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Abstract

Achieving sample efficiency in online episodic reinforcement learning (RL) requires optimally balanc-
ing exploration and exploitation. When it comes to a finite-horizon episodic Markov decision process with
S states, A actions and horizon length H, substantial progress has been achieved towards characterizing
the minimax-optimal regret, which scales on the order of vV H2SAT (modulo log factors) with T' the total
number of samples. While several competing solution paradigms have been proposed to minimize regret,
they are either memory-inefficient, or fall short of optimality unless the sample size exceeds an enormous
threshold (e.g., S®A* poly(H) for existing model-free methods).

To overcome such a large sample size barrier to efficient RL, we design a novel model-free algorithm,
with space complexity O(SAH), that achieves near-optimal regret as soon as the sample size exceeds
the order of SApoly(H). In terms of this sample size requirement (also referred to the initial burn-
in cost), our method improves — by at least a factor of S®A® — upon any prior memory-efficient
algorithm that is asymptotically regret-optimal. Leveraging the recently introduced variance reduction
strategy (also called reference-advantage decomposition), the proposed algorithm employs an early-settled
reference update rule, with the aid of two Q-learning sequences with upper and lower confidence bounds.
The design principle of our early-settled variance reduction method might be of independent interest to
other RL settings that involve intricate exploration-exploitation trade-offs.

Keywords: model-free RL, memory efficiency, variance reduction, Q-learning, upper confidence bounds,
lower confidence bounds
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1 Introduction

Contemporary reinforcement learning (RL) has to deal with unknown environments with unprecedentedly
large dimensionality. How to make the best use of samples in the face of high-dimensional state/action
space lies at the core of modern RL practice. An ideal RL algorithm would learn to act favorably even
when the number of available data samples scales sub-linearly in the ambient dimension of the model, i.e.,
the number of parameters needed to describe the transition dynamics of the environment. The challenge is
further compounded when this task needs to be accomplished with limited memory.

Simultaneously achieving the desired sample and memory efficiency is particularly challenging when it
comes to online episodic RL scenarios. In contrast to the simulator setting that permits sampling of any
state-action pair, an agent in online episodic RL is only allowed to draw sample trajectories by executing
a policy in the unknown Markov decision process (MDP), where the initial states are pre-assigned and
might even be chosen by an adversary. Careful deliberation needs to be undertaken when deciding what
policies to use to allow for effective interaction with the unknown environment, how to optimally balance
exploitation and exploration, and how to process and store the collected information intelligently without
causing redundancy.

1.1 Regret-optimal model-free RL? A sample size barrier

In order to evaluate and compare the effectiveness of RL algorithms in high dimension, a recent body of
works sought to develop a finite-sample theoretical framework to analyze the algorithms of interest, with
the aim of delineating the dependency of algorithm performance on all salient problem parameters in a non-
asymptotic fashion (Dann et al., 2017; Kakade, 2003). Such finite-sample guarantees are brought to bear
towards understanding and tackling the challenges in the sample-starved regime commonly encountered in
practice. To facilitate discussion, let us take a moment to summarize the state-of-the-art theory for episodic
finite-horizon MDPs with non-stationary transition kernels, focusing on minimizing cumulative regret — a
metric that quantifies the performance difference between the learned policy and the true optimal policy —
with the fewest number of samples. Here and throughout, we denote by S, A, and H the size of the state
space, the size of the action space, and the horizon length of the MDP, respectively, and let T represent the
sample size. In addition, the immediate reward gained at each time step is assumed to lie between 0 and 1.

Fundamental regret lower bound. Following the arguments in Auer et al. (2002); Jaksch et al. (2010),
the recent works Domingues et al. (2021); Jin et al. (2018a) developed a fundamental lower bound on the
expected total regret for this setting. Specifically, this lower bound claims that: no matter what algorithm



to use, one can find an MDP such that the accumulated regret incurred by the algorithm necessarily exceeds
the order of

(lower bound) VH2SAT, (1)

as long as T'> H2SA.! This sublinear regret lower bound in turn imposes a sampling limit if one wants to
achieve ¢ average regret.

