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ABSTRACT

Modern operations increasingly rely on artificial intelligence (AI) models, ranging
from demand forecasts and learned value functions to transformer architectures, to
guide sequential decision-making under uncertainty. While these models provide
rich representations of demand, preferences, and resource value, incorporating
them into optimization raises challenges. Predictive accuracy may be unknown
or time-varying, model outputs may be misspecified, and expressive architectures
can induce computationally intractable decision problems. This thesis develops
optimization for Al-driven sequential decision-making, focusing on algorithms that
translate predictive structure into decisions equipped with robustness, computational

efficiency, and provable performance guarantees.

The first part studies real-time personalization under transformer architectures.
Transformers capture economically meaningful interaction effects such as variety
seeking, substitution, and complementarity, but optimizing recommendations under
general attention models leads to NP-hard combinatorial problems. We identify a
structured class of simple transformers whose induced objectives admit exploitable
low-rank structure, and we develop near-optimal recommendation algorithms with
sublinear-time complexity under mild assumptions. These results demonstrate that
expressive Al models can be reconciled with tractable and theoretically grounded

optimization.

The second part considers online resource allocation under uncertain arrivals, where
Al systems provide predictions in the form of shadow prices for resources. We design
algorithms that leverage predicted dual variables without requiring knowledge of their
accuracy. The resulting policies achieve a principled balance between robustness and
consistency: they maintain worst-case guarantees while converging to near-optimal

performance as prediction quality improves.

The third part examines inventory control under nonstationary demand. We propose
adaptive policies for the nonstationary newsvendor problem that achieve order-
optimal regret without assuming a bound on demand drift. Incorporating generic
Al-generated demand predictions, we show how to combine realized observations
with predictive signals to obtain guarantees that remain robust to arbitrary prediction

error while improving when predictions are informative.

Across personalization, resource allocation, and inventory control, this thesis provides
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a unifying framework for integrating AI models into sequential decision-making. By
identifying structural properties that enable tractable optimization and by designing

algorithms that remain robust to imperfect model guidance, the results establish

theoretical foundations for Al-driven operations and revenue management.
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Chapter 1

INTRODUCTION

1.1 Motivation: Al models and sequential decisions

A broad set of operations problems can be viewed as sequential decision-making

under uncertainty: a decision-maker repeatedly chooses actions (e.g., order quantities,
accept/reject and allocation decisions, or recommended items) in the presence of
evolving demand, arrivals, and user behavior. In recent years, these decisions have
been increasingly guided by Al models, ranging from demand forecasts and learned

value signals to modern neural architectures such as transformers. This creates an
opportunity and a challenge.

The opportunity is that Al models can capture rich patterns from large-scale data
and thereby provide powerful guidance. The challenge is that using Al guidance
within decision-making is rarely straightforward. First, predictive accuracy is often
unknown a priori and can vary over time, so blindly following a model can be
harmful (e.g., when forecasts drift, arrivals become nonstationary, or user behavior
shifts). Second, even when a model is accurate, its expressive power can turn the
downstream optimization problem into a hard combinatorial object. A concrete
example arises in personalization: moving from embedding-based objectives (which
permit extremely fast retrieval at scale) to transformer-based objectives breaks
the synergy between learning and optimization, and the induced recommendation
problem can become NP-hard and di cult even to approximate e ciently. This
thesis develops optimization foundations for Al-driven sequential decision-making:
how to transform Al guidance into decisions that are (i) computationally e cient
and (ii) supported by end-to-end performance guarantees.

A unifying viewpoint. Across the three chapters, Al enters decision-making in
three increasingly expressive forms: (i) as a learned objective for set/sequence
recommendation (transformers); (ii) as predicted dual variables (shadow prices)
that summarize future opportunity costs in online allocation; and (iii) as generic
predictions of demand statistics in inventory control. In each case, the central
methodological question is the same:

How can operations fully leverage the predictive and representational
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power of modern Al models, while ensuring that the resulting decisions
remain robust, tractable, and equipped with performance guarantees
under sequential uncertainty?

1.2 Thesisthemes: predictive structure, adaptivity, and algorithmic guarantees
This thesis develops a uni ed perspective on Al-driven sequential decision-making
through three recurring principles.

(1) Exploitable predictive structure. Modern Al models provide rich predictive

and representational signals, but these signals are useful for decision-making only
when their induced structure can be identi ed and exploited algorithmically. Across
the three chapters, Al guidance enters in di erent forms: as a transformer-based ob-
jective for recommendation, as predicted shadow prices in online resource allocation,
and as demand forecasts in nonstationary inventory control.

In Chapter 2, the transformer model induces a combinatorial objective over recom-
mended sets. While general transformer objectives render the optimization problem
NP-hard and di cult even to approximate , the chapter identi es a structured subclass,
simple transformers, whose low-rank attention structure enables near-optimal opti-
mization in sublinear time. Thus, expressive neural models can be reconciled with
tractable decision rules by isolating and leveraging their latent algebraic structure.

In Chapter 3, structure appears in the dual formulation of the allocation problem.
Predictions are interpreted as estimates of optimal Lagrangian multipliers (shadow
prices). This dual viewpoint provides a principled interface between Al-generated

predictions and sequential allocation decisions.

In Chapter 4, structure arises in the temporal evolution of demand. Nonstationarity is
parameterized via a variation budget, capturing the intrinsic di culty of learning in
changing environments. This structural characterization enables tight regret bounds
that separate the e ects of demand drift and stochastic noise.

(2) Adaptivity to unknown model quality. A central challenge in Al-driven
decision-making is that prediction accuracy is typically unknown and may vary
over time. Blindly following model outputs can therefore lead to poor performance.
Chapters 3 and 4 develop algorithms that adapt to prediction quality without requiring
prior knowledge of its accuracy.
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In online resource allocation, predictions are given as shadow prices, and accuracy is
measured as distance to the true optimal dual variables. The proposed algorithm
achieves a tight consistency robustness tradeo : it preserves worst-case guarantees
when predictions are inaccurate, while converging to near-optimal performance
as prediction error diminishes. In the nonstationary newsvendor, generic demand
forecasts are incorporated into ordering decisions without assuming any bound on
their error. The resulting policy matches the best of learning-only and prediction-only
benchmarks up to logarithmic factors, achieving order-optimal regret under both
nonstationarity and prediction error.

(3) End-to-end algorithmic guarantees. A recurring tension in operations is
that behaviorally realistic models can induce computationally intractable decision
problems. This thesis emphasizes algorithms that translate Al guidance into
implementable policies with formal guarantees.

For personalization, Chapter 2 develops near-optimal algorithms with sublinear

decision complexity, reconciling transformer expressiveness with real-time require-
ments. For online allocation and inventory control, Chapters 3 and 4 provide tight

competitive and regret guarantees under unknown arrival models and unknown
nonstationarity, respectively. Across all settings, the results establish end-to-end
guarantees that integrate statistical learning, algorithmic design, and sequential
decision-making.

Taken together, these principles demonstrate how operations can harness the full
power of modern Al: by identifying exploitable predictive structure, designing
algorithms that adapt to model quality, and maintaining tractability and provable
performance under uncertainty.

1.3 Chapter overview and contributions

Chapter 2: Personalization with simple transformers

Chapter 2 studies the problem of selecting a set (or sequence) of .upems

for a user when preferences are modeled by a transformer. Embedding models
enable fast optimization via approximate nearest neighbor methods, but they fail to

capture interaction e ects between items in the recommended set. Transformers can
represent such interactions, yet they induce a downstream optimization problem that
becomes NP-hard in general, undermining real-time decision-making. The chapter
therefore asks two questions: (i) is there a nontrivial subclass of transformers that
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admits fast (ideally sublinear m) optimization with meaningful guarantees, and (ii)
does restricting to such a subclass sacri ce modeling power?

The chapter resolves this tension through the notion of simple transformers, architec-
tures consisting of a single self-attention layer that strike a deliberate balance between
modeling expressiveness and optimization tractability. On the modeling side, we
show that simple transformers can represent key behavioral patterns studied in eco-
nomics, marketing, and operations management, including sequential variety-seeking
behavior and pairwise complementarity and substitution e ects. These interaction
patterns cannot be captured by pure embedding-based models, highlighting the
necessity of moving beyond independent-item representations.

On the algorithmic side, we design a two-phase retrieval-and-ranking framework

that approximately solves the induced recommendation problem. Under mild

rank assumptions on the attention structure, the algorithm achieves near-optimal
recommendations with expected amortized runtime sublinear in the catalog size
=. Sublinear complexity is essential in large-scale personalization systems, where
decisions must be computed instantly upon user interaction.

We demonstrate the e ectiveness of our approach through an empirical study on
datasets from Spotify and Trivago. Our experiment results show that (1) simple
transformers can model/predict user preferences substantially more accurately than
non-transformer models and nearly as accurately as more complex transformers,
and (2) our algorithm completes simple-transformer-based recommendation tasks
quickly and e ectively.

Chapter 2 is based ol][ joint work with Andrew A. Li, Vaisnavi Nemala, and
Gabriel Visotsky.

Chapter 3: Online resource allocation with predicted shadow prices

Chapter 3 considers the Online Resource Allocation problem, a general model for
sequential decisions with limited resources. At each time period, a request arrives
with an action set; choosing an action yields reward and consumes resources, and
the objective is to maximize total reward subject to a global resource budget. This
model captures applications across revenue management, online retail, and online
advertising.

The contribution of Chapter 3 is to incorporate predictions in a way that is robust to
unknown prediction accuracy and unknown arrival model. Predictions are introduced
in the dual space as estimated resource shadow prices, and prediction accuracy
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is de ned as a distance between predicted and true shadow prices. The chapter
develops a tight lower bound describing the best achievable use of predictions,
informally, an optimal follow when accurate, ignore when inaccurate behavior
without knowing accuracy in advance, and proposes an algorithm that matches this
bound. The algorithm is then empirically validated using large-scale real data from a
retail setting.

Chapter 3 is based o#d]| joint work with Andrew A. Li, Benjamin Moseley, and
Gabriel Visotsky. In addition to establishing tight theoretical guarantees, the chapter
includes a large-scale empirical evaluation using retail data from H&M, highlighting
the practical impact of prediction-augmented allocation policies.

Chapter 4: Nonstationary newsvendor with (and without) predictions

Chapter 4 studies inventory control under nonstationary demand. The problem
consists of a sequence of ordering decisions, where the underlying demand distribution
can evolve over time. Nonstationarity is captured through a variation-based measure
that quanti es the magnitude of demand drift, and performance is evaluated via

regret relative to a dynamic benchmark that knows the demand distribution in each
period.

The chapter rst provides a complete characterization of the nonstationary newsvendor
without predictions. It establishes matching lower and upper bounds and develops a
policy that achieves order-optimal regret without prior knowledge of the degree of
nonstationarity.

The chapter then incorporates generic predictions of mean demand observed before
each ordering decision. No structural assumptions are imposed on how predictions
are generated, and prediction quality is parameterized through cumulative prediction
error. The central challenge is to leverage predictions optimally without knowing
their accuracy in advance. To address this, the chapter proposes a prediction-
robust policy that achieves near-optimal regret across regimes: it remains robust
when predictions are inaccurate, and improves automatically when predictions are
su ciently informative, matching the better of learning-only and prediction-only
strategies up to logarithmic factors.

Chapter 4 is based ob]| joint work with Andrew A. Li, Benjamin Moseley, and R.
Ravi. Extensive numerical experiments, including evaluations on real-world demand
data from Wikipedia and Rossmann drug store, validate the theoretical guarantees
and demonstrate the practical bene ts of combining adaptivity to nonstationarity



with robustness to prediction error.

1.4 Connections across chapters
This section highlights how the three chapters form a coherent progression.

From expressive Al objectives to tractable optimization. Chapter 2 begins with

the most expressive Al component: transformer-based objectives for recommendation.
It formalizes the computational barrier for general transformers and shows that by
identifying the right structural subclass (simple transformers), one can obtain
both modeling richness (capturing interaction e ects) and tractable near-optimal
optimization in sublinear time.

From tractable structure to robust use of Al guidance. Chapters 3 and 4 focus

on a di erent role of Al: as predictive guidance for online decisions. A key lesson is
that predictions are valuable precisely when algorithms can adapt to their quality
without knowing it. Chapter 3 implements this through predicted dual variables
(shadow prices) and proves tight guarantees under unknown arrival models and
prediction accuracy. Chapter 4 implements an analogous principle in inventory
control under nonstationary demand, combining learning from realized outcomes
with prediction signals.

A uni ed perspective. Taken together, the chapters develop a uni ed perspective
on Al-driven sequential decision-making. Across the di erent settings studied in
this thesis, a common methodological pattern emerges:

1. Identify structural properties of Al models (or their outputs) that preserve
practical modeling power;

2. Design algorithms that exploit these structures to achieve computational
tractability;

3. Ensure robustness by adapting to unknown and potentially time-varying model
quality;

4. Provide end-to-end guarantees (approximation and sublinear-time decisions in
personalization; tight regret or competitive guarantees in online allocation and
inventory).



1.5 Organization of the thesis

The remainder of the thesis is organized as follows. Chapter 2 studies real-time per-
sonalization under transformer objectives and develops near-optimal sublinear-time
algorithms for simple transformers. Chapter 3 studies online resource allocation with
predicted shadow prices under unknown arrival models and derives tight robustness
consistency guarantees. Chapter 4 studies the nonstationary newsvendor with and
without predictions, providing order-optimal regret guarantees and prediction-error
robustness. Chapter 5 concludes with directions for future research on optimization
foundations for Al-driven sequential decision-making.



Chapter 2

NEAR-OPTIMAL PERSONALIZATION WITH SIMPLE
TRANSFORMERS

Real-time personalization has advanced signi cantly in recent years, with platforms
utilizing machine learning models to predict user preferences based on rich behavioral
data on each individual user. Traditional approaches usually rely on embedding-
based machine learning models to capture user preferences, and then reduce the
nal optimization task to nearest-neighbors, which can be performed extremely
fast. However, these models struggle to capture complex user behaviors, which are
essential for making accurate recommendations. Transformer-based models, on
the other hand, are known for their practical ability to model sequential behaviors,
and hence have been intensively used in personalization recently to overcome these
limitations. However, optimizing recommendations under transformer-based models
is challenging due to their complicated architectures. In this paper, we address
this challenge by considering a speci c class of transformers, showing its ability to
represent complex user preferences, and developing e cient algorithms for real-time
personalization.

We focus on a particular set of transformers, called simple transformers, which
contain a single self-attention layer. We show that simple transformers are capable of
capturing complex user preferences. We then develop an algorithm that enables fast
optimization of recommendation tasks based on simple transformers. Our algorithm
achieves near-optimal performance in sub-linear time. Finally, we demonstrate the
e ectiveness of our approach through an empirical study on datasets from Spotify and
Trivago. Our experiment results show that (1) simple transformers can model/predict
user preferences substantially more accurately than non-transformer models and
nearly as accurately as more complex transformers, and (2) our algorithm completes
simple-transformer-based recommendation tasks quickly and e ectively.

2.1 Introduction

Personalization today is already immensely sophisticated. Media platforms, online
retailers, and subscription services (just to name a few) capture rich data on their users
in the form of their behavior and interactions with individual items/products. There
are then two key ingredients: (1) this data is used o ine to build machine-learning
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(ML) based models of users' preferences, and then (2) these models are used in
real-time to make personalized recommendations.

Zooming out from personalization for just a moment, the most jarring improvements
in ML models over the last few years have been in generative models for language,
and speci cally transformer-based models (e.g. the T in ChatGPT) that have
proven to be extremely accurate in modeling sequential data. Perhaps unsurprisingly,
these same models are well-equipped for personalization. To x a concrete example,
suppose an Instacart user is in the process of shopping online for groceries. This
user's behavior consists of interactions with grocery items: browsing through items,
viewing a subset of these in more detail, and adding a subset of these to their shopping
cart. The task of learning this user's preferences essentially amounts to predicting
their future interactions. The important observation here is that the user's behavior
is naturally sequential, and so this prediction task is similar to completing a sentence,
where the words are the items themselves. This connection to language suggests
that the same transformer-based models may succeed in learning preferences.

This is already being done in practice, often with substantial empirical success
(e.g. by Alibaba $0], Amazon 105, Spotify [L35, and Wayfair L31]). However, as
examples of such successes become increasingly common, there is little principled
guidance on how transformers should be used for real-time personalization. This
is the problem we seek to address.

Real-Time Personalization, Before Transformers: To make the nature of this
problem more precise, it is worth reviewing how real-time personalization is
performed without transformers. Referring to the two key ingredients mentioned at
the outset: rst, the ML-based models of user preferences are, by and large, pure
embedding-based models. Using past data, eaclBimapped to some element

Es 2 R3in such a way that (a) similar items are close together, and perhaps more
formally, (b) each user can be represented as 9D so that the inner products

E D fully represent the preference/a nity of the user for each item 8.

These pure embedding models are not necessarily the most accurate models that can
be estimated from past data, but they enable fast execution of the second ingredient,
which is to optimize a set (or sequence) of items for each user in real time:

(2.2) max 5?*(—D°
st ( »=Va—j(j e
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The (extremely general) formulation above simply highlights that real-time person-
alization consists of solving cardinality-constrained set-optimization (or sequence-
optimization, whose equivalence to set-optimization we will discuss later on) problems
where (a) the objective function is user-dependent, (b) the number of #ass
potentially quite large, often in the hundreds of millions, and (c) a solution must be
found in real-time, often just milliseconds. This is of course hopeless in general, but
feasible when the objective functidh(— DPesults from a pure embedding models.

In particular, 5 1(—D° typically takes one of two forms:

1. An additive function: o)
5 1(_ Do = 61E§ Do—
82(
for some non-decreasing functiéa °. In this case, the optimal sét can be

characterized as follows: if the number of iteBsich tha6E; D° j O is no
greater than, then( consists of all such items. Otherwige,is the set of.
items with the largest values of G'B°.

2. A monotone submodular function (in the arguméntor anyD), such that
each item is fully encoded big D, so that a constant-factor approximation
can be found using greedy-style algorithms along with (multiple queries to) a
black box which computes the item with largest inner product to a given point
in R3 [67].

In both of the above cases, the pure embedding model essentially reduces the nal
real-time optimization task to one of nearest neighbor algorithms, where the goal is
to nd the items whose embeddings are most similar (under inner product similarity)
to the user embedding. This task can be performed extremely fast, both theoretically
(using approximate nearest neighbor algorithms with runtime sub-linear amd
practically (given the nonstop engineering and improvement of commercial vector
databases).

An Attempt to Introduce Transformers: Returning to transformers now, the
natural opportunity is to improve the accuracy of the pure embedding models in
representing user preferences: the embedding models essentially fail to capture the
e ects that items may have on each other when present in the same recommended set.
Such e ects are well-known to exist in multiple elds of study, as we will discuss
shortly, and often representable via transformers. Unfortunately, the just-described
synergy between the upstream user preference model estimated from data, and the
downstream optimization of user-dependent sets of items completely breaks down
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here. As we will see in the next section, this is true in a formal sense: Problem (2.1)
is NP-hard, and likely hard to even approximate in linear time, if the obje&ive- D°

is transformer-based. As of now, any practical implementation using transformers
either applies a pure nearest-neighbor or greedy-style algorithm (essentially ignoring
this hardness), or a random search heuristic (such as Beam Search).

In the spirit of developing a principled approach to transformer-based real-time
personalization, this raises two major questions:

1. Fast Optimization: The formal hardness results just alluded to imply that
achieving fast (ideally sub-linear &) optimization of Problem (2.1) with any
meaningful optimality guarantee is impossible if the objectb/e— Di% to
allow for all transformers. Naturally then, is there a non-trivial sub-class of
transformers for which this is possible?

2. Modeling Power: Assuming a positive answer to the rst question, i.e. assum-
ing the existence of a subset of transformers which enable fast optimization,
does restricting to this subset come at a substantial cost in terms of modeling
user preferences? Put another way, can this smaller sub-class of transformers
achieve the same predictive accuracy as the family of all transformers?

Our Contributions
In short, our contributions provide concrete, theoretically-backed answers to both of
the above questions:

1. Modeling User Preferences with Simple Transformers. We focus our study

on a sub-class of transformers that we refer to as simple transformers. These are
transformers which contain a single self-attention layer (to be de ned in the next
section), whereas transformers as a whole may contain multiple attention layers.
Addressing the pair of questions above in reverse, we rst formally show that simple
transformers are able to represent two known, popular parametric models of user
preference (Proposition 3):

~ Sequential variety e ects in the context of marketing;

" Pairwise complementarity and substitution e ects in the context of economics.

It should also be emphasized that none of these models are representable via pure
embedding models.
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2. Real-Time Personalization with Simple Transformers. Our main result
(Theorem 1) is an algorithm (Algorithm 9) which approximately solves Problem
(2.1) in sub-linear time, when the objective function is given by a simple transformer:

Theorem 1 (Informal). Let OPT denote the optimal objective value of Problgnl)
when the objective function is given by a simple transformer. Under additional rank
assumptions on the simple transformer, for aay. 2 Nandn j 0, Algorithm 9
returns a solution with objective value at leddt n°OPT, and runs in expected
amortized time

$ =12'n-®. "n°

where2n—:° j 0Oand 'tn° j 0 depend only omand: . Here,$* © hides factors of
order ='%°,

We will present and discuss the rank assumptions in Section 2.2. We also show
that these assumptions are necessary for approximately solving Problem (2.1) in
sub-linear time (Proposition 4 and Proposition 5), and that our algorithm's expected
amortized runtime dependence nandn is optimal (Proposition 5). In particular,

we give the following lower bounds:

Proposition 1 (Informal). Let OPT denote the optimal objective value of Prob-
lem (2.1) when the objective function is given by a simple transformer.

(a) Without the rank assumptions of Theorem 1, there is no exact algorithm for
Problem(2.1)running in time=>""°, assuming the Exponential Time Hypothesis.
1
(b) Even under the rank assumptions of Theorem 1, Prolgletr) admits no
11 n°-approximation algorithm with runtimé& 1en° >*1*"*for any function
5, assuming the Exponential Time Hypothesis.

3. Empirical Study. We empirically validated the theoretical results of the previous
contributions on two large datasets from Spotfy] [(which includesl—-000- 000
playlists with2—262—292ique songs) and the travel website Triva§j©]] (which
includes user sessions of searching for hotel bookings, with ar68@d 00@inique

The Exponential Time Hypothesis (ETH) asserts that the 3Sat problem cannot be solved in
sub-exponential time. For a Boolean formula in conjunctive normal form with exactly three literals
per clause, the 3Sat problem requires deciding if there exists a truth assignment to the variables that
satis es all clauses, and nding one if so.
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users and around840-00Qunique hotels recorded in arou®@0- 00ai erent
sessions).

In support of the rst contribution, our rst set of experiments demonstrates that,
given data on past user behavior, simple transformers can e ectively model and
predict user preferences. They achieve (a) substantially higher accuracy than non-
attention-based models (such as pure embedding models), and (b) performance that
is nearly comparable to more complex transformer architectures. Speci cally, simple
transformers achieved, on average, 14.1% higher accuracy than non-attention models
(e.g., logistic regression, random forest, support vector machine), and only 2.5%
lower accuracy than general transformers with multiple self-attention layers.

In support of the second contribution, our second set of experiments demonstrates
that our algorithm performs simple-transformer-based personalized recommendation
tasks both e ciently and e ectively. We solved instances of Problem (2.1) using
the simple transformers trained in the rst set of experiments and compared our
algorithm to two widely used benchmark methodsiNearest Neighbor (for retrieval)

and Beam Search (for ranking). Under a xed candidate solution budget (to partially
standardize runtime), our algorithm achieved objective values that were, on average,
20.86% higher than those obtained usintjearest Neighbor and 20.56% higher
than those obtained using Beam Search. Therefore our algorithm achieved strong
empirical performance in both the retrieval and ranking phases.

Literature Review

Transformers in Recommender Systems. Since their introduction by6H,
transformer architectures have become central to recommender systems due to their
ability to model long-range dependencies in user item interaction sequences. They
have been widely adopted in practice by companies such as Alib8ha&mazon

[105, Spotify [135, and Wayfair L31]. Prior work has primarily focused on
developing specialized transformer architectures, including sequential self-attention
models PO, 131, 174, single-layer attention model81, 44, 50, 171], and deeper or

more complex variants [49, 69, 105, 112, 159, 177, 182].

In contrast, our work focuses on the optimization problem that arises once the
architecture is xed. We study single-attention-layer transformers, which are both
prominent and empirically successful in practice, and design algorithms for fast,
near-optimal recommendation under these models.
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Representational Power of Transformers. Transformer architectures are built on
self-attention, which provides strong representational power in theory and practice.
On the theoretical side, Yun et §.79] and Wei et al[173] established universal
approximation results, analogous to classical results for feedforward networks
[80]. Pérez et al[144] and Wei et al[173] further showed that transformers are
(approximately) Turing-complete. More recently, Sanford efl&2] presented both
positive and negative results, identifying a sparse averaging task where transformers
scale logarithmically with input size, unlike recurrent or feedforward networks which
scale polynomially, as well as a triple detection task requiring linear attention scaling.
Related limitations for induction heads were shown by Bietti ef38], Elhage et al.

[66], Sanford et al. [151].

In the context of recommender systems and choice modeling, Ko da@2jshowed

that classical models such as Halo-MNL can be represented by a single attention
layer, and Wang et aJ170] proposed transformer architectures for learning a broad
class of choice models. We complement this line of work by showing that a single
attention layer can also capture user preference models with sequential variety e ects
and pairwise complementarity or substitution.

Approximate Nearest Neighbor. Approximate nearest neighbor (ANN) methods
are central to real-time personalization, enabling e cient retrieval of relevant items
from embeddings when exact nearest neighbor search is computationally prohibitive
at scale, especially in high dimensions. Common approaches include hashing-based
methods such as Locality-Sensitive Hashing (LSHB] 86|, graph-based traversal

of proximity graphs 127], and tree-based methods such as KD-trees and Ball Trees,
which are e ective in low dimensions but degrade as dimensionality increaSék [

In our work, ANN enables fast item retrieval, allowing real-time execution.

Binary Quadratic Optimization. Under transformer architectures, recommen-
dation can be formulated as a binary quadratic optimization (quadratic knapsack)
problem, which is NP-hard, subsumes maximum clique and densagagraph,

and is NP-hard to approximate within any nite factdd[7]. As a result, prior

work focuses on tractable cases, including FPTAS results for series-parallel and
bounded-treewidth graphs [147], and a PTAS for planar graphs [161].

In our setting, we exploit the low non-negative rank of the softmax matrix to obtain
a PTAS. Related low-rank results include FPTAS algorithms for quasi-concave
objectives 73], low-rank objectives over polytoped 34, and PTAS results for
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binary nonlinear programd4£0d. Our approach instead relies on low non-negative
rank [53], and is also related to multi-objective knapsack problems [28, 29, 66].

2.2 Model

Real-Time Personalization without Transformers

Pure Embedding Models. Before introducing the transformer-based models that
will be the focus of this paper, we begin with a brief overview of pure embedding
models, which are widely used in modern personalization systems. These models
represent users and items as vectors in a shared low-dimensional space, enabling
e cient modeling of interactions via simple operations such as the inner product.

Formally, let»=Y% 1—eee«-genote a set of items, and let2 R™3 be a matrix
whose8th row E 2 R3 is the value vector of iter8 These value vectors are
designed so that items with similar embeddings are likely to be perceived similarly
by users. Each user is likewise represented by a user vBc2o. Both the item

and user vectors are typically learned from historical interaction data through matrix
factorization, collaborative ltering, or more complex models trained on click or
engagement feedback.

The utility (or reward) of recommending iteBto userDis modeled asy'E; DS
where 3 : R ! R is a non-decreasing reward function specic to it@mIn
many applications, the same functiéns used for all items. However, in some
cases it is important to allow heterogeneous reward functions that re ect item- or
category-speci ¢ behavior. For example, di erent product categories often exhibit
di erent click-through-rate (CTR) saturation patterns: a small increase in relevance
(e.g.,E; D) might sharply increase CTR for breaking news articles, whereas product
ads might exhibit more gradual, linear gains, and fashion items may plateau early
due to browsing behavior. Modeling such di erences requires di erent shapes of the
function 5, even if all are monotonic. To maintain full generality, we therefore allow
each item to have its own reward functi& Moreover, in many applications the
image of Bis often»0— 1% which cases'E; D°can be interpreted as the probability

of a positive user action, such as a click or purchase. In these cgsespmetimes
chosen to resemble functions like the logistic function.

One of the key advantages of pure embedding models is the e ciency of real-time
personalization. Given a user vecidand a budget, the goal is to select a subset
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( »=% of at most : items that maximizes the total reward:
O

(Pure Embedding) max 5'E;, D°
82(

st ( »=Va—j(j e

Since the objective function is additive and the items are treated independently, this
problem can be solved exactly via nearest neighbor. In our setting, this corresponds
to identifying the: items whose value vectors are most aligned with the user vector
Dunder inner product similarity. That is, for a quédy2 R, the goal is to nd the

top-: items maximizing ED.

Nearest neighbor arises in many applications across recommendation, vision, and
language, where one often needs to retrieve items similar to a given input based
on some feature representation. A naive solution evaluatesialier products

E; D, which takes'=3° time. In our case, we compufg'E; D°for every8 2 »=Y4

and then select the topitems with the largest values. The optimal solut{on

can be described as follows: if there are at moséms with positive reward (i.e.,

BE D° j 0), then( includes all of them. Otherwis¢, consists of the items

with the largest values o' E; D This greedy procedure yields an exact solution in
linear time with respect to the total number of items.

Algorithms: Approximate Nearest Neighbor. The greedy implementation of
nearest neighbor becomes computationally prohibitive as the number of points
grows. In most applications such as personalization tasks, the number oHtems
is on the scale of millions, and an algorithm with runtime linearicannot be
performed in real-time. To address this problem, the notion of approximate nearest
neighbor (ANN) has been widely adopted. Rather than nding the exact nearest
point, ANN aims to return a point whose distance to the query is within a factor of the
true minimum. Formally, for an additive approximation faator O, the objective
of n~ANN is to nd any pointEs, where8 2 »=¥that approximately maximizes the
inner product similarity to the query D:
> >

ED arg gg‘:’}):ﬁ%i D ne
This relaxation enables much more e cient data structures and algorithms, often
sub-linear in=, which can be implemented in real-timfe Various techniques have

2There are also other versions BANN that concerns multiplicative approximation factors
instead of additive ones. These two notions are equivalent under some boundedness assumptions on
the points.
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been applied to n-ANN algorithms. We give a detailed overview in Appendix A.1.

Because companies aim to recommend a set of at misins to a user in their
personalization task, their objective is not merely to identify a single item that
is attractive to the user, but rather to e ciently retrieve a set atems that are
collectively among the most attractive to the user. Therefore, they consider the notion
of n-Approximate -Nearest Neighbor, which returns a set atems whose inner
product similarities are within an additive error mcompared to the top-true
nearest items. This is formally de ned below.

De nition 1 ( n-Approximate : -Nearest Neighbor Algorithm). An n-Approximate
: -Nearest Neighbor algorithm builds a data structure on any given set of points
fE;—+e+e—=F R?3, andtakes any que 2 B, anyl : = ,andanyn O
as inputs. Let : »=V4 ! »=%he a permutation of the indices such tEgtloD
E leoD Let 18—ee+—-B= 1cl1%—+++—C1:2°The oracle outputs indices

§—ee—& »=l8uch thatEggD EggD n for each9 = 1-e«++—with expected
amortized runtime :-ANN1=—3—:—n°.

Many n-ANN algorithms can be naturally modi ed to-Approximate: -Nearest
Neighbor algorithms, with a similar expected amortized runtime, that is, sub-linear
in =. As an example, we give arApproximate: -Nearest Neighbor algorithm in
Appendix A.1.

Lemma 1. There exists am-Approximate: -Nearest Neighbor algorithm, which we
give in Appendix A.1, with expected amortized runtime

:-ANN1=—3-:—n° = $:1310g13° , n 3 log?1=0 «

Finally, companies apply any giverApproximate: -Nearest Neighbor algorithm

to approximately solve ProbleirfPure Embedding). This can be done by rst
partitioning the items according to their reward functidgsFor each partition, they
apply ann-Approximate: -Nearest Neighbor algorithm to identifyitems that are
collectively among the most attractive to the user within that partition. They then
evaluate the rewards of all such candidate items across partitions and select:the top-
items with the highest overall reward.

To analyze the approximation error incurred by this procedure, we introduce the
following parametrization of the reward functions. For&l2 »=%ndn j 0, the
function gsatis es:

5G n° 11 61n°%°54G° 1n° forall G-
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where0 6'n° 1 and 'n°® 0 are non-negative functions af This parametriza-
tion captures the idea that a small additive error in the iglaads to a controlled
multiplicative and additive error in the outputG°.

This parametrization captures the behavior of many reward functions commonly
used in practice. In particular, we make the following observation:

Observation 1. If 5t °is non-decreasing anb-Lipschitz, then it satis es the above
condition with6'n® = Oand *n°® = In. In particular, many standard reward
functions (also referred to as activation functions in machine learning), such as
logistic, ReLU, leaky ReLU, PReLU, tanh, and softplus, satisfy this condition with
6n°=0and n°=%$1n°.

There are other activation functions that are not Lipschitz, yet still satis es the
condition with61n®° = $*n°and tn° = $1n°. Examples include Fractional Power
RelLU, Log-ReLU, and Soft Root Function.

With this parametrization, we can now state our main result on applying ANN
algorithms to real-time personalization with pure embedding models. We begin by
introducing notations that will be used throughout the paper. For an optimization
problem P with objective functiorfy, let G, denote an optimal solution and de ne
OPTp = 5!GC as its optimal value. For an algorithAl G applied to P, lelG-C

be the solution returned WG, and seALGp = 51G-4° to be the corresponding
objective value.

Proposition 2. Suppose we have am-Approximate: -Nearest Neighbor algorithm
with expected amortized runtiméANN!=— 3— :—n@&and suppose-ANN1=—3—:—n°
is concave irr. Letg be the number of distinct functions amofg- ¢ « « =.5Given
anyn j 0, we give an algorithnALG for solving Problen{Pure Embedding) that
satis es

AI—GPureEmbedding 11 6In°°0OPT Pure Embedding 1 1n0e

with expected amortized runtime

g :-ANN 3—3— :—n log ,1g:°e

The proof of Proposition 2 appears in Appendix A.1. Notice that nmeApproximate
: -Nearest Neighbor algorithms hav&ANN *=—3—:-2rsub-linear and concave #)
and we have given an example in Lemma 1. Therefore Profffeme Embedding)
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can be approximately solved in sub-linear time, which is practical to implemented in
real-time.

Modeling Limitations. Proposition 2 shows that pure embedding models can
be optimized e ciently. However, pure embedding models have a fundamental
limitation: they treat each item independently and fail to capture how the value of
an item may depend on the context in which it is presented. That is, the reward
associated with iterBis xed onceDandEs are known, regardless of what other
items are presented alongside it. In many personalization applications, this is an
unrealistic assumption. For example, the value of a song recommendation may drop
if a similar song is already in the playlist; or the likelihood a user clicks on a hotel
result may depend on what other hotels appear in the same search result page and
how they compare. These e ects, often referred to as set e ects, are not captured by
pure embedding models. Concretely, we present three common parametric models
used in personalization that cannot be represented by pure embedding models.

First, we consider a famous parametric model of sequential variety e ects in
sequences. The concept of variety/diversity has been examined extensively in the
marketing literature (see e.g(9, 129 148). This model proposes that the perceived
utility of an item depends not only on its intrinsic quality but also on its novelty
relative to previously seen items. In particular, repeated exposure to similar items
leads to diminishing marginal utility, while introducing diverse or contrasting items
can restore or amplify engagement. This intuition aligns closely with the notion
of discounted utility over sequences, where the utility derived from an item is
multiplicatively reduced based on its similarity to past items (see, €%.20]).

Such models capture behavioral tendencies like satiation, boredom, and the desire
for exploration, and have been in uential in both economic theory and practical
recommendation systems. Below we give a mathematically formulation of sequential
variety e ects.

Model 1 (Sequential Variety E ects). Let »=Y%4 := f1—« « e —degote the set of items.
Each itemBhas a base utility® j 0 and a similarity embedding 2 S** . De ne
pairwise similarity score between ite@and item9by Bo:= G & 2 » 1-1%Fix a
sequence length : 1 and nonnegative lag weighis-¢*+— 41 0.

For a sequence= 18;— « « —8Bof length: , the sequential variety adjusted utility
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of the item at position C is

o1 !

61(_8:%9va _ &78 — C=1—oece_—_
=1

where V 2 R controls the strength and sign of the variety e &ct.

Model 1 adjusts the context-free utility. multiplicatively according to the similarity
between the current item and recently shown items, with older in uences discounted
by . WhenV Y O(preference for variety), similarity to recent iten®dj 0)
decreases the current utility, while dissimilari{Y 0) increases it; wheW j 0
(preference for continuity), the e ect reverses and thematic similarity boosts utility.
The weights_ specify the memory pro le: choosing = d with d 2 10— 1%ields
exponential decay in in uence with lag, whereas setting O and_ =0for 1
recovers a one-step e ect based only on the immediate predecessor. The exponential
factor ensure§1(—@ j 0 and provides a smooth, multiplicative adjustment driven

by recent sequence context.

Model 1 also connects closely to the notion of Maximal Marginal Relevance (MMR)
introduced by Carbonell and Goldstd#?], a classical approach in information
retrieval that balances relevance and diversity. MMR selects an item by trading o its
intrinsic relevance score against its similarity to previously selected items. Our model
can be viewed as a smooth, parametric generalization of this idea. WNeband

the lag weights concentrate on the most recent item (e.g.0,  =0for j1),

the adjustment term penalizes items that are highly similar to those already chosen,
mirroring the diversity-inducing term in MMR. More generally, Model 1 replaces the
linear trade-o in MMR with a multiplicative, exponentially weighted discount that
naturally extends to sequential settings with memory and graded similarity e ects.
Thus, the model provides a behavioral micro-foundation for diversity-aware ranking
rules widely used in marketing and recommendation systems.

Second, we consider a model of pairwise complementarity and substitution e ects.
In economics, these e ects describe how the presence of one item in uences the
desirability of another: complementary items enhance each other's attractiveness,
while substitutes reduce it. A common modeling approach represents items as vectors
in a feature space, with pairwise interactions captured via inner products (see, e.g.,
[32, 109, 150]).

3By convention, the empty sum equals 0, so 61{-=8L} .
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Model 2 (Pairwise Complementarity and Substitution E ects). Let »=%denote the
set of items. Each itefBhas a value vectolg 2 R3. The pairwise complementarity
and substitution e ects is parametrized by a matrikR =~ where gg= 0 for every
8 2 »=Yror ause 2 R and a subset of items »=Y, the interaction-adjusted
utility of item 8 2 (is de ned as 5

61(-8°=FD, 89

92(

In Model 2, the value vectofg captures the intrinsic preference of the uSdor
item 8 independent of any other items shown. The matrigncodes all pairwise
interaction e ects between items: a positive entrygmeans that the presence of
item 9increases the utility of iterfB(complementarity), while a negative entrgg
means that the presence @feduces the utility o8(substitution). The diagonal
entries are zero by de nition, so an item does not directly in uence its own utility.
When gg= 0, item 9 has no e ect on the utility of item 8.

Model 2 is closely related to choice models that generate conversion probabilities.
We discuss this connection in Appendix A.3.

Because in both models the reward associated with an item can depend on the presence
or absence of other recommended items, we make the (informal) observation that
these models cannot be represented by pure embedding models. In contrast, we will
later show that both models can be naturally expressed within the framework we
study in this paper.

Simple Transformers
In this section, we formally state the model which will be our primary object of
study: simple transformers, or neural networks with a single self-attention layer.
First, some preliminary de nitions: the row-wise softmax operator, which we denote
as softmax : R® 'R =3 is given by

expt g%
18P 8§
In particular, each row agoftmax?® © sums up to 1, and can be interpreted as a vector
of weights. The notion of attention is fundamental to transformer-based models (e.g.
[152 165). For input dimensior, output dimensior8g, embedding dimension
3.@ and matrice&— 2 R~ 3:@, and+ 2 R™3E, a self-attention layer is a function
SAs_ _+: R°= IR “3¢egiven by

softmax® °g_¢ §

SAg_ _+1-° = softmax11-&°1- © ~O-+e
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Here, the matrice&— , and+ are often called the query, key, and value matrix,
respectively.

To better understand the self-attention layer, it is natural to view it as a function on
subsets of items. Let=%denote a set of items. Then the self-attention layer is fully
parameterized by an individual query, key, and value vector for each item (forming
the rows of the respective matric&s , and+). For any subset »=Y%4; we de ne

the set-membership matrix -2 f0O—1g~ by

81 82 (-
?0— 88 (e

The functionSAg- _+* ° is then applied te (. The output is arF 3 g matrix in
which each row 8 2 »=% is interpreted as follows:

" If 8 2 (, then theBth row is a weighted average of the value vectéis: 8 2 (g
where the weight on eadi is given by the softmax-normalized dot product
between the query vectog @d the key vectorgfor 9 2 (.

" If 8 8 (, then theBth row is the uniform average of the value vecttig: 8 2 (g
This is because iterBs query vector is zeroed by(, that is,*- (&%is the
zero vector, and thus assigns equal softmax weight to all items in (.

Transformers are a broad family of functions (also known as neural networks)
constructed by repeatedly applying self-attention layers along with simple transfor-
mations that operate independently on each item. These point-wise transformations
typically consist of linear mappings followed by non-linear functions known as
activation functions, which introduce exibility and allow the model to capture
complex behaviors. In our context, these activation functions can be naturally
interpreted as the reward functiog representing how the utility of each item
responds to its input.

Simple transformers are a subclass of transformers with a single self-attention layer,
followed by point-wise activation function§ Formally, we de ne them as follows:

De nition 2 (Simple Transformer). For matrices & 2 R™2:@ and+ 2 R™3E,
a vectorD 2 R¢, and non-decreasing activation functiofs+s**=5R ! R , a
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simple transformer is a functiongT _+_g....sp: R=~ I R ~ given by
5 SAg 1-°7D
5 SAg_ +1-°7D

T&_ _+_§_...:5|:} -0=

5 SAg- +1-°ZD

As a side note, a simple transformer can also include multiple attention heads, in
which case several self-attention layers are computed in parallel, each called an
attention head, using di erent learn&d , and+ matrices. The outputs of all
attention heads are then concatenated and passed through point-wise transformations.
Equivalently, a simple transformer with multiple attention heads can be written as
one with a single head by arranging ed&h , and+ in block form. All of our

results extend naturally to this setting. For clarity of notation, however, throughout
this paper we focus on simple transformers with a single attention head, as de ned
above.

Modeling Power

Simple transformers are already widely used in personalizaBbmiy, 50, 171],
though more sophisticated multi-layer transformers are also common. This raises
a key question: to what extent can simple transformers e ectively model user
preferences?

To address this, we build intuition for how simple transformers operate in personal-
ization. A simple transformer can be viewed as modeling interactions between a user
and a recommended set of items, while also capturing pairwise interactions among
items, often called set e ects. Concretely, let=2denote a set of items, and let

( »=Ybe a subset recommended to a U3 FE. The matrix+ 2 R~ 3 contains

value vectors, where each rd represents iter8in isolation. Wher( = 8¢, the
self-attention output is simplygFand the reward isg; D°.

Whenj(j i 1 , the self-attention layer transforms edgfinto a convex combination
of fEg: 9 2 (g with weights determined by the softmax of inner products between
the query vector g@nd key vectors fg: 9 2 (g, i.e.,

softmax®- (&°1-( © 7

Intuitively, @ captures how other items {nin uence item8 while : g captures how
item 9in uences others. The resulting vect8Ag_ _+1- (°gis projected ont®and
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passed throughg Yielding reward

5 SAg_ _.1- (ogD —

which corresponds to the 8-th coordinateof T _ge.._s3- (°.

This formulation is permutation invariant, re ecting the unordered naturé. of
Sequence models can be incorporated by augmeéting and+ with positional
encodings, which tag items with their positions and allow the model to distinguish
otherwise identical items appearing in di erent positions. Thus, sequential structure
is captured within the same framework as set-based interactions.

Having discussed how simple transformers operate in the personalization setting, we
now examine their ability to model user preferences. While our later experiments
will empirically demonstrate that restricting the architecture to a single attention
layer results in only a modest reduction in modeling/predictive power, we begin by
supporting this claim through an analysis of the two common parametric models
used in personalization presented in the previous section. We have already seen that
these two models cannot be represented by pure embedding models. On the contrary,
below we show that both of them can be represented by simple transformers.

Proposition 3. The sequential variety e ects in Model 1 and the complementarity
and substitution e ects in Model 2 can both be represented by a simple transformer.

The proof of Proposition 3 appears in Appendix A.2.

Finally, we provide a graph interpretation of self-attention layers in Appendix A.4.

Optimization

The primary purpose of this paper is to study the problem of personalizing a set (or
sequence, equivalently) of items in real-time, where the underlying model of user
preferences is given by a simple transformer. Following the setup and terminology
in the previous subsections, let¥ndex a set of items, for which the query, key,
and value matrice&— 2 R=3:@ and+ 2 R™3€ are xed in advance (these should

be thought of as having been learned from prior data). Each user is represented
by a vectorD 2 R in the same space as the value vectors. For a given set
( »=% the simple transformer's output that corresponds to Be(is given by

To— —+—poeesd- (8= B'SAg— _+1- (°§ Do Intuitively, this can be thought of as the
reward obtained from recommending item 8.
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As a user arrives, our goal is to choose aset=Ys0f at most items that maximizes
the total reward. Formally, the optimization problem we study is:

De nition 3 (Simple-Transformer Based Recommendations).

~

O
(Main) max 5'SAg_ _+1- (% D°
82(

st. ( »=Ya—j(j e

Let OPT denote the optimal objective value of Problénain). Notice that if

(= ,thatis, if nothing is recommended to the user, then the objective value of of
Problem(Main) equals to 0. Therefor®@PT 0. To ensure that Problefain) is
meaningful, from now on we assume ti@®T j O, since otherwise the best decision
would be recommending nothing.

Hardness

As a starting point toward solving Problefdain), observe that it can be solved
exactly in$1="":2° time via brute-force evaluation of all feasible solutions. As
mentioned earlier, we are motivated by settings in which the number of #esns
extremely large (possibly hundreds of millions), and Prob{®rain) must be solved

in real time (possibly milliseconds). Thus, our goal will be to nd an algorithm,
potentially approximate rather than exact, whose runtime is sub-lineariie.,
$1=Y for someW Y 1 Moreover, while the budget on the number of items to
recommend; , is typically moderate in practice (often around ten), exponential
dependence onwould still be impractical to be implemented in real time. Therefore,
our algorithm's runtime should also be polynomial in :.

Before proceeding, it is useful to present some initial hardness results to temper our
expectations. We provide two sets of results. The rst addresses the requirement
of sub-linear runtime irF, with hardness parametrized Byg, the dimension of

the key and query vectors. The second addresses the requirement of polynomial
runtime in: , with hardness parametrized by the non-negative rank of the matrix

, := softmax!& ~°, denoted as rank,°.

Hardness Parametrized by3. We rst present a proposition that reduces
Problem(Main) to graph problems involving cliques, and then discuss its implications.

Proposition 4.
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(@) If 3.g==and: 4 ,then ProblemMain) subsumes thé&: 1° -Clique
problem? on graphs with = 1 vertices.
(b) For any constant’ 3 , there exists a humbe!"® j 0 for which the
following holds. For any3.g such thatexp*2t"® 3.g° = 1 and any
.1, Problem(Main) subsumes the problem of nding a largest clique
in a graph with= 1 verticesexp*21"°® 3.g disjoint cliques, and all cliques
have size atleast : " and at most : 1.

The proof of Proposition 4 appears in Appendix A.5. Proposition 4 implies concrete
limitations on the theoretical results we can expect for solving Problem (Main):

" By Proposition 4 (a), ProblerfMain) inherits the hardness of theClique
problem, which is known to be NP-hard (wheis allowed to grow with=)
[93]. Thus, we should not expect to nd an exact algorithm which runs in
$1= °forsome | Oindependentof :.

