    apply(k, 0); return } 

  s = new int[2] 

  tj = new_task(𝜆 () ⇒ 

         apply(k, s[0] + s[1] + n.v)) 

  { ti = new_task(𝜆 () ⇒ 

          sum(n.bs[i], 

              KPBranch{i=i, s=s, tj=tj})) 

    fork(ti, tj) } i ∈ {0, 1} }

apply(kont* k, sa : int) → void { 

  match *k with 

  | KPBranch{i, s, tj} ⇒ 

    {s[i] = sa; join(tj)} 

  | KTerm ans ⇒ {*ans = sa} }

sum(n0, KTerm ans)

Top-level call; 

final result pointed to by ans
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Refactoring for serial traversal
CPS convert the serial algorithm

sum(node* n) → int {

  if (n == null) return 0 

  return sum(n.bs[0]) 

       + sum(n.bs[1]) 

       + n.v } 

sum(node* n, k : int → void) → void { 


  if (n == null) { k(0); return }


  sum(n.bs[0], 𝜆 s0 ⇒  
    sum(n.bs[1], 𝜆 s1 ⇒ 


      k(s0 + s1 + n.v))) } 
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Refactoring for serial traversal
Defunctionalization of CPS

sum(node* n, k : int → void) → void { 


  if (n == null) { k(0); return }


  sum(n.bs[0], 𝜆 s0 ⇒ // KSBranch0 
    sum(n.bs[1], 𝜆 s1 ⇒ // KSBranch1


      k(s0 + s1 + n.v))) } 


type kont = ... 


  | KSBranch0 of {n : node*, k : kont*} 


  | KSBranch1 of {s0 : int, n : node*, k : kont*} 




Refactoring for serial traversal
Defunctionalization of CPS

apply(kont* k, sa : int) → void {


  match *k with


  | KSBranch0{n, k=k1} ⇒ {

    sum(n.bs[1], KSBranch1{s0=sa, n=n, k=k1}) }


  | KSBranch1{s0, n, k=k1} ⇒ {

    apply(k1, s0 + sa + n.v) }


  | KTerm ans ⇒ {*ans = sa} }

type kont = ... 


  | KSBranch0 of {n : node*, k : kont*} 


  | KSBranch1 of {s0 : int, n : node*, k : kont*}

sum(node* n, k : kont*) → void {


  if (n == null) { apply(k, 0); return }


  sum(n.bs[0], KSBranch0{n=n, k=k}) 
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Refactoring for serial traversal
Tail-call elimination of apply

apply(kont* k, sa : int) → void {


  while (true)


    match *k with


    | KSBranch0{n, k=k1} ⇒ {

      sum(n.bs[1], KSBranch1{s0=sa, n=n, k=k1})


      return }


    | KSBranch1{s0, n, k=k1} ⇒ {

      sa =s0 + sa + n.v; k=k1 }


    | KTerm ans ⇒ { *ans = sa; return } } 



Refactoring for serial traversal
Inline apply

sum(node* n, k : kont*) → void { 


  if (n == null)


    while (true) 


      sa = 0


      match *k with


      | KSBranch0{n, k=k1} ⇒ {

        sum(n.bs[1], KSBranch1{s0=sa, n=n, k=k1})


        return }


      | KSBranch1{s0, n, k=k1} ⇒ { 

        sa =s0 + sa + n.v; k=k1 }


      | KTerm ans ⇒ {*ans = sa; return }

    return


  sum(n.bs[0], KSBranch0{n=n, k=k})



Refactoring for serial traversal
Tail-call elimination of  sum

sum(node* n, k : kont*) → void { 


  while (true


    if (n == null)


      while (true)


        sa=0


        match *k with


        | KSBranch0{n=n1, k=k1} ⇒ {

          n = n1.bs[1]; k = KSBranch1{s0=sa, n=n1, k=k1} 


          break }


        | KSBranch1{s0, n, k=k1} ⇒ { sa =s0 + sa + n.v; k=k1 }

        | KTerm ans ⇒ { *ans = sa; return }

    else


      k = KSBranch0{n=n, k=k}


      n= n.bs[0] }
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Heartbeat Scheduling

…

…

Cost of 
spawning a 
task

Time between 
heartbeats, h

…

…

Key idea: 
We amortize the overheads of parallelism against useful work performed between 

heartbeats.
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Example of Heartbeat Scheduling
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Example of Heartbeat Scheduling

…

Promoted
Sequentialized

0 1 2 3 4 0 1

0 1
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Merging parallel & serial algorithms
Implementing the heartbeat

sum(node* n, k : kont*) → void { 


  while (true) 


    k = try_promote(k) if heartbeat() else k 


    if (n == null)


      sa = 0


      while (true)


        k = try_promote(k) if heartbeat() else k


        match *k with


        | KSBranch0 {n=n1 , k=k1} ⇒ {

          n = n1.bs[1]; k = KSBranch1 {s0 =sa, n=n1 , k=k1}; break }


        | KSBranch1 {s0 , n=n1 , k=k1} ⇒ { s+=s0 +n1.v; k=k1}


        | KPBranch {i, s, tj} ⇒ { s[i] = sa; join(tj); return }

        | KTerm ans ⇒ { *ans = sa }

    else { k = KSBranch0 {n=n, k=k}; n = n.bs[0] } } 
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Merging parallel & serial algorithms
Handling promotions

try_promote(k : kont*) → kont* { 


  kt = find_outermost(k, 𝜆 k ⇒ {


            match *k with 
            | KSBranch0 _ ⇒ true | _ ⇒ false }) 

  if (kt == null) { return k }


  match *kt with 
  | KSBranch0{n, k=kj} ⇒ { 

    s = new int[2]


    tj = new_task(𝜆 () ⇒ { 


             k0 = KSBranch1{s0=s[0] + s[1], n=n, k=kj} 


             sum(null, k0) })


    tc = new_task(𝜆 () ⇒ { 


          sum(n.bs[1], KPBranch {i=1, s=s, tj=tj})})


    fork(tc, tj) 


    k1 = KPBranch {i=0, s=s, tj=tj}


    return replace(k, kt, k1) } } 



Benchmarking results
Collected from an Intel Xeon system, using all 64 cores, 
showing speedup over the iterative, serial algorithm

• perfect is a perfect binary tree of height 27

• random is initially a perfect binary tree built from a series of path-copying insertions 

targeting random leaves

• chains is a small initial tree of height 20 extended with 30 paths of length 1 million

• chain is a long chain. 


Stack 
overflow

High 
parallelism

Low 
parallelism



• CPS and defunctionalization are powerful tools for transforming 
code.


• They can guide code refactoring in various applications.


• This short work identifies multicore parallelization as one.


• We started from one recursive specification, and branched into 
two refactoring paths: one serial and one parallel.


• We refactored each to get serial efficiency and parallel scalability.


• At the end, we merged the two algorithms using Heartbeat 
Scheduling, as the conceptual glue.

Summary

http://mike-rainey.site/papers/pardefunc.pdf
Current draft:

http://mike-rainey.site