Moreover, it is known 48] that no exact algorithm can run in tins&"*° assum-

ing Exponential Time Hypothesis holds. Thus, absent additional assumptions,
we can only expect to approximately solve Probl@main) in sub-linear time

with respect to =.

One natural assumption to make is tBagis small (this is typically the case

in practice), and indeed our main result will be parameterize8. gyand only
non-trivial when3.g = >*log=° By Proposition 4 (b), if3.@ = log=°,
Problem(Main) is at least as hard as nding the largest clique in a graph
with = vertices and'=° disjoint cliques. In particular, each clique in such a
graph is itself a candidate maximum clique, and any algorithm must e ectively
search over'=° disjoint candidates to determine the largest, since there is
no structural overlap between the cliques that an algorithm could exploit to
narrow the search space. This indicates that an exact algorithm in sub-linear
time with respect to = cannot exist wherg3- tlog =°.

Hardness Parametrized byrank 1,° . Following on the above discussion, we
require some additional assumptions to ensure that Profdleam) can be solved,
even approximately, in sub-linear time with respecttdOne such assumption

4For a (undirected, unweighted) graph, th€lique problem requires deciding if a clique of
size : exists, and nding one if so.
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will be that3. gis small. We do not state this as a formal assumption, but rather our
main result will be parameterized byg3

Similarly, we also require some additional assumptions to ensure that Problem
(Main) can be solved, even approximately, in polynomial time with respect ©@ur

main result will be parameterized by a rank-type quantity pertaining to the matrix
, = softmax’& )°. Now& > is by de nition of rank 3. @ and while the softmax
operator does not preserve rank exactly, it is known thaan be well-approximated

by a matrix with rank polynomial i83. @ (see B, 76]). Thus, for example, iB.gis
constant, then , is approximately low-rank.

Due to the softmax operator, the matrixis entry-wise non-negative. This allows
us to consider a structural parameter known as the non-negative rankd#noted
rank *,° . The non-negative rank of a matri@2 R 7,~ is de ned as the smallest
integerrank 1,° such that, can be written as a product of two non-negative
matrices:

, = >— where — 2 R_Ora”k)l'o .

Equivalently,, can be expressed as the sunranfk 1,° non-negative rank-one
matrices. Such a representation is called a non-negative factorization Gfearly,

this notion is stronger than standard matrix rank; in particular, we always have
rank:,° rank 1,° = . For more properties on non-negative rank, <&8}. [
Non-negative rank has many applications in various elds, including data mining,
combinatorial optimization, quantum mechanics, and more. In our case, it turns out
that the non-negative rank of is a key parameter that quanti es the hardness of
Problem (Main). Formally, we present the following proposition:

Proposition 5. If rank 1,° =2 , Problem(Main) admits no*1 n°-approximation
scheme

(a) with runtime 5 t1+n° $'2° for any function5, assuming the -Clique problem
is not Fixed-Parameter Tractalfl¢Corollary of Theorem 6 in [103]), and

(b) with runtime 5 1+n° >"*"°for any function5, assuming Exponential Time
Hypothesis holds (Corollary of Theorem 5.1 in [87]).

5A problem is said to be Fixed-Parameter Tractable (FPT) if it can be solved initrie®'1°
for some function5, where: is a chosen problem parameter. A widely held conjecture is that the
:-Clique problem is not FPT.
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For generalrank 1,° , Problem(Main) admits notl n°-approximation scheme
with runtime "

n I0921ranlg 1,040 or: >1 ranK 1,00 _

assuming Gap Exponential Time Hypothesis hél@Sorollary of [60]).

The proof of Proposition 5 appears in Appendix A.5. Our proof is based on a
reduction from ProblenMain) to the well-known Multi-dimensional Knapsack
Problem MDKP), formally de ned in Appendix A.5. Proposition 5 shows that,
when viewing: as the parameter in Problefilain), any algorithm achieving a

11 n°-approximation must incur runtime with exponential dependencetbat
necessarily involves both rank © and 1+n in a non-trivial way.

2.3 Main Result

From the discussions in the previous section, recall that while our algorithm’s runtime
is parametrized by the non-negative rank afachieving sub-linear dependenceon
and polynomial dependence orrequires that the non-negative rank ofbe small’
Importantly, our main result does not requijreitself to have low non-negative rank,
but only that, can be well approximated entry-wise by a low non-negative rank
matrix.

Formally, suppose there exists a non-negative matH)’/Z,R:O= such that

[e¢]

9

1 W

1, W forall 8- 9-

Qo

9

with rank 1, ® = A 8 Then our main result is parametrized AdyandW Just as in
the case of the parametergdour guarantee is non-trivial when A $11°.

Before stating our main result, we introduce some notation. For a V&detrGax
andGyin denote the largest and smallest entryGofespectively. Likewise, for a
matrix - , let - naxand- min denote its largest and smallest entry, respectively. If

5The Gap Exponential Time Hypothesis (Gap-ETH) asserts that, for some constadt
distinguishing between satis able 3Sat formulas and those that are not &ven®-satis able
requires exponential time.

’Computing a non-negative matrix factorization is in general NP-hi86]] there is a rich
literature on this subject that has yielded multiple algorithms (@8 [L72] for surveys). We will
not be concerned with this runtime in analyzing Probldfain), as& and are given beforehand,
and thus we view this as amortized across multiple instances of Problem (Main).

8Actually, we only require a particular sub-matrix to be of non-negative Aank his sub-matrix is
of signi cantly smaller size, corresponding to the entries which survives a certain pruning procedure.
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has rows &, we de ne
k-ko_g1 = mglx k Gko—

that is, the matrix norm induced by the vector 2- and 1-norms.

We are now prepared to state our main result, which is that our algorithm (to be
described in the next section) achieves the following:

Theorem 1. Let :-ANN!=-3-:—nbe the expected amortized runtime of &n
Approximate: -Nearest Neighbor algorithm, which we assume is concawve iretg
be the number of distinct functions amofig « « « —.5Suppose there exists’ 2 R™~
suchthatt W , gg, 5 1, W forall 8—,%nd, ®has non-negative rank with
an explicit non-negative factorization. LA&LG denote the objective value returned
by Algorithm 9 for Problem (Main).

Given any n j 0, Algorithm 9 achieves

ALG 1 6'n° 26*W° 2611 W°n° OPT Iin,k 1n©0:e
Moreover, its expected amortized runtime is

$ n2%:@ g :-ANN S—%—:—n, n 23:0%N11 WA 1g.0Kn _
where the Big-Oh depends only on k&k k ky_1— 1+ D9ax—, min— and
madg»=tbgt 1+ D%axlg.

Some remarks will be useful for parsing and interpreting this result:

" The concavity assumption oRANN1=—3—:—ni imposed for analytical
convenience. It su ces that the runtime be sub-linearjras any sub-linear
function admits a concave sub-linear upper bound and hence can be handled
within our analysis. ManyrApproximate: -Nearest Neighbor algorithms
satisfy these conditions; see Lemma 1 for one such example.

" In practice, the number of distinct functiogss typically very small, often
just one.

" In our algorithm's performance guarantee, the multiplicative dependen6e on
and the additive dependence on arise from the parametrizatiog of 5

3G n® 11 6n°°58G° n° forall Ge

The additionah: additive term comes from the use of thé\pproximate
:-Nearest Neighbor algorithm.
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" By Observation 1, if eachgs !-Lipschitz, our algorithm achieves
ALG OPT nl:

for some universal constant j 0.

" If 3;@= >log=CandA = $1°, the amortized runtime of our algorithm can

be simplied to
$- c=12ne . en

Similar to how a smalB. gimplies low (standard) rank approximation, it also
implies that can be approximated entry-wise by a matrix of low non-negative
rank. In particular, we show that if the rows &fand can be grouped into
clusters, then such,a®can be constructed with = * 12 and a smalW

Proposition 6. Let , = softmax!& ~°. Suppose;—**+— form a partition
of »=%4uch that for every®2 » ¥and8-°2 o, we havek@ @gk> X and
kig : gk X. Thenwe can construct °2 R~ such that

(@ 1W , gg, 2y 1, W forall 8—,avhereW = 17X maxfk&ki—k k_1g,
(b) and, ©has non-negative rank = 1  1°2 with an explicit non-
negative factorization.

To obtain the clusters, one approach is to directly partition the row spaé&es of
and , and group the rows & and according to this partition. Sinc® @

is assumed to be small, the number of clusters is also small. This yields the
following corollary.

Corollary 1. Let , = softmax’& ~°. Given anyX j 0, we can construct
, 92 R°= such thatl W , gg, g9 1, W for all 8- Qvherew =
17X maxfk&k 1—k ko_19, and, Ohas non-negative rank

A = d4maxfk&k_1—k kp_jgeXé>e
with an explicit non-negative factorization.

The proofs of Proposition 6 and Corollary 1 appear in Appendix A.6. Notice
that if 3. = $11°, Corollary 1 shows thah = $11° for some smalW In
this case our main result is non-trivial.
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" In practice, the embedding dimensiBng of items is usually much smaller
than the number of itenys, so 3. @= >*log =°often holds. In addition under
the condition thaA = $11°, forany xedn j O, our algorithm gives 4 n
approximation algorithm with expected amortized runtime that is sub-linear
in the total number of items, and polynomial in the number of items to
recommend :.

Our algorithm's amortized runtime is practical. In reality companies and
online platforms can easily have millions of products, so even algorithms
with runtime polynomial inr= would not be able to complete the personalized
recommendation tasks in real-time. The number of items that companies can
recommend to a single user is usually on the scale of tens (such as displaying
products on a webpage), so algorithms with runtime exponentialalso
would not be able to complete the personalized recommendation tasks in
real-time.

Real-time personalization algorithms typically operate in two phases: retrieval and
ranking. In phase one (retrieval), the algorithm e ciently selects a small subset
of promising candidate items from a large item pool. This is typically achieved
using ANN algorithms over learned item embeddings. In phase two (ranking), an
optimization problem, which is determined by the speci ¢ personalization model, is
approximately solved over the retrieved subset to produce the nal recommendations.

Our algorithm also follows the retrieval and ranking structure, but introduces novel
methods in both the retrieval and ranking phases. The two pieces in our algorithm's
expected amortized runtime directly correspond to the expected amortized runtime
of our algorithm's two phases: the expected amortized runtime of phase one is

$ n?e g :-ANN é—%—:—n -
and the runtime of phase two is

$ nZBefmig gk .

2.4 Algorithm and Proof of Main Theorem

Before diving into the details of our algorithm, we rewrite Probl@ain) with
slightly di erent notations. Let@ and:; denote theBth rows of& and
respectively. Let = softmax!& ~°, and letF; be the8th row of, . For
vectorsO—1 2 R, let0 1 2 R~ denote the element-wise product@®andl, i.e.,
10 1°g= 0glgfor every 8 2 »=%;. We make the following observation.
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Observation 2. Problem (Main) is equivalent to the following Problem (P):

G
(P) max 5160: Q}@ w
8=1 F§G

st. G2fo-fg 1 4G

where4 2 R is the all-ones vector, anG = 1 indicates that iten8is selected into
the set (.

The proof of Observation 2 appears in Appendix A.8, and the pseudo-code of our
main algorithm appears in Appendix A.7. From this point onward, we will work
with P, using its notation in place of Problem (Main).

Phase One (Retrieval)

In phase one, our algorithm aims to identify a small subset=Y40f items such

that the optimal objective value of P does not decrease signi cantly when restricted
to . To achieve this, our algorithm rst partitions items o ine based on their query
vectors@, key vectors g and reward functiong Since both@and: glie in a space

of dimension3. g the number of partitions is much smaller tianltems in the
same partition are designed to behave similarly under the self-attention layer. That
is, they produce similar outputs when interacting with other items. When &user
arrives, the algorithm applies arApproximate: -Nearest Neighbor algorithm (as

de ned in Section 2.2) within each partition to select at mogems whose value
vectors have the highest approximate inner product similarity itRecause items
within the same partition respond similarly under attention, user preferences within
each partition are primarily determined by similarity to the user vector. Thus, our
algorithm retrieves a small subsetontaining high-reward items tailored to the user.

Proposition 7 (Phase One). Suppose we have an-Approximate -Nearest Neighbor
algorithm with expected amortized runtimé&NN1=—3—:—n9.etg be the number
of distinct functions among—e« ¢ *—=.5Given anyn j 0, Algorithm 11 returns an
index set  »=Y such that

[j=g Lomaxfkels ik ko_1g® 2%€@

4+D%ax N
and the optimal value to the following Problem P ©
G 1Fg +D°°G
(Pt ©) max 5:01G°= Gf ——— —
g1 FsG

st. G2fo-Tg @=0for88 —1 4G
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satis es
OPTpio 11 61Nn°°OPTp : INOe

Moreover, supposeANN*=—3-:—ni% concave ir=. Then the expected amortized
runtime of Algorithm 11 is
& ) '
140 maxfk&ko_1— k ko_19 = 1+ D%ax
n

23@

= n
-ANN  —— 3—: .
g ¥ 35 maxfk&k_1— k ky_1g + D% ax

Supposes. @ = >log =°andk&ky_1— k ko_1—1+Dfax are all viewed as constants,
then for any given constamt j 0, we havej j = g:=>""". Moreover, suppose

:-ANN 1=—3—:—fis sub-linear in= when 3 :—nmare xed, then the expected

amortized runtime of Algorithm 11 is also sub-linear in =.

Phase Two (Ranking)
In phase two, our algorithm approximately solvés® which is P over the retrieved
subset of items »=% Without loss of generality, assume= »<¥ By the rst
remark of Proposition 7, we may treat= := >'1° under mild assumptions. Then
sinceG= 0 for 8 j <, we may consider only the rst entries oft Dand the top-left
< < principal sub-matrix of . Therefore, with slight abuse of notation, we
rede ne+D 2 K toinclude its rst< entries, and—, ©2 R*= to be the top-left
< < principal sub-matrices of the corresponding matrices, respectively. Moreover,
note that the quantity

1Fg +D°”G

W
remains unchanged if the vectbg is multiplied by a non-zero constant. Thus,
rescaling the rows gf does not change®. Because 2 R f< is now the< <
principal sub-matrix, the sum of its rows is not normalized to 1. So for simplicity of
exposition, we assume each row, ofis rescaled so thatgzl, go= 1, and each row
of, Cis rescaled accordingly so thht W , g, gg 1, W for all 8—.9Then we
may rewrite P! © as

G
(Pl 0) max 51 OIGO - c@@ LDO>G
g=1 F;G

st. G2f0-Tg 1 4°G :»

From this point onward, we will work with this new form of P ©,
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Our algorithm begins by replacing with a low non-negative rank surrogate’

and showing that solving the problem under this approximation is su cient. Rather
than exhaustively enumerating all possible solutions, our algorithm then focuses on
a restricted collection of partial solutions that retain the key structural information.
The nonlinear terms in the objective are handled by introducing a family of auxiliary
linearized problems, which can be further simpli ed through discretization. This
reduction ensures that only a small number of auxiliary linearized problems need to
be solved.

To address each auxiliary linearized problem, our algorithm employs a rounding
procedure that converts fractional linear-programming solutions into valid discrete
ones. Atthis stage, the central trade-o emerges: exploring too many partial solutions
increases runtime beyond practical limits, while exploring too few places excessive
burden on the rounding step, leading to higher approximation error. By carefully
balancing this trade-o , the ranking phase achieves both computational e ciency
through controlled exploration and strong accuracy by minimizing the loss introduced
during rounding.

Proposition 8. Suppose there exists ©2 R~ suchthal W , gg, gg 1, W for
all 8—,@nd, °has non-negative rank with an explicit non-negative factorization.
Given any n j 0, Algorithm 16 achieves

ALGpio 11 612W1+D0%,,,0%%11 612 n_W_r%inoozoPTplo
:11 612W1+DomaX0012n11 612n_W_I%inOO>612n_WT?“nO 12n_W_0 0

nin
. 11 612 n_WT(T)“nOOZ 12W i+ DQal . 12W i+ D%y~

where
2 11, W°n
e
' min
with runtime

A<log,<,_< -, A2%<-A
411 N WO- A 1+ Domax mlnfo— 1+ Doming A

> 0
n, min n
ma)@2»<1f/4531 1+ Domaxog o A 0)
n _ <V s— LP.

where_ = di2A | 2°%+ D%naeneand 0= di2A | 2° maxgy <56t + DMmax’gene
Here,) p = LP1<-3< A [ 2° LP1<-2< 2A | 2° andLP!<-=9sthe runtime
of solving a linear program with < variables and = constraints.
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Our proof of Proposition 8 appears in Appendix A.9.

2.5 Experimental Results
We conducted two sets of experiments with the following ndings.

Representation. Simple transformers captured user preferences nearly as accurately
as deeper transformer models. They achieved 14.1% higher accuracy than the best
non-attention baselines (e.g., logistic regression, random forest, support vector
machines), and only 2.5% lower accuracy than general multi-layer transformers,
demonstrating strong representational power.

Optimization. Our two-phase algorithm (retrieval and ranking) e ciently opti-
mizes simple-transformer-based recommendations. Compared ag&iestrest
Neighbors for retrieval and Beam Search for ranking under a xed candidate bud-
get, our algorithm achieved objective values 20.86% and 20.56% higher than the
respective benchmark combinations, outperforming natural baselines in both phases.

We used two dataset. The rst dataset was the Spotify Million Playlist Datd3gt [
Spotify is one of the largest music streaming platforms, with over 640 million monthly
active users, including 252 million paying subscribers. The dataset comprises one
million user-generated playlists created on the Spotify platform between January
2010 and October 2017. Each playlist includes features such as the playlist title and
the titles of the tracks it contains.

The second dataset was the Trivago Session-based Hotel Recommendations Dataset
[101]. Trivago is a global hotel search platform that operates 55 localized websites
across more than 190 countries, providing access to over two million hotels. The
dataset consists of user sessions related to hotel search and booking, encompassing
approximately 730,000 unique users and 340,000 unique hotels across roughly
900,000 sessions. Each session includes information on user interactions with hotels,
such as clicks and checkouts. In addition, the dataset contains various hotel attributes,
including price, city, and other relevant features.

Representation

In this set of experiments, our goal was to show that simple transformers were able
to learn from user behaviors and predict user preferences with high accuracy. More
speci cally:
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Spotify. In the Spotify experiment, we designated playlists containing 20 songs as
true playlists. To construct fake playlists, we took the rst 15 songs from each
true playlist and appended 5 randomly selected songs. The number of true and fake
playlists was balanced to be equal. Given a playlist, the task was to classify it as
either true or fake. The performance of an algorithm was evaluated based on the
average classi cation accuracy.

Trivago. Inthe Trivago experiment, each session provided information on a user's
interactions with the rst 15 hotels. The task was to predict the user's interactions
with the subsequent 5 hotels in the same session. The performance of an algorithm
was evaluated based on the average prediction accuracy.

We compared three classes of machine-learning algorithms on these prediction tasks:

" Non-Attention Models: This class included well-known machine learning
algorithms that do not incorporate self-attention mechanisms, such as random
guessing, logistic regression, support vector machines, and nearest neighbors.
These models disregarded any potential sequential structure in the data.

" Simple Transformers: This class consisted of transformer architectures with
a single self-attention layer, followed by linear layers and activation functions.

" General Transformers: This class contained more complex transformer
architectures with multiple self-attention layers and potentially deeper network
structures.

Below we give the architecture of the simple transformers used in both experiments.

Architecture used in Spotify. LetGdenote the word2vec embedding of 81
song inaplaylist, after being processed by a linear layer. Each user vectoris modeled as
the average of the embeddings of the rst 15 songs in the playlist, thatisl, %)5:169.
Let SAg— _+1 © be the self-attention layer with learned paramegers—+, and let
5! ° = 51 %e an activation function composed of a linear transformation and a
logistic function, both parameterized and learned during training( lbet the set
of indices corresponding to the 16th through 20th songs in the playlist. Then, the
output of the simple transformer is given by

G

5 1SA&_ - (og Do—
8=1
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where- ( denotes the input embeddings corresponding to songs (n &¢neral
transformer models extend this architecture by incorporating additional self-attention
layers.

Figure 2.1: Architecture of the simple transformer used in the Spotify experiment.

Architecture used in Trivago. LetGdenote the learned embedding of &th hotel.
Each user vector is modeled as the average of the embeddings of the rst 15 hotels
the user engaged within a given session, thel])is,I %,5=1Gg. Let SAg— _+1 ° denote
a self-attention layer with learned parameigts , and+, and let%! © = 51 °be an
activation function composed of a linear transformation and a logistic function, both
parameterized and learned during training. (&t the set of indices corresponding
to the 16th through 20th hotels in the session. Then, the output of the simple
transformer is given by
5 15&_ 1 (og Do—

8=1
where- ( denotes the input embeddings corresponding to hotels i Séte simple
transformer architecture consisted solely of a decoder with one self-attention layer.
General transformer models extended this architecture by incorporating an encoder,
as well as additional self-attention layers in both the encoder and decoder.

The experimental results are presented in the tables below.

Random Logistic  Support Vector  Simple General

Forest Regression  Machine Transformer Transformers
Spotify  0.518 0.520 0.334 0.702 0.726
Trivago 0.271 0.530 0.531 0.631 0.742

Table 2.1: Average accuracy of di erent machine-learning models on Spotify and
Trivago.

In Table 2.1, the simple transformer outperformed non-attention models by average
accuracy margins of 0.182 on Spotify and 0.20 on Trivago, while achieving perfor-
mance comparable to general transformers. On Trivago, it outperformed several
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Figure 2.2: Architecture of the transformer used in the Trivago experiment. The
simple transformer only contained the decoder, that is, a single self-attention layer.

Dec. Layers\ Enc. Layers 1 2 4
1 0.590 0.602 0.596
2 0.654 0.692 0.700
4 0.724 0.742 0.675

Table 2.2: Average accuracy of general (full encoder decoder) transformers with
various numbers of self-attention layers on Trivago.

more complex architectures and was only 2.4% below the average accuracy of all
general transformers. Since the optimal architecture is not known a priori, simple
transformers o er a strong and robust choice, delivering substantially higher accuracy
than non-attention models while nearly matching general transformers.

Optimization

In the previous set of experiments, we demonstrated that simple transformers could
empirically capture user preferences on both datasets. In this set of experiments, we
turned to the task of personalized recommendation based on simple transformers.
We treated the parameteds , and+ learned in the previous experiments as ground
truth and solved ProblenMain). Each instance corresponded to an arriving user.
More speci cally:

Spotify. In the Spotify experiment, we were given 15 songs as input, and the task
was to recommend an additional 5 songs to complete a 20-song playlist. The given
15 songs were treated as a representation of the user. The corresponding user vector
Dwas computed by rst averaging the word2vec embeddings of the 15 songs, and
then applying a linear transformation to project the result into the value space. The
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key, query, and value vectors of each song were obtained from the parameters learned
in the previous experiments.

Trivago. Inthe Trivago experiment, we were given 15 user interactions as input,
and the task was to recommend 5 additional hotels to maximize the booking rate. The
user vectoDwas computed by averaging the learned embeddings of the 15 hotels
with which the user had interacted. The key, query, and value vectors of each hotel
were similarly obtained from the parameters learned in the previous experiments.

Recall that our algorithm operates in two phases: retrieval and ranking. Our algorithm
performs these two phases as described below:

Phase One (Retrieval): Our algorithm partitions the row space of the query matrix
& and the key matrix o ine, with the number of partitions treated as a tunable
hyperparameter. Then, when a user ve&tarrives, for each group of items whose
guery and key vectors both belong to the same corresponding partition, we apply the
: -Nearest Neighbor algorithm and retain théems with the highest base reward

E D. All retained items are then passed to the ranking phase.

Phase Two (Ranking): Our algorithm rst enumerates all possible combinations of
the top2 highest-reward items to include in a candidate solution, referred to as valid
tuples in the proof of Proposition 8, whe2es a tunable hyperparameter. For the
remaining items, the algorithm solves the residual subproblem by evaluating a xed
number of auxiliary problems, denoted asPC9n the same proof. The number

of auxiliary problems solved was tuned to control the total number of candidate
solutions generated.

We compared each phase of our algorithm against a natural benchmark:

: -Nearest Neighbor (Retrieval): The: -Nearest Neighbor algorithm served as
the benchmark for the retrieval phase. It ignored any potential sequential e ects
and instead ranked items solely based on their base rewards, compuEed as
The algorithm then greedily selected the same number of items as our algorithm's
retrieval phase to pass on to the ranking phase.

Beam Search (Ranking): Beam Search served as the benchmark for the ranking
phase. Beam Search is a greedy-type heuristic commonly used in practice. Each
candidate solution generated by Beam Search is speci ed: bjuple11;—e e+ -2
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To select the -th item in the candidate solution, the algorithm evaluated each item
not yet included by computing the incremental gain in the objective value if the item
were added. It then selected the item corresponding ta thie highest increment
and added it to the candidate solution. In particular, the ttiples « « — Torresponds

to the fully greedy solution. The valuesbf— ¢ « « — ere tuned based on the desired
number of candidate solutions.

Combining our retrieval and ranking phases with benchmark methods yields four
algorithms, whose performance is shown in Figure 2.3. Our complete algorithm
consistently outperformed all others across all candidate budgets.

Fixing the ranking phase (to either our Phase Two or Beam Search), our Phase
One outperformed -Nearest Neighbor by an average of 20.86%, demonstrating
superior retrieval. Conversely, xing the retrieval phase (to either our Phase One
or : -Nearest Neighbor), our Phase Two outperformed Beam Search by 20.56%,
highlighting its e ectiveness in ranking. Overall, our algorithm achieved strong
empirical performance in both phases, combining high e ciency with high accuracy.

(a) Spotify (b) Trivago

Figure 2.3: Performances of four algorithms. Thaxis is the number of candidate
solutions generated by each algorithm, andHifais is the objective value of the
current best candidate solution. Each gure is averaged across 100 instances.

We further compare our Phase Two with Beam Search using scatter plots, xing
Phase One as the retrieval step. For ranking, both methods generated candidate
solutions with the same computational budget: our Phase Two greedily solved a xed
number of auxiliary problems, while Beam Search branched the same number of
times.

Each point in Figure 2.4 compares matched candidate solutions, witBdkis
showing our objective value and tlaxis that of Beam Search. Our Phase Two
outperformed Beam Search in 90.92% of instances, with an average improvement of
29.01%, demonstrating substantial gains in the ranking phase.
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(a) Spotify (b) Trivago

Figure 2.4: Scatter plots of candidate solutions. Each point corresponds to a pair
of matched candidate solutions produced by our algorithm and Beam Search. The
Gauxis represents our algorithm's objective value andHiiais represents the Beam
Search candidate solution's objective value. Each plot contains 2500 data points
given by 25 candidate solutions in each of the 100 instances.

2.6 Conclusion

In conclusion, we study real-time personalization using simple transformers, a single-
self-attention-layer architecture that is both expressive and computationally e cient.
We show that simple transformers capture key user preference structures, including
sequential variety e ects and pairwise complementarity and substitution, and develop
a sub-linear-time algorithm achieving near-optimal performance. Empirically, simple
transformers outperform non-transformer baselines, remain competitive with deeper
transformers, and our algorithm improves objective values over standard methods
such as :-Nearest Neighbor and Beam Search.
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Chapter 3

ONLINE RESOURCE ALLOCATION WITH PREDICTIONS
UNDER UNKNOWN ARRIVAL MODEL

Online decision-makers often have access to predictions about future quantities such
as arrivals, demand, or inventories, generated by methods ranging from simple time-
series forecasts to modern machine-learning models. Because prediction accuracy is
unknown a priori, blindly following such predictions can be harmful. We address
this challenge by developing algorithms that leverage predictions in a manner robust
to unknown prediction accuracy.

We study the Online Resource Allocation Problem, a general model for online
decision-making in which limited resources must be allocated to a sequence of
arrivals. Prior work has characterized optimal performance under both stochastic
and adversarial arrivals, and designed algorithms that achieve these bounds without
knowing the underlying arrival model. Building on this framework, we introduce
predictions in the form of resource shadow prices and de ne prediction accuracy as
the distance between predicted and true shadow prices.

We provide a tight lower bound characterizing how well any algorithm can exploit
predictions by following them when accurate and ignoring them when inaccurate,
without knowing either the prediction accuracy or the arrival model. We then propose
an algorithm that matches this bound and empirically validate its performance using
large-scale real data from the retailer H&M.

3.1 Introduction

Allocating a limited set of resources to satisfy di erent requests as they arrive is a key
process in many operations problems. For example, airlines need to decide whether
or not to accept a certain o er for a seat at a given price, while the total number of
seats is limited18, 16Q; online retailers must choose which products to display to a
browsing customer, taking into account inventory levéls L21]; internet search
engines auction o impressions to advertisers with limited budg&ts]3(. The

Online Resource Allocation Problem is a generic model for all of these settings. In
the problem, requests arrive sequentially, each request consisting of multiple actions
to choose from, and each action generating some reward and consuming some subset
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of resources. Actions are selected online, i.e. without knowing future requests.
Resources are limited, and the objective is to maximize the total reward received
across all time periods. While the Online Resource Allocation Problem is ubiquitous
in practice, we brie y highlight several motivating examples:

" Network Revenue Management: In airline revenue management, resources
correspond to seats on future ights. Requests may involve multiple seats (e.qg.,
group bookings or multi-leg itineraries) and have highly variable prices due to
numerous fare classes.

N

Assortment Optimization: In online retail, a seller selects assortments to
display during a customer's browsing session (e.g., search results or recommen-
dations). Each display opportunity is a request, rewards are expected pro ts
from customer choices, and resources correspond to product inventories.

Online Matching (AdWords, Online Auctions): Online matching models
two-sided markets such as AdWords and auctions. Arrivals correspond to
online nodes (e.g., impressions), while resources correspond to capacities of
o ine nodes (e.g., advertiser budgets).

Broadly, there are two main approaches to Online Resource Allocation. The
traditional approach assumes a model for arrivals and designs algorithms with
optimal worst-case guarantees, most commonly under either a stochastic model,
where arrivals are drawn i.i.d. from an unknown distribution, or an adversarial
model, where no assumptions are mad@2] hows that the best possible worst-case
performance can be achieved simultaneously under both models without knowing the
true arrival model. Interpreting stochastic and adversarial arrivals as stationary and
nonstationary processes, respectively, their algorithm learns e ectively in stationary
settings while remaining robust to arbitrary nonstationarity. However, this notion of
optimality is with respect to worst-case guarantees and may be overly pessimistic in
practice.

The second, arguably more modern approach, is to utilize some sort of predictions on

the future arrivals. Here we use the term prediction in the broadest possible sense,

ranging from simple time-series forecasting models, to state-of-the-art machine

learning algorithms based on large amounts of data, to human judgement, and even
combinations of all of the above. The de facto approach in practice is to take these

predictions as fact (in a way we will make formal momentarily). Naturally, the
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performance of this approach relies heavily on the accuracy of the predictions, which
is not guaranteed: Figure 3.1, taken frobh hows this for the relatively simple
task of forecasting daily visits to two stores.

Figure 3.1: (Figure and caption fror]) Daily number of customers (in blue), from
September 2014 to January 2015, at two di erent stores in the Rossmann drug store
chain. Predictions (in red), starting November 2014, are generated using Exponential
Smoothing with the same tting process. The store in the upper sub- gure has
substantially more accurate predictioh & 088 than that of the lower sub- gure

(' 2=0e-11).

To summarize so far, the Online Resource Allocation Problem admits algorithms

with optimal worst-case guarantees (for both stochastic and adversarial arrival
models, simultaneously), and these algorithms can be signi cantly better or worse

than following predictions, depending on the prediction quality. This suggests the

opportunity to design an algorithm that leverages predictions optimally, in the sense
that the predictions are utilized when accurate, and ignored when inaccurate. Ideally,
such an algorithm should operate without knowledge of (a) the accuracy of the

predictions and (b) the method with which they are generated. This is precisely what
we seek to accomplish in this paper.

Online Resource Allocation with Predictions
The primary purpose of this paper is to develop an algorithm that optimally incor-
porates predictions (de ned in the most generic sense possible) into the Online



45

Resource Allocation Problem. Without predictions, the Online Resource Allocation
Problem consists of a nite horizon 9f time periods and a limited number of

types of resources. At each time period, a decision must be made which will consume
a certain set of resources and yield a certain reward. The form of these individual
decision problems changes over time and is unknown in advance.

Following [22], we consider both stochastic and adversarial arrival models. Under
the stochastic model, performance is measured by regret, de ned as the di erence
between the total reward of an optimal o ine algorithm (which knows the entire arrival
sequence) and that of the online algorithm. Our goal is to achieve sublinear regret
(>1)°), which ensures asymptotically optimal per-period performance. Under the
adversarial model, sublinear regret is impossible in the worst case, and performance
is instead measured by the competitive ratio, de ned as the ratio between the optimal
o ine reward and the algorithm's reward; ab-competitive algorithm guarantees at
least a 1+U fraction of the o ine optimum.

Without predictions, 10] showed that any algorithm incurs at legigt 1*2° regret

under stochastic arrivals, whil@]] proved that under adversarial arrivals any
algorithm has competitive ratio at ledst, whereU depends on simple problem
parameters. These bounds are matched simultaneous??ZpyJur objective is to
design algorithms that improve upon these worst-case guarantees when predictions
are accurate, while retaining the same guarantees when predictions are inaccurate.

To that end, we introduce the notion of predictions. Our prediction is of the form of
an<-dimensional vectof* whose coordinates represent a predicted shadow price
for each of the< resources. In particularf, may carry some information about the
future (realized) arrival sequence. We will show that this form of prediction satis es
certain nice properties including that it (a) immediately translates to a decision policy,
and (b) there always exists perfect predictions which achieve near-optimal reward.

We measure the quality of any predictidrby its 1 distance to the closest perfect
prediction” .1 Speci cally, we use an accuracy parame@r 0, de ned as the
largestO such thajj™ ~ jji 2 $1) ©°. Notice that wher® = 0 the prediction is

e ectively useless, and @increases the prediction becomes more accurate. We call
this problem Online Resource Allocation with Predictions. Our primary challenge
will be to design algorithms with performances that are robust in the prediction
quality without having access to 0.

The choice of the; norm follows naturally from our analysis, though anynorm where
? 2 »1- 2%, yields similar performance guarantees for our algorithms.
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A Simple Example

Figure 3.2: Two potential arrival sequences for an online resource allocation problem
with a single resource (two lemons) and two time periods. The left (right) sequence
falls under the stochastic (adversarial) arrival model.

Before outlining our contributions, it is worth describing a simple example to
illustrate the challenge we face in incorporating predictions of unknown accuracy.
Consider the example in Figure 3.2, which depicts two potential arrival sequences
for an online resource allocation problem with a single resource (two lemons) and
two time periods. In both sequences, a single lemon may be sold for $1 in the rst
time period. This same o er occurs in the second time period for the left sequence,
but the right sequence o ers $2 for two lemons (this o er may not be split). Note
that the left (right) sequence falls under the stochastic (adversarial) arrival model,
and critically, an algorithm can not distinguish between the two sequences until
the second time period. Still, a simple algorithm (accept all o ers when feasible)
achieves zero regret under the left sequence, and a competitive rasd whder the

right sequence (incidentally, & 2 for this problem instance).

However, suppose now we introduce a prediction, whose implication is that the
rst o er should be rejected. Under the right sequence, this constitutes a good
prediction, and so an algorithm ideally would follow this prediction and collect the
optimal $2. Under the left sequence, this constitutes a bad prediction, and so an
algorithm ideally would ignore this prediction but still achieve good regret as the
arrival model is stochastic. It is of course impossible to do both of these.

More generally, there are essentially four worlds we must consider, depending on
whether the arrival model is stochastic or adversarial, and whether the predictions
are accurate or inaccurate. This example demonstrates that we can not hope to
achieve the best of all four worlds simultaneofsiypstead, we will nd that just as

the accuracy of the predictions is best characterized continuously between perfect
and bad (via our accuracy paramet@y, the arrival model is best characterized
continuously along a carefully-de ned interpolation between the stochastic and
adversarial models.

Finally, we emphasize that under the stochastic arrival model, a prediction may
legitimately carry information about the realized arrival sequence and thus be

2The language here is indeed in reference to the best of both worlds literature, e.qg. [22].
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statistically correlated with it. For example, suppose lemon demand depends on both
predictable factors, such as weather or seasonality, and unpredictable idiosyncratic
shocks, such as random household consumption variation. A prediction that
accurately captures the predictable components, such as weather, will be correlated
with the realized arrivals, even though it does not fully determine them. In this case,
the remaining uncertainty arises only from the idiosyncratic shocks, which may have
relatively low variance. This illustrates how informative predictions can naturally
arise in stochastic environments and remain useful across all realizations, despite not
being perfectly accurate.

Our Contributions
Our primary contributions can be summarized as follows.

1. A Nonstationary Arrival Model and a Lower Bound. We de ne a parameter-

ized class of arrival models that interpolates between the stochastic and adversarial
models. In particular, we de ne a precise measure of the stationarity of an arrival
sequence (De nition 4), in terms of two valuesandX such that_—X° = 10-0°
(loosely) corresponds to the stochastic model, &ardX® = 11— I®orresponds to

the adversarial model (the two values are in general distinct, and have nice time-
series interpretations in terms of trend and seasonality). Moreover, for any xed
arrival sequence, eveycorresponds to somefor which the arrival sequence is

1 —XStationary. Therefore{can be viewed as a parameter set by us. Later we
will see that the choice of andXa ects our algorithm's performance and runtime.

In particular, our algorithm needs to calculate the o ine optimum 1o times.
Notably, this stationarity measure is de ned for deterministic arrival sequences,
and thus the corresponding (nonstationary) arrival models can be de ned without
positing a stochastic generative model.

The primary value of this new measure of stationarity is that it tightly characterizes
the extent to which we can expect an algorithm to leverage predictions of unknown
quality. Speci cally, we prove the following lower bound:

Proposition 6 (Lower Bound, Informal). Forany 0 _ 1 and0Y X 1, and any
algorithm, at least one of the following holds:

(1) Under the stochastic arrival model, the algorithm incu¥® worst-case
regret;
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(2) Under the adversarial arrival model, with — XS%tationary arrivals, the
algorithm's worst-case reward is at most

1
‘1 _°max FOPT-PRD 1X)°

Here recall that) is the best competitive ratio (without predictions) which we will
specify later. OPT denotes the optimal o ine reward. Following the actions induced
by the predictions also yields a certain amount of reward, which we den®&Dby

Nowif 1 —X° = 11— 1Pe. the adversarial model with no restrictions, then Proposition

7 implies that we can not simultaneously achieve sub-linear regret under the stochastic
arrival model and a meaningful reward under the adversarial model (our lemon
example was already evidence of this). However, for smaller valuesnti X we

can hope for sub-linear regret and an adversarial reward close to the best value of
max FOPT-PRD.

2. An Optimal Algorithm. We construct an algorithm that optimally leverages
predictions, in the sense that it achieves the lower bound of Proposition 7, without
knowing the underlying arrival model (stochastic or adversarial) and without knowing
the prediction accuracy. In particular, our main theoretical result is the following:

Theorem 2 (Upper Bound, Informal). Given a prediction™with (unknown) accuracy
parameter0 and given0 Y X 1, there exists an algorithm such that, under mild
(and tight) assumptions, both of the following hold:

(1) Under the stochastic arrival model, the algorithm inc&% 20 03 worst-case

regret;
(2) Under the adversarial arrival model, with — XStationary arrivals, the
algorithm’s worst-case reward is at least

1
11 _°max OPT-PRD $1X)°

Our theoretical results are summarized in bold in Table 3.1, with a comparison to the
problem with no predictions and the problem with predictions of known accuracy.

3The$? © notation hides logarithmic factors. Technically the regret shouleaxf) 20 -1g°
since if0 j % the regret bound should be a constant. For the simplicity of exposition we drop the
obvious regret bound of $11° in the introduction section.
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Arrival Model Without With Predictions of With Predictions of
Predictions Known Accuracy Unknown Accuracy
Stochastic (regret) $rpo $1) 200 Uizzao

Adversarial (reward)  3OPT maxf3-OPT-PRDg  !1 °maxf2OPT"PRDg %Z

Table 3.1: Summary of our main theoretical results (in bold). Each entry has
a corresponding algorithm that, without knowing the underlying arrival model,
achieves the stated performance simultaneously for both stochastic arrivals and
adversarial arrivals. Each entry also has a matching lower bound.

3. A Large-Scale Experiment. We evaluate the practical value of our model and
algorithm using an H&M (Hennes & Mauritz AB) dataset containing two years of
transactions for 105,542 products. The experiment corresponds to the assortment
optimization problem and consists of three-month simulated horizons. We compare
our algorithm against two natural baselines: the optimal algorithm without predictions
and a policy that always follows the predictions. For each instance, these baselines
de ne the worst- and best-achievable rewards, and we measure performance by the
fraction of this gap captured by our algorithm; values close to 1 indicate near-best
performance.

We generate predictions of varying quality using three popular forecasting methods.
The average optimality gap achieved by our algorithm is 0.68 with Prophet forecasts,
0.58 with ARIMA forecasts, and 0.53 with Exponential Smoothing, demonstrating
robust performance across prediction qualities.

Literature Review

Online Resource Allocation. Online resource allocation has been extensively
studied under di erent arrival models. Under stochastic arrivals (i.i.d. or random
order), the goal is to achieve sublinear regret, a4,®7, 58, 68, 75, 97]. Under
adversarial arrivals, sublinear regret is impossible, and performance is measured by
competitive analysis; classic AdWords results includé@e .30, which achieve a

11 1e4°-competitive ratio.

Recent work studies algorithms that perform well under both models without knowing
the arrival process.1B3 achieved the optimal adversarial competitive ratio and
improved stochastic performance for AdWords, whid@][proposed a mirror-descent
algorithm achieving optimal stochastic regret and adversarial competitive ratio for
Online Resource Allocation. Our algorithm also attains optimal performance under
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both models, but di ers fundamentally in design and analysis and is the rst to
robustly leverage predictions.

Our approach is based on gradient descent in the dual space, which has been widely
applied in binary integer programming14], online linear programmingl[13,

bandits with knapsack4 5, online stochastic optimizatio®f], and online resource
allocation p2]. We further draw on parameter-free optimizatidd], using adaptive

step sizes to exploit predictions without knowing their quality.

Algorithms with Predictions. Motivated by advances in data and machine learning,
there is growing interest in augmenting online algorithms with predictions to
go beyond worst-case guarantees. This paradigm has been applied to revenue
optimization RO, 72, 137, caching 123 149, online matching 89, 107], online
scheduling 106, 146, the secretary problen®] 62, 63], and the nonstationary
newsvendor%]. Most of this literature uses competitive analysis and characterizes
optimal consistency robustness trade-o s.

In contrast, under stochastic arrivals we perform regret analysis and show near-
optimal worst-case regret without knowing prediction quality. Other regret-based
analyses with predictions include [5, 81, 137].

The closest works are2(] and [72], which study strict special cases of Online
Resource Allocation and treat prediction quality as binary. Under this assumption,
they achieve optimal consistency robustness trade-o s. In contrast, we quantify
prediction quality and provide tight guarantees for arbitrary accuracy.

3.2 Model: The Online Resource Allocation with Predictions

In this section, we rst formally de ne the Online Resource Allocation with
Predictions problem, and then describe two standard arrival models (stochastic and
adversarial) as well as their respective performance metrics.

Problem Formulation

Online Resource Allocation. Consider a problem overtime periods labeled
C = 1-+++-Assume there are di erent types of resources. The total number
of resources available is denoted 8y, whered 2 R< IS a non-negative< -
dimensional vector. At each time periGithe decision-maker receives an arrival
W= "A-6-X° 2 S. Here,Ac: Xc! R is a non-negative reward function,
6c: Xc!' R < IS a non-negative resource consumption functi¥g, R 3 is a
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compact action space, asddenotes the set of all possible arrivalslote that we
impose no convexity assumption& © can be non-concavéd ° can be non-convex,
andXccan be non-convex or discrete. At each arrgwithout knowing any of

the future arrivals, an actio@:2 Xcmust be selected, which yieldg G® reward

and consume$d @ resources. The objective is to maximize the total reward
subject to the resource constraint. Finally, we assumeXpatways contains a

0 vector representing a void action that consumes no resources and yields no
rewards:A10° = 0and620° = 0. This ensures that there is always a feasible action
available. This is the problem we will refer to as Online Resource Allocation
(without predictions).

We introduce some notations that will appear in our results later on (though our
algorithms will not depend on these parameters). We denote=bynings,<ydg i O

the lowest resource parameter ahd maxgz,<iflg = jjdjj1 the highest resource
parameter. Similarly, leh 0 be a constant which satis esaxz2xA1G° Afor
every!A—6—X° 2,@nd let 6 0 be constants satisfyirg jj61G°jj; 6 for
everyG2XandG<0. -

Primal and Dual. For any arrival sequencd/ = -+« + % we useOPT!Wto
denote the o ine/hindsight optimum, which is the reward of the optimal solution
when W is known in advance:

~

o) 0)
(3.1) OPTIWO := max AIG® s.t. 64GS d)e
@Xe ooy c=1

As we will describe momentarily, it will be natural to consider predictions in terms
of the dual space, so the Lagrangian dual problem of Eqg. 3.1 plays a key role. Let
T2 Rf be the vector of dual variables, where eaghcan be thought of as the
shadow price of resource 9. We de ne
(3.2) Al = supfAZG® " ~64GCg

G2%

as the optimal opportunity-cost-adjusted reward of requésthere the opportunity
cost s calculated according to the shadow pricésNote that-! *° is a generalization

“We assume throughout the paper that the reward functions and the resource consumption
functions are deterministic for any given action, but our algorithms also apply when the rewards
and/or consumed resources are random.

SWe will assume that the primal optimization problems in Eq. 3.2 admit an optimal solution.
This is to simplify the exposition: our results still holds if we have an approximate of the optimal
solution (see [22]).
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of the convex conjugate @ G%hat takes the resource consumption funcégrs°
and the action spacécinto account. In particular, wheB? G° = GndXcis the
whole spaceA-' ° becomes the standard convex conjugate. For xed arriaige
de ne the Lagrangian dual function 1" j W° :jR! R to be

~

(3.3) jwWe = ° Ale " ~d)e

c=1
This allows us to move the constraints of Eq. 3.1 to the objective, which is easier
to work with. By weak duality, 1* j W° provides an upper bound ddPT1W?°
Moreover, even without any convexity assumptions, the duality gap of our problem is
upper bounded by a constant that is independent from the time hQrizZbhis can
be shown via Shapley-Folkman Theorem (see Proposition 5.Z8pfdr a detailed
explanation). We formally state and prove the weak duality result and the duality gap
result in Appendix B.1. We equip the primal space of the resource constRaints
with the 1 normjj jj1 , and the Lagrangian dual space with th@ormjj jj;. Such
choices of norms come naturally from our analysis. Similar performance guarantees
of our algorithms with the dependence on the number of resduceesbe obtained
using the > norm for the primal space and thgnorm for the primal space with
1e?  1e@ =1and ? 2 »2—1Y,.

Predictions. So far, we have presented the problem of Online Resource Allocation
without predictions. As described in the introduction, itis often the case that when this
problem is faced in practice, some notion of a prediction can be made which might
guide us in selecting actions. Such predictions can come from a diverse set of sources
ranging from simple human judgment, to forecasting algorithms built on previous
demand data, to more-sophisticated machine learning algorithms trained on feature
information. The process of sourcing or constructing such predictions is orthogonal
to our work. Instead, we treat these predictions as given to us endogenously (and in
particular, we make no assumption on the accuracy of these predictions), and attempt
to use these predictions optimally.

Notice that from Equation (3.2), at each tir§given a dual variablé 2 Rf there is
a natural action to take, namely the action

G 2 argma | Ciguge6aced ACGP T 76dGo o

5The number of resources < is viewed as a constant throughout the paper.

"We again assume this optimization problem and other similar-style optimization problems in
this paper admit an optimal solution to simplify the exposition. When the right hand side contains
more than one action, we naturally choose the action that has the highest reward.
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In Words,Q isthe greedy action that, subject to the resource constraint, maximizes
the opportunity-cost-adjusted reward according to the shadow pricEserefore
each dual variablé essentially corresponds to an algorithm, which is simply taking
the greedy actionQ at each time period. Below we formally de ne this algorithm
for any dual variable , which we call the Dual-Adjusted Greedy Algorith@RD- ):

Algorithm 1: Dual-Adjusted Greedy Algorithm GRD

Inputs: Dual variable ", total time periods ), initial resources; = d)
forC=1—eee—) do
Receive requestie- & X°
Make the primal decisiond@nd update the remaining resources
G2 argmaxoxgce JfAFG® 764Gy
c.1 c 6@

end

Let '*GRD - j Wenote the reward obtained BRD- with arrival sequenc&V
and dual variablé .2 For an arrival sequendd/ we say a dual variable *Wds a
perfect dual variable with respect toMf, on arrival sequence/ the reward obtained
by GRD- 1yis at most an additive constant away fr@RPTW¢hence essentially
optimal). To simplify notations, from now on we will use in place of” *W?¢ It
can be shown that there always exists a perfect dual variable:

Proposition 1 ( Perfect Dual Variable). For any arrival sequence W,

Max"*GRD + | WP, %6+6, 1°1< | 1% OPTWos

The proof of Proposition 1 appears in Appendix B.1, and utilizes the Shapley-Folkman
Theorem. In words, Proposition 1 shows that there exists a dual variatiat is
essentially optimal to follow.

With the understanding of the key role that dual variables play in our problem, we
formally introduce the notion of predictions. Because dual variables induce actions,
they are natural quantities to predict. For an arrival sequdieee assume that
before the rst time period, the decision-maker receives a predict®w° 2 R of

the dual variable. Similar as , to simplify notations, from now on we will usé in

place of "W?° We measure the prediction error of*by jj™ ~ jj1, its 1 distance

8Later we will formally extend the notion of '*ALG j W° to any algorithm ALG.
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from "~ . 9 We quantify the prediction error using the accuracy parameter, which
is the smallest 0 2 »0— 1Y such that

0

[T RARR TF RS B
Here” j O is a scaling constant that we can choose, and‘dhgit ensure® 2 »0— 1Y%
can be chosen without a ecting our performance bound asymptoticaMote that
Nand® both depend olV so the de nition makes sense eveWfs itself random.
The two extreme cases of the prediction error aré(£)0, in which case™is almost
a constant away from , so the prediction is e ectively useless; and ¥ 1, in
which case™= " , so the prediction is perfect. We will always assume thest
unknown to the decision-maker.

In reality, a prediction™is unlikely to be completely useless. We make the following
technical assumption on the prediction quality:

Assumption 1 (Non-trivial Prediction). There exists a (known) functiom)°® = >11°

suchthatjj™ = jjiL =>tn1)°°,

Note that Assumption 1 does not eliminate the dase0. In practicen?)® can
be chosen to be a function close to 1 without hurting the algorithm's performance
guarantee.

Aside: Predicting the Dual Variables. In many applications, historical data (e.g.,
arrivals from a previous month) is available and can be used to warm start dual
variables, computed o ine without knowing the arrival order and interpreted as
predictions (shadow prices) for resource values. While imperfect, such data often
provides informative signals.

Predicting dual variables is a long-standing idea in both theory and practice. For
example, in online matching under random ord&¥, L67 compute dual variables
from an initial pre x of arrivals and use them to obtaiian approximate matching
for the remainder, an approach once used by Yahoo! for ad matching. More broadly,

%n the case that multiple perfect dual variables exist, we tak® be the perfect dual variable
that is closestto ™

10As a technical aside, there is a natural choicé:dProposition 2 in 22] implies that it is enough
to only consider dual variables that lie in thedimensional rectangle0— 1'% »0— "Max, 2 R
where™ §=Asdg, 1. Therefore we may assume without loss of generality that the predittion
we receive lies inside this rectangle (otherwise we could prdjegito this rectangle). Thus setting
AN = )" M&jj, ensures 0 2 »0—1Y4.
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dual prediction is common in dual-based algorithms for online scheduliog, [
online matching [59, 107], online covering [23], and ad auctions [98].

In these problems, including ours, the o ine optimum depends only on the dual
of the sample path, which lies R*, rather than the full arrival sequence, whose
dimension grows with the horizgn. As a result, predicting the dual variable is often
easier than predicting the entire sample path.

By contrast, under stochastic arrivals, prior work assumes predictions of per-period
arrival distributions 19, 88], measured via total variation and Wasserstein distances.
Such predictions are independent of realized arrivals and thus encode less information
about the sample path. Indeed, even perfect distributional predictions in the sense of
[19,88 canstillleadto! * )° regret due to inherent variance. In contrast, we allow
predicted dual variables to depend on future arrivals, potentially encoding richer
information through statistical association, for example via observable intermediary
variables.

Arrival Models and Performance Metrics
An online algorithmALG, at each time perio takes an actioiig (potentially
randomized, but deterministic here to save on notation) based on the prediction
the current requedtie- G- X2 and the previous historyl ¢ 1 := A G- Y- G5,
i.e., &= ALG A& X ™ Hc 1°. We denote the reward received by an algorithm
on an arrival sequence W as

0

TALG jWOe = AGPOe
c=1

This notation is de ned similarly to the notatichGRD - j WSvhich we de ned for

the Dual-Adjusted Greedy Algorithm. For the predictidnwe use the Prediction
Algorithm to represent the special case of the Dual-Adjusted Greedy Algorithm
where the dual variable i8, and we [etPRD*W° = '*GRD~ | W? As stated in
Proposition1,i0 =1 ,i.e.,if *=" ,thenPRDW?° 166,  1°1< 1° A OPTW?
which shows the Prediction Algorithm is essentially_optimal if we have a perfect
prediction.

Note that for any sequence of dual variablgs ¢+« following " cat time period
Cgives a series of actiorg—* ¢ * -sGNe de ne the depletion time of resour&by
following * 1—< e+~ to be the rsttime period such that the remaining amount of
resourcesis less thar, that is, after this time period no actions that consumes
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resource9is feasible (if this never happens we set the depletion time }o b&/e

will use the depletion time to quantify the behavior®fintuitively, dual variables
close to ™induce similar actions in most time periods as long as ™is not always on
the boundary of decisions, and hence their depletion time should be similar. We
make this idea formal using the following assumption on the depletion time.

Assumption 2 (Non-degenerate Prediction). Fix an arrival sequence Wand a
prediction ™ for W there exists a constait j 0 satisfying the following: for any
sequence of dual variablég—+ ¢+~ where' c2 R* andjj™ " dji Z forall C
the di erence between the depletion time of resoudtwy following™ ;—+<+— and
by following ™is in >1)° for every resource 9.

Assumption 2 roughly states that, for a sequence of dual variables that is close to
the prediction, the action induced by the sequence of dual variables and the action
induced by the prediction deplete resources at similar times. This assumption is
reasonable and mild for the following reasons: in reality, most actions sets are
discrete (such afaccept,rejectgN, etc.). Therefore for most, as long as it is not
atthe boundary (which is often a measure-zero set), dual variables clo3alto
induce the same action. Moreover, in practice it is also unlikely for the boundaries
at each time period to be the same across a majority of time periodssgirfcand

6c © vary over time, in which case Assumption 2 is satis ed with any prediction

™. Finally, perturbing each input with some small noise also turns a degenerate
prediction into a non-degenerate one:

Proposition 2. Let the action set of each time period béc= fO—1g For any arrival
sequencaVand any prediction™ < 0, and any arbitrarily smallff j 0 , let W be
an arrival sequence obtained by randomly perturbing the reward funciigtusbe
Ain the following way:A200 = AL0° and 2 1° = A21° , ncwherenc N10—f 20
are i.i.d. random variables. TheWand " satis es Assumption 2 almost surely
(with respect to the random perturbation). In particular, for su ciently smallj O,
Assumption 2 is satis ed with probability 1 exp? 2Z)° for some constant 2 j 0.

The proof of Proposition 2 appears in Section B.1. Proposition 2 formalizes the
intuition that perturbing each input with some small noise may turn a degenerate
prediction into a non-degenerate one. Although Proposition 2 only considers
X = fO— 1gand perturbs the reward functions, similar results can be shown for more
general X and perturbations on the resources consumption functions.
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There are two primary arrival models when studying online problems: the stochastic
(i.i.d) arrival model and the adversarial arrival model, both which we de ne formally
below. Our goal is to design algorithms that have good performances under both
arrival models, and for predictions of di erent qualities. Additionally, our algorithms
should be oblivious to the arrival model and the prediction quality, i.e., they should
have good performance without knowing the arrival model and the prediction quality.

Stochastic (i.i.d.) Arrival Model. The arrivals are drawn independently from an
(unknown) underlying probability distributio® 2 1S° , where 1S° is the space
of all probability distributions ove. We measure the performance of an algorithm
by its regret. Given an underlying arrival distributidn, the regret incurred by an
algorithmALG underP is de ned ask, p) »OPTIW° "tALG j W°ANe will be
concerned with the worst-case regret over all distributions48° : we de ne the
regret of ALG to be

Regret*!ALG® = sup Eyy p) »OPTIW® "tALG j WOYje

P2 1s°

Note that if the regreRegret!ALG®is sub-linear in) , then algorithmALG is
essentially optimal on average as) goes to in nity.

SinceW P) is a random object, we assume that the predictiaside ned on the
same probability space as W, and that

k» k1=$1) 1200
holds for every realization of W.

To illustrate that this condition can hold for sordg 0, suppose the optimal dual
variable admits the decomposition

=" 1, :L]-al_ooo_ta> 21| 1_000_:10_

where™ 1 2 Rf is a xed quantity in the dual space,;— » : R° ! R < are
xed functions, anda;— e« » * —andl 1—e«+—1 are random variables induced by the
randomness of the arrival sequeMeAssume that the predictiohhas access to
a;—e***—aso that

7\:‘1’ 11a1_ooo_=&t

In this case, the prediction err&r™ ~ k; depends only on the randomness in
| 1—eee—1 and not orga;—**»—a Consequently, if the variance bfi—ee+—1is
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small, we may have
k™ kg =g1) 1200

for some 0 j O, uniformly over all realizations of W.

In practice, the predictior® is not assumed to depend causaliyyibut is expected
to be statistically related to W, for instance through shared observable co-variates.

Adversarial Arrival Model. The arrivals are arbitrary and adversarial, generated

by an oblivious adversary, meaning that the arrival sequence is xed prior to execution
and does not depend on the algorithm's internal randomness or actions. Unlike the
stochastic arrival model, regret here can be shown to grow linearly) with any
algorithm, so it is less meaningful to study the order of regret pveénstead, we

use competitive ratio as the performance metric. We say that an algokh@ is
asymptotically "-competitive if U 1 is the smallest number such that

. 11 :
imsupsup = —OPT!W° "ALGjW° Q-1l
ym oo oweg ) U
In words, if an algorithm is asymptotically-competitive, then it can obtain at least
1U fraction of the optimal reward in hindsight as) goes to in nif.

[21] proved that, without predictions, the lowest competitive ratio that any algorithm
can achieve i¥) = maxfsup_g_xo28UPy2,<y,_cH¢G%d o—19[22] gave a mirror
descent algorithm that achieves this competitive ratio. This is, loosely speaking, the
best we might hope to achieve with bad predictions. On the other hand, we can
always obtairPRD*Wty following the prediction, which may exce€@PT1W°sU

with good predictions (indeed, as we have seen in PropositiddRDWean be

as large as OPT1W©).

If we knew the prediction quality beforehand, we could obtain the maximum of the
two by simply choosing the better approach (this is in fact the best we can hope
for). Using this as the benchmark, we will compare an algorithm's reward to this
maximum. That is, for an algorithm ALG, we will analyze the following quantity:

: 1 1 :
limsupsup — max —OPT!W°-PRDW®IALG j W° -«
Mo wes ) U

YThis de nition serves as an implicit assumption t@@ T We¢rows linearly in) . WhenOPT1W°
is sub-linear in), by our de nition every algorithm is 1-competitive.

Ve assume the arrival sequente= L\« *5Wis xed in advance. Our results still hold
if the arrival sequence is chosen by a non-oblivious or adaptive adversary who does not know the
internal randomization of the algorithm.
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A Measure of Stationarity

Ideally, one would hope to develop an algorithm that achieves the best performance
under both stochastic and adversarial arrivals respectively without knowing the
prediction quality and the underlying arrival model. However, we will show in the
next section that this is provably not achievable by any algorithm.

For an arrival sequenddits stationarity is closely related to the di culty of solving

the instance it created. As examples, an arrival sequence generated independently
from the same underlying distribution can be considered as completely stationary,
an arrival sequence that has certain seasonality/periodicity with small trend (e.g.
generated from time series models) is less stationary, and an arrival sequence that
is adversarially chosen (e.g. the lower bound instance) is completely nonstationary.
Intuitively, an arrival sequence is more stationary if certain parts of the sequence
with the same length are similar to each other. In this subsection we formalize
this idea and develop a measure of arrival sequences' stationarity. We then use it to
guantify algorithms' performances.

For a time interval from time periodBto time periodC let VW§.c= W\s—o ¢ e W
denote the arrival sequence from time per®ob time periodC We de ne the
W.csubproblem to be the problem instance where the arrival sequeWesgad
the total amount of resourcesdsC B, 1° i.e., scaled down proportionally. In
particular, the (o ine) optimum of the Wesubproblem is:

~ ~

¢ ¢>
OPTW.8:= max As'G® s.t. 6etGe® diC B, 10
@2X0 o =B

Similarly, we usé1GRD - j W.2& to denote the amount of reward obtained by the
Dual-Adjusted Greedy Algorithm with dual variable ~ on thg.¥ubproblem.

De nition 4 (Measure of Stationarity). Given the total number of available resources
d) , an arrival sequence/ = 1\ ++— Qs I_— XStationary for somé® Y X 1
and0 _ lifforevery 2R =:
min  *'*GRD - jW-x)°, *GRD - jWx) 1y °° 1 _°:GRD - jW®°

::1_---
Intuitively, Wbeing! — XStationary (roughly) means when we bréafnto two
subproblems at any time period that is a multiplexdf the rewards obtained by
these two subproblems sum up to be at ldast portion of the reward obtained by
W.

A few remarks are in order:
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" X'measures the number of possible partition time periods that makes the
subproblems similar to the original problem. On the extrefetpse to 0
means that every subproblem is similar to the original problem »ardl
imposes no restrictions oW As examples, iiMs generated i.i.d. from some
underlying distributionX can be arbitrarily close to 0, and\ifis periodic with

small period, X can be small.

__measures the loss in the partition, which can be viewed as the similarity of
the subproblems to the original problem. On the extremesP meansi\can

be partitioned at time periodX) without losing much rewards, and= 1
imposes no restrictions AW As an exampleyhaving small trend (i.e.,

the in nity-norm of the vector of possible rewards is similar across all time
periods) implies small _.

SmallerXand smaller_both represent more stationarity. Note that there is
no single xed® — X%air for an arrival sequence, but rather each choicé of
gives a corresponding, and smalleXyields larger _, i.e. the subproblems
become less similar as the partition becomes more granular. The nékenof

_ will become clear when we state our main theorem, and we will not need to
know the value of _ in our algorithm.

Unlike usual stochastic de nitions of stationarity (such asgfjfand [116]),
hereitis de ned for deterministic arrival sequences. We show in the proposition
below that if the arrivals are stochastic (i.i.d.), then the arrival sequence is
1X—0%tationary for any j O with high probability. This shows our de nition

of stationarity is compatible with stochastic de nitions of stationarity.

Proposition 3. If an arrival sequence Wis generated under the stochastic
(i.i.d.) arrival model, thenWis *X—_Stationary for any constant§—_ j O
with probability at least 1 $1) 2°.

The proof of Proposition 3 appears in Appendix B.1.

In most stochastic de nitions of stationarity (such as8g][and [L16]), the
nonstationary measure is meant to characterize the instances that are possible
to achieve sub-linear regret. All instances that incur linear regret are viewed
as completely nonstationary. In our paper, the nonstationary measure is meant
to characterize the instances that are impossible to achieve sub-linear regret
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(or equivalently, that are impossible to achieve competitive ratio that is 1). Al
instances that incurs sub-linear regret are viewed as completely stationary.

~ Unlike usual de nitions of stationarity, our de nition is problem- (i.e. resource-
) dependent. For exampld,= 0 andd su ciently large both imply Xcan be
arbitrarily small and_ = 0, since any partition of the arrival sequence gives
the same reward.

3.3 Main Results

In this section, we rst present previous results for the Online Resource Allocation
problem without predictions, and then give our main results on the full problem (with
predictions) along with matching lower bounds.

Prior Results: Online Resource Allocation without Predictions

[22] studied the no-prediction version of our problem and gave a mirror descent
algorithm which achieves the best achievable performance under both arrival
models without knowing the underlying arrival model. We discuss their algorithm in
detail in Appendix B.2. They proved the following performance guarantee for their
Mirror Descent Algorithm (MDA):

Proposition 4 (Theorem 1 and Theorem 2 in [ 22]). Consider the Mirror Descent
Algorithm (MDA). It holds that:

(1) If the arrivals are stochastic,
Regret!MDA® = $1) 0,
(2) If the arrivals are adversarial,

: 1 1 .
limsupsup — —OPT*W° "*MDAjW° Oe
y o owaes ) U

Proposition 4 shows that the Mirror Descent Algorithm achi@ﬂés%o regret and
is U -competitive, which are both optimal [10, 21].

Prior Results: Lower Bounds
As a nal step before describing our results, we present previous lower bounds for
the full problem with predictions and known arrival model.



62

Stochastic Arrivals.  Without predictions, the best achievable regret by any algo-
rithm is$1) 20 [10]. With predictions, L41] gave the following lower bound on the
best achievable regret with known accuracy parameter O:

Proposition 5 (Corollary of Theorem 2 in [ 141]). Under stochastic arrival model,
given a prediction™ with accuracy parameted, no algorithm can achieve regret
better than $1maxf)z 9 —1g°, even if 0 is known.

Adversarial Arrivals. Without predictions, the best achievable reward by any
algorithm (taken the worst-cas®across all problem instances)ﬂ@PFWTZl].

On the other hand, simply following the actions induced by the prediction at each
time yields rewarPRD*W?CAs we have seen in Proposition 1, for good predictions
PRD*Wean be as high &PT1*W. Hence we have the following lower bound under
adversarial arrivals:

Proposition 6 (Corollary of Theorem 3.1 in [ 21]). Under adversarial arrival model,
given a prediction with accuracy paramet@rno algorithm can achieve (worst-case
Wacross all problem instances) reward higher thaafoiOPT1W°— PRD\Wégen

if 0 is known.

Our Results: Online Resource Allocation with Predictions

We are nally prepared to state our main result, which to develop a single algorithm
that achieves the optimal performance using predictions, without knowing the
underlying arrival model and the prediction accuracy.

Theorem 2 (Upper Bound). Assume that Assumptions 1 and 2 hold. Given a
prediction ™with (unknown) accuracy paramet@rand given0 Y X 1, there exists
an algorithm (MainALG) such that:

(1) If the arrivals are stochastic,
Regret!MainALG® =$tmaxf) 20 —1g°;

(2) If the arrivals are adversarial and 1_— X°-stationary,

(

, 1 1
limsupsup — 1 °max —OPT*W°- PRD*W?°
)1 w2 U )

''MainALG j W° XA-
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A few remarks are in order:

" The performance guarantee under adversarial arrivals is better for smatidr
X which matches the intuition that one can hope to achieve better performance
with more stationary arrivals.

" If the arrivals are known to be adversarial, which we will discuss in the next
section (Algorithm 2 and Proposition 9), there exists an algorithm that achieves

lim sup sup 1 max iOPT1W°—PRD1W°1ALG j We 0
o wes ) U
That is, we are able to not su er from nonstationarity. This is because the
performance requirement is much higher for stochastic arrivals (sub-linear
regret), which requires a conservative consumption of resources and hence
obtains less rewards when the arrivals are highly nonstationary. This idea is
elaborated in the lower bound construction below.

We provide a lower bound which shows Theorem 1 is tight in the sense that for any
algorithm that achieves sub-linear regret under stochastic arrivals, one cannot replace
_ with any number smaller and still get meaningful guarantees under adversarial
arrivals. The proof of Proposition 7 appears in Appendix B.3. The lower bound
construction consists of two instances, stochastic with bad prediction and adversarial
with good prediction, that are provably indistinguishable for a certain period of time.

Proposition 7 (Lower Bound). Forany 0 _°Y 1,0Y X 1,and 1 ,
there exists a sequence of instan®ésf increasing time horizoh that satis es
Assumptions 1 and 2, such that for any algorithm (ALG), at least one of the following
holds:

(1) The arrivals are stochastic, and
Regret’ALG® = 1)¢;
(2) The arrivals are adversarial and *_— X°-stationary, and

. 1 1 .
lim sup 3 11 ®max {7 OPT!WO—PRDIW®IALG j W XA
)
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3.4 Algorithm and Proof of Main Result

In this section, we rst present two algorithms that utilize the prediction in an optimal
way for the two arrival models respectively. Then we combine these two algorithms
to a single algorithm that is oblivious to both the prediction quality and the arrival
model, which completely solves the Online Resource Allocation with Prediction
problem.

Our algorithms for each arrival model utilize mirror descent, which take an initial
dual variable, a step-size, and a reference funétias inputs. At each time peridgl

the algorithms take the action induced by the current dual variabknd performs

a rst-order update on the dual variable. With predicti®ra natural initialization of
the dual variable is to sét; = ™, i.e., the algorithms start by assuming the prediction
is accurate. Then, the algorithms use adaptive step [sgesnirror descent steps
depending on the arrival model and the prediction’'s behavior.

Algorithm for the Stochastic Arrival Model

Let ™ be a prediction with accuracy parametri.e.,jj™ > jji. 7)) °. By
Proposition 5, no algorithm can achieve regret better gamaxf) 20_ 1g%®ven

if 0is known. As a comparison, we can show that the optimal xed step size for
the Mirror Descent Algorithm i ) s using similar method as the proof of
Proposition 4, which incur$*maxf) 2 1gtegret. Therefore, mirror descent with
xed step size is sub-optimal even if the prediction quality is known. This suggest us
to use adaptive step sizes. The step size we use is drawn4&)m their work in
parameter-free optimization?

Algorithm 18, which we call the Stochastic Arrival Algorithm (SA), initializes the dual
variable at the predictiot and updates the dual variable at each time period through
mirror descent with ne-tuned step sizes. A detailed description of Algorithm 18
appears in Appendix B.4.

Proposition 8. Consider the Stochastic Arrival Algorithm (SA) under the stochastic
arrival model. Given a predictior* with (unknown) accuracy parametér it holds
that:

Regret!SA° =$tmaxf) 20 —1gPe

3For completeness, in Appendix B.2 we state the standard assumptions on choosing the reference
function * ° for mirror descent algorithms [30, 39, 119, 120].

14t follows the line of work in the more general online learning problem of parameter-free regret
minimization [45, 54 56, 132, 158].
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The proof of Proposition 8 can be found in Appendix B.5. By Proposition 5, the
Stochastic Arrival Algorithm achieves optimal worst-cast regret up to logarithm
factors.

Algorithm for the Adversarial Arrival Model
Di erent from the stochastic arrival model, under the adversarial arrival model it is
impossible to achieve sub-linear worst-case regret. Instead, we directly compare the
reward obtained by our algorithm to the maximum reward of two natural benchmark
algorithms: the Mirror Descent Algorithm (which is optimal when the prediction
guality is low) and the Prediction Algorithm (which is optimal when the prediction
quality is high). That is, for an algorithrALG, we will analyze the following
quantity:

lim sup sup 1 max iOPT1W°—PRD1W‘”1ALG JWo

o weg ) U

We give Algorithm 2 for the adversarial arrival model, which we call the Adversarial
Arrival Algorithm (AA). It performs mirror descent with xed step sige n1)©)

Algorithm 2: Adversarial Arrival Algorithm (AA)

Inputs: Prediction *\, total time period$ , initial resources 1 = d) , reference
function 1°:R< I R, upper bound function n1)° = >11°, and step-size
[ nH)°)
Initialize ~; ™
for C from 1to) do
Receive requesti— @ X°
Make the primal decisiond@nd update the remaining resources
G2 argmaxox—gce o AAG® " Z64G°
c.1 c 6 G0
Obtain a sub-gradient of the dual function:
dc 6 'GP, d.
Update the dual variable by mirror descent:
‘caoargmin < Qg [l‘F -0,
where+ 1G—H°:= 1G° 1H° r 1H°>1G H¢is the Bregman divergence.

end

Proposition 9. Assume that Assumptions 1 and 2 hold. Consider the Adversarial
Arrival Algorithm (AA) under the adversarial arrival model. Given a predictidn
with (unknown) accuracy parameter 0, it holds that:

. 1 1 :
limsupsup — max —OPT*WC°-PRDIW®AA j W° Oe
oo owas ) U
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The proof of Proposition 9 can be found in Appendix B.5. Proposition 9 states that
the Adversarial Arrival Algorithm achieves the maximum of the two benchmark
algorithms without knowing the prediction quality. Proposition 9 is tight by
Proposition 6.

Main Algorithm: Detection of Nonstationarity

With the Stochastic Arrival Algorithm and the Adversarial Arrival Algorithm, we
are ready to present our main algorithm, which merges the two algorithms and works
for both arrival models.

Algorithm 3: Main Algorithm

Inputs: Prediction ™ total time periods ), initial rewardss = 0, initial
resources ; = 0, reference function 1°: R ! R, upper bound function
n1)° = >11° constant ! which is speci ed in Equation (B.30) in Appendix
B.6, constant 0 Y X 1, and initial step-size [

for C from 1to) do

Receive requestdd 1A G- X
if C=:bX)c, 1forsome: =0-eee—dleXe 1then

if ' ¢, !logt)° p)_ OPT c 1*W—-e*+—WP then

Release resources for the n&®X) ctime periods: ¢ c. bX)cd

Take action ggiven by the Stochastic Arrival Algorithm with the
following inputs: total time periods bX)c, initial dual variable

ibxyc,1 = 7y initial resources pxc 1, reference function 1 °,
and initial step-size{

Update resources: ¢ 1 c 6 2@
Update rewards: ¢ 1 ' ¢, AdGS.
else
| break
end

end

Release all resources:c c,dy) C . 1°
Use the Adversarial Arrival Algorithm with initial dual solution *\
remaining resourcesg and step size [ n?)%).

end

The Main Algorithm initially assumes stochastic arrivals and runs the Stochastic
Arrival Algorithm, cautiously releasing resources to avoid over-consumption. Si-
multaneously, it monitors observed arrivals to test this assumption: under stochastic
arrivals, the accumulated reward should be comparable to the optimal o ine reward
under the underlying distribution. If the observed reward is signi cantly lower, the
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algorithm infers with high probability that arrivals are not stochastic and switches
to the Adversarial Arrival Algorithm for the remaining periods. If arrivals are
adversarial but su ciently stationary, this test may not trigger; however, in that case
the Stochastic Arrival Algorithm remains e ective, and no switch is needed.

Theorem 1 (Upper Bound). Consider the Main Algorithm (MainALG). Assume that
Assumptions 1 and 2 hold. Given a predictidmith (unknown) accuracy parameter
0 and given 0 Y X 1, it holds that:

(1) If the arrivals are stochastic,
Regret!MainALG® =$tmaxf) 20 —1g°;
(2) If the arrivals are adversarial and *_— X°-stationary,

: 1 1 . .
limsupsup — 1 _°max —OPT!WC°-PRDW°MainALG j W° XA-
)1 w2s U

The proof of Theorem 1 appears in Appendix B.6. Theorem 1 is tight by Proposition 7.

3.5 Experiments

Finally, we evaluate our algorithm empirically using both synthetic and real data.
The main takeaway is that our algorithm is robust to prediction quality: its reward is
consistently close to the better of the Mirror Descent Algorithm (which is worst-case
optimal without predictions) and the Prediction Algorithm.

In both experiments, we consider sequential assortment optimization, modeling
an online retailer making in-cart recommendations. Each arrival corresponds to
a customer checkout, where the algorithm recommends a subset of products of
xed cardinality. Each recommended product is purchased with a customer-speci ¢
probability, generating revenue. In the Online Resource Allocation with Predictions
framework, actions correspond to assortments, resources to product inventories, and
rewards to expected pro ts.

Each experimental instance consists of xed initial inventories, an arrival sequence,
and a prediction of the shadow price for each product, with prediction quality varying
across instances. For each instance, we compare three total rewards: those obtained
by our Main Algorithm, the Mirror Descent Algorithm (MDA), and the Prediction
Algorithm (PRD).

Our primary performance metric is the optimality gap. For an instandet
""'PRDj °,'"MDA | ° ,and'*MainALG ] ° denote the rewards of PRD, MDA,
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and the Main Algorithm, respectively. We de ne

'"MainALG j © minf''PRD | °~'*MDA | °g

GAPt ° = - - , . — - , .
maxf'*PRD j °-~'*MDA | °g minf'*PRD | °~"*MDA | °g

This metric measures how close the Main Algorithm is to the better benchmark,
normalized so thaGAP = 1 corresponds to matching the better benchmark and
GAP = 0to matching the worse one (a random choice between PRD and MDA
yields GAP = 05)°

Synthetic Experiment

We began with a set of smaller, synthetic experiments with 25 products over 1000
time periods, and the task of recommending 2 products at a time. We assumed
customers belong to one of 25 types. The process we used to randomly generate the
product prices, the initial inventory levels, and the customer type-speci ¢ purchase
probabilities, is described in Appendix B.7. Each time period corresponds to a single
arriving customer (drawn uniformly from the 25 types), or no arrival. We used
three types of arrival sequences, with the probability of a customer arrival changing
over time: stationary with a xed arrival probability of 0.7, nonstationary with

an arrival probability linearly increasing from 0.4 to 1.0, and adversarial with an
arrival probability of 0.0 during the rst 300 periods and 1.0 afterward. We randomly
generated predictions of varying qualities by computing the optimal shadow prices,
and adding mean-zero Gaussian noise with standard deviations of 500 (bad), 5
(good), and 0 (perfect).

The results are summarized in the top half of Table 3.2, which for nine random
ensembles of instances (depending on arrival model and prediction quality) reports
both the median GAP, and the proportion of instances for which the GAP was at least
0.5 (for both values, higher is better). Recall that no algorithm can be expected to
achieve high GAP values (say above 0.5) for all nine ensembles simultaneously. We
see that our algorithm generally performs better with higher prediction quality and
higher stationarity. Now one issue with GAP as a performance metric is that it can
be quite erratic when the Mirror Descent and Prediction algorithms generate similar
rewards (as their di erence is the denominator in GAP), and these are arguably the
instances in which GAP matters the least from a practical standpoint. Therefore,
in the bottom half of Table 3.2 we removed the instances for which the two rewards
are within 25% of each other. The remaining instances are exactly the instances

5Technically, GAP may lie outside »0—1Y%a.
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Median 1 CDF1Qe5° Stochastic Nonstationary Adversarial
Perfect Predictions 0.81 0.63 0.83 0.64 0.65 0.56
Good Predictions 0.77 0.62 0.81 0.64 0.64 0.56
Bad Predictions 0.54 0.52 0.45 0.49 0.22 0.40

Median 1 CDF0e5° Stochastic Nonstationary Adversarial
Perfect Predictions 0.71 0.65 0.72 0.66 0.64 0.60
Good Predictions 0.67 0.63 0.72 0.67 0.52 0.54
Bad Predictions 0.58 0.55 0.49 0.49 0.36 0.40

Table 3.2: Summary of synthetic experiments. For each of three levels of prediction
quality (the rows), and each of three generative arrival models (the columns), two
summary statistics are reported over a random ensemble of instances: (left) the
median GAP, and (right) the proportion of instances for which the GAP was at least
0.5. (Top) Results over all instances. (Bottom) Results over instances for which the
rewards of the Mirror Descent and Prediction algorithms di er by at least 25%.

where robustness matters the most. We see that our algorithm is more robust to bad
predictions on these instances.

H&M Experiment

We used a dataset from H&M (a fast-fashion clothing retailer), which contains the
online transactions of 105,542 products from 2018 to 2020, along with product
features. Because most products have zero or few transactions in two years, we
selected the products with the top 5000 number of total transactions for our experiment,
which includes 13,697,790 transactions. Our task was to recommend three products.

Each instance runs across three month's transactions from the data. The time horizon
for each instance was the maximum number of transactions per day (103,473)
multiplied by the total number of days (90), so that each day contained 103,473 time
periods, each having zero or one arriving customer. To estimate customer-speci c
purchase probabilities, we used (customer, transaction time, prodpobduct |,

price of product , price of product )-tuples and trained a random forest algorithm
with the corresponding features of this tuple (a 209-dimensional vector after encoding)
to estimate the probability that the customer, who brought prodattthat certain

time period with the certain price, would also buy product if recommended.

To generate predictions, we used three popular forecasting methods ranging from
classical algorithms to the state-of-the art:
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" Prophet: A recent algorithm developed by Facebodl6® based on a
(piecewise-linear) trend and seasonality decomposition, known to work well
in practice with minimal tuning. Tuning parameters: software default.

" Exponential Smoothing (Holt Winters): A classic algorithm based on a
(linear) trend and seasonality decomposition, known for its simplicity and
robust performance. It is frequently used as a benchmark in forecasting
competitions [125]. Tuning parameters: seasonality of length.

~ ARIMA: Another classic algorithm that is rich enough to model a wide class
of nonstationary time-series. Tuning parameters: 1?—@—A®°.

These experiments were run on an N2D Series machine on Google Cloud's Compute
Engine, with 224 vCPUs and 896GBs of memory. The total computation time was
around 140 hours.

The results are summarized in Figure 3.3, which contains histograms of the GAPs
across an ensemble of 100 instances (for varying three-month periods in the data),
separately for each forecasting algorithm. The average GAP is 0.68 on instances with
Prophet forecasts, 0.58 on instances with ARIMA forecasts, and 0.53 on instances
with Exponential Smoothing forecasts. Because the average GAPs are large with
all three forecasting methods, our algorithm performs close to the better one of the
Prediction algorithm and the Mirror Descent Algorithm, showcasing its robustness
to the unknown prediction accuracy.

(a) GAPs of Prophet (b) GAPs of ARIMA (c) GAPs of Exponential Smoothing

Figure 3.3: Histograms of GAPs with di erent forecasting methods, each containing
100 instances.

3.6 Conclusion

In this paper, we propose a new model for incorporating predictions into the Online

Resource Allocation Problem. We rst develop separate algorithms for stochastic and
adversarial arrival models: under stochastic arrivals, the algorithm achieves nearly
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optimal minimax worst-case regret, while under adversarial arrivals, it achieves
a nearly optimal reward. Both algorithms operate without prior knowledge of
prediction quality. Building on these, we propose a uni ed algorithm that attains
the same guarantees under the appropriate arrival model, without knowing either
the arrival model or the prediction quality in advance. The key idea is to initially
treat arrivals as stochastic while continuously performing hypothesis tests to detect
adversarial behavior.
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Chapter 4

THE NONSTATIONARY NEWSVENDOR WITH (AND
WITHOUT) PREDICTIONS

The classic newsvendor model yields an optimal decision fora newsvendor selecting
a quantity of inventory, under the assumption that the demand is drawn from a known
distribution. Motivated by applications such as cloud provisioning and sta ng, we
consider a setting in which newsvendor-type decisions must be made sequentially,
in the face of demand drawn from a stochastic process that is both unknown and
nonstationary. All prior work on this problem either (a) assumes that the level of
nonstationarity is known, or (b) imposes additional statistical assumptions that enable
accurate predictions of the unknown demand. Our research tackles the Nonstationary
Newsvendor without these assumptions, both with and without predictions.

We rst, in the setting without predictions, design a policy which we prove (via
matching upper and lower bounds) achieves order-optimal regret ours is the rst
policy to accomplish this without being given the level of nonstationarity of the
underlying demand. We then, for the rst time, introduce a model for generic (i.e.
with no statistical assumptions) predictions with arbitrary accuracy, and propose a
policy that incorporates these predictions without being given their accuracy. We
upper bound the regret of this policy, and show that it matches the best achievable
regret had the accuracy of the predictions been known.

Our ndings provide valuable insights on inventory management. Managers can
make more informed and e ective decisions in dynamic environments, reducing
costs and enhancing service levels despite uncertain demand patterns. This study
advances understanding of sequential decision-making under uncertainty, o ering
robust methodologies for practical applications with nonstationary demand. We
empirically validate our new policy with experiments based on three real-world
datasets containing thousands of time-series, showing that it succeeds in closing
approximately 74% of the gap between the best approaches based on nonstationarity
and predictions alone.
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4.1 Introduction

The newsvendor problem is a century-old mod@&| that remains fundamental to

the practice of operations management. In its original instantiation, a newsvendor
is tasked with selecting a quantity of inventory before observing the demand for that
inventory, with the demand itself randomly drawn from a known distribution. The
newsvendor incurs a per-unit underage cost for unmet demand, and a per-unit overage
cost for unsold inventory. The objective is to minimize the total expected cost, and the
classic result is that the optimal inventory level is a certain problem-speci ¢ quantile
(depending only on the underage and overage costs) of the demand distribution.

This paper is concerned with a modern instantiation of the same model, consisting
of a sequence of newsvendor problems over time, each with unknown demand
distributions that vary over time. While this version of the problem is arguably
ubiquitous in practice today, it may be worth highlighting a few motivating examples:

" Cloud Provisioning: Consider a website which provisions computational
resources from a commercial cloud provider to serve its web requests. Such
provisioning is typically done dynamically, say on an hourly basis, with the
aim of satisfying incoming requests at a su ciently high service level. Thus,
the website faces a single newsvendor problem every hour, with an hourly
demand that can (and does) vary drastically over time.

Sta ng: A more traditional example is sta ng, say for a brick-and-mortar
retailer, a call center, or an emergency room. Each day (or even each shift)
requires a separate newsvendor problem to be solved, with demand that is
highly nonstationary.

Despite its ubiquity, this problem is far from resolved, precisely because the demand
(or sequence of demand distributions) is both nonstationary and unknown indeed,
the repeated newsvendor with stationary, but unknown demand was solvetilhy [

and the same setting with known, but nonstationary demand can be treated simply as
a sequence of completely separate newsvendor problems. At present, there are by
and large two existing approaches to this problem:

1. Limited Nonstationarity: One approach is to design policies which suc-
ceed under limited nonstationarity, i.e. the cost incurred by the policy
should be parameterized by some carefully-chosen measure of nonstationarity
(e.g. quadratic variation), and nothing else. This approach has proved fruitful
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across a diverse set of problems ranging from dynamic pri@agtd multi-
armed bandit problem$§] to stochastic optimization3[7]. Most relevant
here, the recent work 0Bp] applies this lens to the newsvendor setting (we
will discuss this work in detail momentarily). This approach yields policies
with theoretical guarantees that are quite robust no assumption on the demand
(beyond the limited nonstationarity) is required. However, this is far removed
from practice, where the next approach is more common.

2. Predictions: The second approach is to utilize some sort of predictions
of the unknown demand. These predictions can be generated from simple
forecasting algorithms for univariate time-series, all the way to state-of-the-art
machine learning models that leverage multiple time-series and additional
feature information. Therefore these predictions may contain much more
information than past demand data points, such as various features/contexts, or
even black-box type information that is non-identi able. In addition to being
the de facto approach in practice, the use of predictions in newsvendor-type
problems is well-studied, and in fact provable guarantees exist for many speci ¢
prediction-based approach@<[83, 143 181]. All such guarantees rely on (at
the very least) the demand and potential features being generated from a known
family of stochastic models, so that the framework and tools of statistical
learning theory can be applied. Absent these statistical assumptions, it is
unclear a priori whether the resulting predictions will be su ciently accurate
to outperform robust policies such as those generated in the previous approach.
As a concrete example of this, see Figure 4.1, which demonstrates on a real set
of retail data that prediction accuracy may vary drastically and unexpectedly,
even when those predictions are generated according to the same procedure
and applied during the same time period.

To summarize, the repeated newsvendor with unknown, nonstationary demand (which
from here on we refer to as the Nonstationary Newsvendor) admits policies with
nontrivial guarantees, which can be made signi cantly better or worse by following
predictions. This suggests the opportunity to design a policy that uses predictions
optimally, in the sense that the predictions are utilized when accurate, and ignored
when inaccurate. Ideally, such a policy would run without knowledge of (a) the
accuracy of the predictions and (b) the method with which they are generated. This
is precisely what we accomplish in this paper.
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Figure 4.1: Daily number of customers (in blue), from September 2014 to January

2015, at two di erent stores in the Rossmann drug store chain. Predictions (in red),

starting November 2014, are generated using Exponential Smoothing with the same
tting process. The store in the upper sub- gure has substantially more accurate

predictions (‘2 = 0+88) than that of the lower sub- gure ¢ = 0¢11).

The Nonstationary Newsvendor, with and without Predictions

The primary purpose of this paper is to develop a policy that optimally incorporates
predictions (de ned in the most generic sense possible) into the Nonstationary
Newsvendor problem. Naturally, a prerequisite to this is a fully-solved model of the
Nonstationary Newsvendor without predictions. At present this prerequisite is only
partially satis ed (via the work of96]), so a nontrivial portion of our contributions

will be to fully solve this problem.

Without predictions, the Nonstationary Newsvendor consists of a sequence of
newsvendor problems indexed by peri@i® 1— -« +-gach with unknown demand
distribution g The level of nonstationarity is characterized via a variation parameter
E 2 »0-1MhereE = Oessentially amounts to stationary demand, Bnd 1is

e ectively arbitrary (in a little more detail: a deterministic analogue of quadratic
variation is applied to the sequence of mettas 1%—-e+*—B5%gandE 2 »0-1%4

the exponent such that this quantity eq)dfs Finally, we measure the performance

of any policy using regret, which is the expected di erence in the total cost incurred
by the policy versus that of an optimal policy that knows the demand distributions.
At minimum we aim to design a policy that achieves sub-linear §&°) regret,

as such a policy would incur a per-period cost that is on average no worse than the
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optimal, ag grows. We will in fact design policies which achieve order-optimal
regret with respect to the variation parameter E.

To this base problem, we introduce the notion of predictions. In each period
we receive a predictiofcof the mean demandc= E» &before selecting the
order quantity. Our predictions are generic: no assumption is made on how they
are generated. We measure the accuracy of the predictions through an accuracy
parameter0 2 »0- 1%de ned such thalt >C=1joc > g =) 9 Notice that wher® = 0

the predictions are almost perfect, and wien 1 the predictions are e ectively
useless. We will characterize a precise threshol@ ¢nhich depends o) that
determines when the predictions should be utilized. Our primary challenge will be
to design a policy that makes use of the predictions only when they are su ciently
accurate, and without having acces1d\s to the variation parameté& we will
separately consider policies which do and do not have accésdlis distinction

will turn out to be the critical factor in classifying what is and is not achievable.

Our Contributions
Our primary contributions can be summarized as follows.

1. Nonstationary Newsvendor (without predictions): We completely solve the
Nonstationary Newsvendor problem. This consists of rst constructing a policy and
proving an upper bound on its regret:

Theorem 2 (Informal). There exists a policy which achievég) '3.E*4° regret
without knowing E.

We then show that this regret is minimax optimal up to logarithmic factors:

Proposition 10 (Informal). No policy can achieve regret better thafit) *3.E*40,
even if E is known.

As alluded to earlier, 96] previously initiated the study of the Nonstationary
Newsvendor. Our results are distinct in terms of both modeling and theoretical
contributions. We will expound these distinctions more carefully later on.

" Modeling: The most crucial di erence in our model is that we allow both
the demand and the set of possible ordering quantities to be discrete. This is

The$t © notation hides logarithmic factors.
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certainly of practical concern (e.g. physical inventory, employees, and virtual
machines are all indivisible units of demand), but moreover we will show
that the results ofg6] require both the demand and set of feasible ordering
guantities to be continuous. Thus, there is no overlap in our theoretical results.

Results: [96] succeed in designing a policy that achieves order-optimal regret,
but crucially, their policy requires that the variation paramé&be known.

In addition to being concerning from a practical standpoint, this leaves open
the theoretical question of what exactly is achievable in settings for vihich

is unknown. Our results show that the same regret can be achieved without
knowing E.

2. Nonstationary Newsvendor with Predictions: We construct a policy that
optimally leverages predictions, i.e. it is robust to unknown prediction accuracy. To
be precise, the previous contribution o ers a policy that achi@®s™3.E*4° regret,

and predictions yield a simple policy that achie$e} °° regret, so we would expect
that the best possible regret is the minimum of these two quantities. We show this
formally:

Proposition 11 (Informal). No policy can achieve regret better thagt) Minf’3,E%4-00
even if E and 0 are known.

Our main algorithmic contribution is a policy which achieves this lower bound (up
to log factors) without knowing the prediction accuracy:

Theorem 3 (Informal). There exists a policy which achieves reggg) mMnf'3.E*4-00
knowing E, and without knowing 0.

Finally, since our policy relies on knowledge of the variation paramgtehe
remaining question is whether the same regret is achievable iftbatid O are
unknown. We show that in fact predictions cannot be incorporated in any meaningful
way in this case:

Proposition 12 (Informal). If Eand 0 are unknown, then no policy can achieve
regret better than $2)Max*3.E°4-00 for gl E-0 2 »0—1Y4.

Our theoretical results are summarized in the Table 4.1. Each entry has a cor-
responding policy that achieves the stated regret, along with a matching lower
bound.
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Without predictions With predictions of unknown accuracy

Known variation $1) 3.0 $1) minf'3,E*4-00
Unknown variation ~ $1) '3.E4o $1) maxf3,E-4-09

Table 4.1: Summary of main theoretical results. Each entry has a corresponding
policy that achieves the stated regret, along with a matching lower bound.

No Prediction Prediction Our Policy

Upper store $28,303 $14,454 $14,454
Lower store $23,460 $35,600 $23,899

Table 4.2: Continuation of Figure 4.1: costs incurred by an optimal policy which
makes no use of predictions, a policy which relies entirely on predictions, and our

policy.

3. Empirical Results: Finally, we demonstrate the practical value of our model
(namely the Nonstationary Newsvendor with Predictions) and our policy via empirical
results on three real-world datasets that span our motivating applications above:
daily web tra c for Wikipedia.com (of various languages), daily foot tra c across

the Rossmann store chain, and daily visitors at a certain Japanese restaurant. These
datasets together contain over one thousand individual time-series on which we
generate predictions of varying quality, using four di erent popular forecasting and
machine learning algorithms. We apply our policy, and compare its performance
against the two most-natural baseline policies: our optimal policy without predictions,
and the simple policy which always utilizes the predictions (these correspond to the
two existing approaches described previously). A snapshot of our results, for the
Rossmann stores depicted in Figure 4.1, is given in Table 4.2.

More generally, on any given experimental instance (i.e. a time-series and a set of
predictions), the minimum (maximum) of the costs incurred by these two baselines
can be viewed as the best (worst) we can hope for. Thus we measure performance
in terms of the proportion of the gap between these two costs incurred by our
policy, so if this optimality gap is close to 0, our policy performs almost as good

as the better one of the two baselines. Note that randomly selecting between the
two baseline policies yields an (expected) optimality gap of 0.5. We nd that in
the Rossmann dataset, the average optimality gap is 0.26 when the predictions are
accurate, and 0.28 when the predictions are inaccurate. In the Wikipedia dataset, the
average optimality gap is 0.40 when the predictions are accurate, and 0.07 when the
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predictions are inaccurate. In the Restaurant dataset, the average optimality gap is
0.10 when the predictions are accurate, and 0.39 when the predictions are inaccurate.
This demonstrates that our policy performs well, irrespective of the quality of the
predictions.

Literature Review

The earliest works on the newsvendor model assume that the demand distribution is
known [11, 154. This has since been relaxed, the resulting approaches being divided
into parametric and nonparametric ones. Among parametric approaches much work
is Bayesian, where a prior distribution is assumed over the paramet&& applied

the Bayesian approach to inventory models, and later this was studied in many works
[15, 85,91, 11§. [117] introduced another parametric approach called operational
statistics which, unlike the Bayesian approach, does not assume any prior knowledge
on the parameter values, instead using past demand observations to directly estimate
the optimal ordering quantity.

Nonparametric approaches have been developed in recent years. The rst example is
the sample average approximation (SAA) method, rst proposed 6¢j[and [157].

[11Q applied SAA to the newsvendor problem, add J] improved signi cantly

upon their bounds. Other non-parametric approaches include stochastic gradient
descent algorithmgifl, 84, 104 and the concave adaptive value estimation (CAVE)
method [/1, 145. With the development of machine learning4] and [143 propose
machine learning/deep learning algorithms using demand features and historical
data.

All the above studies treat the newsvendor in a static environment. There are two
common approaches to nonstationarity. The rst is to model (stochastically) the
nonstationarity and utilize past demand observations according to the model. One
common way is to model the nonstationarity as a Markov chain. For exampld, [
applied this idea to inventory management, atdj fi6] applied this idea to revenue
management. Another approach is to bound the nonstationarity via a variation
budget, which has been applied to stochastic optimiza®@h flynamic pricing

[95], multi-armed bandit36], newsvendor problendp], among others. Some of
these works are applicable in the sense that our problem can be mapped to their
settings (e.g. multi-armed bandit such 3@g,[52, 92, 127), but these connections do

not appear to be fruitful. In particular, the multi-armed bandit papers cited above
typically consider a limited-feedback setting rather than the full-feedback setting
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explored in this work. Related to feedback, while our study provides a complete
characterization of the regret behavior for the nonstationary newsvendor problem
with uncensored demand, practical applications often involve censored demand. The
nonstationary newsvendor problem under censored demand is an interesting direction
for future research.

Beyond the bandit literature, it is worth mentioning recent work on online convex
optimization (OCO) with limited nonstationarity. When the level of nonstationarity
is known, the standard rst-order OCO algorithms can be modi ed with carefully
chosen restarts and updating rulex/[[[178, [51]). There are also recent works
that concern unknown nonstationarity, suchl&), [16], [17], and [82]. Finally, as
mentioned before 96] is particularly relevant, so we delay a careful comparison to
Sections 4.2 and 4.3.

The second common practice is to use predictions. A recent line of work looks to
help decision-making by incorporating predictions into online optimization problems
such as revenue optimizatio#, [20, 137], caching [L23 149, online scheduling
[106, and the secretary probler6d]. In this paper we combine the nonstationarity
framework and the prediction framework on the newsvendor problem.

Finally, most previous works involving algorithms with predictions analyzed algo-
rithms' performances using competitive analysis (e 2D, 89, 124]) and obtained
optimal consistency-robustness trade-o s, where consistency is an algorithm's com-
petitive ratio when the prediction is accurate, and robustness is the competitive
ratio regardless of the prediction's accuracy. However, competitive ratio transfers
to a regret bound that is linear )n In contrast, we do regret analysis under this
framework and design an algorithm that has near-optimal worst-case regret without
knowing the prediction quality. Other papers with regret analyses under the prediction
model include 137] (revenue optimization in auctions), ] (Thompson sampling),

[81] (constrained online two-stage stochastic optimization), @h¢bjnline resource
allocation).

4.2 Model: The Nonstationary Newsvendor (without Predictions)

We begin this section with a formal description of the Nonstationary Newsvendor,
along with a comparison to the problem of the same name f@fijn Consider a
sequence of newsvendor problems gveime periods labele@ = 1—¢ ¢+ At the
beginning of each time peria@the decision-maker selects a quan@? &, where
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& is a xed subset oR: bounded above by a quantity we denot&as,.®> Then

the period's deman@cis drawn from an (unknown) demand distributiorg which
depends on the time peridi These demand distributions are independent over time.
Finally a cost is incurred speci cally, there is a (known) per-unit underage cost
1c2 »0-Ja/and a (known) per-unit overage cogi2 »0—ma4So that the total
cost is equal to

1d3c @&, c@ 3¢ -

whereG = maxfO—Gg The decision-maker observes the realized dengyid

and thus the cost. Note that requiri@?2 & does not impose any restriction on
modeling, sinc& could simply be selected to & (as in much of the literature).

In fact, introducing& allows for modeling important practical concerns such as
batched inventory or even simply the integrality of physical items. As we will
discuss momentarily, this is a non-trivial concern insofar as theoretical guarantees
are concerned.

To complete our description of the Nonstationary Newsvendor, we will need to (a)
impose a few assumptions on the demand distributions, and then (b) describe how
nonstationarity is quanti ed. These are, respectively, the subjects of the following
two subsections.

Demand Distributions
We will assume that the demand distributions come from a known, parameterized
family of distributions D:

Assumption 3. Every demand distribution ccomes from a family of distributions
D satisfying the following:
(@ D=1D - : 2» min— ma/egthatisD is parameterized by a scalartaking
values in some bounded interval.
(b) Each distribution D 2 D is sub-Gaussiart.

Assumption 3 is fairly minimal. Parsing it in reverse: the sub-Gaussianity in part
(b) allows for many commonly-used variables, such as the Gaussian distribution

2All of our results carry through if & is allowed to depend on C.

3The demand is not censored here, as is the case in all of the motivating examples in the
introduction. The censored version of our problem is an interesting, but separate subject.

4A random variable- is sub-Gaussian with sub-Gaussian nokwrky, if P2j-jG°

2exp G2k-kf forallG 0e Forsub-Gaussian variables, we have Ex»j-j¥s 3k-k
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and any bounded random variable, while letting us eventually apply Hoe ding-type
concentration bounds. Part (a) is particularly minimal at the momentyegresents

an arbitrary parameterization B, but will become meaningful when combined
with Assumption 4. The choice of the symbdl might suggest that represents

the mean oD -, and indeed this is what we will assume from here on. But it should
be emphasized that our taking= E»D- ¥is strictly for notational convenience
(because we will frequently need to refer to the means of these distributions): if
were any other parameterizationdf, we could simply de ne a mapping fromto

the mean values.

Now de ne 1'—1— — @*%o be the expected newsvendor cost when selecting quantity
@ 2 &, given underage/overage costs 1 and , and demand distribution D

'-1- —-@°=Ekp . »113 @°, '@ 3°:Yse

The critical assumption, with respect to the parameterization in Assumption 3(a), is
that the expected cost is well-behaved as a function of ":

Assumption 4. For every 1 2 »0—da 2 »0— nasand @ 2 & the function
1 —1— — @2 Lipschitz on its domaim " min— max4i.€. there exists2 R- such that
forevery "1— 2 2 » ‘min— max¥s, We have

it 1@ tr1--@% o

Note that in the above description, the Lipschitz constamiay depend ol— —
and @ but by continuity, there exists a singleso that the above holds for dl}- — @
simultaneously.

Some useful examples of familid3 satisfying Assumptions 3 and 4 are the
following:®

1. D- N'—f 20 the family of normal distributions with xed variande?. In
this case, = $111 nax, max?. A relaxation is that the variances may vary
(continuously) with ".

2. D =7, n,where n is any mean-zero, sub-Gaussian variable.

SUnfortunately, Assumption 4 is not guaranteed to hold. For example, for the family of
distributions (
D. — T2 »0-1Y
* Bernoullit0e5° Q¢5— "2 11-2Y

the function 1°—1-1-1°is discontinuous (and thus not Lipschitz) at * = 1.
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3. The Poisson distribution is frequently used to model demand (since arrivals
are often modeled as a Poisson process). While the Poisson distribution is
not sub-Gaussian, any reasonable truncation satis es our assumptions. For
exampleD- minfPoissont°— g , for some constant. Here, can be
taken to be large enough so that the truncation happens with small probability
(in fact, this probability is $14  ©).

To understand the reasoning behind Assumption 4, consider the problem faced at
some time C. The optimal choice for the decision-maker here is

4.1) @2 argming g ¢ @°-

where " cis the mean of ¢c(ie. ¢ D -),and ¢ -@° = - @t
simplify the notatiorf. Since cis unknown, it is likely that somé < @ will
ultimately be selected, and we could measure the sub-optimality of this decision
(i.e. regret, to be de ned soon):.d @ ¢ <« @. Itwould be natural then

to try to characterize this suboptimality as a function@f @, but in fact all of

the algorithms we will consider work by making an estimateof ~ ¢ and then
selecting@2 argming s ¢ e @°So motivated, the purpose of Assumption 4 is to
allow us to translate error in our estimate otto (excess) costs. The following
structural lemma makes this precise, and will be used throughout the paper.

Lemma 2. Fix any 1 and (we will suppress them from the notation). For any
= ,2D,let@ 2 argming gl 1—@&Nd @ 2 argming g’ 2— @°Then we
have

Y1-@ Y 1-@ 2) 1 2

Lemma 2 states that estimation error of the megtranslates linearly to excess cost.
The proof of Lemma 2 appears in Appendix C.1.

Aside: Comparisonto [96]: The nal component in describing the Nonstationary
Newsvendor is de ning a proper quanti cation of nonstationarity. Before doing so,
we delineate the modeling di erences between our Nonstationary Newsvendor and
that of [96]. There are two primary di erences:

1. The demand distributions cin [96] are assumed to be of the formc= "¢, ng
where’ cis the mean of cthat drifts across time angis the noise distribution

6As a sanity check, the classical result for the newsvendor prollémi54 states that i = R,
then @is the J2t1c, &-th quantile of ¢
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that is i.i.d., continuous, and bounded. E ectively, the demand distributions
fall into a non-parametric family of distributions with the same shape . In
contrast, our demand distributions fall into a parametric family of distributions,
though not necessarily of the same shape.

2. Our set of allowed order quantities is bounded, but otherwise arbitrary.
In particular, it need not contain the optimal unconstrained order quantity
argming,g* — @°for each’ (orany", for that matter). $6] assume& = R- I

Besides the practical reasons why discrete quantities arise in practice (non-divisible
items, batched inventory, etc.), the primary consequence of either of the two
di erences above is that they preclude a critical lemma use®h (and in fact

by [110) which states that'” ;- @ ' 1—@ (as de ned in our Lemma 2)
scales a3@ @202. This scaling does not necessarily hold when either the demand
distribution or& is discrete. These relaxations in assumptions yield di erent lower
bounds in the worst-case regret from [96], which we will discuss in detail later.

Demand Variation

Just as in96] (and [95] before that), we measure the level of nonstationarity via a
deterministic analogue of quadratic variation for the sequence of maang <.
Speci cally, de ne a partition of the time horizofil—e««+—)¢p be any subset of
time periodfG—s+e+—@Gwherel CoY Y C ) . Here the subset can have

any size between 1 and i.e. 0 ) 1 . Then for any sequence of means
-=f 1—eee57, its demand variation is

(& )
(4.2) + = max  max ¢ ¢, -

0)1 fGe-Q2P _,

where P is the set of all partitions.

To motivate the use of partitions in the de nition ef, it is worth contrasting

with a measure that may feel more natural, namely the sum of squared di erences
(SSD) between consecutive term%zzl‘ ¢ ¢ 1°?, which corresponds to taking the
densest possible partitidti— 2— ¢ « » —) @he maximum in the de nition of. is not
necessarily achieved by selecting the densest possible partition, but rather by setting
G—* * *— @ be the periods when the sequenge « « » - "changes direction. Thus, the
demand variation penalizes trends, or consecutive increases/decreases, more so than
the SSD. For example, the mean sequenges f1— 2— 3— 4—&ud- , = f1-0-1-0-1g

"While not stated explicitly, the results i8] only require& to contain points arbitrarily close to
every optimal unconstrained order quantity.
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respective variations., =15 1°2=16and+.,=1%,12 12 12 12=5,

despite having identical SSDs.

2

All of our theoretical guarantees (upper and lower bounds) will be parameterized by
+_. This quantity of course depends pnand so it is natural to allow. to grow) .

It will turn out that the most natural parameterization of this growth is via what we
will simply call the variation parameter E 2 »0— 1&uch that-. = ) E where is

some constant (which we take to be equal to one from here on). We denote the set of
demand distribution sequendes;—+ ¢ ) gwhose means=f" 1—e ¢+ gsatisfy

+ ) Fas

DIEC=ff j—ess)g: c2DforallCand+ ) Fge

In the next section, we will show via a minimax lower bound that non-trivial
guarantees are only achievable wieilY 1 and provide an algorithm which achieves
the same bound.

Aside: Time-Series Modeling: At this point, we have fully described our model
for the Nonstationary Newsvendor. All that remains is to de ne our performance
metric, which we will do in the next subsection. We conclude this subsection with
an important practical consideration with respect to time-series models and our
variation parameter.

Consider, as an example, the following class of time-series models:
(4'3) %: IlCo 5 (1C0 5 n c

Here, '1C° represents a deterministic (and usually simple, e.g. linear) function
representing some notion of trend, afeiC°represents a deterministic, periodic
function representing some notion of seasonality. Finally, all stochastic behavior
is captured by the random variableswhich are assumed to be independent and
mean-zero. This time-series model is classic, and yet drives forecasting algorithms
(e.g. exponential smoothing) which are still competitive in modern forecasting
competitions [125].

The above model raises an important practical issue: if there exists any (non-trivial)
trend't © or seasonality! °, then the demand variation of the sequence of means
“c="1C°, (*C° would scale at least gs, meaninge = 1and no meaningful
guarantee will be achievable. Our main observation is that time-series e ects like
trend and seasonality are easily detected and estimated, so that in any practical
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setting, estimate$'© and(} ° should be available, and used to de-trend and
de-seasonalize the data. Concretely, the Nonstationary Newsvendor would take
place on the sequence

3c= 31C° "fco @Cozl'lco “fcoo 1(1co @Coo ne

The resulting sequence of means= 1'1C® 'fceo 1(1co  (AC°°does not stem

from the trend and seasonality, but rather the error in estimating the trend and
seasonality. It is this error that is assumed to be nonstationary, but with reasonable
variation parameter.

Performance Metric: Regret

We conclude this section by formally de ning our performance metric for any policy.
A policy is simply a sequence of mappings= fc 1—¢**- @, where eacltcis a
mapping from3;— e« ¢ *—3 to an order quantity® 2 & at time C(by convention,

c1 is a constant functiorf).We measure the performance of a policy by its regret.
Fix a sequence of demand distributiahs f 1—<++—) }. Following the earlier
notation from Eq.(4.1), the regret incurred by a policy which selects order quantities

@_ eeoe _) @ " #

O AN AN

ES Cc@® @ -

c=1
where the expectation is with respect to the randomness of the realized demands.
Recall that the demand distributions are independent@sas de ned in(4.1)
depends only on ¢ In words, the regret measures the di erence between the
(expected) total cost incurred by the policy and that of a clairvoyant that knows the

underlying demand distributions J = f;—eee—)}.°

We will be concerned with the worst-case regret of a policy across families
of instances (i.e. sequences of demand distributions) controlled by the variation

parameter E:

5 #

RY)°= sup Ej dc® @ -
J2D1E° c=1
Note that if the worst-case regr@f)° of some policy is sublinear in, then that
policy is essentially cost-optimal on average agoes to in nity. In the next section,

8Note that we are not considering randomized policies here, but all of our theoretical results (the
lower bounds, in particular) hold even when randomization is allowed.

®Note that this is di erent from a clairvoyant that knows the realized dem&aes « » 3 Such
a clairvoyant would incur zero cost.
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we will prove a lower bound on the achievable across all policies, and describe an
algorithm which achieves this lower bound.

4.3 Solution to the Nonstationary Newsvendor (without Predictions)

This section contains a complete solution (i.e. matching lower and upper bounds on
regret) to the Nonstationary Newsvendor. We begin with the lower bound:

Proposition 10 (Lower Bound: Nonstationary Newsvendor). For any variation
parameterE 2 »0— 1&#nd any policyc (which may depend on the knowledgdeEpf
we have

RC 1)0 2) 13,E%4

where 2 i 0 is a universal constant.

Proposition 10 is a corollary of a more general lower bound (Proposition 11 in the
next section) it will turn out the Nonstationary Newsvendor is a special case of the
Nonstationary Newsvendor with Predictions so the proof is omitted. Proposition 10
states that the regret of any policy is at least 3-E**4°_ |t is useful to contrast this
with two existing results:

1. Stationary Newsvendor: In the special case of i.i.d. demand, it is known that
the optimal achievable regreti§ *2° Example 1 of [35] demonstrates the
lower bound, and the SAA method dff0 111] achieves the upper bound.
This point might appear to be incompatible with our result, which states a
lower bound of) 3*4° whenE = Q but in fact the case d& = Ois more
general than i.i.d. demand since it allogg % = $11° demand variation,
while i.i.d. demand amounts to zero demand variation. Indeed, our proof of
Proposition 10, for the special casef Q utilizes instances for which the
demand distribution is allowed to chang&? times (by an amount of 1*4 |
resulting in $11° variation).

As an aside, this discussion raises a natural question: is the disconnect
here between stationary (i.i.d.) demand and variation parargeterOa
consequence of our use quadratic variation, and would the same disconnect
arise for other measures of demand variation? In Appendix C.5, we answer
both questions in the a rmative by showing that if the exponénin the
demand variation (Equation (4.2)) is instead sdm®@ , then Proposition 10
generalizes to a lower bound éj "L\E™'2\ o Thys, for any\ j 0 , the
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case of variation parametEr= 0is meaningfully more general than stationary
demand.

2. Continuous Newsvendor: A similar story plays out in the setting 09],
which recall (among other key di erences with our model, as described
in Section 4.2) requires the additional assumption that both the demand
distributions and the possible order quantities be continu®@&.show an
optimal achievable regret of) '1.E®20 which can be contrasted with the
stationary (i.i.d.) setting for which atlog)® lower bound exists35]. The
following table summarizes these lower bounds:

Continuous General

Stationary (i.i.d.) log) ) 1.2

Nonstationary ) ILE%Z ) TBER4

In the next two subsections, we will rst analyze a simple algorithm which achieves
the lower bound of Proposition 10 when the variation paranteieknown, and

then use this as a building block for an algorithm which achieves the same bound
when E is unknown.

Upper Bound with Known Variation Parameter E

If we assume théeEis known, then designing a policy which achieves regret matching
Proposition 10 is fairly straightforward. In fact, a simple policy based on averaging a
xed number of past demand observations does the 9§ (ise the same policy).
That policy, which we call the Fixed-Time-Window Policy is de ned in Algorithm

4.

The Fixed-Time-Window Policy uses a carefully-selected window st#zéat is on

the order of) "1 E™2 At each time period; it constructs an estimat&-of the mean

by averaging the observed demands from the previquexiods, and then selects the
optimal order quantity corresponding fg Note that Algorithm 4 also includes a
scaling constant”™ this should be thought of as a practical tuning parameter, but
for the coming theoretical result, it can be chosen arbitrarily (e.g. » = 1 su ces).

The following result bounds the worst-case regret of the Fixed-Time-Window Policy:

Lemma 3 (Upper Bound: Nonstationary Newsvendor with Known B). Fix any
variation parameterE 2 »0—1¥7The Fixed-Time-Window Poliay*®? achieves
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Algorithm 4: Fixed-Time-Window Policy
Inputs: variation parameter E 2 »0— 1Y, and scaling constant ” j 0
Initialization: = d») '1E*2e
forC =1—eee—=do
| select @ & arbitrarily
end
forC==,1—¢ee—) do
o 1 5k-3s
if Mc8 » min— max¥s then
\ round :to the nearest value in yin— max’s
end
@ argmin @2& ¢ " @°
end

worst-case regret
RC xed 1) o ) 13,E%4

where r—
3maxfl max— ma@X, &mal 2p A L
’ : 364

P

and X =sup. ,p kD~ Kk,.

As promised, Lemma 3 shows that the Fixed-Time-Window Policy achieves regret
that matches the lower bound in Proposition 10. Its proof can be found in Appendix
C.2, and amounts to bounding the estimation error incurred by demand noise (which
is worse for smaller time windows) and demand mean variation (which is worse
for larger time windows). The exact time window used in the policy comes from
balancing these two sources of error.

Upper Bound with Unknown Variation Parameter E

The lower bound in Proposition 10 holds for policies that kno Naturally,

it also holds for policies that do not kno but an unanswered question at the
moment is whether (a) the lower bound should be even larger Wigeanknown,

or (b) there exists a policy that matches Proposition 10 without kno&ing/e
show here that case (b) holds by constructing such a p8liQur policy, which

we call the Shrinking-Time-Window Policy (Algorithm 5), at a high level uses the
Fixed-Time-Window Policy with the smallest variation parameter that is consistent
with the demand observed so far. In more detail:

10As a nal comparison to [96], they do not consider the unknown E setting.
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1. Itbegins with adiscrete set of candidate variation paramgtersE (— ¢+ -
. A °1
* log) log)

where: ischosensothd ; Y1 E..V isde ned specically so that the
variation parameters are increasifg { Y Eg), and so that it discretizes the

(44) E9: O =]—9eee_"

interval »0— 1% at a su ciently ne granularity.

2. At any time periodG there is a current candidate parametgi(initialized
to beg at C = ]} that is assumed to be the true variatiGnand so the
corresponding Fixed-Time-Window Policy is applied: a time window of

(4.5) == dn) '1ES2e

is used, and an estimate ofis made:

1 61

(4.6) ’fé= 3g= rounded to the nearest value imp— max/4*®

8B=C3

3. The indexBof the current candidate parametBgis incremented at any period
in which the policy gathers su cient evidence thg§ Y E This is possible due
to the following observation: iEs E, then by Lemma 3 we have that for any
Ey i Eg the regret incurred by the Fixed-Time-Window Policy corresponding
to Egis $1) "3.Es*40 and thus the cumulative di erence between the estimated
mean demand$ & ™ Jj) cannot exceedi?) ‘3.E<*4°_ Thus if this is observed
for some kg j Eg we can conclude thagF E, and 8 is incremented.

This policy's regret matches (up to log factors) the lower bound in Proposition 10:

Theorem 2 (Upper Bound: Nonstationary Newsvendor with Unknown B). For any
variation parameteE 2 »0— 1tte Shrinking-Time-Window Policf""ind achieves
worst-case regret

Rcshrinkingl) o ) 13,E%4 log5.2 )_

Where 3 maXfl max— maxglx 5 &maxo 5 1241.4 W bpﬂ 5 4 14 Lemma 3 and

Lemma 31S the constant in Lemma 3.

The proof of Theorem 2 can be found in Appendix C.3, but at a high level works as
follows:

Proof Sketch of Theorem 2.  First note that the total regret incurred during the
rst ) 3*4 time periods is at mogt) 3*4°. After that, the total regret incurred during
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Algorithm 5: Shrinking-Time-Window Policy

Inputs: scaling constants ” j 0, and W su ciently large (Equation (C.2) in
Appendix C.3)

Initialization: SetV =fE ;—+++—F and f5—+++—g according to
Equations (4.4) and (4.5)

for C = 1—ee+3%¥ do
| select @2 & arbitrarily;

end

Initialize8 l1and G ) 34,1

forC =)34 1-eee—) do

) 3.E9*4 for some 9 i 8 then

@ argmin g2 &% @°.
end

the time periods in which the if condition in Algorithm 5 is triggered is at n$3sP ,
where: is the number of candidate variation parameters de ned in Equation (4.4),
and: log ?) . Thus, it su ces to bound the total regretincurred between successive
triggerings of the if condition. As a nal reduction before proceeding, consider
the smallest candidate variation parameter that is at least. de ne to be the
smallest index such th& E . Becausd& = 1, % E.,wehavethal F isa
constant multiple away fromE. Thus, it will su ce to bound the total regret by

$1) 13,E °+4 |095-2)0.

To do this, we rst show that (with high probability) throughout the algorithm, the
running index 8 never exceeds . To see this, consider the following steps:

1. Forevery9 ,becaus& Eg by Lemma 3 the Fixed-Time-Window Policy
corresponding to the window size has worst-case regrét) "3.Ed40_|n
addiIIion, we can show V\f)ithigh probability (via Hoe ding's inequality)
that )E;ﬁg’lj’\g g Wlog), Px ) 3B for every9 . We may
assume this event occurs from now on.

2. For the sake of contradiction, suppo8exceeds at some period; or
equivalently, there is a periddn which8 , and the if condition is triggered
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with some 9 | 8. Then

C~)3_ 9_10063_ o Cﬁ_ o
% Mg i d., i%  d
B=¢ B=¢ B=¢
10 O 0]
1 . N . .
i, " H
B=31 B==,1
p— —~ 1 Oe. p— — 1 Oe
Wiog), "% )BES Wiog), TR ) BES

V2 ufigy, Pr e

where 100 is the triangle inequality anél1® holds becaus€ i) 4 and
=3 7) 12;since9 8 , by our assumption in the previous step we get
129 13° follows sinceEg | Eg But this directly contradicts our assumption
that the if condition is triggered at period C. Therefore 8 never exceeds .

Now suppose two consecutive if conditions occur at tifemd & Between these

periods, we may apply the negation of the if condition for &y 8 and since3
never exceeds , we speci cally can take 9 = . This yields

&1 o P P g
i e Y2 Wiog), TR) E
B=€1
Then we have
@1 . N -100 @1 . N . @1 . .
% d is " H. i Mg
B=€1 B=€1 B=€1
110 0 - N . @l . -
i"s " d. i N4
B=31 B=€,1
¥ Wiogy, ProymEe 2 Wisgy, Proyse e

wherel0° s the triangle inequality an#ll® holds becaus€) 34 and=s *) 1'%

the rst part of 12° follows by our high-probability assumption, and the second
part of 12° follows since the if condition is not triggered between tileind
time € 1 ; Therefore between two consecutive if conditions, the worst-case
regret incurred i$?) E pm’. Because the if condition can happen at most

log ?) times, the total worst-case regret of the Shrinking-Time-Window Policy
is$) E log>?)° =$1) Elog®?)e.
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This concludes our discussion of the Nonstationary Newsvendor. In the next section,
we turn to the second subject of this paper, which is the same problem with predictions.

4.4 The Nonstationary Newsvendor with Predictions

As described in the introduction, it is likely that when the Nonstationary Newsvendor

is faced practice, some notion of a prediction of future demand will be made.
Such predictions can come from a diverse set of sources ranging from simple
human judgement, to forecasting algorithms built on previous demand data, to
more-sophisticated machine learning algorithms trained on feature information. The
process of sourcing or constructing such predictions is orthogonal to our work.
Instead, we treat these predictions as given to us endogenously (and in particular, we
make no assumption on the accuracy of these predictions), and attempt to use these
predictions optimally.

Model
The Nonstationary Newsvendor with Predictions problem assumes all of the
setup, assumptions, and notation of the previous Nonstationary Newsvendor problem.
In addition, at each time perio@d we assume that the decision-maker receives a
prediction Ocbefore selecting an order quant@?2 &.1* This prediction is meant
to be an estimate ofg and so we measure the prediction error of a sequence
a = f01—++ @ with respect to a sequence of means simply as

0

j0c ~ g°

c=1
Note that unlike demand variation, we have not used partitions here (and in fact,
introducing partitions would not have any e ect since we are measuring absolute
rather than squared di erences). Intuitively, we do not want to require the sequence
of errors to be meaningful time-series: the predictions are generic, and their accuracy
is allowed to change rapidly. Just as for the demand variation, the prediction error is
expected to grow with the time horizgn and the proper parameterization of this
growth is via an exponent: we call the accuracy parameter the smale8t»0— 1%
such that the prediction error is at mpSt We will always assume thétis unknown
to the decision-maker.

e are taking the predictions to be entirely deterministic, so for exar@igls not allowed to
depend on the previously-observed demaBidse  » —3;. Our results hold if we extend to the setting
in which the predictions are stochastic (and adapted to the demand ltration).
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Algorithm 6: Prediction Policy

forC=1—eee—) do
e 0 c(if "c8 » min— maxaround "cto the nearest value i min— max“h
@ argmin g2& ¢ @°.

end

Naturally, the notion of a policyc expands to include the predictions =
fc1—e+**5@, where eaclccis a mapping from3;—e¢e++—3 and 01—+« +—o

an order quantity@ 2 &. The simplest policy, which should be used if the
prediction error is known to be su ciently small, is to simply behave as if the
predictions were perfect. We call this the Prediction Policy (Algorithm 6). The
following observation collects a few (likely unsurprising) facts about the performance
of this policy, with respect to worst-case regret (generalized in the obvious manner
to incorporate prediction accuracy via the accuracy parameter 0):

Observation 3 (Upper and Lower Bounds: Prediction Policy). Fix any variation
parameter E 2 »0— 1Y% and any accuracy parameter 0 2 »0— 1%4.

a) The Prediction Policy &edict®nachieves worst-case regret

Cprediction

1)0 ) 0_
where 2.

b) For any policyc (which may depend on the knowledgépthat is solely a
function of the predictions (i.e. does not depend on the observed demands), we
have

RC1)0 2) 0_

where 2 j 0 is a universal constant.

Observation 3a) states that the Prediction Policy translates prediction error directly
to regret (incidentally, it does this without knowind@). There are of course other
ways in which the predictions could be used, but Observation 3b) essentially states
that there is nothing to be gained by doing so (evehig known). The proof of
Observation 3a) appears in Appendix C.1. Observation 3b) is a direct corollary of
Proposition 11, which is given in the next subsection.



95

Extreme Cases

What exactly is achievable for the Nonstationary Newsvendor with Predictions
depends heavily on whether or rtand0 are known to the policy. To see this, it is
worth rst considering the two extremes.

Case 1. KnownEand 0. A simple policy is available whek andO are both
known. Compare the quantiti@8 | E°»4 andO. If the former quantity is smaller,
apply the Fixed-Time-Window Policy. If the latter is smaller, apply the Prediction
Policy. Lemma 3 and Observation 3 together imply that this achieves a worst-case
regret of$t) Minf3.E%4-00 Thjs js optimal, as demonstrated by the following result:

Proposition 11 (Lower Bound: Known Eand 0). Fix any variation parameter
E 2 »0-1aad any accuracy parameté 2 »0— 1%or any policyc (which may
depend on the knowledge of E and 0), we have

RC 1)0 2) minf13,E°«4-0g_
where 2 i 0 is a universal constant.

The proof of this result can be found in Appendix C.4, and relies on an explicit
construction of a family of problem instances. Our construction breaks the total time
horizon into cycles wherein the demand distribution is i.i.d.. We tune the length
of each cycle to be small enough so that it is (provably) hard to detect the change
in demand distributions and the predictions are essentially useless for most time
periods in the cycle, and large enough so that the demand variation is yitlaind

the prediction error is within §.

Case 2: UnknownEand 0. At the opposite extreme, EandO are both unknown,
is it still possible to achievgt) Mnf3.E%4-00 \yorst-case regret? The answer is no:

Proposition 12 (Lower Bound: Unknown Eand 0). For any policy that does not
depend on the knowledge Bfor 0O, there exists a problem instance such that
0 < 13, E%4, and the policy incurs regret at leag) M3.E°*4-00pn the instance,
where 2 j 0 is a universal constant.

Proposition 12 states that the best we can hope for, a0 are unknown, is
a worst-case regret of at leatt Maxf'3.E°*4-00 12 Note that Proposition 12 shows

?Indeed, it implies that no algorithm can achieve re§@t °'£-% for a function5 : »0—1%
»0—1Y, | »0- Batisfying 5 1E—0° maxfi3 , E°4—Ofgr all E-0 2 »0—ah@ 5 E—0° Y maxfi3
E°«4—0g for some E—0 2 »0—1Y%.
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there exists a pair dgand0, and a corresponding problem instance, such that this
lower bound holds. This is in contrast to a result showing that for any p&iaofl

0, there exists a problem instance such that the lower bound holds, as is common
in the literature (e.g. Theorem 1 &4]). This lower bound is easily achieved, for
example by applying the Shrinking-Time-Window Policy or the Prediction Policy (or
any blind randomization of the two). The proof of Proposition 12 is in Appendix
C.6. In contrast to Case 1, the lower bound construction here relies heavily on the
fact that we do not know which one of 13 | E®4 and 0O is smaller.

Final Solution

We have nally reached the problem which motivates this entire paper: designing
an optimal policy for the Nonstationary Newsvendor with Predictions when the
prediction error0 is unknown. We will assume th&tis known, since wheik:

is unknown, Proposition 12 rules out the possibility of using the predictions to
improve on what is already achievable without predictions. On the other hand, by
Proposition 11, the absolute best we could hope for is a policy which achieves a
worst-case regret dg§t) Mnf3.E*4-0® |n words, we would like a policy which,
without knowingO, achieves the same regret Hhleen known. Our main result is

the design of such a policy.

Our policy is called the Prediction-Error-Robust Policy (PERP), and is given in
Algorithm 7. PERP utilizes the Fixed-Time-Window policy®? in Section 4.3 as
an estimate of the true mean to track the quality of the predictions over time.

Theorem 3 (Upper Bound: Known Eand Unknown 0). For any variation parameter
E 2 »0-1&ad any accuracy paramet@ 2 »0-1%he Prediction-Error-Robust

Policy cPERPachieves worst-case regret

P i ro
RS0 minf3  Lemmas log) ) 3E"4—2 )Og-

where |emma 3iS the constant in Lemma 3 (arZl matches the constant in
Observation 3a).

The intuition behind PERP is to follow the predictions until a time that is late enough
to have evidence that the prediction quality is bad (compared to the Fixed-Time-
Window Policy), while early enough to not incur much regret caused by the poor
quality of the predictions. Because we do not observe the true past raaéer

time periodG we naturally us€'Xe9 from the Fixed-Time-Window policg *¢¢ as an
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Algorithm 7: Prediction-Error-Robust Policy (PERP)
Inputs: variation parameter E 2 »0— 1% and scaling constants ~ j 0, W
su ciently large (Equation (C.3) in Appendix C.7)
Initialization: = d») '1E*2e
forC =1—eee—=do
Cc C gredlctlon
end

forC==,1-p++—) do
7\c>:<ed 1" C1 35

it So_ .78 &% V\F/)|09 . px,l ) "3.E%4 then

cc ¢ &
break
end

else

‘ Cc C
end
end

prediction
C .

estimation of g and in turn keep tracking the cumulative di erence the prediction
qualityjoc ~ 4. We carefully choose the parametersfFRPso that this estimation

is not accurate only with a small probability, and we can identify the prediction
quality is bad if this cumulative di erence is too large. By Proposition 11, any
policy can only achieve worst-case regret on the ord@r¥t’3.E4-09 5o PERP is
order-optimal.

Aside: Unknown Eand Known 0. There are four possible scenarios depending
on the knowledge oE and0: known/unknownE and known/unknow®. So far

we have discussed three of them: knd&@andO (Proposition 11), unknowkand

0 (Proposition 12), and knowk and unknowr0 (Theorem 3). For the sake of
completeness, we discuss the remaining case of unk&amd knowr0D in Appendix
C.8, where we give a policy that achieves worst-case r&gjef"n*3.E°4-00 Thjs

is order-optimal by Theorem 3.

4.5 Experiments

Finally, we describe a set of experiments we performed to evaluate our pedsyp (

for the Nonstationary Newsvendor with Predictions. In all of our experiments,
we compared®ERRagainst the Shrinking-Time-Window Policw®-PREDand the
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Prediction Policy (PURE-PRED). The main takeaways are:

1. PERB performance is robust with respect to the quality of the predictions,
without knowing the prediction quality beforehand. Speci cally, the (newsven-
dor) cost it incurs is consistently close to the lower of the costs incurred by
NO-PRED and PURE-PRED.

2. PERmperforms especially well when the absolute di erence between the costs
of NO-PRED and PURE-PRED is large, i.e. when the stakes are highest.

Experiments on Synthetic Data

The objective of our rst batch of experiments was to x one of the two theoretical
parametersE or 0) and testPERIS performance as the other parameters changes.
To generate demand sequences, we used the parametric time-series model that
corresponds to triple exponential smoothing (Holt Winters), a classic model for
time-series data in the family of Equation (4.3). We give the exact formulas, and our
choices of parameters, in Appendix C.9; for more on triple exponential smoothing,
see [L79. In our experiment, each demand sequence consisted of the demands for
the next 365 time periods, with the realized demands generated as Poisson variables
with the corresponding means. We ran two sets of experiments:

" Fixed E We xed a single set of parameters for the demand sequence and
generated 1,000 di erent predictions of this demand sequence, each from
a set of predicted parameters with di erent accuracy. Thus the variation
parameter E was xed, and the accuracy parameter O varied across instances.

~ Fixed 0: We generated 1,000 demand sequences by selecting the parameters
randomly. We then generated predictions by changing each parameter 10%
and using the corresponding sequence. Thus the variation pardaveteed
across instances, but the accuracy parameter 0 was (roughly) xed.

For each demand sequence and corresponding prediction, WOfRREIPURE-PRED
andPERRwith equal overage and underage costs, and scaling constanig = 1
Because the experiment was synthetic, the true underlying demand distribution was
known at each time period. Therefore we also@@Tas a benchmark, which simply
ordered the optimal quantile at each time period. The variation parafGater
PERRvas calculated using the past demands of the pre- xed 30 time periods by the
de nition in Section 2.2. We calculated the parameteendO by their de nitions
(given in Section 2.2 and Section 4.1, respectively), scaled appropriately to make
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(a) Fixed E (b) Fixed O

Figure 4.2: The costs ®fO-PREPURE-PREPERPandoPTwhen (a) the variation
parameter E is xed, and (b) the accuracy parameter 0 is xed. Each dot represents
the cost of the corresponding policy on a given instance.

them lie in»0— 14 he resulted scatter plots are shown in Figure 4.2. InH&),
xed, so the cost oNO-PREblue dots) is approximately the same for all instances.
The cost ofPURE-PRE@range dots) is approximately exponentiaDijrwhich follows

by Observation 3a). In (bJ) is xed, so the cost oPURE-PREB approximately the
same for all instances. The costnab-PREES approximately exponential i which
follows by Theorem 2. Note that in both (a) and (b), the costefRHgreen dots) is
close to the minimal cost ofO-PREBNAPURE-PRE&CIOSS all instances, showing that
PERP's performance is robust in both E and 0.

Experiments on Real Data

We used real-world datasets to represent the demand sequences in our experiments.
Figure 4.3 depicts example time series from each of these datasets. All datasets
include multiple daily time series and are publicly available:

"~ Rossmann?® Daily number of customers that visited each of 1,115 stores in
the Rossmann drug store chain during a 781-day period in 2013-2015.

"~ Wikipedia: ** Daily web tra ¢ across Wikipedia.com pages of 9 di erent
languages for an 803-day period from 2015 to 2017.

" Restaurant:*®> Daily number of visitors and online reservations across 185
restaurants in Japan, during a 478-day period in 2016-2017. We treated

Bavailable at https://www.kaggle.com/competitions/rossmann-store-sales/data

Lavailable at https://www.kaggle.com/competitions/web-traffic-time-series-
forecasting/data

BAvailable at https://www.kaggle.com/competitions/recruit-restaurant-
visitor-forecasting/
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the number of visitors as the demand, and the reservations as a predictive
feature.

(a) Rossmann (b) Wikipedia (c) Restaurant

Figure 4.3: An example of a single time series from each dataset. In (c), the red
dashed line represents an additional fetaure: daily online reservations.

Each instance of our experiment represented a single Nonstationary Newsvendor
with Predictions problem, with the realized demands taken from a single time series
in our data (a single Rossmann store, a single language on Wikipedia, or a single
restaurant). The overage and underage costs were constant within each instance, and
without loss of generality the two costs for an instance can be characterized by the
corresponding critical quantile (speci cally the ratio of the underage cost to the sum).
The time horizon for each instance was a set number of days taken from the end of
the time series, with the preceding days used to train one of four prediction methods.
These predictions were also updated over the course of the instance at a set frequency.
For the Wikipedia dataset, this yielded a total of 2,880 possible instances, all of which
were tested. The Rossmann dataset has multiple orders of magnitude more instances,
so we randomly sampled 1,000 from this set. For the Restaurant dataset, we used a
single prediction method to generate two sets of predictions for each restaurant: one
only utilized the number of past visitors and the other incorporated the number of
reservations as a feature, which gave 740 instances. Table 4.3 describes all of the
instances used.

For each instance, we applisid-PREIPURE-PRERNAPERRVIth scaling constants

A = W = ] and the variation paramet&rin PERPwvas calculated using the past
demands of the training data by the de nition in Section 2.2. To generate predictions,
we used four popular forecasting method ranging from classic to the state-of-the art:

" Exponential Smoothing (Holt Winters): A classic algorithm based on a
(linear) trend and seasonality decomposition as in Equation (4.3), known for
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Rossmann Wikipedia Restaurant
Number of time series 1,115 9 185
Critical quantiles (%) 30,40,50,60,70 95,98,99,99.9 50
Experimental period
(days) 300,400,500,600 300,400,500,600,700 100
Prediction update frequency
(days) 2,4,10,20 2,4,10,20 5,10
Total number of instances 1,000 (sampled) 2,880 (exhaustive) 740 (exhaustive)

Table 4.3: Description of experimental instances.

its simplicity and robust performance. It is frequently used as a benchmark in
forecasting competitions [125]. Tuning parameter: seasonality of length 50.

" ARIMA: Another classic algorithm that is rich enough to model a wide class
of nonstationary time-series. Tuning parameters: 17— @—-A° = 13—2-5°.

" Prophet: A recent algorithm developed by Facebodl6?] based on a
(piecewise-linear) trend and seasonality decomposition as in Equation (4.3),
known to work well in practice with minimal tuning. Tuning parameters:
software default.

" LightGBM: A recent algorithm developed by Microsof®f] based on tree
algorithms. LightGBM formed the core of most of the top entries in the recent
$100,000 M5 Forecasting Challenge2f. Tuning parameters: software
default.

For the Restaurant dataset, we used Prophet as the forecasting method, with and
without the reservations as an additive linear feature. We treated the outputs of these
methods as predictions of the mean demand. To estimate the demand distribution
around this mean, we used the empirical distribution of the residuals of the same
predictions on the training peridd. In practice, even if the prediction quality is good,

18That is, if the training data consists pfain periods, which without loss we index & =
) train, 1-)tain, 2—***— 1-0g, then the demand distribution at any time C was estimated to be

e, Uniform 35 ™ g:B =) yain, 1~ )train, 2—°**— 1-0g
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the predictions of the rst few days might incur large costs due to noise/instability of
the predictions, which may causeRrro misidentify the prediction quality. Therefore
we restrictedPERRAO following the predictions for the rst 20 days, only allowing
switches afterward.

Results. Each instance yields three total costs: one incurreeERpand two
incurred by the benchmark algorithmed-PREBNdPURE-PRBDThe primary per-
formance metric we report is a form of optimality gap. For an instandet
cosPUREPRED1 o he the cost oPURE-PREm@mNA similarly de necost'© PRED1 o
cosPERPL o Then the optimality gap (GAP) of PERP is de ned as

GAP1 © cosPERPL o minfcost PURE PRED1 o_ cod{O PRED1 og
- °
COSPURE PRED1 o cost NO PRED 1 o

If we think of PERRas trying to achieve the minimum of the costs incurred by the
two benchmark policies, then GAP measures the excess cosRancurs on top

of this minimum, normalized so th&AP = Oimplies that the minimum has been
achieved, and GAP = 1 implies that the maximum of the two costs was inctfred.

(a) Rossmann (b) Wikipedia (c) Restaurant

Figure 4.4: Histograms of GAPs across (a) 1,000 randomly-sampled instances on
the Rossmann dataset, (b) 2,880 instances on the Wikipedia dataset, and (c) 740
instances on the Restaurant dataset.

Experiments on the datasets yielded the histograms in Figure 4.4. For each instance
, the value on the horizonal axislmytcostYRE PRED1 0ecqstNO PRED 1 00 \yhjch

is greater than 0 iNO-PREDas a lower cost, and less than @ifRE-PREIDas a lower

cost. In the 1,000 Rossman instansiesPREDad a lower cost 82.7% of the time, in

the 2,880 Wikipedia instances-PREbad a lower cost 81.9% of the time, and in the

740 Restaurant instance®-PREDad a lower cost 64.3% of the time. The values on

the vertical axis are the GAPs. Note that most GAPs are small when the absolute

"GAP may technically be outside of »0—1Y4.
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values of the log di erence are large. This shawermperforms very well when the

di erence of costs betweeNO-PREBNdPURE-PREB large. On the other hand, there

are instances whereRHas large GAPS, in particular there are instances with GAPs
equal to 1 when the log di erence of costs is close to 0. This happens because when
the log di erence of costs is close to 0, the costm-PRERBNd the cost 0PURE-PRED

are close, seERAMay misidentify the prediction quality. Still, since the max cost
and the min cost of the other two policies are close, even the GAPs are large in these
instances, PERP does not perform badly.

Rossmann Wikipedia Restaurant

Average GAP with good predictions 0.26 0.40 0.10
Average GAP with bad predictions 0.28 0.07 0.39

Table 4.4: Summary of experimental results.

We further divide the instances according to whiciNofPREBNdPURE-PREDad
lower cost in Table 4.4 and Figure 4.5. For comparison, if we did not know the

(a) GAP with high prediction accuracy. Left to right: Rossmann, Wikipedia, Restaurant.

(b) GAP with low prediction accuracy. Left to right: Rossmann, Wikipedia, Restaurant.

Figure 4.5: Histograms of the GAPs for (a) 173 Rossmann instances (left), 522
Wikipedia instances (middle), 476 Restaurant instances (right) for whiglg-PRED

has lower cost, and (b) 827 Rossmann instances (left), 2358 Wikipedia instances
(middle), 264 Restaurant instances (right) for which NO-PRED has lower cost.

prediction quality beforehand, uniformly random choosing betwsem®RERNd
PURE-PREDas an expected GAP of 0.5. Therefe®rroutperforms this natural
benchmark in all cases of all datasets.
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4.6 Conclusion

We proposed a new model incorporating predictions into the nonstationary newsven-
dor problem. We rst gave a complete analysis of the Nonstationary Newsvendor
(without predictions) by proving a lower regret bound and developing the Shrinking-
Time-Window Policy, which was the rst policy that achieves the lower bound up to
log factors without knowing the variation parameter. We then considered the Non-
stationary Newsvendor with Predictions and proposed the Prediction-Error-Robust
Policy, which does not need to know the prediction quality beforehand, and achieves
nearly optimal minimax worst-cast regret.
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Chapter 5

CONCLUSION

This thesis studies a central question in modern operations management: how can
rms fully leverage the power of modern Al in sequential decision-making while
retaining the rigor of optimization? Across a wide range of operational settings, Al
models now provide increasingly rich forms of guidance, from demand forecasts and
estimated opportunity costs to expressive neural architectures that capture complex
behavioral interactions. Yet the availability of such models does not by itself
resolve the underlying decision problem. Their outputs must still be translated into
actions that are timely, scalable, and reliable. This thesis develops optimization
foundations for Al-driven sequential decision-making, showing how modern Al can
be incorporated into operational decisions in a way that is computationally tractable,
robust to misspeci cation, and supported by formal performance guarantees.

A unifying theme across the thesis is that Al creates value for operations only when
its outputs induce decision-relevant structure. In Chapter 2, this structure takes the
form of a tractable subclass of transformer architectures. Transformers are powerful
because they capture interaction e ects across recommended items, but this same
expressiveness can make downstream optimization computationally intractable. By
identifying the class of simple transformers, the chapter shows that one can preserve
key behavioral e ects, including variety seeking, complementarity, and substitution,
while still enabling near-optimal recommendation in sublinear time. The chapter
further demonstrates, through both o ine experiments and large-scale eld evidence,
that these behavioral e ects matter in practice and can generate measurable gains in
user engagement. More broadly, the chapter illustrates that expressive Al models need
not be black boxes for operations; when their structural properties are understood,
they can be integrated into real-time optimization with theoretical rigor.

In Chapters 3 and 4, Al enters the decision process in a di erent way: not as the
objective itself, but as a source of guidance for sequential decisions under uncertainty.
Chapter 3 studies online resource allocation with predictions in the form of shadow
prices. A central challenge in such settings is that prediction quality is unknown in
advance, and algorithms that rely too heavily on inaccurate guidance may perform
poorly. The chapter addresses this challenge by designing allocation policies that



106

adapt to prediction quality without requiring it as input. The resulting guarantees
sharply characterize how one can balance robustness and consistency: the algorithm
remains protected against poor predictions while improving automatically as the
predictions become more accurate. Chapter 4 develops the same philosophy in
inventory control under nonstationary demand. It rst provides a complete regret
characterization of the nonstationary newsvendor problem without predictions, and
then shows how generic demand forecasts can be incorporated without assuming
prior knowledge of their quality. The resulting policies adapt simultaneously to
environmental change and to prediction error, remaining robust when forecasts are
poor while bene ting when they are informative.

Taken together, these chapters suggest three broader principles for Al-driven opera-
tions. First, predictive or representational power alone is not enough; what matters
is whether that power can be converted into actionable structure for optimization.
Second, because model quality is typically unknown and can change over time,
algorithms must be adaptive to the reliability of Al guidance rather than assuming it

is correct. Third, progress in this area requires end-to-end guarantees that connect
the Al model, the induced optimization problem, and the resulting sequential perfor-
mance. These principles provide a common foundation across seemingly di erent
settings, from personalization to revenue management to inventory control.

Beyond the speci c technical results, the broader implication of this thesis is that

Al and operations management should not be treated as separate layers of a system,
with one producing predictions and the other consuming them passively. Instead,
they should be designed jointly. The central opportunity is not merely to make
better predictions, but to understand how Al models can reshape the structure of
operational decisions themselves. This perspective becomes increasingly important
as operational environments become more dynamic, as decision latency becomes
more stringent, and as rms rely on Al models that are more expressive but also
harder to optimize over directly.

Several directions for future research follow naturally from this work. One direction

is to study richer model classes beyond the structured settings considered here, and
to identify broader families of neural architectures that admit e cient optimization
with guarantees. A second direction is to understand settings in which the quality
of Al guidance evolves endogenously over time, for example because predictions
are updated online or because decisions themselves a ect the future data-generating
process. A third direction is to extend these ideas to settings with strategic behavior,
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partial observability, or multiple interacting decision-makers, where the interface
between Al and optimization becomes even more subtle. From an applied standpoint,
there is also substantial opportunity to bring these methods to a wider range of
operational domains, including digital platforms, retail media, supply chains, and
service systems, where rms increasingly require decisions that are both behaviorally
informed and operationally scalable.

In summary, this thesis argues that the next stage of research in operations manage-
ment is not simply to apply Al to existing decision problems, but to develop the
optimization principles that make Al actionable. By studying transformer-based
personalization, prediction-robust online allocation, and nonstationary inventory
control, the thesis takes several steps toward that goal. | hope these results contribute
to a broader research agenda at the interface of Al, optimization, and operations
management, where modern predictive models are not treated as opaque tools, but
as structured inputs to decision-making algorithms that are both practically e ective
and theoretically grounded.
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 Proofs in Section 2.2
First, we provide some previous results on n-ANN algorithms. [8] gives an n-ANN
algorithm by using Locality-Sensitive Hashing:

Proposition 13 (Corollary 1 in [ 8]). For any givenn j 0, n-ANN on the unit
sphereS®! R 3 can be solved with expected amortized runtna=""", where
W1ino° ﬁ , >11° where 2 j O is a universal constant.

[2] gives ann-ANN algorithm by applying fast Johnson-Lindenstrauss transform
(FJILT):

Proposition 14 (Theorem 1 in [ 2]). For any givem j 0, n-ANN on the unit sphere
S*1 R 3canbe solved with expected amortized runime8 log13° . n 3 log?1=° .

[12] gives an n-ANN algorithm by using a tree-based data structure:

Proposition 15 (Theorem 3.1 in [ 12]). For any givem j 0, then-ANN on the unit
sphere 81 R 3 can be solved with expected amortized runtime $tlog=,3%n

Proof of Lemma 1. We prove that this can be done by applying-Approximate
Nearest Neighbor\€ANN) algorithm from R]. Given a set of= data points

% RS, the goal of the -Approximate Near Neighbor algorithm is to build a
data structure that, given a que@® 2 R, returns a data poir? 2 %such that
k@ ?k 11 \°k@ ? % forall 2°2 %.

Lemma 4 (Theorem 1 in [2]). Algorithm 1 in [2] solves thé -ANN problem in query
time $13log?3° , n3 log?t=0°,

Moreover, the Algorithm 1 ing] can be easily modi ed to return data points
?1—+++—?2 %such thatkk@ k> 1,\°k@ ? %y forall8 = 1—e++—and

all 22 % nf3—ee+e—9 This can be done by running their Algorithm 1 for

times, where each time we ignore the data points that have already been returned
in previous runs. More speci cally, in their Algorithm 1 we change the “else if
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)1G=% 11 1+2°: Oto’elseif ):G-® 11, 1.2°: %or ?°has been returned
in previous rounds', which gives our desired performance.
Because the guarantee of Lemma 1 is a multiplicative guarantee ondistance,

below we show how to convert it into an additive guarantee on the inner products.
We rst reduce E—<<+—=EBnd D to the unit sphere. Lefd& = maxgkEky. Let

>

q ——
Eg: Emax kE8k§—% *Emax 2 R31—

for each8 = 1-+++where we append a scalarEgand rescale the vector. Let
= 10-D° «kDl. Then B-B2 S3. Moreover,

kD EXS = kDK, kEXS 2ETDP
2 2E ;D EnaxijDjiC

Thereforel%D = Mlz kD® E . Hence ifikDd ES kDO E k5
D% xIJDJt thenjED E3Dj X I_—Ience, we can run the Algorithm 1 i@][with
inputsE—« + « 2E{ and\ = %, which outputs indices§— ¢+ +—8uch that

kDY Eggkz 11 \°kD © E%szoreach 9 =1-eee—:. Then

jkD Egks kD® Eglgj = kD Egks kD° Eglg
= kD Egke, kD Egke®kD Egka kD? Egke®
41kD° Egky kD° Egke°
4\kD° Egakz
4"2n
2n
EmaxiDj?
where the rst equality follows from the de nition d&, the second equality and the
second inequality follows sindgy,— 59—92 S®e. Therefore we havEggD E%D n
foreach 9 = 1—eee—: as desired. ”

Proof of Proposition 2. The algorithm ALG operates as follows:

1. Partition the items according to their reward functiogs 5

2. For each partition, apply the giverApproximate: -Nearest Neighbor algo-
rithm to identify : items that are collectively among the most attractive to the
user within that partition.
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Algorithm 8: n-Approximate :-Nearest Neighbor in Lemma 1
PREPROCESS

Input: E;—eee—~R R3andn j 0;

Emax rgax ek Egko;

= Enax KEgkS—B *Emaxforeach 8 =1—eee—=;

\ 8 p?noz, where 2 is an upper bound gr.§jDj} for all possible D;
Run PREPROCESS of the\ -ANN algorithm in [2] with inputs E)—« « « 22 R3
and\ j 0.

QUERY
Input: D 2 R3;
[ 10-DCskDky;
9 1;
while 9 :do
Run PREPROCESS of the \-ANN algorithm in [2] with input B with the
modi cation of changing “else if y 1G—% j 11 1.2°: %to “else if
y1G=% j 11 1.2°: Oor P8 fEgogov s ;
& the index of the output of the \-ANN algorithm in [2];
Return §—e¢+-8

3. Evaluate the rewards of all such candidate items across partitions and select
the top-: items with the highest overall reward.

We analyze the performance of ALG. Ligt;—« * « @ be a partition of the index set
»=%4uch thaty = 5 for everyg®2 »gtand8— 9 246. We rst construct an index set

¢ ( g foreachg®2 »g¥and then combine them to obtain the set of all candidate
items .

For each index sdtq, we only choose indices out of it to include ing, namely the

. indices that are approximately thehighest indices ifE; Dgg(go.l Speci cally,

for each °2 » Ywe run the givem-Approximate: -Nearest Neighbor oracle with

given set of points 82(90f+gg R 3, and quenyD, numbers andn as inputs. We let
o be the collection of all output indices for eadh2 » %Thenj g} : for each

o’ Let = gm,quenthenjj g

Let (= f8,—<<+—-@be the optimal solution to Proble(®ure Embedding) (for
simplicity we assumg( j = :, and other cases can be handled similarly). We
show thatALGpyre Embedding 1  6N°°OPT pyre Embedding - *N° . For each
< = 1l-eee—let & be the index such tha and& are in the sam¢ g and

For simplicity we assume i :. Otherwise we simply choose all indices ing.
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ED EED n. Theny = & . Let( =f8;—<++—@& Because ALG returns the

:-highest value in~ g, f 5%'E; D°g, we have
0
AI—GPure Embedding @Eg D°
&x(
':_legD ne
82( C~)
11 Glnoo @EEDO : 1no
82(
=11 6™n°°OPTpyre Embedding - 1n©e

Finally we analyze the expect amortized runtime of ALG. The expect amortized
runtime of constructing eachy is :-ANN?j( qoj—3—:—nBecausqg j g: , the
runtime of nding the: -highest value in" g, f 5'E; D°gis log,g:°. Therefore the

expect amortized runtime of ALG is

Q =
:-ANNZj( goj—3—:=n° logg:°® g :-ANN ——3-:—nlog ,'g:°e
%=1 g

The inequality follows since S%l j(gl = =and :-ANN=-3-:—n°is concave in =.

A.2 Proofs in Section 2.2
Proof of Proposition 3 (Model 1).  We construct a simple transformer with the
following parameters:

" The input dimension is set to
#==:,=3,1, =—
and is indexed as follows. De ne index sets
| =f18—C°:8 2 »=Y4— C 2 »:¥ag— M =119-<-0°: 9 2 »=V4— < 2 »:Y4— 0 2 »3Vag—
D=fg (onedummyrow)- B =f18—8%% 82 »=4— C 2 »:¥ig—
and order the # rows of & and as »I; M; D; BY%a.

Before proceeding, we give intuitions on how these index sets are used:

| = f18—C°g These rows are the only rows with nonzero quegie€ach
of them represents the e ects of the past items to the current item.
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M = f19—<-0°g These rows have non-zero keysand scalar values.
They have zero querie®s. They encode the itef& at position< and its
similarity embedding £ ¢

D =fg : Thisis adummy row that dominates the softmax denominator,
so that the softmax vector behaves like division by a constant.

B = f18— C®™S§): These rows encode the base utiligpfeach item 8.

~ The embedding dimensionis set3gp=:,3,2 . Thisis splitinto a position
block of length: , a component block of lengt, a single dummy column
(denoted ), and a single base column (denoted ).

A

Let" j 0 be asu ciently large constant antly 2 Ra xed constant. Later
we will take " large enough so that the simple transformer approximates
61(— @ to arbitrary precision.

" For each position C 2 »:%, de ne the row vegi®ri& © by

élo - <YC-
A< = gc< < 2 »:V—
'B n_ < C_

1

A= log _c1— log co log 1— | v {E . }

:C.1

Foreach C 2 »:%, lef2 R™- be the matrix with all rows equal tGA

Then the position block of the query matrix is the vertical stacking of these

blocks:
1
&pos = :2 2R7 " e
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Next, de ne the= 3 matrix collecting the (component-wise) logarithms
of the similarity embeddingss& 1G_re**s8 2 (31:

log G~ 09G-1 logG-» log G-
_ glogG®” 09G_1 logG_2 log G5
log G°” 0gG_; logG_, log G_

The component block of the query matrix igdentical copies of stacked
vertically:

&cmp = 2R3,

Let1, 2 R?1 be the all-ones column, a3 2 R? be the all-zeross column.
De ne the dummy and base query columns as

' 3:|-:: 0l=
0-. 0O-.
& = 3 _ & = 3 o R#1.
0 0
O:: 0::

Putting the query blocks together, we de ne & to be

pos &cemp & &
& = 0 0 0 0 2 R# 1:,3,2°
0 0 0O O

0 0 0 O

" The position block of the key matrix is de ned as

=3 O O

0 L 0 1= 20 -
ws= By 3 e 3 2RTYI-

0O O 1=3

i.e., a block-diagonal matrix with diagonal blocks, each block the column
1:3.



128

Let 3 2 R®3 be the identity matrix. The component block of the key matrix
is de ned as

2 R1223° 3 _

cmp —

(1 1] w w

3
Thus, in the block associated with positierand item9, the 3 consecutive

rows equal the identitys.

The dummy and base key columns are

O: O::

— =:3 _ — =:3 2 R#l .
1 0
O- 1-

Putting the key blocks together, we de ne to be
0 0 0O O

0 O :
_ pos cmp 2 R# 1:.3,20 .

0 0 0
0 0 0

" LetE 2 R31;

We de ne + (one scalar per row) by placing zeros énand D, the
item component entries on M, and the base utilities on B:
0=
V4 °E
0

+ = 6. 2 R*1_
> llogQ-eeellog ”

Llogp-eeedlogn ”
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where4’ > Llog @—«s++llog B ~ is repeated times. SeD = 1so that
+g D = +gfor each row 8.

" We set BG° =exptVG°forall8 2 »=: =:3,1, =:Y%.

" For a length: sequencd = 18;—+s+e-Blet (° »=: =3 1,6 =% =
»|: M; D; BY such that °containsfl8=—C° : C 2 »:%g siém the rst
set of rows f18.—<—0°: < 2 »:¥%— 0 2 »3%g M the second set of
rows, the dummy rovD , andfl8~—®e: C 2 »:¥4g Brom the set of base
rows.

We show that the simple transformer above approxin@tés@ to arbitrary precision.
The intuition of our construction is given below:

" & encodes lags () and similarity embeddings (lgg G
encodes positions (C) in the sequence.
" + encodes similarity embeddings (log @nd base utilities

" The dummy row makes softmax act like a constant divider.

Fix a length: sequencé = 181—¢++—-8 We rst compute- (0&*- (0o © ~ for each
1g-C° 24
(context) 1-(0&- (0° 7%g co1gc_go= AZ<®, logGg-o
(dummy) 1-(0&1- (00 705 co = " 3
(base) 1'(0&1' (° o >01&_Co_clgpase = Qe

Hence the denominator of the softmax operation on reu&?!- (0 © ~ is

~ ~ ~

Vs O G O & )
lc=4 ,1, _c<Geo, 4 G
<YCo0=1 <C 0=1

De ne the following ( nite) constants

~ ~ ~

O . 00 ., 00 .
c= _c<-— G = _c<Go— Q = 4 Go°
<YC <YC 0 <C 0
Set
3 w 3,10 nw 3,10

X=4"",4" (¢ .4 (¢
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Then

[c=4""11 X

Therefore the attention weights on rons*8° are

explA<® , log Gg_§

softmaxl-(o&l- (0 0 >01&,~C°—<18<—0°:

lc
- C<@0 ,_yco
4" °11 XQ
and . 3
expl0® 4
softmax®-(o&1- (0© 7% ~o_igbase = = .
(@ (° §-CocLg /o 1. Xc
Recall that
w3 B w3 1
+1g _<_go—= 4 Q;(_o— + =0- 'lig;_(pase— 4 vlog Q’
So we have
O B
SAg— —+1- (PigcF softmax®-(0&1- (0 © ~ug_co_age_gotig _<_go
<YC0=1
. softmax?- (0&.1' (° 0 >0187CO_€_@ase+187@ase
~ !
1 O G c<G@0, 3 w3 ez 1
= — 4 -0, 4 4 —lo
1.Xe yeomy 4 ’ = v R
~ ~ !
1 © & 1
= 1 X _C«< (%;—(f-&—O, V|09QC
5 C <Yc 0=1 |
1 6t 1 '
= —lo °
T.Xc - GG . ylok
Fix anyn i 0. Since(¢ c .1 and(c 34" ,wecanset large
enough so that
4" 31> 1 ,341" 3, n—

which gives ¥ n for every C. Finally, we have
Te— —+_peeesd- (“1g-c& Dg.cSAg— _+1- (%1g.co
v 61 1 |
= I
P T xc 1 % . 1,XcogQC
[

e gy VO |
=0 eXpl,Xc _cgcqt .

=1
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Hence,as " !1(so X ¢! 0 uniformly in C), we have

11 n061(— & Te- _+_§_...:5|j'- (0018-7C° T e— _+_5_...:5|:}- (001&_@

Therefore the simple transformer approximate 6&(teBarbitrary precision.

Proof of Proposition 3 (Model 2).  We construct a simple transformer with three
self-attention heads. The rsthead and the second head represent the complementarity
e ects and the substitution e ects, respectively. They have input dimensiqris,

output dimensiori, and embedding dimensien, 1. The third head represents

the base utility of each item. It has input dimensiensutput dimensior8, and
embedding dimension. Note that this multi-head construction can be equivalently
represented as a single-head simple transformer by arrangidg the+, andD
matrices for all three heads into block form. However, for clarity, we present the
proof by describing each head separately.

Let — 2R f: be two matrices with positive entries such thaty= exp* g§
exp! g§forevery8— 9 2 »3%t" be a su ciently large constant. Later we will set
" to be large enough so that the simple transformer approxirsates8to arbitrary
precision.

Head 1. The rst self-attention head has the following parameters:

>

&'~ P2 REIEL are set such that

&1101 11%> _

+1°2 R is setto+," = 1 for each8 2 »=#nd+_", = 0. SetD'™ = 1 s0
that 14,0 D'* = + .

" Set glolGO = expl"°G for every 8 2 $=1Y..

" Forasubset ( »=Y, we set{ »=, 1% where (*’ = ([f=, 1g.
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We have

_ . 1101_ o 1199>
softmax (11& (1 89

expt g§

— 82(-92 (-

92(exp1 8§, expt"°, 1= j(j° ( (
expl"O

1
92(‘5‘Xp1 8§, expt"° 1= j(j°

2 (— == 1-
gz(eXIO1 88, expt"® 1= j(j° 821 ]
82(—92»=Yan(-

- 8

exp1 0 . 1=9 2 »=Va

i"o
L" R 1- 9 ==, 1-
expl o]

I
(o]
I
I

82»=¥an(— 9 2 »=1Ye

Therefore, for every 8 2 (, we have
i
o < expt g8
SAgite_ 1o_prol- (1% DY = | o e
wES TR 92(€XP* 8§, expt"?, 1= j(j°

For any given n j 0, we can take " to be su ciently large such that
i -

|
n
92(exp1 88 2 SA 1o sge upole i 0> L0 M.
expluo &N P ( 8 eXpl"O
Finally, we get

0 n o]

eXpl 88 é T & 1lo—+1l°—§110—“031€_[’)1°1- (11008 expl 88.
92( 92(

Head 2. The second self-attention head has exactly the same parameters, expect
we replace with and we ip the sign of §

" &— P2 REYELY are set such that

& 120,  1204> -

A

+'2°2 R‘ 1is set to+8 = 1 for each8 2 »= jfz(and+ =0. SetD? =1 so
that 140> D" = +5°"
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" Set §2°16° = expl"°G for every 8 2 »= 1Y..
" Forasubset ( »=Y, we sef{ »=, 1% where (*° = ([f=, 1g.
Then, similar to head 1, we get
0 O

n
eXpl 88 T&120_ 120_+120_§2°_...31%7_D201' (12008 eXpl 88 5 é.
92( 92(

Head 3. The third self-attention head has the following parameters:

~ &'~ ¥ 2 R== are set such that

O n n

&1301 1304> - 0 .

o 0

"+ 2R3 jssetto J§13° = fyfor each 8 2 »=Ya.

>

D¥2R3issetto ' = D.

>

Set §3olG° = G for every 8 2 »=Y4.

" For asubset ( »=Y, we sef{ = (.

For every 8 2 (, we have

o 1%0>D 1= J(JOexpl "o
>A30 5
SAg wts (2G0T = =G s

5

For any given n j 0, we can take " to be su ciently large such that
n
1 %0> D é T &13°_ 13°_p130_ 530_...31%0_5301_ (13008 1 E80> D.

Complete the Proof. Becausexp! g§ exp! g§ = ggCombining the above
three self-attention heads, we have
o) ¢ . )
%D) 89 n T&1o_1o_+1o_$°_...31é_bo 1'(1008 E8D> Sg
92( =1 92(

Therefore the three attention heads approximate 61(—8° to arbitrary precision.
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A.3 Relationship of Model 2 and Choice Models

Model 2 is closely related to choice models that generate conversion probabilities.
Choice models are a fundamental input to many now-canonical optimization problems
in the eld of operations management, including assortment, inventory, and price
optimization. At a high level, a choice model maps an o er(set>=%4to conversion
probabilitiesf?18 j (°g2( that sum to one. Interpretirgf (—8%rom Model 2 as an
unnormalized log-weight, a choice model can naturally set purchase probabilities
proportional toexp61(—82° This precisely recovers a particular type of choice
model, called the Halo Multinomial Logit (Halo MNL) choice model [128].

The Halo MNL choice model is a generalization of the simplest and most widely
used multinomial logit (MNL) choice model, which assumes that customers choose
among a set of items according to a xed utility associated with each option. While
the MNL choice model provides a tractable and interpretable framework, it has
well-known limitations, such as the independence of irrelevant alternatives property,
which can fail to capture context-dependent or irrational choice behaviors observed
in practice. The Halo MNL choice model addresses this by allowing the utility of
each item to depend on the presence or absence of other items in the o ered set.
In particular, certain items can impose a positive or negative halo e ect on the
utility of other items, enabling the model to capture behaviors that violate classical
rationality assumptions.

The halo e ect is completely parametrized by a matri2 R ==, where each

o -diagonal entry ggquanti es the halo e ect that the presence of it@imposes

on the utility of item8 positive values capture complementarity (it€&makes3

more attractive), while negative values capture substitution (item 9 detracts from 8).
Crucially, these interactions are precisely represented by Model 2: the interaction-
adjusted scores serve as the weights of the conversion probabilities. Normalizing
these weights over the o ered set (e.g., via a softmax) yields the Halo MNL choice
model with parameter . Moreover, when is the zero matrix, there are no
interaction terms and the normalization reduces to the standard MNL choice model.
Therefore the MNL choice model is a special case nested within our framework.

A.4 Graph Interpretation of Self-attention Layers.
Let
y = SOftmaX 1-&01_ (o] > 2 R:: o
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Because each row of sums up to one, can be interpreted as the weighted
adjacency matrix of a directed graph sa¥avith edge weigh8 ! 9 equal to, gg
Then a single self-attention layer performs one round of information passing:

~

G
SAg- _+1-°g= , got-+°% o
9=1

i.e., vertexB8aggregates value vectors from its (out-)neighbors according to the edge
weights in,.

This perspective also clari es what stacking self-attention layers does and does not
do. For =1-2,dene

’ 10 — SOftmaX]"& 1001_ 104> _ 110 = 1101_+ 1100_ 190 — 190 11°+12° _

where we ignore point-wise activations functions for intuition. Expanding
shows that information propagate along two-hop paths:

120_ 120 110_ 120 110 110 120
8 = 189 9 - »gor 9. ~t THT -
9=1 9=1:=1

so the contribution of vertex to vertex8through vertexdfactorizes as ;2;, ;1:0.

This is a composition of two pairwise interactions, not an arbitrary triplet interaction.
Indeed, representing a general triplet interaction requires® free parameters,
whereas two self-attention layers only provigle’ free parameters. Therefore,
stacked self-attention layers naturally model multi-hop e ects rather than unrestricted
set interactions.

A.5 Proofs in Section 2.2.

Proof of Proposition 4 (a).  Fix any instance of thé: 1° -Clique problem: let

be the (undirected, unweighted) graph witil. vertices, and let 2 f0—1g= 1" '=1°

be its adjacency matrix (where we follow the convention that diagonal entries are set
equal to 1). We will create an explicit instance of Problgmain) in the following

way (using the formulation in P):

~

= --, i.e. the= = identity matrix, so that = softmax!& 7° =
softmax1&®°.

" & 2 R™~ is set according to

éO for8==0r9 ==
&go=
BH# g9 fOr8—9 <=



136

where# j 1 is a constant large enough thHat 1°exp® #° 1¢2 . In block
notation, this is

0
# E
& = .
0
[0 PP 0ol0
" 3e=1,andwesetD =1, sothat+D = +.
"+ 2R ! issetaccordingteg=1for8 = 1—eee—= And+==" , where
we take any constant " 2.
" For8=1-eee—= 1 we sgt Gto be:
éo if0 G -5
— 6G31"1° o1 o~ w2l
FslG°—§ T if Y G Ye5-
: 2" 1
: 1 if G =5
Becausé' 2 , we havel2" 103 j 1" 102 , SO & 9 is continuous
piece-wise linear for every 8 = 1—eee—= 1. We s&65= 0 for every G.

Note that the quantity
1Fg +D°>G
FsG
remains unchanged if the vectbg is multiplied by a non-zero constant. Thus,
rescaling the rows of does not change P. So for simplicity of exposition, we
replace , with, © de ned to be

§1 for8==0r9 ==

0 —
* Bexpl# g§ for8—9 <=

As a sanity check, , is simply , ®with each row rescaled to sum to one.

Now notice that becaus&'G° 1 for every8 = 1—-eee—= 1hBnd 5'G° = Q the
optimal value of this instance of P is at mastl . It will su ce to show that
has a clique of size 1 if and only if the optimal value is 1 . We prove both
directions separately.
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If hasaclique of size 1 ,thenthe optimal valueis: 1 : Suppose has
aclique of size 1 ,andlet »= 1% be the vertex set of one such clique.
Consider the solutiofs, whereG = 1ifand only if8 2 [f=g . We will show that
the objective value at Gs : 1 (and thus the optimal value is : 1):

Because ,J,= exp! #° whenever 8— 9 2 , we have

G 1FQ +D°>G O  1F0 +D0>G
Gy —° = B B
ot F®G " F®G
O 5 .t 1oexpt #°
e 1,1t 1°expt #°

Since # was chosen to be large enough that 1: 1°exp! #° 12, it follows that

", 1 10exp! #° %:2",1 .
1,1 1°expl#° 1,3 3
Therefore,
¥ g5 FBIDTE O Lk repa
a1 FSG gy 1.1 1oexpl#°

If the optimal valueis: 1 ,the has a clique of sizee 1 : Suppose the
optimal value is. 1 . LetG be an optimal solution, and let »= 1% be the
index set such tha®, = 1 for 8 2 . Notice that if a solutiorGhasG = 0, then since
IF +D%g=, Jforall 9 2 »= 1%, we have

G 1|:g +D°>G G

GE ——
g=1 Fg G

G511 =0

8=1

Therefore, it must be the case that=GlL. Also, because

~

G 1|:8 +D°>G ot
1= G ——~— G=]i-
8=1 Fg G 8=1
we musthave jj=: 1and
IFY +D°”G
——~— =1
Fg G

forevery 8 2 .



138

Let 318%e the degree of verteédin the induced subgraph of with vertex set .
Then

G IFJ +D°>G O  1F] +D°>G
Gs — % = 5
g=1 Fg G 82 Fg G
_ @) . " 1: 2 31800 expl #013180  1°
- 82 1,1 2 3189 expt#°1318° 1°
O _» 1 2 31800
3 T -
g7 1,t 2 3189
where the last inequality follows since 2 . Becausgj =: 1 , we have

318° : 2 . Suppose for the sake of contradiction tB&8° : 3 for some8 2 .
Then

", 2 3189° "1
5 5 5 = O_
2 1 1 2 31goo 872
which contradicts that
IF +D°>G
FTG
for every8 2 . Therefore we must haw!8° = : 2 for every8 2 . Hence

corresponds to the vertex set of a clique of size : 1. "

Proof of Proposition 4 (b).  Fix any constant 1 . We construct an instance of
Problem(Main) (using the fornulation in P) by applying the Johnson-Lindenstrauss
Lemma:

Lemma 5 (Johnson-Lindenstrauss Lemma). For any 0 Y n Y land any se{
of < points inR~, there exists a universal constaltj 0 and a linear function
5:R!R 3with 3 =22 log!<° such that

11 n°kGks k5!GPKS 11, n°kGgks
forall G2 (and
11 n°kG Goki k5!G® 51G°KS 11, n°kGg Goks
forall G-@G2 (.

Take# to be large enough such thatp? #° 12" . TakeO Y X Y 1to be small
enough such thaxp! X#° 1 exp! #° . Then# andXcan be chosen to be both
only depend on ". We obtain the following corollary:
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Corollary 2 (Corollary of Lemma 5.). There exists a numbe21"° j 0 and a se{
of expt21"® 3.g° unit vectors inR3@ such thaff Dgj X for everyDs-[32 ( and
D; < Do.

Proof of Corollary 2. Let 2 j O be the universal constant in Lemma 5 and let
= = exp!2! 1Xe4® 3.6f. Let21"0 = 2 11Xe4® then= = expl2l"® 3.g.
BecauseX j 0 only depends o , we have21"° j 0 also only depends oh .
Considerfdgg;_, R ~wheredg 2 R is the unit vector where thigth entry equals to

1 and all other entries equal to 0. Then we hkve 4 gk§ = 2 for everydg< 44. By
Lemma 5, there exists a linear function 57:!R 3@ such that

X X
1 = k514 1, >
4 51481 > 4
for all 4gand
X X
21 > k514 514k 2 1, >
4 4
for all 45< 4.

For every 4< 44, because
k51 514Pk = k510K, k514P°k 251449 5140
we have

514;o> 5140 = 1k 5 1,g3k§ . k514g°k§ Kk 5144 514g°k§°°2

X X X
- 1 2 1 — 2
54:

1 z
4 4

N1

and

51%0> 5140 = 1k 5 1€k§ . k5149°k% k 514 5149°k§°'2

X X X
1 Z’ 1 l_]- 21,2 2
)

Let Dy= 514P«k 514°k, for all 8 2 »=Uhen eaclyis a unit vector. Moreover, for
every @< Dy,
5 1%O> 5 lzbo
05 Do = 5
k51fPkok 514k, 1

NI
N

I
N
X
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where the last inequality follows since 0 Y X Y 1. Similarly,

5 140> 5140 X
5 Do 4> 514 oy 2
k514kok 514k, 1 3{ 4 X

ThereforejQ; Dgj X for everyDs < Do. Take( = fD gg_, gives the desired set of
unit vectors.

Corollary 2 states that there exists a set of unit vectoR®if1, with size exponential
in 3. @ Where all unit vectors in the set are approximately orthonormal.

Fix any 3. @such thaexp'2'"® 3.¢° = 1 andany. ", 1 .Let beagraph

with = 1 verticesg—+++—F and = exp!2:"° 3 .g° disjoint cliques, each of
sizeatleast " andatmost 1 . Let 1—eee— »= 1Y;be the index sets of

vertices corresponding to theseliques. That isfEggs2 , forms a clique for each
02 » ¥4, Without loss of generality we assufi2 o for every 22 » .

By Corollary 2, there exists unit vectorsD—«++— 2 R*@ such thajl Dy X
for8 < 9 LetD 1 —e++—DQ be unit vectors such thélg= Dofor8 2 o. Thatis,
for indices8- 8uch thatgs andEg are in the same clique, we halle= Dg. Let
*2R*=13 :@where the 8-throwof *isD. Let =** > 2R=1""=1 then
has rank at most:g

Because has rank at most g, there exists &— 2 R3:@ such that

0

0
(o T olo

We create an explicit instance of P similar to the instance in the proof of Proposition
4 (a):

"~ , = softmax'& >°. For simplicity of exposition, we replace with , °,
de ned to be

él for8B==0r9 ==
, §9= Eexp1 #]DgDg° for8—9 <=andoe<1

expt #° for8— 9 < =andgg= 1-

As a sanity check, , is simply , °with each row rescaled to sum to one.
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"~ 3e=1,andwesetD =1, sothat+D = +.
"+ 2 R71 is setaccording tog= 1for8 = 1—eee—= 1, and = 2.

" For8=1-eee—= 1 we sgt Gto be:

. 2,expt#o:, 1
0 ifo G Toxpr o 1
2.expt #°:, %
0 — 1,expt #°:, % .. 2,expt #°:, 711 Y 72,expt #°:
¥ 2expt #o:  2.8Xpt#°, % Lexpt#o:, 1 YG Y1,exp1 #o:
% 1,expt #°: 1,expt #°:, %
. 2. expt #°:
51 fG Tapa—*
1 o- 2. expt#o:, 1 . . . .
Becaus%’gigl zo: i 1’@(21 o1, We have§' ° is continuous piece-wise
. . i . o
linear for every 8 = 1—eee—= 1. We s&i@® = 0 for every G.

Now notice that becaus®'G° 1 for every8 = 1—-see—= 1nd 51G° = Q the
optimal value of this instance of Problem P is at mosi . It will su ce to show

that the largest clique has size °if and only if the optimal value is®. We prove
both directions separately.

If  has a clique of size © then the optimal value is at least ® Suppose
has a clique of size®. Without loss of generality, let, »= 1Y% correspond the
vertex set of a clique of size®in . Consider the solutiofs, whereG, = 1 for
82 1[f=g. Becausg ;1 [f=g] : ,the solutionG is feasible. We will show that
the objective value of P at Gs : °(and thus the optimal value is at lea$}.:

Because ,ggz exp! #° whenever 8— 9 2, we have

G 1IFQ +D°>G O 10 +Do>G
G —° o _ 8
- F®G 02, F®G
0 5 2. Qexpt #°
e - O [ ]
82, 1,: Yexpt #°

Since 0 : 1. It follows that
2,: O%expl#° 2 :expl#°

1.: O%expi#° | 1 :exp!#°
Therefore
& - *F§ +p°°G O 5 2. Jexpt#° IS
a1 FTG g2, 1. Oexpt#o
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If the largest clique in  has size: ©, then the optimal value is at most ¢ By
our assumption we havé : " . Suppose for the sake of contradiction that the

optimal value is i : ° LetG be an optimal solution to P. Notice @ = 0, then
since 1R +D°g=, Jforall 9 2 »= 1%, we have
€; 1|:g +D°>G G
Gs ——p— = GBI =0
8=1 F8 G 8=1

Therefore we must have. G 1.

Let »= 1% be the index set whei@ = 1for 8 2 . Becausex'G® 1 for every
8=1-eee—= Wehavg | : .Let318%e the degree of vertéin the induced
subgraph of with vertex sefEggs,. Because consists of disjoint cliques with
size at most ¢, we have 318° 2 1forevery82 .
Fix any 8 2 such that
1IFY +D°”G
G2 i 0-
Fg G
or, equivalently,
IF) +D°”G 2, exp! #°,
FTG l 1, expt#°,
Because exp® #j[IDgj® exp! X#° for every 8— 9 < = andge< 1, we have

E Ll B
]

1F8 +D°>G 2, : 92 —g1 EXP? #jDZDg° , 1318°  1°expt #°
FSG 1, g2_,e16XPL#]DZDg°, 1318° 10 exp? #°
2,1 318° 1%exp! X#°, K 1318°, 1°exp?! #°
1,1 ) 318° 1°exp® X#°, K 1318°, 1%°expt #°
2,1 318° 1°%exp! X#°©,61318° 1°expt #°
1,1 318° 1%exp! X#°,1318° 1°exp! #°
2, expt X#°:  lexp! X#° exp? #°9°1318° 1°
1, exp! X#°: lexp! X#° exp? #°01318° 1°
2. expl X#°:  lexp! X#° expt#°oo: O
1, expt X#°: lexpt X#° exp? #°°: 0

where the second inequality follows sincg : , and the last inequality follows
since exp! X#° exp! #°j0and 318° : O 1. Therefore

2, expl X#°:  lexpl X#° expt#o°o: O 2 expl#°:,
1. exp® X#°:  lexpl X#° expt#°; 0! 7 _expt #°:

ENTE FNE
[ ]

So we have

. 1
expl X#°: lexp! X#° exp! #°°: OV exp! #°: Z.
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Rearrange the above inequality gives
expt X#°1: : ®yexpr#or : & .
Because: : 9 1and:? : ", we get

. 1
expt X#°Y expt #°" | Z-

However, since exp! #° 12" and exp® X#° 1 12", we have

1 5 1
eXpl X#O 1 ZT 6 | eXpl #0" R Z..

A contradiction. Therefore : : © .,

Proof of Proposition 5.  Our proof is based on a reduction from Problgvtain) to
the well-known Multi-dimensional Knapsack Problem (MDKP), de ned as follows:

De nition 5 (Multi-dimensional Knapsack Problem). The Multi-dimensional Knap-
sack Problem (MDKP) with 2 items and 3 dimensions is de ned as:

(MDKP) max RpkplG° = 7G
s.t. %G G 88 2 »3Y4—
G 2 f0-13

Here, ? 2 N, and for all 8 2 »3V, we hay@ B2 and €2 Z .2

We present the reduction in the following proposition:

Proposition 16. Consider Problem (Main), written in the equivalent form P as given
in Observation 2, reproduced below, which has parameters andA , whereA is
the non-negative rank of ,:

(N} 1 + o>
(P) max 51 01G0 = Q@ M
FgG

8=1
st. G2fo-Tg 1 4G :o

Now consider an instance ®iDKP with parameters2 and 3. Suppose there
exists an algorithmALG for solving P with parameters =: =2, 3,1 and

2We assum@min i 0 without loss of generality. 1?9 = 0 for some9 2 »2ihere always exists
an optimal solution with 6= 0. Hence, we can safely ignore the 9-th entry of ?, G, and gach H
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minf2-3g A 2,3,1 ,such that for any su ciently smalh j O, the algorithm
satis es
ALGp 1 n°OPTp

with runtime) . Then we can construct an algorithéi.G°for solvingMDKP with
parameters 2 and 3, such that for the same n, it satis es

ALGY e 11 Nn°OPTypke

with runtime $1)°.

Proof of Proposition 16.  Fix anMDKP instance. We create an instance of P as
follows:

" ==:=3,2,1 . Here, out of the= total variables, the rs8 variables
will correspond to the& constraints oMDKP, the 2 variables after that will
correspond to th& variables oMDKP, and the last variable will be a dummy
variable that must be selected in any optimal solution of P.

Foreach8 = 1—ee¢e¢—_3, set

Fgo= _H_g3 for 9 =3 1-eee—3 2

%O for 9 =1—eee—3
_El for9=3,2, 1

That is, in block notation,

h i
Fz= 0 OH |1 -

Then we have -
(@

FeG= H6so9,G321°
9-1

Moreover, since 2 220 for each8 2 »3%¥the non-negative rank of the
sub-matrix of , consisting of its rst 3 rows is at most minf2— 3g.

ForeaclB =3 1—9¢¢e—3 2 lsetFg2 R%2>1 's to be any non-zero vectors
such that, has the desired non-negative rafifk This is possible since
minf2-3g A 2,3, 1

" 3e=1,andwesetD =1, sothat+D = +.
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"+ 2 R321°1 jssettobetg= 0for8 = 1—eee-aAnd+g= 1 for 8 =
3,1-¢+¢-3 2,andzp 1 =2.

" Foreach8 = 1—ee¢¢—3, set

I, 3
G 2+ 2
o— __ @1 ) @3 ¥ V6.2
5G gﬁ KR 9,1 for &2 YG Y@,1
,1 G2
g2,
: 0 for G o1

Then B GP? is continuous piecewise-linear.

" Foreach8 =3 1-¢+¢—-3 2, sgt@® = 33. Set 1 1G°=0.

Becaus&min i 0 and®2 fo— 14is a feasible solution tsIDKP, we haveDP Typkp =
0 if and only if ® 2 f0— 14 is the only feasible solution tMDKP. Moreover, if
®2 fo- 14 is not the only feasible solution to MDKP, then Ofgke  ? min.

Our proof relies on the following lemma.

Lemma 6. Let G 2 fO— Igbe a feasible solution to P such th&t*G®° j OsThen we
can construct a feasible solution | 2 f0-?ltg MDKP such that §:G° = fpkptI°e

Conversely, let 2 f0— 1d¢ be a feasible solution thDKP such thatGpkpI° j Oe

Then we can construct a feasible solut®r? fO— Igto P such thaty1G° = fpkptl©e

Lemma 6 gives a correspondence between solutions to P and solutibiixie.
In particular, as a corollary, Lemma 6 implies the relationship between the optimal
objective values of P and MDKP.

Corollary 3 (Corollary of Lemma 6.). OPT, 0 if and only if OPTypkp = O.
Moreover, suppose ORbkp i 0. Then OPTs = OPTypkp®

Proof of Corollary 3.  SupposéOPTp j O Let G be an optimal solution to P. By
Lemma 6 there exists a feasible solution | to MDKP such thgak&'1° i 0 and

OPTp = 1G° = Qupkptl® OPT wmpkp®

Conversely, supposePTypkp i O Let | be an optimal solution tDKP. By
Lemma 6 there exists a feasible solution G to MDKP such that

OPTvpkp = Suokp!l © = $1G° OPTpe
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We also get
P'G° Juokptl i 0e

Before proving Lemma 6, we rst show thatitis su cient to prove Lemma 6. Assume
we have an algorithmALG for solving P such that, for any su ciently smah j O,

we have ALG satis es
ALGp 11 n°OPTpe

Then our proposed algorithm ALl%or solving MDKP works as follows:

“ IfALGp 0- ALGCoutputs®2 fo—18.

" If ALGp j O—let Gbe the solution to P given bLGp. ThenALG®outputs
the solutionl 2 fO— 1¢ to MDKP given by Lemma 6. That id,2 fO—1¢ that

satis es
$1G° = fokpl°

Performance Guarantee ofALG & SupposeOPTypkp = 0. Then by Corollary 3,
ALGp OPTp Oe

Therefore ALQ correctly output$2 f0— 18

On the other hand, suppose Qfpkr i 0. Then by Corollary 3,

ALGE\)ADKP = 5\/|DKP1|0 = 531G0 11 nOOPTP = 11 nOOPTMDKP'

This proves the desired performance guarante&l@° To nish the proof, we
prove Lemma 6 and analyze the runtime of ALG

Proof of Lemma 6. Recall foreach 8 = 1—e+e¢+—3 we set

§0 for 9 =1—eee—3
Fgo= H_g3 for 9 =3 ,1-9eee—-3 2
:1 for9=3,2, 1
Also, 1+D% =0 for 8 = 1—eee—-3nd+D% = 1for8 = 3, 1-+++—-3  2and
1+D% 51 = 2. Therefore for 8 = 1—-+++—3 we have

|
IFg +D°>G _ i%q"b@,g .2G32.1
FgG " SoH83.9.G321
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Recall foreacl8 = 3, 1—-+++—-3  @e setHy'G° = 33, and we sez » 1 1G° =0
Therefore we have

0.1 1Fg +D0>G

PG° = G3 S
8=1 i FSG '
G . I,%zll'bﬁa,g,ZGs,z,l G G o
= 1 s _g
8=1 %:1'13&3,9 5 GS,Z,l 8=1 ’8

First, letG 2 fO— 1gpe a feasible solution to® such thatp1G° j O«Let! 2 fO—1g
where lg= G o for 9 2 »2%4. We claim that | is a feasible solution to MDKP and

P1G° = Rpkptl®e

i .12
Because 5:1(33’8 ?3Y ?9, 1, we must havég = 1 for every8 2 »3Moreover,

9=1
if& 21 =0,then
|

i !
. 2 H639.,2G321
"5 &S0, G321
for every8 2 »3T1/Hence we must hav@ 21 = 1. Becausé42 Z% andG2 Zg
for all 8 2 »3Y4, if5_, H &3 0 i Ca we must have 3_ H§3 o Cs, 1. Then
i ! ~

I,%:ll'bﬁs,g ,2Gz 21 G.3 o

a
= - ?9. 1®
L 8 - 95
9:1%&"3’9 5 63’2’1 @5 2 «9:1 )

= 51°VY0

| i,
Therefore we must have?_,H 63 o Cgfor all 8 2 »3%dence 3_Hdo Cgfor
all 8 2 »3%4, which shows | is a feasible solution to MDKP. Finally, because

|
|’ 21H83.0.2Gs 21 G, 2
S SaH§39.G321 G, 1

for all 8 2 »3%4, we have

f !
I, 2 H630,2G321

"5 M0, G321
for all 8 2 »3V4. Therefore

B1GO _@ G% ,'%=1H3@,9 s ZG‘3,2,1 G G g?
8=1 I 29:1"!3@’9 , G3’2’1 5 ot 878
@]
= lg7g
8=1

= Supkpll®e
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Conversely, let 2 fO— 1(} be a feasible solution tDKP such that5,pkp®1° j O
Let Gbe a solutionto P wher€g= 1for8 = 1—e++-aBd8 =3 ,2 ,1,andG g = Ig
for8 = 1—ee¢— 2, We claim that G is a feasible solution to MDKP and

B1G° = fiokp™1°°

. . . i
Becausd .is a feasible solution tMDKP, we have %zll-!;d 9 Cgforall 8 2 »3V4

|
Therefore 3_,Hi§3 9 Csforall8 2 »3%. Then

I
. 2-1H63.0.2G3 21 G, 2
C91MB§30.G321 G, 1

for all 8 2 »3V4. Therefore we have

i !
. 21H639,2G321

7
9-1M863.0,G321

for all 8 2 »3%4. Hence
|

~ i I
5160 _@ - i%q"bﬁ;,g,ZGs,z,l G & o7
g1 ZaM§80,Gs21 oo,
e
= lg%
8=1
= Svpkp1®*

Given anMDKP instance, our construction of the corresponding P instance $#&s
runtime. Also, the procedure of the construction of a feasible solutibf0—1¢ to
MDKP given a feasible solution to P described in Lemma 6 t&® runtime: we
simply setl 2 f0—1¢ wherel g = & o for 9 2 »2%Therefore, ifALG has runtime
), our ALG °has runtime $1)°.

By Proposition 16, anyl n°-approximation scheme for P can be directly translated
into all n°-approximation scheme fédDKP with comparable runtime. Therefore,
many hardness results ®DKP carry over directly to P. We cite several such results
below:
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Proposition 17 (Theorem 6in[ 103]). If 3 = 2, MDKP admits nd1 n®-approximation
scheme with runtimé& 11+n° $'1° for any function5, assuming the-Clique problem
is not Fixed-Parameter Tractable.

Proposition 18 (Theorem 5.1 in [ 87]). If 3 = 2, MDKP admits no!l n°-
approximation scheme with runtinet1en° 3'%° for any function5, with runtime
511en° 21" for any function 5, assuming Exponential Time Hypothesis holds.

Proposition 19 (Corollary of [ 60]). For general 3, MDKP admits no'l n°-
approximation scheme with runtime

3
> nlog3n° Qr :

>1p §0

assuming Gap Exponential Time Hypothesis holds.

These results, along with Proposition 16, gives our desired lower bound statement in
Proposition 5.

A.6 Proofs in Section 2.3.
Proof of Proposition 6. Let§ 2 1—see—8 . Letc : fi<—<® j <—<0 2

»Yim< g 1» 1 192V be any bijection. Let — 2R3 "7 where
gp _ I : _
expt@: <o® g_,expl@: g for8 =<
8—cl<—@ = .
30 otherwise,
and 0 i
2 expl@: P* 5 expt@: ¢ for 9 =<
9—cl<—@® = -
30 otherwise.

Let, °= >. Then

>
'y 89 — 6 9
= 8—cl<—® 9_cil<—@
cl<—<0
= 8—c18-99—c18-9°
G
expl@: Lo expl@:
B=1
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Finally, because for evel§-°2 owe havek@ @gk> X andk:g : gko X, we
have exactly the same setup as in the proof of Proposition 7. Therefore the exact same
proofgivesl W , gg, gy 1,W forall8— QvhereW = 17X maxfk&ki—k ko_10.

Proof of Corollary 1.  In the proof of Proposition 7, we constructed a partition
| =f 1—eee—gwith = 4maxfk&ko_1—k ko_1g*X®3e that satis es for every
8-%2 owehavek@ @gk, X andk:g : gk» X. The result then follows from
Proposition 6. "

A.7 Pseudo-code of Main Algorithm
Below we give the pseudo-code of our main algorithm.

Algorithm 9: Main Algorithm
Input: Number of items =, maximum number of recommended items :, key

matrix 2 R=3:@, query matrix & 2 R %@, value matrix + 2 R 3€,
reward functions f&_,, user vector D 2 R, parameter n j 0,
n-Approximate :-Nearest Neighbor oracle (ANN), attention matrix
, = softmax'& ~°2 R™~, low-rank approximation 02 R™~ with
factorization, °= > and element wise guarantee
1 W, gg 91, W

Output: Solution G to Problem (Main).

/I Phase One: Preprocess (Algorithm 10)
1X—1-S—preprocessed ANN® Run Algorithm 10 with inputs
l=—:— —&—+—§&-n— ANN°®

/I Phase One: Query (Algorithm 11)
Run Algorithm 11 with inputs *D—:— X— |- S—preprocessed ANN°

/I Phase Two (Algorithm 16)
G Run Algorithm 16 with inputs ,—, °=  >—W—+—-D—:— —n°

return G

A.8 Proofs in Section 2.4.

Proof of Observation 2. Fix ( = fB1—+**<=B and letG 2 fO—IgwhereG =
= G = 1. We prove that the objective values of Probl¢ktain) and P

are the same. By our construction of, we get-& 2 R~ 3:@ wherel-&° g, =

@, and similarly for- 2 R =3:@ and-+ 2 R=3&. Then for8 2 (we get
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|
softmax!1-&°1- © % g= exp'@: °° Bo2( exp*@: go°. Therefore, foB 2 (
we have

1Fg +D°>G _ ! B 2( Fg_g-Ds
ﬁ i " g2 Fss ]
B2( 1eXpl@: g Oe gg»:ﬁ,xpl@: L0143 DO
| 52(1exp1@:ei°-' 02,=8XP*@: &
B2('eXP @ B oo EXP'@: Bo°°'+5 D°
B2 O @ % b PG 5"
Bp( SOftmaxt-&°t- © =% gz DO
| B 2( SOftmax-&°1- © >0 p
ligoftmaxii-&°1- © ~0-+00°D

SAg_ _41- (og D-

. . .
where the fth equality follows since gsoftmax® °g_g= 1 for every matrix
Because this holds for eve82 (, the objective values of Proble(iain) and P are
the same. ”

Proof of Proposition 7. Fixany n j 0. Let X j O be a parameter such that

(A.1)
1

— 1+ Do °
120 maxfk& k1~ K Ko and n 34Xmaxfk&k 1— K kp_192+Dfax, X

First we partition the rows of. and . Because we can cover a ball with radius
k&ko_1 in R3@ using d4k&lk_ieXe*@ number of balls with radiuXe2 (see e.g.
[61, 156 168]), we can create a partition of the index set'auch that the size of the
partition isd4k&k_1eXe*e, andk@ @gk> X for every8-8n the same partition.
3 Similarly, we can create a partition of the index sef4uch that the size of the
partition isd4k ko_geXe*@ andk:g : gk, X forevery9—C§n the same patrtition.
Letl = f ;1—eee—gbe the product partition of the above two partitions. Then
= d4 maxfk&k_1— k ko_1geX&3e, and for every°2 » Yand8-°®2 o, we have
k@ @gko X andk:g : gko X. Therefore, forang-2 oand9-%2 oq we

3We can create such a partition via the packing-covering duality in the following way (see e.g.
Theorem 14.1, Theorem 14.2, and Example 14.118€]). First we create a maximal packing of
the ball * ® k&k 1° R 3@ using balls with radiu+4 greedily, where we greedily choose points
G- G-+ *such that the ballstGg- X+4%re disjoint. We stop when no more such points can be
added in1 ® k&K 1° R 3@. Then, by the packing-covering duality, the ball6 g Xs2%over
1 @ k&K _1°. This is because any uncovered point can be added to the packing we created before,
which contradicts the maximality of the packing.
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have

@9 @:9f = |@Y9: ¢, 3'@ @]
j@t9 90, ] 9'@ @9°]
K@skok: o : gko, ki okok@ @gko
2X maxfk&ko_1— k ko_1ge

Then, because 2X maxfk&k—k k,_1g 1, we have

expl@: ¢ L 2 >. o
'@ 5° 1 explj@: 9 @p: 9j° 1
jexpi2X maxfk&k_1—k ko_19° 1j

4X maxfk& k2_1— k kz_]_g—

where the last inequality follows bgxp!G° 1, 62Gfor0 G 1. Therefore,
because 4X maxfk&k—k ko_1g 135, we have

Fso L expl@: 9°-I,I <=1 EXp1@: <°
Fog expr@: 9% oy EXPI@: <°
11 s 4X maxfk& k2_1— k k2_1g°2
11 4X maxfk&kg_l— Kk kz_]_g(2

% 4X maxfk&k_1—k ko_19

17X maxfk&ko_1— k ko_1g—

where the rst inequality follows since
expl@: &
exp@: ¢°
1 . 4X maxfk&k 2_1— k k2_1g-

1 4X maxfk& k2—1— k kz_lg

, and the second inequality follows sintke, G%11 G°2 1 140 210 1° 2°G
foreveryOjland0 G 1-0.

Now we construct our desired index setLet f( 1—«*+—0 be a partition of the
index set>=%4uch that = 5y for everyg® 2 »gtand8— 9 246. We rst construct an
index set g ( g for each §2 »g%, and then combine them to obtain .

Fix any ¢° 2 g. For each index seto, we only choose indices out of it to
include in g, namely the indices that are approximately thehighest indices in
fi+D%B2(0 o Speci cally, for each ©2 » Yawe run the giverk-Approximate

4For simplicity we assumg g\ o : . Otherwise we simply choose all indices(igo\ o.
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b
: -Nearest Neighbor oracle with given set of pointgz(go\ Jf+eg R3 and query
D, numbers andXas inputs. We letg be the collection of all output indices for
each 92 » Y. Then because = d4 maxfk&k k ko_1geXé3e, we have

j o = :d4maxfk&k_1—k kp_jgeXé>e—
and the expect amortized runtime of constructing egcfs
d4 maxfk&k_j;—k kp_1g*Xé%@ :-ANNZj( goj— F—:—XOe
Let =[ go»guge- Then we have
j j = g:d4 maxfk&le_1— k kp_ygeXé3e—

and the expect amortized runtime of constructing is
¢
d4 maxfk&k_1—k ko_1g*X&3%@ :-ANNZj( goj— 3—:—X°
g%=1

d4 maxfk&ky_1— k ko_1geXé3eg :-ANN g— F—Xe

The inequality follows since gozl j(go] = =and :-ANN*=—3-:—n° is concave in =.

Finally, we show thaDPTp:0o 11 61n°°OPTp : tn° with our choice ofX
Let8— ¢+ —8e the non-zero coordinates of an optimal solutto the original
problem (for simplicity we assum& has: non-zero entries, and other cases
can be handled similarly). For eagh= 1—e<<+—:let& be the index such that
& and& are in the samggp\ oand+D% +D° X. Thengy = &%.
Let G 2 fO—Igsuch thatg = 1, thenGis feasible to P °. We prove that the
objective value of P © atGis at leasttl 6n°°OPTp : n° . Indeed, because
n 34X maxfk&k_1—k ko_1g*+D%ax, X, then for each < = 1—ee«+—: we have



154

1F& +D°>G.
* TEe
. 8 |
_ :SJI,:llF& %"+ D%
- i . =
- 9=1"& & |
9=1 "7 & &
ST — T X
9=1 " & & |
40 Pty
5 — X
& ] 11>noI §=11F&089
| . |
. - 1F&O 1+D
Sg gi 1: n 830 L 34X maxfk&ko_1— k ko_19+D%ax X
9-1F&°%, |
:g'zllF& 0891+ D%J ’
S5 ——(—— n
9-1F& %, |
:_lF (o] 1+D )
11 61n%°5g 9i_1. 8:890 %9 1po_
9-1'Fa’%,

where the rstinequality follows sincé+D%, +D%g , X, the second inequality
follows sincel n *F g%¢*'Fg% 1,n forevery&-8 thatare inthe same
partition inl and&- §that are in the same partition in and the third inequality
follows sincet1 n°11.n° 12n and §_'Fg%+D%e* 4_'Fg % +D°max

Then |

¢ 1IFg +D°>G
OPTPlO Qi T
<=1 iEgk | |
e] 9-{'Fa % +D% '
% 61n°§ 9:"1. & 890 %9 ipo
<=1 9=1'Fa %,

11 6In°°0OPTp : In°
as desired. By our choice of X, we have

[j=. L40tmaxik&ls ik ko_1g® 2@

+D%nax N
and the expected amortized runtime of nding is
& 2 . 23.@
140 maka& kz__‘]_— k k2_]_g 1+ Domax

n

= n
-ANN —— 3 .
g 35 maxfk&k_1—k k2_1g 4+ Dfhax
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Below we give the pseudo-code of our phase one algorithm in Proposition 7.

Algorithm 10: Phase One: Preprocess

/I Preprocess
Input: Number of items =, maximum number of recommended items :, key
matrix 2 R~3:@, query matrix & 2 R %@, value matrix + 2 R 3€,
reward functiond 5g;_,, parameten j 0, andn-Approximate: -Nearest
Neighbor oracle
Output: Parameter X j O, partitions | = f —eee—gand S = f(1—<**—0,
and preprocessed n-Approximate :-Nearest Neighbor oracle with set
of points f+5: 8 2 o\ ( gg for each §2 »=%2 and2 » ¥

Set X j 0 according to Eqg. (A.1)

Let' maxfk&k o_1—k ko_19g

Form a maximal 1Xe2°-separated set  10-"°

Setballs f ggf_; f12—-Xe20:22 gwith<=]]

Create partition | = f 1—e« ¢+ —g of »=Y4: eachcontains indices whose
1 g &P fall in the same pair of balls

Let g be the number of distinct functions among & ¢—=5

Create partition S = f@— e« * 40 of »=% wherg=55yfor all 8— 9 24¢

forg®=1togdo
for °=1to do

if o\( go<;then
Preprocess the-Approximate: -Nearest Neighbor oracle with set of

points f+:8 2 o\ ( gQ
end

end

end

return ParameterX i O, partitionsl =f 1—eee—gandS =f( ;—e*+—-0, and
preprocessed n-Approximate :-Nearest Neighbor oracle with set of points
f+g:82 o\( ggforeach§2 »=Yand2 » ¥
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Algorithm 11: Phase One: Query

Il Query

Input: User vector D 2 RE, maximum number of recommended items :,
outputs of Algorithm 10: parameter X j O, partitions | = f—eee—g
and S = f(1—+++—0, and preprocessed n-Approximate :-Nearest
Neighbor oracle with set of points § 8 2 o\ ( 4g for each §2 »=v
and 92 » v,

Output: Index set of candidate items

Initialize

forg°=1to g do

for °=1to do

if o\( go<;then
Query then-Approximate: -Nearest Neighbor oracle with set of

points f+g: 8 2 o\ ( gog, query D, and numbers : and X as inputs
[

end

end
end
return

A.9 Proof of Proposition 8.
The proof is completed according to the following steps:

1. Low Non-negative Rank Approximation: In Lemma 7, we prove that in
order to approximately solvel, it is su cient to approximately solve & ©,
where P! © is obtained by replacing , with , °.

2. Enumeration of Partial Solutions: We took guesses on some index sets
- 1—***—, which corresponds to the non-negative factorization BfLet
-=1l. j—eee —Ago and let B-° denote the problem wher@P° has additional
constraints tha@g = 1 for all 8 2 [¢- 9. We showed that the total number of
guesses is bounded above, so it is su cient to solvelP for each guess.

3. Linearization of Fractional Objective Terms: In order to solve P-° , we

linearize the fractional terms in the objective function by de ning a set of

auxiliary problems P-— C%or eachC 2 R These problems are parameterized
by the denominator terms in the objective function &t®. In Lemma 9, we
prove it su ces to nd a C for which P1-—C° has the highest optimal value



157

among all P-—C'%, as the corresponding optim@l is an optimal solution to
p1-o,

. Dimensionality Reduction and Discretization of Auxiliary Problems: In
order to approximately solve’P—C%or all C 2 F( we discretizeEspace and
show in Lemma 10 that it su ces to solve P*-—CP° for a small number of C's.

. Complete Linearization of Auxiliary Problems: Fix a givenC the objective
functions of P-—C9nside 5 has rankA . We discretized the value space of
those objective functions. In Lemma 11, we showed that in order to solve
P1-—C?it is su cient to give an oracle that, for each discretization of the
value space, identify whether there exists a feasible solutioAte @%with
objective values that are approximately inside the discretization.

. Approximation of Linearized Auxiliary Problems via LP Rounding: Fi-

nally, we gave such an oracle by a rounding procedure. Lemma 12 and Lemma
13 proved that the oracle is correct by using the properties of our guess -.

Step 1: Low Non-negative Rank Approximation

First we bound the loss incurred by replacing , with&

Lemma 7. Let Problem P °© be de ned as

(P% ©) max Boo= G

G IFS +D°>G

03
g=1 FgG

st. G2f0-Tg1 4G :»

Let Gbe a feasible solution to% °© (and hence also a feasible solution té P), and
suppose G satis es

5010160 11 UOOPTp01o Ve

Then we have

B101G0 11 UCL 612Wi+D%al%?0OPTp: o
:12W1+D0maX011’11 U011 612W1+D0maX00
V11 612W1+ D0

Proof of Lemma 7. LetGbe afeasible solutionto®°. Becausa W , gg, g
1. W, we have

IFY +D°”G 11 WC°1Fg +D°>G 11 oo F8 *D°°G
FTG 11, W° FgG FgG




Therefore, for any feasible solution G, we have

GuniGo = Gy 807G
01 o = FgG

1
1IFg +D°>G
GS 1 2\/\/08f
_ FgG
=1
G 1IFg +D°>G
@& — g
8=1 8
(A2) 11 612W i+ DOy B 01GO : 12Wi+ D%~

@

R 00

2W+ Dnax

where the third inequality follows since §F+D°”G*F ;G +D° max.

Similarly, we also have

0 >
1IFg +D°”G 11 2o kg +D° G_
FgG FgG
which gives
(A-3) P101G° 11 612W+DHHal0 o 01GO 1 12Wi+Dale

Now Let G, , be an optimal solution to P* °. Then by Eq. (A.2), we have

OPTp01 o 5p01 01(%01 00
11 612W1i+ DOmaXOO 51 01(‘%1 oO ©A\W 14+ DOmaXO
=11 612Wi+D§a°OPThio : 12W1+DPO o0

Finally, applying Eq. (A.3), we conclude that

B101G0 11 612W1i+ DGl 5o 01GO : 12W1+ D% 00
11 UC1l 612W1+D° 0P Tho o  12W1+DO 00
V11 612W 1+ D%
11 U°11l 612W4 DO 10%%0PTh: o
D 12W14 DO 0011 | 11 U1l 612W i+ D%l
V11 612W1i+ D900
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Lemma 7 shows that, in order to approximately sol¥e’Pit is enough to approxi-

mately solve Bt ©.
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Let, °= > be the known non-negative factorization, where 2 R <OA’ . Let
03 2,RA(=) be the8th row of and1lg 2 R}, be the 9th column of . Then
F3=" 4_,0sde Let

(A.4) 39=19 +DPOe

Then P! © can be rewritten as:

~ | !
G A 0g83G
(P% ©0) max Buo= G #
8=1 F8 G

st. G2f0-Tg-1 4G

Step 2: Enumeration of Partial Solutions

Our algorithm enumerates a set of partial solutions (where a partial solution xes
the values of a subset of variables), and then for each partial solution, solves the
remaining problem near-optimally. In this step we bound the total number of partial
solutions, and in the next steps we show that for each partial solution, the remaining
problem can be solved su ciently fast.

Let
(A.5) _=d22A, 2°+DOnaenee

Each partial solution that our algorithm considers is speci ed by a tipje ¢ * —x©,

where each ¢ »<%iis anindex setsuchthat j- 1j= =j-a] _ . Foreach
9 2 »A/s, let
(A.6) -Ag =f8 2 »<¥un gj 398i rgzin f3 08dQe"

-9

In words,-"g consists of the indices outside of whose coe cients in3gare strictly
greater than the minimum coe cient in giacross indices in e.

We say a tuplé- 1— ¢+ —x°, with corresponding index set§—«++Z5, de ned
according ta(A.6), is valid if j[ o- ¢ : andi[ o- & [ o©'® = ;. Then every
feasible solutior to P% ° corresponds to a valid tuplé- (—e e« —x ®inthe following
way: Let/ =18 2 »<¥4 jd=1g. Foreach 9 2 ¥A, we de ne g /to be the set
of indices8 2 / such thaBggs among theninf_—j/jghighest valuesin . Thatis, let
Co: »j/j% !/ beasorting of according ta3gsuch thaBg_g 10 3 g-gijlje-
Then- g=fc ¢g11%—e« e« —gtminf_—j/jg°g Notice thafj/j : ,soj[ o- g : . Also,
we claimthat\ g =; for each9 2 »A/ Supposing otherwise that2 /\ "o, then
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by constructiorBggj 3 9_gminf_—j/jg>- Because 2 /, we have tha8is in the image
of cg, S0 there exist® such thatc o'8® = 8 Thereforecq!8 ¢ gtminf_—j/jg°
which shows8 2 -o. This contradicts ¢\ -“g=:. Therefore/\ “g=; for each
9 2 »MAuHence we have] o- 1| o’ = ;. Thereforet- 1—***—xCisindeed
a valid tuple.

The notion of correspondence to valid tuples forms a partition of the set of feasible

solutions to B! ©, so it su ces to solve P! © separately for each subset of this
partition. This is formally stated in the following result:

Lemma 8. Suppose we are given an oract.Gthat takes B °, any valid tuple

L- 1—+++—x° and anyX i 0 as inputs, and outputs a soluti _,,, , of P% °
that satis es :
1. @ .. .cormespondsto 13—sse—x°, and
2' for any G- l—uc_K)O that COI’I‘espondS tO 11— XX _A-O! we have
5301 ° ICQO_ 1700 = o0 11 6 O.LXOO 501 oG 1—-.-—,&,00 OlXO_

where 0 6%X° 1and %Xx° 0,

with runtime) 1X°. Then there exists an algorithALG that takes Bt ° and any
X i 0 as inputs, and outputs a solution oftP that satis es

ALGpoo 11 6 AX°0PFn.  Axe

with runtime
A<log,<,_< - ’_A2<_A, < _A,)lxo.

Proof of Lemma 8. We will constructALG explicitly. Now because every feasible
solution| to P% © corresponds to exactly one valid tuple, we can soRe°Foy
enumerating all valid tuples, and applyiAd.G°to each valid tuple. It turns out that
pre-sorting the vector3g allows for more-e cient enumeration. LeALG take the
following steps:

1. Sort 3gfor each 9 2 »A4. This takes runtime<Alog, <.

2. Enumerate all valid tuples with j- 1j Y _, and record the unique corre-
sponding feasible solutions. We will show momentarily that whenjY _,

there is a unique corresponding feasible solution, and as a result this step takes

runtime _<-.
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3. Enumerate all valid tuples with j- 1j = _, and record the solution output
by ALG gol » for each such valid tuple. We will show that it takes runtime
_A§<—A to enumerate all such valid tuples, and then because there are at most
<-# such valid tuples, the total runtime of this step iS<A® | < -4)1X°.

4. Output a solution that is recorded with the highest objective value irP% ©.
Therefore the total runtime of ALG is
A<log,<,_< -, _A%<-A < A)ixes

Finally, letG_ - be an optimal solution of ¥ © where?!- 1—*°**—xCisthe
1 s >
valid tuple that it corresponds to. L&t - be the solution thafleG(F’,Ol » outputs
1 s
with input P ©, valid tuple 1-,—e++—x°, and X j 0. Then

ALG pOL o 5 pOL o 1(§_ o

1_0001_) o

11 6 01X0050101G_ o Oiyo

o
1_0001_,

=11 6 %X%°0PFuo %X
It remains to analyze Steps 2 and 3 of ALG.

Step 2: Fix any valid tuple!- ;—««+—x° such thatj- ;] Y . Assume there
exists a feasible solutiohto P% ° that corresponds to the valid tuple, and let

[ =18 2 »<¥% j §= 1g. Then becausg 1j = minf —j/jg =j/j and-1 [/ ,we
have- 1 =/ . Similarly, - =/ for all 9 2 »A4 Therefore, there exists a feasible
solutior}to PL © that corresponds t- 1— e » s—Conlyif -3 = =- A, Thereare

at most 5211 2 _< —such tuples. Moreover, there is a unique feasible solution
| that corresponds to- 1—¢**—x° namelylg= 1 for every8 2 -; andlg= 0 for
every8 8 -1. Thus, the runtime of enumerating all corresponding feasible solutions

is bounded by _<.

Step 3: Fix any valid tuplé- 1—«« *—° such thaj- 1j = _. Then by construction
we must havég = 1 for every8 2 [g- o, andlg= 0O for every8 2 [¢-"s. Therefore

every feasible solutioh that corresponds tb- ;— ¢ * < —x°© must lie in the following

set:

fl 2f0-19" jlg=1882[g- o
lg=088 2 [ o~
1 471 :ge
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Thereare< #* < A tuples such thgt ;j = . We enumerate all such tuples, and
check each for validity according to the following procedure:

0. From Step 1 oAALG, letcg: »<¥s ! »<¥de a sorting ob><¥according ta3g
such that 3_g10 3 g_g<o.

1. Fix any given tuple'- ;—e+—x° For each9 2 »M,let819° 2 »<He
an index such thaBg_g:92 - gand3g_gige 3 ggfor all 3g82 - 9. Without
loss of generality, if3g_gi9s 398 and3gg 8 - o for some index®, we let
Cgl81 900 ; i for tie-breaking in the sorting. Also, Bg_g:9s 39gand
398 2 - o for some indeX®, we letc!819°° Y g8 for tie-breaking in the
sorting. Then by our construction

N
-9

f8 2 »<¥ingj 39gi min 3 989Qg
&2- 9

f8 2 »<¥angj 39gi 3 9-8:69

f8 2 »<¥angj Cg'8° | Cot81900ge

Therefore -g[ g=18 2 »<¥4 j §8° c4'819°°g.

2. Note thatI ’g:]_j- o = _A . Therefore, in order to check whethgrg- of : ,
we just need to count the number of overlaps among gd. Set a counter
2 = 0to count the overlaps. For eaéh2 »A/and for eacl8 2 -9, we check

if c 918° ¢ ¢!81%°, and do the following:

"~ If ce'8° Y @81 90 then we hav8 8 -9 [ 9. We do nothing in this
case.

" If cot8° c9!81®°andc9l8° 2 -, then8appears in both gand- «.
Therefore we increase 2 by 1.

~If c9l8° C ol81&° andcy!8° 8 -g, then we must have8° 2-"g.
Thereforel[ o- £ [ o”'® < ;, SO we can terminate the process and
declare that 21—« ++—° is not a valid tuple.

We iterate all9 2 »A/and8 2 -o. Notice that2 counts the number of overlaps
(with multiplicity) of elementsin o, we havg[ o- ¢f = é‘;:ﬂ- Jd2=_A 2.
Therefore we can checkjff 9- o : . Also, f the above procedure never
encounters 918° 2-"g, then we havé[ o- & [ o-' = ;. Therefore this
procedure allows us to check the validity ofyl- ¢ —x°.

Because eacBg is sorted, the above procedure takes a constant runtime for each
P 2 »A% so the runtime for each xed® 2 »Azand8 2 -gis A. Because
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g:ﬂ'- d = _A , there are A combinations o9 2 »A/and8 2 -o. Therefore the
runtime to check the validity i§A? for any given tuple- ;—¢ ¢ » —«°. Because there
are at mosk " such tuples, the runtime of enumerating all such tuplgs;{@s A

Below we give the pseudo-code of the algorithm ALG in Lemma 8.
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Algorithm 12: Phase Two: Enumeration of Partial Solutions

Input: Instance of Problem Bt © from Lemma 7, oracle AL&from Lemma 8,
parameter X j O

Output: Solution G to Pt °

Set _ j 0 according to Eq. (A.5)

/I Enumerate valid tuples with j- agy _
for °=1to_ 1do
foreach -1 »<¥with1l j-4,j :do
SetG 2 fO—Tgwhere@=1 () 8 2 - 1; record 1G-pdo1GO°
end
end

/l Enumerate valid tuples with j- J=_

for 9 2 »<¥% do

39 1 9 H+D°

Cg permutation sorting »<¥4 by 3descending
end

for each tuple *-j—<+—x° where j-gj = _forall 9 do
for 9 2 »Ava do

819° arg min82_939_8

Ny 8 2 »<¥an-g:Cyl8° | C9'8190%°¢g

end

2 0;valid true

for 9 2 »Al/s and 8 2gdo

for 92 »Av4 do

if c9l8° coi81&°then2 2,1

if c 918° ¢ ¢91818° and 8 8 wthen valid false; break
end

if not valid then break

end

ifvalidand2 _A :then
Let G be the output of ALGvith inputs P1-° where valid tuple

- =1_ 1—e° ._A-o’ and parameter X
record 1G-pdo1G°°
end

end
return recorded G with maximumnpob. 1G°
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The consequence of this result is that we have reduced to the task of, for each valid
tuple- = 1- j—eee—xOwith j- 1j = _, solving P ° with the additional constraint
that the solution must correspond to the valid tuple, as stated in ProBieémii@low:

~ i !
¢; 5.,0885G
(Pt-°) max 5:01G°= Q% ——g=~—
) F&G
8=1
st. G 2fo-Tg

1 4°G -
G=1 882[g o
G=0 882[¢"¢

Step 3: Linearization
In order to solve P-° , we de ne the following auxiliary problem R— C%or each
C2R:
~ f !
G 5-10835G
(P1-—C9) max 5. _ciG°= G —
8=1 G
st. G 2fo-Tg
£G -
FEG G 882 »<Vs
G=1 882[g o
Q;: 0 882 [9-,\9‘

Note that we have dropped the constrdint4 > Gin P1-— C?° This is inconsequential:
because we assun@PTp is positive, the solutioGwith all entries equal to zero
is not an optimal solution to P. Indeed, the only reason we have maintained the
1 47> Gconstraint until now has been to rule out notational edge cases (such as

dividing by zero).

We prove an important property regarding the relationship between optimal solutions
of P1-° and those of P*-—C¢°.

Lemma 9. Fix any valid tuple- . LetC 2 arg maxor OPTp:._cy and letG be an
optimal solution to P-—C°. Then, % = C, andG is an optimal solution to P-° .
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Proof of Lemma 9. First, we show that %G = C. Suppose otherwise, and let
C=, %G. Then £ C, for every 8 2 »<¥s arifGg for some 8. Therefore
|

G L 083G G ! 5.,08 ege
OPTpl__CO = (% @ — Y (% @ T OPT pl.—_(—
8=1 % 8=1

contradicting the de nition of C

Now we show thaG is an optimal solution to the®R° . For the sake of contradiction,
suppose that'gives a higher objectlve value thantG P1 ° thatis,

~ [ A |
& A B E O A 053G
g | g O
8=1 8 8=1 8
Let = ,G ° Then @is a feasible sol,lution to %1-I°—)CTherefore, we have
6; 5.,0s850
OPTpi._@ o i OPT p1._co—

g1 FT@

contradicting the de nition of C ”

i
Becaus€ =, ‘Gand §_;Fge 1,W foreactB 2 »<¥wehaveC 2 », 0. —1 W%

! mrn

Thus, from here on we will only consider the problenisPCith C 2 »,m -1 W%

In

Step 4: Dimensionality Reduction and Discretization of Auxiliary Problems:
Lemma 9 shows that, in order to solve P*-°, it is enough to solve for

arg Cn;%xOPTpl__ca

Below we show that it su ces to solve the auxiliary problem - C%or a smaller,
discretized set of C's.

Lemma 10. Suppose we are given an orackl G° that takes P-—Cith any
C2 »’r?rin_ 1, W¥%and anyX j 0 as inputs, and outputs a solution of Cthat
satis es

ALGY, o 11 6 UX°OPFi_co AX°
with runtime)X°, where0 6 %X° 1 and ®X° 0. Then there exists an
algorithmALG that takes P-° and anyX j O as inputs, and outputs a solution of
P1-° that satis es

11, Wex 11, Wex

ALGpio 1 6 %X 1 6 —— OPTpio | : 5 Ouxo
’ min ’ min
with runtime A
o-
41, WO "o,
n 0

' min
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Proof of Lemma 10. Recall that we have known non-negative factorizatidh=
>, where — 2R <OA» . First, we make the following observation on the scale of
and :

Observation 4. There exists & 92 Rt*: where, °= 0 @ such thatkCk,
1, W for every 8 2 »<¥ andkil= 1 for every 9 2 »AG.

Proof of Observation 4. We construct and Cexplicitly. Let the rows of °be
the rows of that are rescaled so thialgk; = 1. That is, Ietl%: =1g.e :<%1 1lgo0
for every 9 2 »AZand: 2 »<¥ Let the columns of ©be the columns of
that are rescaled accordingly. That is, (@5: Os9 :<0=1 1g.0 for every8 2 »<¥
and 9 2 »A/ Then we havéd%. = Ogdo.. Therefore, °= © ®. Finally,
sincel W , gg, §3 1, W and §_,Fgo= 1 for every8 2 »<¥ae have
;legg 1, W for every 8 2 »<¥%. Therefore for every 8 2 »<¥i, we have

G @ ¢ @
1, W Feo= 08 19.=  08o= kOB
9=1 9=1 =1 9=1

By Observation 4, we may assurk@k; 1, W for every8 2 »<landklgk; =1
for every 9 2 »AG from now on. Let

(A7) .=f G jGisafeasible solutiontdPg R”"s
We will partition theGspace», 2. —1 , W¥by partitioning. . LetXbe the quantity
0
1 1 x
(A8) )@: min __
11 WO -

where the reason for this choice will be speci ed momentarily. Noticekib

for everyH 2 .. As seen in the proof of Proposition 7, we can create a cover of
a ball with radiusp:_ in RA usingdi4 :+X®A e number of balls with radiux®2.
Therefore we can create a partittgn=f. 1—e¢ee—gof. suchthat = d14IO teX®A g

and kH Kk, XOforevery 92 » ¥4 and H-H o.
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Fix any row G of . For every 02 » ¥ and 828 o, we have

OgH . OgH H®
kOgkokH  Hko
jOg Hj
>011,W<P:_
T..
' min

Thus, for our particular choice o€, we have thaf0g HeG; H 1j X for every
02 » ¥ and HXH .

Forevery °2 » Ylet) o=fHjH 2. og R<. Then for every °2 » ¥and
CO2) o,we have that@C® 1j X forevery8 2 »<¥FixanyG 2)i—+++-€) .
The algorithmALG will use the given oracl&LG° to obtain a solution for each
P1-—C°, and then output the solution that has the highest objective value-ef@®°.
That is,

ALGpio = maxALGY, _.*

02 v,

Because = dlgf:_-X°A e = di411 We:en,2 oA e the runtime of ALG is

min

d1411  Wo:en, 0. oA g)1x0s

' min
Finally, we prove the performance guarantee¥b6. LetC 2 arg max2r OPTp1._co
AssumeC 2) o. Thenj!Ge1Co®® 1j X . LetG be the corresponding optimal
solution to P-—C°. Then by Lemma 9¢ is an optimal solution to R-°. Let
@ be an optimal solution of R—C®. BecauseCo 2 », . —1 W% we have

' min

§.,0885G*1CP% = FTG+1C% 11, W, O . Also, since %G n°

min*

11 6In°°HG° 1n° forall G we havex!G , n® 1558G°, 1n%°e11 61n°° for



all G. As a consequence of Lemma 9, we havefdPE OPTp:._co. Then

OPTPl_O = OPTpl__Cg

A IA > !
G 9=108 835G
= C‘%@ T
o=t | !
g5 x 52100856
g1 i’ 1Co%
i A 0pd3G
8133 o LW
1 61X11,Wo, 0.0
OPTpi—c, : IXH1, WPs, 0.0
. 0 :
1 61X11, K Wos, 0 o0
Rearranging the above, we have
OPTpi._cp 11 61X1, WO, 0 000PTpio :1X1 WO, 0O o0s
Therefore,
ALGp:.0
ALG gl——Cof’
11 6 AXO0PFi_cp  AXO |
11 6 %X 1 6 11’3’\/0)( OPTpio : 11*QNOX OLx 0.
' min ' min

Below we give the pseudo-code of the algorithm ALG in Lemma 10.

169



170

Algorithm 13: Phase Two: Discretization of Auxiliary Problems
Input: Instance of Problem P1-°, oracle AL&from Lemma 10, parameter

XiO
Output: Solution G to P*-°

/I Discretize the space of auxiliary variable

Set R 0 according to Eq. (A.8)

Construct maximatX»2°-separated set 10— p:_° with j j = d4 p:_-XQ’A e
LetY =f q—eee—g f12-X %20:22 g

/I Solve each discretized auxiliary problem

SetX Xand X, :X

for °=1to do

o fTH:H2. og

Choose arbitrary € ) o

Let G be the output of ALGwvith inputs P1-— @° and parameters; XX
Record 1G— pi._cp1G°°

end

return arg maxs, :-_ce*Go® among recorded solutions

Step 5: Complete Linearization of Auxiliary Problems

Lemma 10 shows that, to approximately solve P, it su ces to construct an oracle
that approximately solves!P—C%or any givenC 2 »’r?lin_l . W% Below we

give such an oracle. L&l = 0gG 2 R% for each8 2 »<¥%Then P-—C%an be

equivalently formulated as

~

6 &

(P1-—C9) max 5._ciG°= G- 28533(%
8=1 ((921 =
s.t. G 2f0o-Tg
£rG -

FEG G 882 »<Vi
G=1 882[g o
G=0 882[g"¢

To solve P-— C°we partition the space of possible vali@3 G—+++x8° 2 R , as
well as the space of the objective valye. 34G°.
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Lemma 11. Fix any C 2 »,mln 1, W% Suppose we are given an oracle with
runtime) 1X;—%° that takes P-—CPany\ = 1\ j—eee\° 2 RA, anyZ 0, and
any X—X% i 0 as inputs, and either

1. Scenario one: correctly declares that there is no feasiitie P*-— C%uch that
335G \oforevery 9 2 »A and 5_,G%'2;\° Z,or

2. Scenario two outputs a feasiblto P*-—C%uch tha33G , X \ ofor every
9 2 »Aa and 5-1@B 2B\ X, Z.

Then there exists an algorithm ALG that satis es

ALGpi._co 1 6 w 10PTpi._co 2X2° w
' min ' min
with runtime
A%+ Dfax MInfO-+D%nin®geXe®  : maxf 51+ DonalgeXe )1 X1— X%
Proof of Lemma 11. Let 1+ D%y, be the minimum entry of D (possibly negative).
Becauseklgk; = 1 and3g = 19 +D° for every 9 2 »A/swe have33G 2
»minfO— 1+ Qfihg— + DRaxv4for every 9 2 »A4 Also, because eack is non-
decreasingOPTpi__co 2 »0—: Mage»<$56' 1+ D%ag¥% Similar to the proof of
Lemma 10, we will create a partition of the space of possible vaBgG&—s++ z &° 2
RA , as well as the space of the objective valie_c¢G° We then show that it is
su cient to solve P1-— C9n each subset of the partition. Let = minfO—1+D%ng,
Xt 1° for = 1-eee—di+R% miIinfO—1+D%,ing°Xe. Let %: X1B 1°
for B = 1—e«—d: max§5''+Dmax’’geXe. Consider all tupleg ;—ee+-»—B°
There are in total

d11+D max mlnfo_ 1+D r‘nmgo.)ﬁe°§ I'8T12aXf/%11+ Domax g.>§
»<Yy

such tuples. Moreover, there exists atuplg-+++x —B’suchthat = Gg
foreach8 2 »<¥% anf OPTpi_co 3.

Foreachtuplé ;—¢ ¢+ —B%urdesired algorithm uses the given oracle to determine
whether there exists a feasiliio P1-— Cthat satis es the conditions in scenario two
with\g= ,for each8 2 »A&andZ = § Then our desired algorithm returns e
with the highest objective value oftP—- Camong all tuples. Note th& satis es the
conditions in scenario two on the tugle —« <« 5 — B’. Therefore the given oracle
would return some feasibl@to P1-— Cthat satis es the conditions in scenario two
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with\g= _foreach8 2 »A/andZ = . Notice thalgo= OgeG *1,Wos, 0. .
Then by the conditions in scenario two we have

~

G ,
ALGp:._co cg@@@ 289336%)

Q5Y 254\ X1°®

8=1  9=1 4

(@)
@391
s3]

@3- 2839 X111, WO, 2 ®
8=1 «9=1 -

G a
11 61X 11:|_’W0. 0 oo Cg@' 28§9® 1X 111 W°°, m|n

' min

8=1 91
11 61X 111, WO, r?]inoc’l % X0 11X 411, W°°, mln
11 61X 111, WO, r?]inOOJ'OPTpl__CO 2X° 11X 111, W°°, min o—

where the second and the fth inequalities follow from the conditions in scenario
two, and the last inequality follows sinc§, OPTpi_co & .

Because there are in total

d114+DQax MinfO—1+D%ningCeX e rg12ax1‘/ 51+ D%axlgeX%
»<ly

number of tuples }—¢ « 4 —B®, the runtime of our algorithm is
'+ D%ax MINfO—1+D%ing%X e : maxf 51+ D%ageXe ) X1— %0

82»<Y,

Below we give the pseudo-code of the algorithm ALG in Lemma 11.
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Algorithm 14: Phase Two: Complete Linearization of Auxiliary Problems
Input: Instance of Problem P1-—C?, oracle from Lemma 11, parameters

X-X%i0
Output: Solution G to P1-—-C°

/I Discretize value and objective spaces
Let anin  MinfO—1+D° ming and @hax +D° max
Let! d'a max min°*X1€ and ( d: maxX gy« amaeXoe
for =1to!do
‘ a min, X1t 1°

end

forB=1to (do
% X 2B 1°
end

/l Enumerate and solve linearized problems
for each tuple *1—« <+ —B° wherg 2 »!% and B 2 »(% do
Set\g cforeach8 2 »Aandz  §
Run oracle from Lemma 11 with inputstR- CPvalue tuplet\ ;—e ¢ s\ Z°
and parameters XX
if oracle returns scenario two with feasible solution G then
Record 1G5 c4GO°
end

end

return arg maxs o:._c3G° among recorded solutions

Step 6: Approximation of Linearized Auxiliary Problems via LP Rounding

Lemma 11 shows that, to solgé*-— Cfor any givenC 2 »,r?ﬂn— 1, W¥itis enough

to give an oracle described in Lemma 11. Similar to the idea of enumerating partial
solutions by constructing valid tuples based on the values of @gache further
construct index sets based on the value&tE; \° and enumerate all possible index
sets. Recall that via the valid tupte ;— <+ *—x°, we have already xed at least
indices of any feasible solution totRP- C%o be equal tdl, namely the indices in

[ 9 o Fix

(A.9) O=d12A | 20 rg]zaxf/%“+ D%ax’genes
»<Yy
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Let-9 »<¥ini[e- L[ o ' beanindexsetsuchthat0 f§ _© Let
(A.10) 0= 18 2 »<¥, nQ[ U o P[Y 9_/\90 ] %125\0 i ng)|2n of %’12;,)\099'

In words, -0 consists of the indices outside o[ [ o L[ o ¢ whose
corresponding values o' 2;\° are strictly greater than the minimum value of
525 \° across indices iR “. O Then every feasible solutidnto Pl-—C‘torresponds

to an index set %in the following way: let/ = f8 2 »<¥%ni[o- L[ o ' j ls= 1.

We dene-° / to be the set of indice® 2 / such that53128\0 is among the

minf_%j/jg highest values in . That is, letc® : »j/j% ! / be a sorting of

/ according to%'2;\° such thatEtollolZzollo\o 5 cajjo 122011./].0 \°. Then
-0=fc®10_eee Ogninf %L j/jg°g Similar to before, ifi corresponds te ° we

must have 4= 1 for 8 2 -%and lg= 0 for 8 2-"0

As in Lemma 8, the notion of correspondence to index sets forms a partition of the
set of feasible solutions to'P— C° Therefore, in order to give an oracle described in
Lemma 11, it su ces to give an oracle described in Lemma 11 separately for each
subset of this partition. This is formally stated in the following result:

Observation 5. Suppose we are given an oracle with runtim&X — %° that takes
P1-—CPany\ =1\ j—eee5\°2 RA,anyZ 0, anyX-—Xi 0, and any index set
-0 »<¥ani[e- L[ o' P suchthat0 j-% _ %asinputs, and either

1. Scenario one: correctly declares that there is no feasibie P1-—C%hat
corresponds te Ysuch that3>G \ gfor every9 2 »At/,and 8= 1@53128\0
Z,or

2. Scenario two: outputs a feasib&o Flzl-—CCthat corresponds te such that
335G . % \ oforevery 9 2 »A and 5_,GB'2;\°, X, Z.

Then there exists an oracle described in Lemma 11 with runtﬁeneo)_lxl— X0,

Proof of Observation 5. Because every feasible soluti@to P1-— Ctorresponds
to exactly one index set® »<¥ini[o- L[ o P suchthaD j- § O we
can give an oracle described in Lemma 11 by enumerating all such index%atsl
applying the oracle in Observation 5.

More speci cally, for the oracle described in Lemma 11 with inputs \q4Z%X
" If the oracle in Observation 5 outputs &in scenario two with inputs

\— Z—% %—-Ofor some- © then the oracle described in Lemma 11 also outputs
this G in scenario two.
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" If the oracle in Observation 5 declares scenario one with inpufs— ¢ %— -0
for all - 9 then the oracle described in Lemma 11 also declares scenario one.

We can enumerate all index set8 »<¥ini[qe- L[ o ' suchthad j- G
by simply enumerating all combinations jof9 indices from»<¥an1p- L[ o 'L
Because there are at mosﬂ_r__oO S5 % _° such index sets 0 the runtime of the

oracle described in Lemma 11_i§<_—0) 1X1—X°. "

By Observation 5, it su ces to give an oracle as described. Below we give such an
oracle.

First, suppos¢- 4 Y © Assume there exists a feasible solutloto P-—C&hat
correspondste % Let/ =18 2 »<¥in - P[] 9-A9° j Ils=1g. Then because
i-9 = minf_%j/jg =j/jand-° / , we have- =/ . Therefore, there is a
unique feasible solutioh of Pt-— Chat corresponds to® namelylg= 1 for every
82 -O[1 o L andlg=0forevery8 8 -°[1[ o . Therefore, ifi-§ Y © the
oracle in Observation 5 can directly check this unique feasible solutioA-ef €°
that corresponds to% and outputs the correct scenario accordingly.

From now on, we assunje % = _° Fixany\ 2 R?,anyZ 2 R, anyX-X% 0, and

any- % The oracle essentially needs to determine the existence of a feasible binary
solution to a system of linear inequalities, which is NP-hard in general. However, the
linear constraints of P-— Ctie in a lower-dimensional subspace, a structure we can
exploit by solving a relaxation of the system, obtained by replacing binary variables
with continuous ones, and rounding its solution back to a blnary solution. Because
of the rounding, it is possible that the valus G—« « -7: @Oand 8= 1(@;@128\0 of

the rounded solution are out of the desired ranges. However, the valid-tugid

the index set ®we xed before ensures that the gaps between the values and the
desired ranges are within small constants.
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We de ne a polyhedron % R° as follows:

G)
Og0l3G G for8 =1-see—<—
9=1
&G -
335G \g for 9 = 1—eee—A
é >
G2\ 7Z-
06) g
G=1 forg2 -9 [- %
G=0 forg2 Ny [ L

G2»0-1¥s for88 -9 | -9 [

9

Then % is a polyhedron inR* de ned by at most3< , A | 2 inequalities.
Let LP'<—=°be the runtime of solving a linear program wihvariables and-
constraints. Then checking whethér is non-empty and return a point & if

% is non-empty can be done in runtil®!<-3< A | 2°. For more on the
runtime of solving a linear program, we refer the readers to &4.99] (ellipsoid
methods) andl[39, 164 (interior point methods). In what follows we assume that

% < ;, otherwise the oracle outputs scenario one.

%
@

@ %

3 Ao o[ O,
9

Lemma 12.If % < ; , then we can nd a point 2 % with at most2A | 2
fractional components in runtime LP<—3< A2° LPi<-2< 2A | 2°

Proof of Lemma 12. Let| 2 % be an (arbitrary) point found in runtime
LP1<—3< A ,2°. Let% 1l © R <I'l « Tl o<l T-9 pe the polyhedron on
variableH where the index set ¢fis taken to bey = »<¥anip- L[ o P[- T -
with the following c%nstraints:

o}
lods lodg for 9 = 1—eee—A
e B
B e
5 820 824
(% ©°) 3o \ o 308 for 9 = 1—-eee—A
~ 82 82 .- o[- O
o g
HE%5\ 2 5.25\o
821 82P g g1 0

H2 »0-1Y for 8,3
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Note that% !l © < ; since the projection of onR/ H is in % 1l °. Because

% I °has2A ,2 linear inequalities other than the inequalittg?2 »0— 1% for 82

we can compute a vertéx of % I ° with at most2A | 2 fractional components
with runtimeLP1<-2<  2A | 2° (see a standard textbook on linear programming,
e.g., [155]).

Let | 2 »0— I¥avhere

él if82 g L[-°
ls= _0 if821[9-Ag°[ 0
_El—g if82
Thenl has at mosRA | 2 fractional components. We show tHa2 % . Because
lg=1lg=1for8 2 [o- £ [- %andlg=1g=0for8 2 1[¢""P[ -9 the last three
Isets of constraints &% is satis ed. By the rst set of constraints 86 I °we have
82, Lods 82, lodg. Becausdgg O for every8—,ahe rst set of constraints
of % is satis ed. Similarly the second constraint%f is also satis ed. By the
third set of constraints of % *I° we have
. o 0 0
39l = 398,  3ods 398, ] 9
821[g- &°[- © 82H 821 g- ¢°[- © « 821 g o[- ©

~

O a
300=\ o

so the third set of constraints & is satis ed. Similarly the fourth constraint of
% is also satis ed. Therefore | 2 % is the desired point. "

Let | be the point obtained in Lemma 12. Themsatis es all the constraints of
P1-—C%xcept the integrality constraints. We roundown to obtain a feasible
solution: letl 2 fO—1g wherel g = blg for each8 Notice that sincnggi 0
for every8—9we haved”l 4 >1 : andFJ1 F JI Cgfor every8 2 »<Vs
Thereford is feasible to P-—C° Moreover, sincé = 1 for 8 2 -%andl = 0 for
8 2-"0 we have that | corresponds to’-

In the nal step, we show that by setting- Cappropriately] satis es the conditions
in scenario two of Observation 5, hence completing the oracle in Observation 5.

Lemma 13. Set
= d12A , 2°14+ D% X1€

and

0= d12A | 2°: max f 551+ D%nalge e
: 82»<Yy

|
Then 1, X1 \ oforevery 9 2 »As, and 5_;1 85 25\°, X» Z.



178

Proo|Jc of Lemma 13. Becausd 2 % , we have33l \ gfor every 9 2 »A4
and gzllg@lzg\o Z . Fix 9 2 »Aand let 2 - gbe an index wher8g =

min 0. f3 90g. Then since jgf = _, we have
0
33| 390| 0 _3 9°
02- 9

On the other hand, is obtained by roundingy down. Notice that o 2 fO— 1gfor
all 2 - o[ g thatis, for all ®such that3go j 3 g. Therefore for all °such
that3g0j 3 g, we havel o =1 o. By Lemma 12] has at mosPA | 2 fractional
components. Therefore, because 8 gl 1+D° nay, We have

331 331 122A 2034
331 12A 2933l
\ g 12A 2014 DCpze
\ g Xqe

Similarly, let? 2 - be an index wheré»123\° = min o,. of 5,0122:\°g. Then since
j-9=_° we have

G 0

| g5t 25 \° | 205012500 _ 05,123\0%

8=1 202- 0
On the other hand, is obtained by roundindg down. Notice that 0 2 fO—1g
for all 202 - O[ "9 that is, for all?° such that5,0125)\° | 5,123\°. Therefore
for all ?°such that50125,\° | 5,125\°, we havel o =1 o. By Lemma 12| has
at most2A | 2 fractional components. Therefore, becaidse  §_,15%'2; \°

: MaXgoy»<§,58t 1+ DMax’g,

G G
| %25 \° 1§5125\° 12A | 205,123\0
8=1 8=1
G G
lg3i 25\ 12A |20 IgHt2g\°s O
8=1 8=1

Z 2A ,2° max f55 1+ D%alge °
> 82»<Y,

ZXZ'
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Below we give the pseudo-code of the oracle described in Lemma 11.
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Algorithm 15: Phase Two: Approximation of Linearized Auxiliary Problems
Input: Instance of Problem P1-—C?°, thresholds \ 2 RZ 2 R, parametersp< X i 0
Output: One of two scenarios:
1. Scenario 1: Certify no feasible G to P1-—C° satis 63 \ ¢89 2 »A/%4 and
51 GRZ\ Z
2. Scenario 2: Return feasible G to P*-—C° wil3 X \ 989 2 »A/4 and
! 521G\ X, Z

Set % 0 according to Eq. (A.9)
LetM »<Vsin 1[ o ¢ [ 1[ 9-/\90
/I Check small solutions

foreach-° Mwitho j- 9 9 1do
Set-"Yaccording to Eq. (A.10)

Denel2f0-1¢:1g=1if82-°[ o L, else k=0

if | feasible and satis es thresholds with slack;:X%° then
| return Scenario 2 with solution |

end

end
/I Solve via LP rounding for larger solutions

foreach -0 Mwithj- %= Odo
Construct polyhedron % according to Eq. (% )

if % < ;then
Choose arbitrary 12 %

Construct % I © according to Eq. (% 11°)
Compute vertex Hof % I °with 2A | 2 fractional components
Sety Mnt- O f®

él if82 1o [~ ©
Denel2»0-1%lg= 0 if821[ ¢ [ -

H 82 u

return Scenario 2 with solution |

end

end

return Scenario 1
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Completing the Proof

Finally, we analyze our algorithm's overall performance and runtime.X et n
andX = :n, and in order to apply Lemma 13, we set 12A | 2°1+ D% 5en and
0= 12A |, 2°maxgz,<$58t 1+ Dmalgen. We will treat the performance guarantee
and runtime analysis separately.

Performance Guarantee: Let

11, W°n
Zn_WT?’Iin - 0 *
' min
The algorithm ALG (for solving P1-—CP°) in Lemma 11 satis es
X1, wWe X1, we
ALGpico 1 6 -2 10PTpi_co2X® @ i
' min ' min

=11 622 w9 ©OPTpi_co 112011 612 oy ©©, 12 o %0

This gives the ALG (for solving P1-—C®) in Lemma 10 with

6%n° = 612,_yo ©

min
and
0o = 19101 1 00 1 00
n . 2n 1 6 2n_W_r?1in 5 2 n_WT?‘\in L4

Therefore, the algorithm ALG (for solving P*-°) in Lemma 10 satis es

ALGpio 1 6 %no0il 612, o ©OPTpio 1 12 nowg °°  %n®
=11 6'25-wo %1 62p_weo °OPTpio 112 pwo ©°
‘12011 612 n—WT%mOO, 12 n_WT?ﬂnoo
=11 612 n_WT%in°°ZOPTp1_o 12n1l 6'2 p_wo ©°
> 62 n_WT?ﬂno 2 n_WT?ﬁnoo.
Therefore, the algorithm ALG (for solving®°) in Lemma 8 satis es
ALGporo 11 612 ;w2 %% OPTpo o

1 1 0 00 @1 0 01 0 O e
2n*l 6 2n_WTﬂin 4 6 2n_\N—n‘iin 2n_WTﬂin

Finally, we apply Lemma 7 by plugging ib U = 1 62 n_wo °®?andV =
:12n11 612 n_W_r%mOO , 612n_WTcT>“n° 12 n_WT%mOO. This gives
ALGpio 11 612W+D0a®*11l 612 w9 °POPTp:o

11 612W1+D%0°%12n1l 612”—W—r?1m00 s 612”—W791m0 12 h—wo ©

min
N 11 612 n_WT‘Er)“noo2 12W1+ Dronaxo N 12W1+ Domaxoo.
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Runtime Analysis: By Lemma 12, we give an oracle described in Observation 5
with runtime

JLp :=LP1<—3< A  2° LPl<—2< 2A 2%
Therefore, by Observation 5, we give an oracle described in Lemma 11 with runtime
RS —0) LP®

Therefore, the algorithm AL&for solving P1-—C°) in Lemma 10 has runtime

A1+ Dfax MiNfO—1+D%ing®Xe"  : maxf &+ DinalgeXe <) ip
»<Vy

= 4+ Dfrax MINfO-++D%ing®né  maxf Beit+DonaPgen % e
A

Therefore, the algorithm AL®for solving P*-°) in Lemma 8 has runtime
411, we: A

0
n, min

d11+ DPnaX mlnfo_ 1+ Domingo.n é

maxf 51+ Dagen _O< _0) LP*®
82»<Yy

Finally, by Lemma 8, our algorithm's runtime is

411 WO: A 14D%gay MinfO—1+D%ng
. 0
n, min n
MaXg2»<$6' +DMma’d o A 0)
n _<—=)Lp*

A<log,<,_< -, _A%<A

5

Below we give the pseudo-code of our phase two algorithm in Proposition 8.
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Algorithm 16: Phase Two
Input: Attention matrix , = softmax'& ~° 2 R= =, low-rank approximation

, 92 R¥= with factorization, °=  ~ and element wise guarantee
1 W, gs 9 1,W,value matrix+ 2 R 3¢, user vector D 2 R,
maximum number of recommended items :, candidate index set
parametern j O.

Output: Solution G to Problem (Main).

Construct the instance of Problem (P* °) from the inputs

/I Low Non-negative Rank Approximation
Form the instance of Problem®P°) by replacing , with, %in (P ©)

/I Enumeration of Partial Solutions
G Run Algorithm 12 on instance (P ©) with parameter n, which internally
invokes:

/I Discretization of Auxiliary Problems
* Algorithm 13 with Input: Instance(P1-°) , parameten; Calls: Algorithm
14

/I Complete Linearization of Auxiliary Problems
* Algorithm 14 with Input: Instance P1-— @, parametersiX n,
X :n; Calls: Algorithm 15

/I Approximation of Linearized Auxiliary Problems via LP
Rounding
* Algorithm 15 with Input: Instance P*-—C°, thresholdsgt\s  » a\-Z°,
parametersX n, X 2 :n

return G
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Preliminary Results and Proofs in Section 3.2

We rst make a remark on Assumption 1 and Assumption 2. Both of the assumptions
can be partly motivated byLl[L3. Their paper considered the stochastic arrival model
(without predictions) where the reward functions and the resource consumption
functions are all linear. Suppose that, in our problem under the stochastic arrival
model and with the linearity assumptions, the predicthans obtained by observing

= historical arrivals, solving the problem o ine, and taking the optimal o ine dual
variable to be 2 Then by Theorem 1 in [113], we have

r !
loglog = B

i =% =

which provides a guideline to set)° in Assumption 1. For example,if = p)_, that
is, we have observed) historic arrivals, them1)° can be set ag1)® = $1) 1*4 o,
More generally, if= = 51)°for some function5such that5%)°!1 as)!1
then n1)° can be setas n)° 1 51)0 120,

[113 solved their problem by performing dual gradient descent (in their Algorithm
3). More speci cally, at each time period they used gradient information to update
a hypothetical dual variabled In the proof of Theorem 5 infL3, they showed

that the di erence of the depletion time of each resource by foIIOV\‘/i@g- -—? and
following the optimal dual variable is upper bounded#’yog?)° log log?)©° . This
shows if the prediction is perfect in our problem, th‘éih . -—? obtained by their
Algorithm 3 is a particular sequence of dual variables for which Assumption 2 is
satis ed.

We state two structural results regarding the duality of the o ine problem.
Lemma 14 (Weak Duality). OPTIW®° 1" j WO for every * 2 R®.
Lemma 15 (Duality Gap). min-yr< 1" j W° OPTIWP° 1< 1° A.

Lemma 14 is the standard weak duality result. Lemma 15 states that, even without
any convexity assumptions, the duality gap of our problem is upper bounded by
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a constant that is independent from the time horigonThis can be shown via
Shapley-Folkman Theorem (see Proposition 5.2@8df for a detailed explanation).

Proof of Lemma 14. This proof appears in2P]. We include it for the sake of
completeness. It holds for any ° 2fF2that

|
madax. ke At@

OPT1WPo |
st L_6c'G® d)
(0 i >@ )
max AGe, Td) 6ctGP
@2X c=1 c=1
o)
= Al°,) “d)
c=1
= 1‘jW0_

: L ¥
where the rst inequality is because we relax the Constral}ggﬁ(;l(i? d and
0, and the last equality utilizes the de nition of A °. .
Proof of Proposition 1.  Let conviX® R 3 denote the convex hull ofg For
each C, de ne the functioa:#onviX® 'R by

Cen én
62 = sup UAG® 6= UG- G2 X
=1 =1
én )
U=1-U 0 86 2 conviXe

=1

Ris concave regardless of whethfgjis concave or not, and it can be viewed as
a concavi cation of Acon conviX®. Similarly, for eachC de ne the function
&:conviX® 'R < by

Cen én
&G0 =inf UbdGe 6= UG- G2 X
@1::1 ) =1
U=1-U 20 86 2 convige

=1

&is convex regardless of whethegi§ convex or not.
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Let P°denote the optimization problem in Equation (3.1). Consider the following
convex relaxationP° of the optimization problem in Equation (3.1):
0 0
max AQ st &< d);

1
G2eonvix® oy c=1

and its Lagrangian dual probler®d?:

0)
min A, 7d) where A!'°= sup fAZEG° T & E6°Qe

<

. Cc=1 G2convi@

Becausd 2 convix®, &0° = Oforall Candd j O, *P°satis es Slater's condition.
Therefore by strong dualitgup®® = inf1D°. By an application of the Sharpley-
Folkman Theorem 4], Proposition 5.26), there exists an optimal soluti@g’,cz1
of 1P°with the following property: let »)¥4 be the set of time periods where
@8 XcforC 2, thenj j <,1 and cy,)bl@ d) .Let~ bethe optimal
dual variable oftD° that induces Qg)czl and IethC‘~ g>C:1be the actions induced by
~ in the original primal P°. We prove that

~

6 . 0
AG° A 166 10'< 1%

Cc=1 Cc=1

Let( »)% be the set of time periods such tt@t <4QforB2(andlet =(n
Then is the set of time periods where the resource constraint becomes active when
choosing the action induced by. Becausg ] <,1 andG. = GforC 2 »)%n(

O O .
6 & 6dG ° <, 1%e
c2 C2
Therefore
jfC2 :$<0g] <, 106-6_—
SO o C~) .
Ad AMG. ° 1<, 1°A66 -
c2 c2 a
Further, we also have
o 6 .
AC’L.%) AC‘LC_‘C (o] 1< s 10A
c2 c2

and @f = g@for C 2 »)¥an (. These together gives
6 . 0
AG° AR 166 ,1°<, 1%A.

Cc=1 c=1
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Finally, since P° is a relaxation of 1P°,

¢)
supP°= A OPTIWO-
c=1
so we have
0 ~
MaxiGRD - jW° ~ ASG° OPTIW® 16+ 10i< 1%
. c=1

Proof of Proposition 2. Let G ™° = arg maxg210-1fAZG° ~ ~64G°g Note that
@ 7o = Qifand only if AX0° ™>620° j Ad1°,nc ™ ~ 6410, which after rearranging
gives ¥ 621° i Ad1° AZQ°, ng Thenforany csuchthajj™ = dji Z,we have
PG @=0j@™=0°=P ~26d1°{ Ad1° AZ0°, nc
j ¥641° j Ad1° Ad0°, nc

11° c 7o >6cl_10.f0

1N >6C}10.f0

Z<k&1° .

7\>6Cllo

where is the cumulative distribution function of the standard normal distribution,
and the second equality follows sinae N10—f 2°. The case wher%l =1
can be handled similarly. Therefore the probability of followih@nd following ™ ¢

consume di erent amount of resourcesbisZ®, so by independency Assumption 2
is satis ed with probability 1 $1Z?° =1 exp! 2Z)° for some 2 j 0. ,

1

We make the following observation, which follows since Proposition 1 shows there
exists a perfect dual variable for every arrival sequence.

Observation 6. If an arrival sequence W is 1_— X°-stationary, then

min  1OPTW.x)°,K OPTWyxj 15 °° 11 _°OPT*W©°
::1—“-—%)0
Proof of Proposition 3. Fix anyX j 0. If '*GRD - j W° = >1)9 then since the
total amount of available resourcd} scales linearly i) and every single action
consumes constants amount of resources, the Dual-Adjusted Greedy Algorithm with
dual variable " never depletes resources. Therefore

""GRD » jW:x)°,""GRD -~ j W) 1y ®="GRD - j W°
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foreveryl : Db %(c, which showsWis 1X—_tationary for every j 0. From
now on we assume that '*GRDj W° = 1)°,

For any time period8— &nd any amount of resource9 2 Rf, we use€'GRD - |

W.c @° to denote the amount of reward obtained by the Dual-Adjusted Greedy
Algorithm with dual variable on theW.csubproblem with available amount of
resources §.

Fixaninteger1 : b %c. If:X) =>%)°, then

1GRD - jW 1y ©  'IGRD - j W 1y —d)° :X)1<6A6 °
GRD - jW° :X)A :X)1<BA+6 °—

where the rst inequality follows since any algorithm can consume at 6st
amount of resources in-norm in a single time period, which can be translated to at
most<6A+«6 amount of reward; the second inequality follows since any algorithm
can obtain at mostX)A amount of rewards in the rstX)A time periods. Since
:X) 2 >1)°, this shows

GRD - j Wx°,""GRD * W1y ® "GRD - jW° >1)°s

Similarly, we can also show thisif) :X) =>1)°,

SupposeX)-) :X) = 1)° . Letd) d) be the amount of resources that is
consumed by the Dual-Adjusted Greedy Algorithm with dual variabdand arrivals
W, then

"IGRD - j W° = "IGRD j W—9F

and
"\GRD - j W.:x)° = "'GRD - j W..x)—: X§©s

Condition onW P), for each time period; let - ¢ 2 Rf be the amount of
resources consumed at time per@dhen- ¢s are independent witE»-&4 = 8

and 0 jj- dj1» 6. By Hoe ding's inequality we have

x !
) P——— 1

Pw p) 100 :Xd %) 6 2 :X)log) 77
c=1

where 1-®@.o0 denotes the £th coordinate of ¢ So by union bound we have
!

&> p— <
(B.1) Rvp  -c:Xd9 6 2 :X)log)

2
c=1 )
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Therefore
XEwpy " GRD jW Ewp "*GRD: jW.:x?°
" ~ I #
. G) -
=Ewp ' GRD jW.xy— -c¢ Ewp "*GRD:j W::X)_:X®o
h C:].

< _ P
1 72 Ewp ' GRD jW.x—:X§,6 * :X)log)
|
YGRD - | Wax—:X®° | ;—2 A:X)
A6 2P :X) 10g)*6 , <A:Xe)

= >1)00

where the rstinequality follows by conditioning on two cases given by Eq. (B.1)
and noticing that any algorithm can obtain at mo§fA amount of rewards in the

rst :X)A time periods, and the second inequality follows since any algorithm can
consume at most6 amount of resources in-norm in a single time period, which
can be translated to at most <6Aa@nount of reward. Similarly, we also have

11 :X°Ewp " GRD jW Ewp ''GRD: J'V\./x),l;) 0 =>1)0
Hence

Ewp ' GRD jW 1GRD - jW.x°,""GRD - jWy) 1) °° =>1)0%

Note that GRD jW 'GRD - jW.x°, "*"GRD - j W) 1y °°is a function
from P) to R such that eachi¢is drawn independently. Moreover, it satis es the
bounded di erences property with bour®A <6 since any algorithm can consume
at most<6 amount of resources in-norm ina single time period, which can be
translated to at most6A+6 amount of reward. Therefore by McDiarmid's inequality
we have

Pwp ' GRD jW 'GRD- jW:x©°, '*GRD - j W) 1y °
r‘ - .
<6A 2)log) ' 1

>1)0 e
- 76 3 )

This implies' GRD jW GRD - jW.x°, ""GRD - j W) 1) ©° =>1)°
with probability at leasi. )ia foranyl :X) ) . Since:X) can take at mogt
values, by union bound
min_ixl'leRD‘ JW::x %, ""GRD -~ jWy 15 °°© "*GRD - jWw° >1)°
=] —ece
with probability at leasi. . Because!GRD - j W° = 1) | this impliesWis

)
1X—_O-stationary for every _ i O with probability at least }% .




190

B.2 Details in Section 3.3.1
For completeness, we discuss the Mirror Descent Algorithm (MDA) given in [22].

Algorithm 17: Mirror Descent Algorithm (MDA)

Inputs: Initial dual solution™ 1, total time period$ , initial resources 1 = d) ,
reference function 1°: R | R, and step-size [
for C from 1to) do
Receive requestie- & X°
Make the primal decisiond@nd update the remaining resources
G2 arg maox—gice « AAG® " 263G°

c.1 c 6@
Obtain a sub-gradient of the dual function:

dc 6 'GP, de
Update the dual variable by mirror descent:

. . S
. i
(B.2) c.1 arg m;gf dc . [ ot

where+ 1G—H° := 1G° 1H° r1H°>1G HCisthe Bregman divergence.
end

The Mirror Descent Algorithm takes an initial dual variable, a step-size, and a
reference function as inputs. At each time perithe algorithm takes the action
induced by the current dual variable; and performs a rst-order update on
the dual variable. For the updating step, note we can write the dual function in
Equation (3.3) ast™ j W° = )c=1 & ] WOewhere theCth term of the dual
functionis givenby & jWe° =At° * >d. Thenitfollows thafjc:= 6 c!G?,d

is a sub-gradient of & j Weat " cunder our assumptions by Danskin's Theorem
(see, e.g., Proposition B.25 iB3]), and the algorithm useg:to update the dual
variable by performing a mirror descent step in Equation (B.2) with stepfsarel
reference functiont © . Intuitively, the Mirror Descent Algorithm tries to nd dual
variables via gradient information such that these dual variables induce actions with
good primal performances. For more on mirror descent algorithms in general, see
[30, 78, 120, 138].

We state the standard assumptions on choosing the reference fua¢tidor mirror
descent algorithms3p, 39, 119 12(0. These assumptions are applicable to all
algorithms in our paper.

(@) t°is either di erentiable or essentially smooth [27] and Lipschitz if R
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(b) 1°is f-strongly convex with respect to the ;-norm in R< le.,

f
~ ~ ~ > N N PN N 2
1790 17 0 p 1t 071t T 50 Sl i

forall " 1— 22 R".

(c) t'° coordinately-wise separable, i.€:;° = = 5_; ot ¢ where g:R !
R is an univariate function. Moreover, for every resou&the function
gis f %strongly convex with respect to thg-norm over»0— y¥Yavhere
TE¥=Aedg, 1.

B.3 Proofs in Section 3.3.3

Proof of Proposition 7.  Let 2 be a positive integer such that; maxf —0—179-
Setd =1, U = 12X andA = 1U 1%11 _ 1sU © then by our choice of
2we have_ Y 1 1.U andA j U . Consider two di erent types of arrivals
W = tAl-d—X°and W = 1A°—6—X° whereX = fO—1g(one can think of this
as {reject, accept}). Sett1° = 1-611° = 1-Al1° = A and6?11° = U. Let
n=1 1elog?)° be the prediction, then followind means taking action O foi*
and taking action 1 fovd. Becausé-+U ™, one can verify that Assumptions 1
and 2 are satis ed.

Consider the following two instances.

" Instance one: the arrivals are stochastic where the state sgacefialg, i.e.,
W= W for everyC = 1—«++—)n this instance the optimum is to take action
1 for all arrivals. Note that following™ would take action O for all arrivals,
which means the prediction has bad quality.

" Instance two: the arrivals are adversarial whéage W for C = 1—«+¥;1)
andW= W for C =%51) | 1—«++—). In this instance the optimum is to take
action 0 forw and take action 1 fov¢. We havePRD*W° = OPTIW° %) ,
which means the prediction is perfect. Moreover, siKce 12U, one can
verify that

min - OPT*W.x)°, OPT*Wy) 1 ©
::l_---_% ’
= OPTlvy:UU_l)O . OPTl\/\bU_l)’l:) 0
ul A

= =)

u 7> u?

).
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Then we get

1 OPT*Wy1)® OPTW 1) 1y © *OPTHWP

u il A A
= l _— JR— [ Jue—

u il

1
U A

=1

where the last equality follows by our choicefof= 1U  1°11  1.U ©,
Therefore W is _-nonstationary with respect to X.

Note that no algorithm can distinguish instance one and instance two before time
period C :Uu—l) . 1 . For any algorithm, assume in instance one it satis es
Regret*!ALG® = >1)9 then since the optimum is to take action 1 for all arrivals, at

time periodC :Uu—l)hl the amount of resources leftis atmés) >1)°0 | Therefore
in instance two the algorithm can take action 1 for at rrbégt >11° time periods, so
the total rewards gained in instance two satis®5LG j W° = Y51), &), >1)° .

Because PRD1W°-§‘-), in instance two we have

. 1 1 :
limsup )— 11 ®max UOPT1W°—PRD1W°1ALGJW°
)1

1 A
= limsup = ! ® ) >1)0
) p) - - U) )
- 1 Q)A
- - U
i XA-—

where the last inequality follows since 2 j *1  ®and X = Us2.

B.4 Description of Algorithm 18
We list some notations used in Algorithm 18, which follow notations4ig|.[ Given
initial dual solution “; and step-size [:

(@) LetG 1—[°and” & 1—[°be the action we take and the the dual variable we

get afterC 1 iterations of the Mirror Descent Algorithm with initial dual
solution” 1, step-sizd , and the same requests as the requests that Algorithm
18 received so far;
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(b) Dene\d 1—[°:=maxcjj 1 8 1—[°h to be the maximum;-distance
from any updated dual variable used in the Mirror Descent Algorithm before
time C to the initial dual variable;

(c) Dene J —[°:= g’:ljj 6 581G 1—[°°, djj% to be the running sum of
squared 1 -norms of the dual functions' sub-gradients.

A high-level intuition behind the choices of step sizes is that, it is well-kndls@]|[
that the hindsight (asymptotically) optimal step size is [ that satis es

N .

_ ik
[— g:'
1 —fJo

y =
Becausgj 1 = jjrand )" 1—[°are unknown a priori, at each time periGde use
\d 1—[°as an approximationgf 1 ~ jjrand use ¢ 1—[°as an approximation
of )1 1—[° and these approximations can be proven to be accurate. Then we use
bisection to nd an approximate solution of the implicit function

_ o\ e
[C— P =
Ucd—[@,V
whereU- \are damping parameters. For a more detailed explanatiorn43é\ote

that the Stochastic Arrival Algorithm does not need to know the accuracy parameter
0.

B.5 Proofs in Section 3.4.1 and 3.4.2

Proof of Proposition 8.  The proof technique is similar to the proof of Theorem 1
in [22], which we largely borrow. We break down the proof in three steps.

Step 1 (Primal performance.) First, we de ne the stoppingf tinge of Algorithm

18 asthe rsttime less thgnthat there exists resour&such that ?::116(;1(3909,6

dg . Notice thatg is a random variable, and moreover, we will not violate the
resource constraints before the stopping taneWe here study the primal-dual gap
until the stopping-time . Notice that before the stopping tinge, Algorithm 18
performs the mirror descent steps on the dual function with ne-tuned step sizes.

Consider atimé& g so that actions are not constrained by resources. Then the
algorithm takes the actionc@ arg maxs2x. fAZG® 264G, so we have that

AR =AM O, bR
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Algorithm 18: Stochastic Arrival Algorithm (SA)

Inputs: Prediction ™, total time period$ , initial resources ; = d) , reference

function 1°:R< IR, and initial step-size [ 1
Initialize ¢ ™
for C from 1to) do

Receive requestie- & X°

Make the primal decisiond@nd update the remaining resources

&2 arg MaX6 2 61Go ¢ ALGe E6éG0
c.1 c 6@

Obtain a sub-gradient of the dual function:

dc 6 c'Q0,de
Update the dual variable by mirror descent:

“caoargmin < g, ot 18
where + 1G—H° ;= 1G° 1H° r1H%?1G H°isthe Bregman
divergence.
Tune the step size:
for: =2—4-8-16—+++ do
C bCe2:c

U™ 32 2 J°, Vv 132 16, do° 2where

c :=2:,log 60)log?t6C®

if Root Finding Bisectionl[ ~Z[cG-U"=V°°Y 1then
| [c1 Root Finding Bisectionl[ 2 [gC-U°—V o,
end
end
end
Function Root Finding IBisection([ lo—[hi; & U= V):
kio:=[1\ @[ U ™[,V
if [ni k[ ni®thenreturn1
if [ 10 i K[ 10°thenreturn [ o
while [ i i 2[ 1o do
[ mid [hil1o

if [ mida K[ mid°then[ioc [ midelse [ni
end

[ mid-

if\ @ ™[hi® \ @™ [W% then return [ y; else return [jo.
End Function
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Let
: 1 N . .
vjpe= )_EW p)» 1 JWOYs = Eag xopA 1 0% " ¢d
be the expected dual objective’atvhen requests are drawn i.i.d. frd2 1S° .
Let bc= fW— e+ e-\aNdf 1b® be the sigma-algebra generateddgyAdding the

last two equations and taking expectations conditiondl ébc 1° we obtain, because
“c2f bc®andA—-X° P,that

EXAYQP | fib ¢ 1°VF Eiagxo 5 1" &%~ ¢d
a ElE»G(fLGé) jfibc1®%d®°
(B.3) = U¢jP° E "&'d 672G jflbhc,® —
where the second equality follows the de nition of the dual function.

Consider the process

G
/C: ‘ElOB 1BlGBOO E ‘ElOB 181GB°°jf 1bBl° _
B=1
which is martingale with respect tg(i.e.,/ c2 f b@andE>» ¢ 1jf bd%F / ¢
). Sinceg is a stopping time with respect tgandg is bounded, the Optional

Stopping Theorem implies that Eg = 0. Therefore,

~ # ~ #
o o

E “eld 661G =E E "2d 6c1Gjf thci®
c=1 c=1
Using a similar martingale argument f&'G® and summing Eq. (B.3) from

C=1-cce—ge obt%in that

® # ® #
E AG® = E 1\CJ' pPo E ‘Eld 6 c1Go°
c=1 c=1 nC=1 #
¢
(B.4) E ¢ g JP E "eld 6 IGPO e
c=1
where the inequality follows from denoting, = gi ?::1‘ cto be the average dual

variable and using that the dual function is convex.

Step 2 (Complementary slackness). Consider the sequence of funckqh® =
“21d 6 c1GP°, which capture the complementary slackness at tiriehe sub-
gradients are given by -Fd™° = d 6 ¢'G® which are bounded as follows

r-F&° ,  k6c'GPk , kdky 6,d . Therefore, Algorithm 18 applies online
mirror descent to the sequence of functiéng © with the ne-tuned step sizes. To
analyze the performance, we use the following lemma from [43].



196

Lemma 16 (Theorem 4 in [43]). Under the assumptions and notations of our paper,
the online mirror descent in Algorithm 18 with the proposed step sizes satis es, with

probability at least 1 &, that
© ;
'Fc'@ F &' ® ) Zjj'1 i polylogh)°?
c=1
where j 0 is some constant.
|
Becausgj’1 ~ jji1=jj™ ~ jji N °,Lemma 16 states thatglecl‘é’
F@  © ~) 29 polylogh)® with probability at least 1 B

Step 3 (Putting it all together). Forany P 2 1S°and g 2 »0-)% we have that

Ew p) »OPT1W°1/4—;!’= Ew p) »0PT1W°1/4),)L Ey p) »OPTWOY,

(B.5) g giP .Y g C°A-

where the inequality uses Lemma 14 and the fact@RT*W° A). Therefore, with
probability at least 1 .,

Regret'SA j P° = Ky p) »OPT!W® "1SA | V\Q’%

®
Ewp OPTW° AR
Cc=1
" % #
)
Ewp OPTIWC° ¢ r 9 jP°§ Fa &
c=1
h o
Ewp OPTW° g ¥ 4 jP°, Fg ©°
i c=1
,) 29 polylogy)°
" % #
@ 1
(B.6) Ewp ) g °A, F& ©°,) 2% polylogh)° e
| e {z

where the rst inequality follows from using that ) together withA2° 0
to drop all requests aftey ; the second is from Eq. (B.4); the third follows from
Lemma 16; and the last from Eqg. (B.5).

Polylog(T) hides logarithmic terms in ). For explicit expressions see [43].
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i i
Note that 2_Fd* °© ~ 2_Fd'° forevery’ 2 R<. We now discuss the choice

of " 2 Rf in order to upper bound gclecl‘ ° Ifg =) ,thenset =0 to obtain
that] ) 20 polylogt)®. If g Y), then there exists a resoure2 »<iuch
that 9_16c1G?%,6 d o .Set = Aedg 49with 49being thedth unit vector.

c=1
This yields

o ] o

F& ° Fd°o= "71d 6c1G°
c=1_ c=1 c=1
A O A A
= — do '6c'G° —gdgdg,6 =—6A1 g °-
do ._, dg dg

where the inequality follows because of the de nition of the stopping tgne
Therefore, using thatgl d for every resource 9 2 »<%4, we have

| 220) 10 polylogye-
ThereforeRegret!SA° %6,) 20 polylog?)® with probability at leasf. )1

We conclude by noting that Regret!SA° \p) »OPTIW°Y, A), so we have

Ab6
Regret'SA° '~ A, ) 29 polylogl)° 2 $tmaxf) 20 —1g°s

Proof of Proposition 9. By Assumption 1, there exists a functiki)© such that
ii™ " jji kY° andkl)° =>1n1)°0  We break down the proof into two lemmas,
which compares "tAA j W° WitrﬁOPle0 and ''PRD j W° separately.

Lemma 17. Consider the Adversarial Arrival Algorithm (AA) under the adversarial
arrival model. Given a prediction ™with accuracy parameter 0, it holds that:

, 1 1 .
limsupsup — —OPTIWC° "TAAjW° Qe
ym o oweg ) U
Proof of Lemma 17. The proof is drawn from the proof of Theorem 2 RP]. The
proof contains three steps, which is similar to the proof of Proposition 8.

Step 1 (Primal performance.) Fix an arrival sequent® 2 $ and letG 2 Xcbe
an optimal action iOPT*Wat timeC Letg be the stopping time of Algorithm 2,
which is de ned similarly as in the proof of Proposition 8, thenr g we have
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G2 argmaxoyx AGG® 264G, andthusc'G® Ac G ~ ¢ 6c G 6@
and 0 = A0° AC'QR® ~ Z6cGP. Therefore

A'@ U 1°ACR

AcG ., C6c'@ " C6c G U 10 TE6C@
AG U ‘Eld 6 ctGf°, U ‘Ed ) EﬁcC%
ACQ; U ‘Eld 6C1Cif)°—

UA'R@

where the second inequality is becasezd ~ Z6c G- 0 by our de nition of
U and the factthatc 0. Summing up over C = 1— e« «-ygelds

¢ ¢ o
(B.7) U AGP AG U “eld 6 1GoOe.

Cc=1 C=1 C=1

Step 2 (Complementary slackness). Denoting, asbefdfet™© =" > 1d 1 c1GP°.

As we have seen in the step 2 in the proof of Proposition 8 (the analysis is deterministic
in nature), Algorithm 2 performs online mirror descent to the sequence of functions
Fd° with step sizd = 2n1)°) where2 j 0 is an arbitrary scaling constant. By
our assumption that the reference functidfi is Lipschitz, there exists a constant
170 suchthat- 17008 1jj* 0 * 09 for all * - 02 R<. By a standard result

on online mirror descent (see, e.g., Appendix G of [22]), we have

@ @ 15 do° 2 1
F& ¢ Fc °, T[g e
Cc=1 c=1
o 21§ d02 /\|k1)0)
B.8 F T o >  nlo 77 _

where the rst inequality is the standard online mirror descent result, and the second
inequality follows by the step siZe= 2n1)°) and the facttha}j 1 = jj1 =
N i ke
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Step 3 (Putting it all together). We have

0o o
OPTIWC° U'"TAA | WP° AG® U AFGP
C=1 C=1
0o o
AR, U F& &
C=g,1 Cc=1
o
g °A U F&°
C=1
216,d°2 o A!kl)o) .
U % e

where the rstinequality follows becauge ) andAd° 0, the second inequality
is from Eq. (B.7), and the third inequality ufilizég G A and Eq. (B.8). Similar
to the proof of Proposition 8, we note tha@lecl‘ 0 %zlEé‘° for every
T2 Rf and discuss the choice oR Rf in order to upper bound %led‘ o If
g =) ,thensef =0, and the result follows. If§ Y ), then there exists a resource
9 2 »<lsuchthat 2_16c1G%%,6 d ¢ .Set'= Ae-Udg 4gwheredgis the
9-th unit vector and repeat the steps of the stochastic arrivals case to obtain:
OPTIW° U'IAA | WP° ?’ U —2162}d02

yo KDY
* o 2nY)°

which nishes the proof by noticing that)° andk!)®)en1)° are both sub-linear

in).

Lemma 18. Consider the Adversarial Arrival Algorithm (AA) under the adversarial
arrival model. Given a prediction ™with accuracy parameter 0, it holds that:

. 1 :
limsupsup —PRDIW° "tAAjW® Qe
Mo was )

Proof of Lemma 18. Recall the updating rule

\ O T
cizargminge’, =+ ¥'-°¢

[

whereqc= 6 ¢G°, d. Note thatqg" , [l+ 1"—"@is convex in , and set its
gradient of ~ to zero yields

1
qc’ _1r 10 r 1° C?O - O_

[
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where 1 ° s the reference function. Because
jiadix  ji6 ¢&@jj . jidjj1 6.d
and by our assumption ° isf -strongly convex with respect to thg-norm in Rf ,

we have
[ 216  dont)° .

JJ c1 dh f—JJdel o)
Therefore
o . & . 215 dopy)o
e Ni1=iic 1 jj'e " B1i1 ——4———1—0—
_ f)
B=2
and hence
O 216 dO
(B.9) jic i1 2]2 .1 ni)Ce
c=1

Let Q? be the actions taken by the Prediction Algorithm at tigienPRDIW®° =
)c=1A61Q7:\°- Because Z j O is a constant and n1)° 2 >11°,

216  dont)°
f)
forallCas) !'1 . Therefore 1—e <+ ’is a sequence of dual variables that satis es
Assumption 2. Leg9 be the depletion time of resourc&sf Algorithm 2 andgoz be
the depletion time of resourcé&of Algorithm 1. Then by Assumption 2 we have
jg)z g 9j 2 >1)° for all resource9 Moreover, since there are resources, outside
of all times between eaajpg andgoz,) Is partitioned into at most , 1 consecutive
time blocks, say 1—+*+— forsome: <, 1 . Note thatthe set of feasible actions
fG )] G 2 ¥ &G° amount of remaining resourceagtime periodCis the same
for Algorithm 2 and Algorithm 1 for allC 2 [[,_, .o. Therefore both algorithms
perform online mirror descent during time periods- ¢ ¢ *—. . Therefore similar to
Eq. (B.8) we have

jifc Nj C z

O O 216 (o 2
(B.10) Fa &© Fd 7, T
C2.0 C2.0

A!kl)O)

nlO
) ® 2n1)0

for each .o. Also, becaus&x 2 arg maxox_g:ce . AAG® " ¢64G°, for C 2
[ 5%1 .o we have

(B.11) AG  26¢G ALG®  26dGre
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Becausd-d" @ = "gld 6 dGe°andFd ™ ="™1d 6 é(‘éOO, for each 9 we get

O N O N
IAC:LQ:O AdGee 1‘(>:6C:LQ:O N EG(}GOO
C2.0 (8;0 c~)
- 21d 6 AGO° 1 6C1(_~_é‘oo
c26 C2.0
N @ 60
B~ o o
F& @ Fér,d k¢ X
C2.0 C2.0 C2.0
216 o2 A1k1)0) 2d16 _ d°
> 1\0 > 1)0,
2r "% pgo s T o4 M

where the rstinequality follows from Eq. (B.11), the second inequality is because by
Holder's inequality ™ * @ *d 6 ¢G® ji™ " djjjd 6G%h djj™" din.
and the third inequality follows from Eq. (B.10) and Eq. (B.9). Therefore

O n
PRDW° 'LAA jWP° = AAG® AR

C2[§0=160
, MG° AR
C2»)¥%np_, .0
2
26,02 o MK
of > "2n1)o
2d6 , d°
> 1)0
5 2f Sd n)
A p)Yanfa, o

= >1)00
where the rst inequality is becausﬁelCQO AdG® A for eachC and the second

inequality is by noting that < , n?)° = >1)°-k1)%en1)0 = >1)° agndj»)¥an
[log @0 lejgf/i g %j. This shows

. 1 :
limsupsup — PRDIW° "tAA|jW® Qe
o was )

Combine Lemma 17 and Lemma 18 gives Proposition 9.
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B.6 Proofs in Section 3.4.3

Proof of Theorem 1. We divide the proof into three cases. The rst case is that
the underlying arrival model is stochastic and the algorithm never switches to the
Adversarial Arrival Algorithm (i.e., the for loop in the algorithm is never broken),
and in this case we show thaegret!MainALG® =$tmaxf) 20_ 19° The second
case is that the underlying arrival model is stochastic and yet the algorithm switches
to the Adversarial Arrival Algorithm at some point, and we prove that this case
happens with low probability. The third case is that the underlying arrival model is
adversarial, and in this case we show that

lim sup sup E11 _% max iOPT1W°—PRD1W"1MainALG j We XA-

Mo wes ) U

regardless of whether the algorithm switches to the Adversarial Arrival Algorithm or
not. To simplify the notation, throughout the proof we will assux)eandleX are
integers. The roundingsX)canddZl«Xdn our algorithm will not a ect the result of

our analysis.

Case 1. Suppose the underlying arrival model is stochastic where each arrival
Wis drawn i.i.d. from an underlying probability distributidh 2 1S° , and the
algorithm never switches to the Adversarial Arrival Algorithm. Then the algorithm
decompose} time periods intdleX time blocks, where each time block contains
X) time periods and has at lea§td amount of resources available. During each
time block the algorithm performs the Stochastic Arrival Algorithm. Therefore, by
our de nition of OPTgtW-— ¢ « « -s?\ANd the performance guarantee of the Stochastic
Arrival Algorithm given by Proposition 8, we have

hiéx 1 [

n

. . 1
Ew p) OPT!Wi 1210 © "MainALG jWe = = max 1X)030 _1
=0
n 1 (0]
(B.12) =¢$ max)2°-1 »

For each time perio@let & j W® :=Al'° " ~dbe theGterm of the Lagrangian
dual function Equation (3.3), then every?” | W® is also i.i.d. By Lemma 14 and
Lemma 15, for every arrival sequence W we have

e
(B.13) OPTW& FjWwe 8 2RS
c=1 )
and
6
(B.14) ‘Enig & JWe OPTIW.¢#, 1<, 1°A

» C=1
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for every time period® SettingB =), taking™ 2 Rf to be the minimizer, and taking
the expected value of Eq. (B.13) gives

n O #
(B.15) Evp »OPTWHL E \p) min d WO .
2R
Taking expected value on both sides of Eq. (B.14) yields
" ~ #
e
(B.16) Bwgpps g]R”(] ¢ WO Ewypp e»OPTIWPY | 1< 1°A.
- c=1
Therefore
(B.17) . "
1651 1 @FX) # 1651 #
Ew p) faniQ G iWe Ewp OPTIW, 1:1: 10x) °
:=0 > C=:X),1 :=0
, 1<, 10AeXe

Combine Eg. (B.15) and Eq. (B.17) we have

" #

0
EW P) )DPT]-W) 01/4 E W P) \ran\!D d‘\ J V\e)
W C=1
1 L EX #
Ewp min ¢ v

. =0 > C=:X),1 #

%51
(B.18) Ewp  OPTM 1 10x) © 1<, 1°AeXe

=0

We conclude the proof of case 1 by combining Eq. (B.12) and Eqg. (B.18)and noting
that 1< 1°A«X is a constant:

Regret!MainALG® = gy py »OPTIW° 'IMainALG | W¥%= $tmaxf) 20 —1Q°e

Case 2. Suppose the underlying arrival model is stochastic where each &gisal
drawn i.i.d. from an underlying probability distributidgh 2 1S° . We show that
the probability that the algorithm switches to the Adversarial Arrival Algorithm is
low. More speci cally, we show that this probability is no more tl*%ifw.

First we prove a Cherno -like bound for sums with stopping times.

Lemma 19 (Stopping Time Cherno ). Consider a discrete-time random sequence
with states( 1— (—** *where each statécdetermines two valueG and Hwith
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G- 2 »0-2fgr some constar? | 0. Supps€E»@j (c 1% E»bdj (¢ 1% Then for
every0Y n Y 1andevery " j 0we have
G Q )
P 9gsuchthat Ge'1, n° Heil n® n'2 Y expln?oe

c=1 c=1

i
Proof of Lemma 19. Letqp = 1, and forg = 1-2—+tletgq = 11, n° Ea®21]
n° ¢-1t2¢ Thenqg— g—+ * s a non-negative super-martingale. Indeed gforl
we have
99 _ 14 _noG211 poty2

Qg1
11,nGge2°1 nHge2°

1,nGge2 nHge2e
where the rst inequality is becausgs2— 32 2 »0-1%6r every C Because

E»@j (C Wa E» Hj (C 1Yawe getE»q}-q g1 j (g 1% 1, which ShOWS'.]o— g—ee-
IS a non-negative super-martingale.
If the event in the statement happens at some g, then
~ ~ !

Q Q

exp n@21, n° nke211 n® expin?oe

c=1 c=1

Using 4°"1"° Y 1 n we get
i i
g =11,n° &1%211 po &at2; expin2os

Therefore

O & . _ 2
P 9gsuchthat —— —— n2 P 9gsuchthatgiexp!n
C=11 ,n C=11 n

Y expt n?'0s
where the second inequality follows by Doob's martingale inequality. .

To analyze the reward obtained so far by the algorithm at a certain time period, we
revisit the proof of Proposition 8 and inherit all notations are ed from the proof of
Proposition 8. Recall in Eq. (B.3) we have

Ewp '@ |f tbc1®Y#Ewp 1 cjP° F & E&jf by e
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ForanyG2 Xcand c2 Rf we haved AZdGO- 1 ¢jP° F & @ A. Therefore,
for the stopping timg de ned in the proof of Proposition 8, we can apply Lemma 19
on ' ¢jP° F & @andAGP?, which gives

@ N - ~ @
Pw p) ' cjPe F & & AAGQ
c=1 c=1
2
1 n)o,ll,n(bn&%
@ .
Pwp P F &
_c=1
) 1 nO
rRET—5 '1.n ®r A
c=1 )
O v jrprFrae @ ne
Pwe 1 no T no " A
c=1 : c=1

Y expt n% .

where the rstinequalities follows becaus€¢ @ A andg ), so

o
2 AMGPe1l n® 2nR)er1 n @;
Cc=1
the second inequality is obtained by dividihg n ®on both sides of the inequality;
the third inequality utilizes Lemma 19. Plug i) 1*2 and * =) log?)° yields

(B.19) !

~

0o _
Pup ' TCIPP F & AIG A 2Alog)® ) Ve
c=1 c=1 )
We will use Eg. (B.19) later in bounding the concentration of '*SA j W°.

Then we look to bound the concentration@PT*W° Becaus® A ° A for
every - 2 Rf, by Hoe ding's inequality we have

# !
0 . 0 | oK
(B.20) Ryp W Ewp iV iH ep o=
C=1 C=1 )
and - 4 !
¢ ¢ 2K
(B.21) Ryp Ewp) S iwWe ¢ JWiH exp - 8B
c=1 c=1 AB

for every™ 2 Rf andH j 0. Apply Eg. (B.13) and Eq. (B.16) to Eqg. (B.20) and
take " to be the minimizer on the left hand side of Eq. (B.16) gives

2K
A2)

(B.22) Ryp OPTIWC° Eyp »OPTIW®§ H 1< 1°A  exp
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Take H :pAZ) log?)©e2 yields

P
(B.23) Ryp OPTIWC Eyp) »OPTIWE4 = A?) logl)°s2 1< 1°A )1

i
Recall in the steps of Eq. (B.6), we ha¥&A j W° ~ 2_AlGPand ' ¢j P°
g "g ] P . Combine Eq. (B.19) and Eq. (B.23) gives that, for every | j O,

Pyp OPTLWC 'iSAjWe

P
I, 14A | 2Alog?)°° IO) . A9 logh)ee2, 1< 1°A

100 . - 1
Pwp Ewp »OPTIWOY, "1SAjW° | 14A  2A Iogl)OE) -y
~ !
110 @ p— 1
Pwp Ewp »OPTIWOY, AIGE |, %4A  2Aloghoe ") | =
o=l ! )
120 @ . . . 2
Pwp Ewp »OPTIWOY, 11 cjpPo F d @0 | =
c=1 N , )
130 . @ ' 2
Pwp Ewp »OPTIWOY: ¢ 4 jPO, F& e |, +
N c=1 I )
140 @ < 1 0 2
Pwep ) g °A, FJ& °,) 27 polyloghe I, =
c=1 | )
15° A6 3
Pwe q° ) 2% polyloghe | )—‘
R . . i
Here0° follows by Eq. (B.23)71°is becausé&!'SA jW° ~ 2_ AZG?; 12°follows
by Eqg. (B.19);*3%is because 1 ¢j P° ¢ " g J P ;*4°holds since the last

three steps of Eq. (B.6) is deterministic in natur;°follows from the last paragraph
of the proof of Proposition 8. Take | %9 and note that

|, 14A | 2Alogt)°° p)_, IOAz) logt)°e2 | 1< | 1°A 2 $ilog?)© IO)_0—
i.e., there exists a constanf j 0 such that

I, *4A , 2A log?)©° p)_, pW 1<, 1A Y O|091)°p)_‘
This gives

(B.24) Ryp OPTIWO '1SA | WO | OIogl)°p)_ )§

Suppose the algorithm does not switch to the Adversarial Arrival Algorithm before
time period: %) for some: %2 fO—eee—1eX 1gFor: = 0—1—ee+0:1  the
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algorithm performs the Stochastic Arrival Algorithm during each time block between
time periods X) , 1 and!: , 1°X) . Apply Eq. (B.14) to Eq. (B.21) over each time
block gives that, for every H j O,

L &X) #
Pwp) Ewp) & iwWe
(B.25) Cc=:X),1
OPT1W)() 1:1; 1°X) i H, K 1< 1°A exp ﬁ .
. T 5 5 AZX)
Let - . be the random variable such that
1 ApX) #
-. =Ewp) A IWR  OPTIWyy 1. ox) © 1<, 1°A
C=:X),1

whereWyy 1:1; 10x) P X). Then by Eq. (B.25) each. is an independent sub-

Gaussian random variable with paramet@A?X). Therefore 2(} -. isalsoa

sub-Gaussian random variable with parameter at masé2X). Hence we get

) #
(B.26) Pwp Ewp) & jwe
c=1
o1
OPT™W) 1:1: 10x) i H, 1<, 1°AX
=0
31 !
=Pwp - iH
=0
2H
B.27 ex ——— o
Note that
" # " #
6() N - O LN
Ewp) G WS« X =Eyp) W -
c=1 Cc=1

so combining Eq. (B.22) from time perid@ = Ito time periodC = 9X) and Eq.
(B.26) and using union bound we get

o1
Pwp OPTIW.ox)° OPTIW) 1:1: 10x) °

=0
2H
A2)8)

i 2H , 1< 19AX exp



208

Take H :pA2X3) log?)©.2 yields

o1
Pw p C)F)-l-lvil::OX)o OPTlv:\k),lzlz,PX) ©
(B.28) =0

P
i 282X logl)° | 1< 1°AX —

For: =0-1—eee0:1 |et'tSA | W.x 1:1: 10x) © denote the reward obtained by the
Stochastic Arrival Algorithm during each time block between time periogs, 1
and *: | 1°X), then

o1

oyl = PSA Wiy 1 10x) O—

=0
where' cis the total amount of reward obtained between time pericaisdC 1as
de ned in the algorithm. Apply Eqg. (B.24) on each time block shows that for each
we have

Pwp OPT2W 1.1 10x) © ' x)1 1SA Wiy 1 —*eaWoy) ©

i °|091)°p)_ )§

and therefore

Ot p_ 3.0 3
(B.29) Ry p) OPT*Wj 1: 10 © ' sox1 i Clogh)° ) SR
=0
Let ! be a constant such that
_ _ P
(B.30) llog*)° IO)i °l091)°p), 2/2X¢) logt)® , 1<, 1°AeXe
Combine Eq. (B.28) and Eq. (B.29) gives
pP_— 3 3 X
P PTIW.on° ' . i logt)° — —— = 2
W P) O V.V..OX) ()1 1 Og) ) ) 5 X) X)

Therefore

P1the algorithm switches to the Adversarial Arrival Algorithm

incorrectly®

€51
= P1the algorithm switches at time perio®X) . 1 incorrectly®

1

&

pP—
PWP) OI:)Tlvi/::OX)o ' :0X),1 i!logl)o )

%

:9=0
X.
)

w

5

X
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Case 3. Suppose the underlying arrival model is adversarial and the algorithm
switches to the Adversarial Arrival Algorithm at time perioéX) , 1 for some

102 f0—1—eee—1eX 1-—1eXtpre, to simplify the notation, we set = 1<X if the
algorithm never switches to the Adversarial Arrival Algorithm. For time periods
G- & let '*MainALG j W°»¢-&/4be the amount of rewards that the algorithm
obtained between time periodsadd &

Because the algorithm does not switch at time peridd 1°X) | 1, we have
, . P—
'IMainALG j Wo»1-1¢ 1°X)%,  Ilogh)° ')
OPTl\A&:l:Olox) 0
1
max UOPTl\A_/ZlZOlOX) o_ PRD1W:Olox) o
1
(B.31) max UOPTl\Apr)O—PRDly_\l;oloX) °  XA)-
where the last inequality follows since the total rewards obtaineq) iime periods

is upper bounded by XA).

Because the algorithm releases the remainilg : °X)° amount of resources for
the remaining : ©9X) time periods and performs the Adversarial Arrival Algorithm,
by Theorem 9

(B.32)

1 , :
max UOPTl\/;\bX),l_) °—PRDW¥) 1 ° '*MainALG j W°»: ), 1-)¥
= >1)00
Combining Eq. (B.31) and Eq. (B.32) gives

'tMainALG j W° | XA)
= 'IMainALG j W°»1—19 19X)%,  'IMainALG j W°»:%X) | 1-)V4
1 p_
max UOPTl\A/::ox)O—PRDlyyOx)O llogt)° )

, max UiOPTlV:\bx),l:) °~PRD'W) 1y >%)°
1
11 _°max 5 OPT'Wo-PRDW1)0-

where the last inequality follows sind#is *_— X%tationary (De nition 4 and
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Observation 6). Hence
( 1 1
limsupsup = 1 °max —OPTIWC°-PRDW°
Mo owas ) U )

'IMainALG j W° XA-

Putting it all together. If the underlying arrival model is stochastic, combining
case 1 and case 2 gives

Regret!MainALG°
= Ewp »OPTIW° 'IMainALG j W° j never switch&®*never switches®
.Ewp »OPTIW° 'tMainALG j W° j switchégP1switchesPe

By case 1k, py »OPT*W° ''MainALG j W° j never switch&® $*maxf) 20_ 1g°

By case 2, Ptswitches® %-()5 Since OPTtWP®° 2 $1)°, we have

Regret'MainALG® =$imaxf) 20 —1gCs

If the underlying arrival model is adversarial, case 3 shows

. 1 1 . ,
limsupsup = 11 °max —OPTIWC°-PRD!W®MainALG j W° XA«
1 wes U

This completes the proof. "

B.7 Experiment Details

Synthetic Experiment

The detailed setups were the following. There were 25 products, where each
product was randomly assigned a unique integer price in the rangb-c25&hd an
embedding that lied randomly Bf. There were26 types of customers, consisting

of 25 customers that each corresponded to exactly one unique product, and one
no-customer type, corresponding to no product being selected in that time interval.
For each customer typapart from the no-customer type), the probability that

it would buy product9 if recommended wasigmoid4 4¢°+10, where4g and

49 were the3-dimensional embeddings for produd@nd 9 respectively. For the
no-customer type, the probabilities were zero - we could not recommend anything.

One instance containgd= 1000 time periods. To build the arrival sequence, we had
a function# that maps each time peridtio a probability of observing a no-customer
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type at that time. If a customer did arrive, we chose its type uniformly at random. The
initial inventory level was controlled bg. Modeling inventory shortages or excess
inventory can be done by changidg The price of each product was xed at the start

of the experiment and is held constant. To generate predictions, we rst calculated
at the true item counts in the demand sequence for each product. Depending on
the arrival model, we applied various amounts of zero-mean Gaussian noise with
variancef to each of the true item counts. We then took these counts, compared
them to our inventory, and determined the predicted shadow prices for each product.
By changing f, we were able to simulate predictions of di erent qualities.

The synthetic experiment was run on a MacBook Pro equipped with Apple's M2
Chip. The total compute time was under 20 hours. All o ine optimization problems
in the algorithms were solved by Gurobi.

We list all the (hyper)parameters used:

Low inventory level:d = <015 medium inventory leveld = <03 and high
inventory level: d = «06;

Root nding bisection parameters: U =40/ =0, ;> =10¢*, 8 = 1;

Perfect predictionsf = 0 , good predictionsf = 5 , and bad predictions
f =500;

Stochastic arrivalst*C° = Os7nonstationary arrivals#1C® = «4  3& and
adversarial arrivals: #1C° = 11C j 300°;

Parameters for the Main Algorithm (Algorithm 3): Xz% and!=7.

H&M Experiment

The H&M dataset contains two years of online purchase data from H&M customers,
consisting of dates, purchase prices, customer IDs, and product ID. For each
product, there are basic categorical information about its type, appearance, and
department. For computational reasons, we only considered the 5000 most purchased
products during this experiment. Our goal was to simulate 90 days of the online
marketplace where when a customer selects a product, we recommend three other
products in return. Encoding the days using a startBlaye started by building

a sequence of customer/no-customer arrivals for the 90 day window:! ket

may g gg FAmount of customers in day B , 9dg/Ne initialized an empty array of

size' 90 . ForadayB , 9 for every product that was purchased in that day, we
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randomly placed this product in the array between ind@eand?9 , 1°* 1 . We

call this sequence of customer/no-customer interactions our demand sequence. Note
that each entry in the tuple contained the product and the price for which it was
purchased.

A product's price on a given day was set to be the price of that product purchased by
some customer on a given day. To ensure that this process was deterministic, as there
could be multiple customers purchasing the same product for di erent prices, we
de ned the product's price on that day to be the rst time that product was purchased
by a customer on that day. If no customer purchased that product, we made the
assumption that the product was unavailable and took this under consideration when
recommending products during the experiment, as we could not recommend a product
that is not available. In order to facilitate this experiment, we built an accurate model
which took in two products, along with their prices, and determined the probability
that those two products were bought together. We did this using sklearn's Random
Forest model. First, we created a 50-dimensional embedding for each product. This
was done by creating a matrix where e&d8k ¥ntry represented that tBe¢h product

was bought by thé&th customer. Using a matrix factorization collaborative Itering
algorithm, we were able to obtain a 50-dimensional embedding for each product. Next,
for each product, we created a one-hot vector for product_group_name", graphi-
cal_appearance_no", perceived_colour_value_id", perceived_colour_master_id",
index_code", index_group_no", and garment_group_no", and concatenated these
one-hot vectors to form a vector of lendtB2that contains exactly 7 ones. Given

two products,?; and ?,, we created the nal 207-dimensional vector we fed into the
Random Forest model by concatenatihgand ?,'s one-hot vectors, adding in the

dot product similarity metric between tf¥g and?,'s embeddings, and nally adding

the prices for both items on that speci c day. To train this model, we generated
100,000 positive instances, meaning a customer bought pro@duetsd ?, together

on the same day, and 1,000,000 negative instances, where we randomly selected a
product?; purchased by custom&and nd a product?, that was available on

that day but not bought bp. The trained model had an AUC 6#78 For any two
products,?; and?,, that also contained correct price information for that day, we
referred to this probability function asa>1 ?1— 2°, giving us the probability that
items 2 and % were bought together on that speci ¢ day.

In executing the Main Algorithms, we modeled the random nature of recommending
products to customers, that is, we did not know whether or not a customer would
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select the products we recommended. To remedy this, we performed the following
procedure to closely model real-world customer decision making. At each time step,
we either saw a no-customer, which we would recommend no products, or we observed
a product that the customer selected, 3gysc><4A hen the value of recommending
some producPagowas given bySast ?2pecs<andal A ?a48 0 aaB ?a43°,
whereAd ?a48 represented the current price of the recommended pro6di®h 42

was treated as beinf since the customer would only consume one unit of the
recommended product, and sowas the current shadow price of the recommended
item as predicted by the dual variable at time pefd/e then recommended the top
three products according to this above metric that also satis ed the inventory constraint.
Note that if no three products existed to recommend, then we recommended no
products. Once we recommended three products to the customer, the customer would
pick each product with probabilit¥ya>1 ?2psc><aa?a? and we in turn received the
product's value along with the decrease in inventory only if the customer ended up
buying the product. The customer could select anywhere from none to all of the
recommended products, and the selections were assumed to be independent of each
other.

To generate the prediction for each instance, we @é&dlays of data before the
starting day of our testing window. For evesyglay span, we added up all the products
that were purchased within that interval. We took this and converted it into counts
for the embedding vectors. This gab@ streams o7 3 data points each (one stream
per embedding dimension and one data point for each @@be5 combined points).
From here, we ran our prediction algorithm (FB Prophet, ARIMA, and Exponential
Smoothing) to generate 18 more data pointsia%8 gives the full 90 days) for
each of theb0 streams, converted these data points back into counts for the products
themselves, and determined the shadow price for each product using these predicted
demands for each product. This was done by solving the o ine problem where the
inventory levels are given by the predicted demand. The vector of shadow prices
became our prediction.

Here, the predictior is constructed from historical data that re ect such persistent
demand patterns. Even though individual arrivals are modeled as stochastic, the
realized arrival sequence is in uenced by common underlying factors that induce
correlation between past observations and future arrivals. As a result, for an arrival
sequenc&V P), the prediction™W?¢nd the optimal dual variable 1W¢re not
independent, and the prediction error may scale sub-lineajly aonsistent with
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our theoretical assumptions. More broadly, our results highlight that the stochastic
model relevant for prediction-based decision making is often best viewed as one
with structured randomness: while arrivals may be independent across periods
conditional on latent parameters, predictions can exploit partial information about
these parameters, leading to meaningful correlation betwesamd the realized
arrival sequence.

When running the Main Algorithm (Algorithm 3), we performed sequential hypothesis
testing to determine whether or not the arrival sequence was stochastic or not. We
began by assuming the arrival sequence was stochastic. Then we performed the
following o ine hypothesis test: after allowing for a burn-in period 20 days, for
everyC 2 25— 30—« « »—8Bgerformed a one-sided one sample t-test on the number
of arrivals in»C 4— @®mpared to the average number of arrivals@+ C 5%or
su ciently low ?-value, chosen to b€5 the algorithm switched to be adversarial.
Additionally, due to the large amounts of data used, using the bisection algorithm as
written in the Stochastic Arrival Algorithm (Algorithm 18) was too computationally
ine cient, so instead we used an approximation of this by selecting a sgsof |,
and computing

\d 1—[°
Uucdai.-[°,V
This method allowed quicker computation, as we were only running a constant with
respect tg versions of the Mirror Descent Algorithm for each instance. The larger

[ci=arg [ryln [ p

our set was, the closer we would get to the solution outputted by the root nding
bisection algorithm.

We list all the (hyper)parameters used:

~ Prophet and Exponential Smoothing: default;

" ARIMA parameters: ? =5, @ =2,3 =1,

" Random Forest classi er: =_estimators = 100, max_depth = 18;
© =f10 10'1830° j 8 2 »30v4(;

"~ Stochastic Arrival Algorithm parameters: U =1, V = 0.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Preliminary Observations and Proofs
Proof of Lemma 2. By Assumption 4, we have
V1@ Y @ = Y @ Y @, @ Y —-@
100 . . .
V@ Y @, 1 2
110 " . .
V@ Y @, 1 2
120 - . .
2] 1 2
Here 10° and 12° follow from 1'—@°being -Lipchitz in *, and11° uses the
de nition of @. .

Proof of Observation 3a). By Lemma 2,
Cc® Jc@ 2j"c d-

where is the Lipschitz constant of * — @°. Therefore,

(5 )
chredlctlonl)o — SUp Egpredlctlon C,L\ - @ Cl\ - @
J2D1E® c=
L )
2 sup Egpredlctlon J 7\C < d .
J2D1E° c=1
Finally, by the construction of *
@ . ~ . O . ~ . 0
i " d j0c 4 )
c=1 c=1
Taking =2 gives the desired result. i
For any time periods 0—1, let
(@ \ \ )
R1)°»0-1% = SufEj dc@ Jdc@
J2D1E° Cc=0

be the regret incurred by the policyfrom timeO to time 1. We make the following
two useful observations:
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Observation 7. For any policy ¢, R°1)°»0-1% 11 0, 1° for some universal
constant 2 10-1°.

Proof of Observation 7. Because cand @are both bounded,d” — @ is also
bounded in »min— max¥s Where

in = inf )
min ) Oz»\min—\maxl/‘i‘(@ Cil < @
12 »0—phax/a-c2»0—max7a
and
max = Sup ¢ @
T @2 “min— maxYa-@&
12 »0—had/s-2»O-maxs
Thus,
(5 )
R®1)°»0-1Ys = SUES dc® Jdc@ ' max min®*101%
J2D1E° C=0
Take =  max min gives the desired result. As a remark, note that by foot-

note 3 we have max 3maxfl max— maxd*X , &mal, SO can be taken as
3 maxflmax— maxd*X, &mal. "

Observation 8. For any policy c¢ such that, from tim® to time1l, c rst estimates
the mean at tim€to be "c2 » min— max/4or every0 C 1 and then ordei@ 2
argming2e ¢ "o @We haveR®1)°»0-1%  SUP,pipo ES  &ogi’c g for
some universal constant 2 10-1°.

Proof of Observation 8. Let be the Lipschitz constant of — @°then by Lemma
2

Cc@® Jdc@ 2j"c g

Therefore,
(g )
R°1)9»0-1% =  SUfES dc@ Jc@
J2D1E° c=
(s )
2 sup E§ joc " d
J2D1E® c=0

Taking =2 gives the desired result. »

Observation 8 implies that any policythat estimates the mean accurately at each
time achieves low regret.

Finally, we will make use of standard sub-Gaussian concentration:
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Lemma 20 (Hoe ding's Inequality, e.g. [ 169]). Letry—« * » —=ive independent, mean-
zero, sub-Gaussian variables with sub-Gaussian norm at most :

. cé
Piling iC 2exp — forallC O
Then for some universal constant C,
~ I
G —@
niC 2exp — forallC Oe
8=1

Il

Moreover, is upper bounded by 1444.

C.2 Proof of Lemma 3

Proof of Lemma 3. Because our bounds are all asymptotic, we ignore the rounding
and write = = )1 E>2 to simplify the notation.

By Observation 7R¢ ™' 1)°»1-=Y, =Y ;) 3E*4 for some universal constant
l: 3 maXflmaX— maxglx 5 &maxo 2 10— 10.

From now on we consider the time period fr&@n= =, 1to C =). We rst upper
bound the total estimation error of the meah__ ,j”c * 4. Note that

@ . . . 100 o 1@1
jc " d = 3B c
c==,1 C==1 B=C=
6 |61
= - g, ng " c
C:l_B:C:
6 06! L 61
= - g O, - N
C==1 B=C= “B=C=
o 4 6t 6 4 6t
- g O, - g —
C::’l_B_C: C::l_B_C:

o i .
where 10° follows because:® the projection of ~ SX. _3g0n » 1in— "max¥4-
We bound these two parts separately through the following two lemmas.

Lemma 21. There exists a universal constang 2 10— 1° such that

o1

1

0]

Nl

N 13 E%e4
B & 2 *T e
C::,l B=C =
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Proof of Lemma 21. Forany=,1 C ) we have

Inie

o1 o1
L, 16t
B ¢ =
B=C = _B:C:

Also, by bounded demand variation,

O < N c@ze(} < < .2
Cmaé(JB d = ,_max B d
= 1 = =
C==11 BC1 9=1 8=1 91°=8B9=81
110 G @:e N < .2
= __max i's  d
1 = =
go1 gop 91°=8B9=81
190
=+ _
Ay MLE2_

where!0°is obtained by partitioning the sum into time window&? is obtained by
exchanging the summations, atftf follows by the de nition of demand variation
+. sincefG=9=,8 1:9 =0-1-9++—d)e3e@ partition offl—ee«<—) dpr all
8=]1—0eece_—,

By Cauchy Schwarz inequality,

@ o\ <. M o O N ~ .2
C:’lC:mBaé(lJ B d o= C:Alcszaé(lJ B d
1) =0 /\) 11 ECe2
px) 13 E04,
p

Take , =" ” gives the desired result.

Lemma 22. There exists a universal constang 2 10— 1° such that
xed ( 0 ©1 )
ES Ne
C::}l B=C =

Inle

2) 13,E%4,

Proof of Lemma 22. Because each gis sub-Gaussian, eachis sub-Gaussian.
Therefore there exists a consta@tY 1 whereXg = inffx? 0 : E»4®X"y, 2g
Let X = maxg=1_...Xg, then by Hoe ding's inequality, foranyg ;1 C ) we have

- !
Lo ) d1=G? d=
P = e G 2exp g 26xp —G -
“B=C= B=Cc =X8 X
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where d j 0 is a universal constant. Therefore we have

xed( 1 ©1 ) ' B ( 1 ©l )
ES - N = P - s G 3G
- B=C = 1 0 - B=C =
1 d=
2exp —G 3G

0 X
S ___
o
= =
S

- %) 1E 1044,
= A
Hence
(4 o1 ) s s
gc 1 1) =0 % 1E 1%4 % 13,E%4,
J — rB ) - dA) d/\)
C::,]. - B=C =
Take 3 = %If gives the desired result. Note by Lemma @ 1444, so
p__
X
3 1_2 4%\' ”

Now we nish the proof of Lemma 3. With Lemma 21 and Lemma 22, we conclude
that

xed( CN) . N ) xed( O 1 ©1 N N )
ES i d ES - g &
C::’l —:,1 B=C =
Cxed 1
5 E J —_ rB
C::}l - B=C =
oy, ) BE

Therefore by Observation 8 there exists a universal constan 2 10— 1° such
that

RC* 1o =R o No»1—=Ys R No»=, 1-)Ya

1 O, 1 O,
) IBE*E 1, o) BE

13,E0%4
1 1, 4.1 2, 300) R °

d o
Take =1 1, 4% 2, 3wegetR™“ 1o ) BE*



220

C.3 Proof of Theorem 2

Proof of Theorem 2. Because our bounds are all asymptotic, we ignore the
roundings and writesg = ~) "LE&*2 to simplify the notation. By Observation

7 R M1y0551 Y341, 1) 34 for some universal constant

1 BmaXflmaX— maxg X &ma 2 10— 10'

From now on we consider the time periods ajté¥. Let be the smallest index

suchthatE E,thenE 11, ,Oé) °E, s0
(C.1) )E ) 11,1-log)°E =4E) E 4) E,

First, we show that %is close to cwhen 9 via the following lemma:

Lemma 23. For every 9 with the corresponding window sizg = ) "1 E¢*2
there exists a universal constant W j 0 such that

806 0 g
. — Px e 2
PB N e Wlog), A ° 48 )32

: C=31

Proof of Lemma 23. Same as in the proof of Lemma 22, by Hoe ding's inequality
forany 5,1 C ) we have

o 1

B =9

] d=g
2 exp 1C17XB 2 exp 7(32_

Cx

|
g dlnga .
2 B=C 3
whered andXare the same as in the previous proof. \Bet 0to be large enough so
that
@5,
X 2

(C.2)

Take G = \B\Aog) ) 'Bo1*4 and plug in 3= ") '1E*2 yields

§1 0 g
1 1Ey 1004 d W 2
;: nB W log) ) 5 2 exp 2 log) =
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Then we get
(o | o o)
P I ne W iog)) 2
C=e1 9B=C3
P max
—91C) = B:C__grB
)
P 15100
W log)) *°
wo Lge o )
P — e W log)) "=
C=31 “9B=C3
2 L[]
) 32

where!0° follows, by union bound. Note that sinee ) E ) B by Lemma 21 we

know' L., £ §k.rg " & PR BES andinthe proof of Lemma 3 we

have
0 6 , 6 o) o1
. N 1
it d = v = g
C=31 C=3%1 “9B=C 3 C=31 “9B=Cc g
Therefore
€5 )
P L 1w og), Dm0y BEwa
C=31
(o ;60 o6 , e
P — g &, p— Ng
C=31 9B=C3 )C:§l ~9B=Ccx
W jog), o) eES
(5 o1 )
P - ne W log)) =E&4
C=s1 9B=C=x
2 [ ]
) 32
ni 9 - P—— P~ 1 o 0
Foreach9 ,let gbe the event )c=:3,1 " c Wlog), "~ )BES
thenP1 & )%for each9 First we assume thatgdoes not happen for ar§

We break the proof into three lemmas.
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Lemma 24. Each time an if condition happens, for the curreive have8 Y .
Therefore 8 throughout the algorithm.

Proof of Lemma 24. Suppose an if condition happens at ti@teiggered by some
index 9 j § then S_cj™ ™g 2 Wlog), P
sake of contradiction that 8 , then

~ ) '8.EF4 Suppose for the

~

O:. 9.1006:. <. 6: 9 . .
i Mg i d. %
B=¢ B=¢ B=¢
10 O o .
s d i d
B=31 B==,1
120 T~ — 1 O, —_— — 1 Oe
¢ Wiogy, Px y3Ee Wingy, Pr y3Esu

P—— — 1 Oe
V2 Wiog), Px ) 3ES

where'0° comes from the triangle inequality and® is because; j ) 4 and
=3 ") '2:since9 {8 , by our assumption neithergnor ¢ occurs, so
we get12% 13° follows sinceEg | Eg This contradicts with gzgj 8 "Sj

2 Wlog) , Px ) 3.E*4 Therefore, we must ha® Y . Because the inde&

never decreases and can only increase by 1 each time an if condition h&pens,
throughout the algorithm.

Lemma 25. Suppose two consecutive if conditions occur at tigand €0 then
ReM M0 @09 11, ;) 3E™4 Jog) for some universal constant 2 10— 1°.

Proof of Lemma 25. Attime Ovhere€ C C% 1, by Lemma28 Y . We have

@l . ~ . 100 @1 . N . @1 . .
i g i d. i Mg
B=€1 B=€1 B=€1
10 O o &1 _ _
is " d. i% Mg
B=31 B=€1

12° p— — 1 Oe. p— — 1 Oe
Y Wiog)y, P& )=E™ 2 Wiog), "A )wE°
130 p_ _ . ou

34 14 W|Og), p/\ ) 3.E 4—_

where'0° comes from the triangle inequality aid® is because® j ) 34 and

= ") 12 the rst part of 12°follows by our assumption that does not occur,
and the second part 62°follows since the if condition is not triggered between
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time Gand time 1 ; 13° follows by Equation (C.1). Then by Observation 8 there
exists a universal constanf= 2 2 10— 1° such that
shrinking @1 p e p — 1 o
RC 1)0»@_@9 1Y, 0 J7\8B ‘§ 34 14 0 \y log), "~ ) 3,E%4,
B=€

Take =344 0w ,p

A gives the desired result.

The above proof also works fRC™"""™1)0») 3*4 1-Gg 1¥ifthe rstif condition
happens at tim&e, or RS "*1)05) 34 1_)1if the if condition never happens.
Note that the inde8never decreases and increases by 1 if and only if the if condition
happens. Suppose that the last if condition happens at tign¢h€n we have

shrinkin 0 i iti
RC hrink 91)0») 34 . 1—QEst 1¥. 4 of if conditions happened°
1 O, p
2) >F"*" log)

1
1 13,004 P
2)

log)

190

3 EougP —
2log; 2 9)°) 5 log)

, log) ) 13 goeg P
log'l, y°

log)

130 . .
2) 13,E°4 |095 2).

for some universal constang 2 10—1° Here!0Q° follows by Lemma 2511°is
because the maximum index&fis : , 12°is becaus& 1 Y1 E., and:3°follows
by logtl  G° G when G is small.

Finally, we analyze the time periods aftggC

shrinkin 1 O, p— .
Lemma 26. RS 1)05 Q)% 3) 3E™4 log) for some universal constant
3 2 10-1°,

Proof of Lemma 26. Because the if condition happend@at;, by Lemma 24 either
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8Y or8=.Suppose8Y ,then similarto Lemma 25 we have

o) oo O o)
i’ d is  H, i ™d
B=(ast B=(ast B=(ast
10 O 0
s d, % ™d
B=z31 B=(ast
$ V\I/J@, pK )13,E °°4>2 V\?@, pK )13,E 04

130 p_ _ . ou

3414 Wiog), TR ) BEM_

where0° comes from the triangle inequality aAd® is becausés: j ) 3+ and
= ") 12 the rst part of 12°follows by our assumption that does not occur,
and the second part 2°follows since the if condition is never triggered aftgg;
13° follows by Equation (C.1). By Observation 8, we get

shrinkin p— —_ 1 O,
R0 G- )Ye 34 O W log) | PA ) 3.E%4

for some universal constanf= 2 2 10-1°.

On the other hand, suppo8e= . Note+. ) E ) E and after timeGg the
Shrinking-Time-Window Policy just performs the Fixed-Time-Window Policy with
variation parameter Eso by Lemma 3

Rcshrinkingl)o »q;st—)1/4 09 13 E 04 0(2'-]_.4) 13,E%¢4

for some universal constanf®2 10— 1°, where the last inequality again follows by
Equation (C.1).

Px

Taking 3=34""maxf W =7~ — % we get

shrinkin 1 O p—
RE™ )05 Ger)¥a  5) 2E*4 log)e

Combining everything above, in the case whegdoesn't happen foran® , we
get

Rcshrinkingl)o — R Cshrinkingl)0»1_)3.41/4 ’ I:z:shrinkingl)o») 34 . 1_ @St :I_l/4

Cshrinking

.R 1)%»Gasr) Y
° 1 O, . 1 O p
)%, 2) BF " og™?) 9 BF" log)e
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Now let us consider the case wherghappens forsom@ . Becaus®f of )%
foreach 9 , by union bound

2 .., 2
P ghappens for some 9 )? V] )
where the last inequality follows Gj = : log ?) . By Observation 7 we always
haveR¢™"""1)0 4) for some universal constant 2 10—1° Therefore in

summary we have

Rcshrinkingl)o Pf gdoesnthappenforany 9 (¢

o 1 Os, . 1 0O, p—
)3, 2) BFog>?),  g) BF log)

Pf ghappensforsome 9 g,)

. 1 O, . 1 O, p—
) >, ) BFMeg*?), 9 BFlog) 2 4

5

Therefore, there exists a constant 2 10— 1° such that

Rcshrinkingl)o ) 13,E%4 Iog5.2 ) N

C.4 Proof of Proposition 10, Proposition 11, and Observation 3b)
Note that Proposition 10 and Observation 3b) can be easily deduced from Proposition
11 by setting 0 = 1 and E = 1 respectively, so it su ces to prove Proposition 11.

Proof of Proposition 11.  We construct the following worst-case problem instance:
divide the time horizon into cycles of length " B2 (since the analysis below is
compatible with scaling, for simplicity we assuiné E**2 is an integer), so there are

) "L.E**2 cycles. Assume that the demand distribution within each cycle is a Bernoulli
distribution that equals t&@ with probability ? and equals t® with probability

1 7? . Atthe beginning of each cycle, we set tAef the upcoming cycle to be
either3 p%) 'E1*4ord p%) ‘E 174 each with probability;. Set& =R and

1c= = 1for all C so the optimal ordering amount is the median of the demand
distribution at each time.

First we show that the demand variatien is at mosj E. Note that sincé c= ?
is xed within each cycle, only the times between cycles contribute to the demand
variation. Suppose the cycle changes between time C and C | 1, then

2 1
T IE 10402 _ Ly 1E 1002,
ci1 & ﬁ%) 5)



226
Because there are }E°2 cycles,
1 1
4y e Lyseree _ Ly g
) 5) 5)

Then we add predictions into the instance. We divide the analysis into two cases.

Case1:0 3E. ForeactOve secto be eithe, p%) ‘B4 ord p%) B 14
each with probability%. Then because eadlzand " care i.i.d.,Ocprovides no
information about g Hence the predictions are useless in this instance. Note that

~

0 2 1 1
i0e A £ VIEL%4 _ o) 13E%4 ") 0_
C:11 c d) pz)) ) 19—5)

so the prediction accuracy is withirf)

Then we analyze the amount of regret incurred. &or 1—---i1)E°'2, let %,
&gbe i.i.d. distributions respectively, whe¥g Bernoulli * 3 p%) 'E1%40 gnd
&g Bernoulli * pﬁ) ‘E1%40 Then the KuIIback—LelbIer divergence &§from
&giS

1 1 \ 1E 1°44
_ 1 1 1E 104 @’ p%) a
KL 1(y@k&80_ E; 13%) Iog_l_ Pl—) 1E1°4®
«? 20 -
L gLy e 4 @t
2 20 «%> p%)) 1E104—|

We show that . %k &P 33 B2, LetG = pz—_o) 'E1%4  then because
E2»0-1& 2 »09%1/4 Note that the k. 1% k & = 13@ for G = Q and we have

3
—. kL ‘%K &g =0=—13C¢
G G=0 3G G=0
and )
3 1 32
- 10k &° = —— Y26 =—-13G
3@ K- BT T 1@ p.o502 3G

forG 2 »09—12_—0% This showsl3G kL 1%k & = 0 atG = Qthe rst derivative
isOatG = Q and the second derivative is non-negativeGo2 »09—12_—0% This implies
kL %k & 13G%= £3) 'E1*2

Iy I . R
Let% = ), L Y%and& = 8= 115 * &ghe the two possible demand distributions

within a cycle, then becauseg®are i.i.d. and &s are i.i.d.,
1 042
)G 13, 4 1op _ 13

100 k & = 105k & ) '1E*?
KL 1% . kL 1%k & ) 20) 0
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We claim that within each cycle, any attempt to distinguish betWéand& has at

least a constant probability of making a mistake, i.e., one cannot e ectively estimate
the ? value within each cycle. Le€ : fo—1§ =~ ! {%—&g be any classi er

that takes the demand observations within a cycle as inputs and determine the true
demand distribution of this cycle. Let C ! 1%°be the event wher€ classi es

the demand observations as from demand distrib%dh?n by Pinsker's inequality,

r —
, . 1 13
0pl O 10 z 10 g
1% & 9] > KL 1% k & 20

where%:?! ° is the probability of happening under the condition that the true
demand distribution is %, and the same for & °. Therefore we have

PfC makes a mistakp= %! 2 &1° %! 2 9%lo == =2,

Hence for any classi eC Hwe_probability of making the wrong guess ®in the

current cycle is at least 1 le(S)-
Note for demand distributiond4@ = 1 and

1

1 | i 1o
1 %_00 1 %s_lozé, ﬁ%) E 1°¢4 1

1 . 10
= 5-) E 1044,
"5
and similarly for demand distributiong&@ = 0 and

1 &8_10 1 &8_()0: 1 % %) 1E 1%¢4

1E 1044

NI -

p?_s
Therefore each wrong guessdincurs a di erence betweert” - @and ™ - @

by p%) ‘E1%4 ‘whichincursaregretot” @ @ @ = p%) ‘E1%4 4 Therefore
over) time periods the expected total relgret of any General Policy ¢ satis es

13 1. i 0.
Rcl)o 1 4_0 pg) E 1°¢4 )
r |
13 1 o
= 1 I2 ) 3E%4
20 PP
r |
13

I
|

1 minfi3 E%4-0g_
20 P3

where the last equality follows fro® 3E. Take2 = 1 £ p% gives the

desired result.
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Case 2:0 Y 3F. For the rst) 0'1.3E°4 time periods of each cycle, we &

to be either , p%) 'E1%4 or p%) 'E 174 each with probabilitys. Note that

0 Y 3E implies0 13E ¥ 1E so time periods of length® ".3>4 are indeed
contained in each cycle, which has lenytf E°*2. For the other time periods we
setOc= " ¢ Then, similar as in the case above, the predictions are useless for the
rst ) 0 "1.3E%4 {ime periods of each cycle in this instance. Since therg &r&"?
number of cycles,

0 PR 11,E%2 \ 0 11,3E°4
j0c 4) ™ )
c=1
so the prediction accuracy is withirf)

2 1E 10.4 _ 1 O_
P>o Pe)

Again, the same analysis as the case above shows that for the® ¥s65>*4 time
periods of each cy&le_, the probability of making the wrong guesainfthe current
cycleisatleast £ Also, each wrong guess @fincurs a regret ofal?__)) E1%4
Because there aje>-E**? number of cycles, ovér time periods the expected total
regret of any General Policyrc saltis es

E' 1 1 0, 1 O, 13E
Rcl)o 1 4_019_5) E14)1,E2)O T

r |
13 1

= 1 — 0
20 P2
!
13 1 nin3 go
=1 = minfi3 E°4-0g_
20 P2
y a4
where the last equality follows fro® ¥ 3£, Take2 = 1 £ 91—5 gives the

desired result.

C.5 General Variation

Recall that for any sequence of means f° 1—+<+— 7, we de ne the demand
variation to be its quadratic variation

0

+. = max ¢ ¢ -
fGew-@2P _ '

whereP is the set of all partitions. The choice of quadratic variation follows from
previous literature95, 96]. We can also de ne the demand variation using what we
will call \-variation for some 0 \ 'Y 1:

(& )
+. = max o C, .
GoeG2P '
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In the special case &f= 1, this is the total variation, which has also been used
extensively in previous literatur@7, 52, 92, 122]. We prove the following lower
bound, which generalizes Proposition 10.

Proposition 20 (Lower Bound: Nonstationary Newsvendor with \ -variation). Sup-
pose the demand variation is de ned uslngariationand+. ) E. Forany variation
parameterE 2 »0— 1&#nd any policyc (which may depend on the knowledgdEpf

we have
Rcl)o 2) 1\ E%12\°

where 2 i 0 is a universal constant.

Proof of Proposition 20.  Similar to the proof of Proposition 10, we construct the
following worst-case problem instance: divide the time horigamto cycles of length

) "22B%12\° (since the analysis below is compatible with scaling, for simplicity we
assume@ 22E*2\ s an integer), so there ayé'.2E*"2.\° cycles. Assume that

the demand distribution within each cycle is a Bernoulli distribution that equals to
1 with probability ? and equals t® with probabilityl ? . At the beginning of
each cycle, we set th of the upcoming cycle to be eithgr, 1912—_0) 'E1%12Y or

z p%) 'E1%2Y° each with probabilitys. Set& = R_andlc= c= 1forall Gso

the optimal ordering amount is the median of the demand distribution at each time.

First we show that the demand variatien is at mosj E. Note that sincé c= ?
is xed within each cycle, only the times between cycles contribute to the demand
variation. Suppose the cycle changes between time C and C | 1, then

\
NN 2 | ig qoup o \IE 10412\
tc1 ¢ ﬁ%) : ) .

Because there are' )22\ cycles, + ) "2E*R2\ ) VEIMR2V ) E

Then, following the calculations in the proof of Proposition Jql,_the probability of
making the wrong guess &fin the current cycle is at leat }1—8. Also, each
wrong guess of incurs a regret 0{91?_3) B2 at each time period. Therefore
over) time periods the expected total regret of any General Policy ¢ satis es

r_|! r !

13 1 0419 10 13 1 0019 10
RC¢1)o 1 - 1E 1012\ = 1 -9 11\ E0e12\

q_—
Take2 =1 31—8 19% gives the desired result. ”
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C.6 Proof of Proposition 12

Proof of Proposition 12.  Set& = R andlc= ¢= 1 for all C so the optimal
ordering amount is the median of the demand distribution at each time. We construct
the following two problem instances:

Instance 1: foralCset & *=8510-29 Then' & =1. Set0Z =3¢, where
3(1:10 is the realization of Elo. Since” élo = 1 for all C the variation parameter
E' = 0. Becausé)_ is a constant away from¢ with probability 1,0'1° = 1.
Because the optimal order amount @o@: ’ 1C1°,

o a0 o . g0 o ap b1
v @esE1e &, o s F =5

5

Instance 2: for allC set 1020 = 1020 *=8510-29 i.e., 1020 is a one-point
distribution. Set)lc20 = 3(1;20, Where31c20 is the realization of E:ZO' Since’ 1C20 changes
by a constant amount fror‘nlczol with probability 1 throughou€ = 2—ee+-jhe

variation parameteE2’ = 1. Becaus®: = < for everyG0'Z = 0. Because the

. L1 . 120
optimal order amount |S(§_§) = CZ,

N 120 0 120 N 120 N 120 120
1 0 — 0, 0, e
c —@ =E 1d ¢ c®., ¢ ¢ c =0e

Note that a General Policy can only observe informatiol®ggiand 3¢s. Because
Olc10 = 31c10 andOlc20 = 31C20 have the same distribution for evegyno General Policies
can distinguish between the two instances. For any General Rylley@be its
output at timeC Without loss of generality, we may assui@g? »0-2%ince any
other ordering amount is clearly sub-optimal. Then

1o h o @2 @ 1
P c-@=Eld ¢ @, ¢@ > =——(F— 3
and

2, _2 @ @_
C - 5

h
r ZX_@=E 1¢ & @, J@ o =1

Let R®» 1¥41)°denote the regret af on instance 1 anR®» ;%) °denote the regret
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of € on instance 2, then

)
RC» 1"‘”)” . RC» 2“.”)11 - ,,‘61 @C” ”z(,:,l @(,:,1 ”

(=1
) e 2 @ " <,2" @,,2" ”

> n n (
(=1

U T B

(=1 2 2 (=1

=)

Because R®» 1.,)" , R%» ,.,)” ), any General Policy C incurs regret at least
0 5) on at least one of the instances. Since no General Policy can distinguish
between the two instances, we can always choose the worse one of the two instances
to feed to the policy. Also, since E»!" =0, 01" =1, E->" = 1, 0->" = 0, in both
instances we have 0 < 3—3—E. Therefore for any General Policy C there always exists a
problem instance with 0 < 2:E such that R®,)” 05) = ,)m&L.3.8" 400" o the

4
instance.

C.7 Proof of Theorem 3

Proof of Theorem 3. Because our bounds are all asymptotic, we ignore the round-
ing and write = = ~)»! ¥ 2 (o simplify the notation. We slightly abuse the notation
and reuse | 7 as constants that differ from the statement of Theorem 3.

PERP — ~prediction
=C;

Because C for ( from 1 to =, by Observation 3

RCPERP ”) ” »1 = = chrediction ”) . »1 = ?) 0

for some universal constant ? 2,0 1”. Also, by Observation 7, since

==a).l B2 Ay.3.E 4

there exists some universal constant ?0 2,0 17 such that

RCTER? Yol = y.3.E" 4
” 1
Take | = maxf ? ?Og we get
RCPERP") ”»1 = l)minf,,3,E" 4 ng@

Now we consider the time periods after time = , 1. First, same as in the proof of

Lemma [22] bzr Hoeftding’s in)equality for any = , 1 | () we have

(1 .
d,=6"?

ng G 2exp =7

B=( = B:(l: :X%
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where d and X are the same as in the previous proof. Set W j O to be large enough so
that
drw?

X2 2

(C.3)

Take G = Wplog) ) " #and plugin = =)' ¥ 2 yields

(1 ol P— ) A2 2
P - ng W log) )*E 1% 2 exp log) —
= X2 )2
B=( =
Then we get
Cy e )
P - ng W log))~-F 4
(==.1 _B:C =
( x
1
P max - Ng
:’1 ¢ ) :B:C =
)
W log))"E "4
Gy )
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where (a) follows by union bound. Note Lemma 2] says
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and in the proof of Lemma [3] we have
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Because once the if condition in PERP is triggered we break the for loop, the if
condition can happen at most once thoughout the algorithm. We consider two cases

separately depending on whether the if condition happens or not:

Case 1: the if condition happens at some time B.  First, suppose

)
efived o ,,Wp@ . P, Y34
C::,l

then because the if condition happens at time B,

o )
) = 0 %
(=1
. B
-0 «0 c
¢ C
(=1
1 B B
" «0 efixed efixed <
(=1 (=1
Wi )”3,En 4

where O; = ‘CO gives ,0” ,1” follows by triangle inequality, and ,,2” follows by the

the if condition. This shows 0 %, SO min % 0 = %. Note that between
time = , 1 and time B 1 we have:
B 1 o B B 1
0 c " 0 efixed efixed <
¢ ¢ ¢ ¢ > ¢ ¢
C::,l C::’l C::’l
W1 P— p- .
2Wolog) ,2 A, 1 )3Ed

where ,,0” follows by triangle inequality and ,1” follows by the if condition (note
by the algorithm’s construction B = , 1; for the simplicity of writing we assume
B 1 =,1,andthecaseB ==, 1 follows similarly). Then by Observation@ let
be the Lipschitz constant, we have

(G )
CPERP

sup E- .0 @ ‘0 0
J2D,E” —

CPERP

R 2 »=,18 1.

J2D,F N

pP— _ ;
2 .,2W log) , 2Pr L1 )3E e
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where ,,0” is because cPERP = cprediction hafore time B. Hence RCPERP,,) "»v=,18 1.
is on the order of ) n3.E" 4 log ), so there exists some universal constant 5 2 ,0 1”
such that P
PERP »” —_—
R D)™=,18 L )F 4 o)

Also, since after time B we have cPERP = cfixed by Lemma [3| there exists some

universal constant 3 2 ,0 1" such that

Xe xel ” p—
RCPERP”)”»B ) — RCﬁ d”)"»B ) Rcﬁ d"),, 3) w3,E" 4 log)

In summary, if

efixed ¢ ,,Wp@ . P, Y36 4

we have

CPERP CPERP CPERP CPERP

R n) "=R u) 1 o= > R r)n) RE E] 18 L. > R
w1as 2. 37)7F 4 log)

=, 1. 24 3ia)m1nf,,3,E 409 lOg)
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where the last equality is because min % 0 =3E

—

P—— _ .
Second, suppose c)==,1 ‘?Xed “ LW log) , Pr )"3’E 4, By Observation
there exists some universal constant 4 2 ,,0 1" such that RC™ ) 4)

Therefore combining the above two scenarios we get

C, )
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RCPERP”) ” P A{lxed ‘C ,,W lOg) . p/\”),,3,E 4
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w ls 29 3n)minf,,3,E" 409p10g)
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=, 1. 2, 3)minh3E 4nglog) -2 4
Hence RS w) ) minf, 3,8 4ogplog) for some universal constant 2 ,0 1.”.

Case 2: the if condition does not happen. In this case cPERP = ¢prediction g by

. : : P—- :
Observation ) we immediately have Re™ w) 5)% log) for some universal
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constant 52 ,0 1”. Also, following the same analysis as the part of Case 1 where

an if condition has not happened, i.e., between time = , 1 and time B 1, we get
p—— _ . v P—
RE™ )™= 1), 2,00 Tog) , 2078, 17 )E 4y 3E 4 ey

for some universal constant ¢ 2 ,0 1”. Then we have

CPERP CPERP CPERP
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Hence take =maxf 5 |, g wehave
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RC ") )mmf,,S,E 4 0g IOg)

C.8 Unknown E and Known 0

We design a policy for the case of unknown E and known 0. Our policy utilizes
the famous Exp3 algorithm (Exponential-weight Algorithm for Exploration and
Exploitation) as a subroutine. For the sake of completeness we state Exp3 in our
setting and its regret bound below. One can refer to [[13] for a more detailed discussion

on Exp3.

Proposition 21 (Corollary 3.2 in [13])). Exp3 achieves worst-case regret

shrinkin rediction p p—
REP3 37 minfRE™™™ )" R y7g .2 2,n2"4 1" max )

We refer the readers to [13] for the proof. Note that Exp3 incurs an additive pj
regret on top of ) ™inf-3-8" 409 which is a lower order term if O j % On the other

hand, if O %, we have ) ™inf.3-8" 400 =30 55 we can simply apply the Prediction

Policy. This idea gives the policy of unknown E and known 0.

Observation 9 (Upper Bound: Unknown E and Known 0). For any variation
parameter E 2 »0 1. and any accuracy parameter 0 2 »0 1.., the Divide-Into-Cases
Policy cPi¥ide gchieves worst-case regret

RCDivide ”) ” ) minf,3,E” 4 0g 10g5 2 )
where is a universal constant.
Proof of Theorem[dl If O % then ) ™inf-3-8" 400 =)0 The result follows from

. P : .
Observation 3| If 0 j %, then ) = $,)™inf.3-E" 409" The result follows from
Proposition 21| and Theorem [2|
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Algorithm 19: Exp3 (with ¢cshrinking ap( cprediction)

Inputs: cstrinking from Algorithm[S|and cPedicion from Algorithm EI

InitializatdonqFShrinking,,&” = [prediction 1 = 1 and parameter

— 2In2
W=min 1 RS -
forC =1 ) do
hrinki " " Fshrinkingncn W
?S i lng”C ,,1 W Fshrinkingnc”’Fpredictionnc” Ed E and
nprediction C” 1w prediction ¢» w
. ” ” Fshrinking"C"’Fprediction”C" 2 )
e ™" with probability ?shrinking (7 and ¢
probability ?prediction (v
Obtain 3;
if ¢ CCShrlnklng then
_ shrinking,, shrinkin n_on inki ”
XC - 111C113C @C & z > C”@C g 3C z ?Shrlnklng"C
Fshrinking”C . 1" = Fshrinkingncn exp , WXC "
end
else
_ rediction, rediction "_n icti ”
XC - H1C”3C @Cp 7 Cn@cp 3C 7 ?predlcnonnc
Fpredictionﬂc , 17 = Fprediction”(:n exp » WX, 2”.
end
end

C

prediction
¢

with

Algorithm 20: Divide-Into-Cases Policy

Inputs: accuracy parameter 0 2 »0 1.., ¢*™"king from Algorithm 5| and

cPrediction from Algorithm 6]

if 0 3 then

‘ C Cprediction
end
else

‘ C CExp3

end
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C.9 Experiment Details

In the synthetic experiment we used triple exponential smoothing (Holt Winters) to
generate the demand sequences. Triple exponential smoothing takes in the following
parameters: data smoothing factor U 2 »0 1., trend smoothing factor V 2 »0 1.,
seasonal change smoothing factor W 2 »0 1., and season length ! 2 N. Given
historical observations G Ge,0 17, triple exponential smoothing outputs G; <

for < 1, which is an estimate of G;_<, according to the following formula:

Bo = 0o
B = Ui ol UB 1,101
Ge
1@ = V,,Bc Bc 1” » ,,1 V”lc 1
2 = W% »nl W20
B
Co,< = WBo > <L"2 1,1,,< 1"mod!

where B; is the smoothed value of the constant part for time (, 1; is the sequence of
best estimates of the linear trend that are superimposed on the seasonal changes, and

2; is the sequence of seasonal correction factors.

In our experiment, we first generated a demand sequence for 30 time periods where
the demand at each time period is drawn uniformly between 80 and 120. This was
treated as the historical observations and was fixed throughout the experiment. Then
for each set of parameters ,U V W 1" which we will specify later in each case, we
used triple exponential smoothing to generate the mean of demands for 365 time
periods, where at each time period we also added a random Gaussian noise with
mean equals to 0 and variance equals to 5. The true demand at each time period was

generated as a Poisson variable with the corresponding mean.

We ran two sets of experiments:

» Fixed E: We fixed a single set of parameters ,U VW "= 0505 05 30"
for the demand sequence, and generated 1,000 different predictions of this
demand sequence, each from a set of “predicted” parameters ,,0 VW 1" where
each U V W was sampled uniformly at random from »0 2 0 8. and { from
10 20 30g. Thus the variation parameter E was fixed, and the accuracy

parameter O varied across instances.

» Fixed 0: We generated 1,000 demand sequences by selecting the parameters

»,U V W " uniformly at random where each U V W was sampled uniformly at
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random from »0 2 0 8..and ! from f10 20 30g. We then generated predictions
by changing each parameter 10% (e.g., U becomes either 1 1U or 0 9U) and
using the corresponding sequence. Thus the variation parameter E varied

across instances, but the accuracy parameter O was (roughly) fixed.

C.10 Additional Experimental Results

In our experiments on real data, we used four popular forecasting method to generate
predictions for each instance: Exponential Smoothing (Holt Winters), ARIMA,
Prophet, and LightGBM. Experiments on the datasets yielded the histograms in
Figure To show the performance of PERP is robust to the forecasting method, in
Figure[C.1]we further divide the three histograms in Figured.4]into twelve histograms
separated by the four forecasting methods.
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