Model-based RL. Moving beyond the lower bound, let us examine the effectiveness of model-based RL —
an approach that can be decoupled into a model estimation stage (i.e., estimating the transition kernel using
available data) and a subsequent stage of planning using the learned model (Agrawal and Jia, 2017; Azar
et al., 2017; Efroni et al., 2019; Jaksch et al., 2010; Pacchiano et al., 2020). In order to ensure a sufficient
degree of exploration, Azar et al. (2017) came up with an algorithm called UCB-VI that blends model-based
learning and the optimism principle, which achieves a regret bound? 6(\/ H 2SAT) that nearly attains the
lower bound (1) as T tends to infinity. Caution needs to be exercised, however, that existing theory does
not guarantee the near optimality of this algorithm unless the sample size T' surpasses

T > S3AHS,

a threshold that is significantly larger than the dimension of the underlying model. This threshold can
also be understood as the initial burn-in cost of the algorithm, namely, a sampling burden needed for the
algorithm to exhibit the desired performance. In addition, model-based algorithms typically require storing
the estimated probability transition kernel, resulting in a space complexity that could be as high as O(S?AH)
(Azar et al., 2017).

Model-free RL. Another competing solution paradigm is the model-free approach, which circumvents
the model estimation stage and attempts to learn the optimal values directly (Bai et al., 2019; Jin et al.,
2018a; Strehl et al., 2006; Yang et al., 2021). In comparison to the model-based counterpart, the model-free
approach holds the promise of low space complexity, as it eliminates the need of storing a full description of
the model. In fact, in a number of previous works (e.g., Jin et al. (2018a); Strehl et al. (2006)), an algorithm
is declared to be model-free only if its space complexity is o(S?AH) regardless of the sample size T

e Memory-efficient model-free methods. Jin et al. (2018a) proposed the first memory-efficient model-free
algorithm — which is an optimistic variant of classical Q-learning — that achieves a regret bound
proportional to VT with a space complexity O(SAH). Compared to the lower bound (1), however,
the regret bound in Jin et al. (2018a) is off by a factor of Vv'H and hence suboptimal for problems
with long horizon. This drawback has recently been overcome in Zhang et al. (2020c) by leveraging
the idea of variance reduction (or the so-called “reference-advantage decomposition”) for large enough
T. While the resulting regret matches the information-theoretic limit asymptotically, its optimality in
the non-asymptotic regime is not guaranteed unless the sample size T exceeds (see Zhang et al. (2020c,
Lemma 7))

T 2 SGA4H28,

a requirement that is even far more stringent than the burn-in cost imposed by Azar et al. (2017).

o A memory-inefficient “model-free” variant. The recent work Menard et al. (2021) put forward a novel
sample-efficient variant of Q-learning called UCB-M-Q, which relies on a carefully chosen momentum
term for bias reduction. This algorithm is guaranteed to yield near-optimal regret O(\/ H 2SAT) as
soon as the sample size exceeds T' > S Apoly(H), which is a remarkable improvement vis-a-vis previous
regret-optimal methods (Azar et al., 2017; Zhang et al., 2020c). Nevertheless, akin to the model-based
approach, it comes at a price in terms of the space and computation complexities, as the space required

1Given that a trivial upper bound on the regret is T', one needs to impose a lower bound T > H2SA in order for (1) to be
meaningful.

2Here and throughout, we use the standard notation f(n) = O(g(n)) to indicate that f(n)/g(n) is bounded above by a
constant as n grows. The notation O(-) resembles O(-) except that it hides any logarithmic scaling. The notation f(n) = o(g(n))
means that lim, o f(n)/g(n) =0.



Range of sample sizes T’ Space

Algorithm Regret . . .
that attain optimal regret | complexity
UCB‘V' ) 4 02 3 6 2
V S°AH®, S°AH
(Azar et al., 2017) HESAT + HES57A | %)
UCB-Q-Hoeffding 7
vV never SAH
(Jin et al., 2018a) HASAT never
UCB-Q-Bernstein 3 Y EWE
ve SAH
(Jin et al., 2018a) VHSAT + VH5°A never
UCB2-Q-Bernstein 3 W
rer SAH
(Bai et al., 2019) VH3SAT + VHYS3A never
(Zhang et al., 2020c) ’
UCB-M-Q 5 4
vV SAHS S2AH
(Menard et al., 2021) HESAT + HESA | o)
Q-EarlySettled-Advantage T2SAT + HOSA [SAHY, o) SAH

(this work)

Lower bound
H?2SAT
(Domingues et al., 2021) VH?SAT n/a n/a

Table 1: Comparisons between prior art and our results for non-stationary episodic MDPs when T' > H2SA.
The table includes the order of the regret bound, the range of sample sizes that achieve the optimal regret
O(VH?SAT), and the memory complexity, with all logarithmic factors omitted for simplicity of presentation.
The red text highlights the suboptimal part of the respective algorithms.

to store all bias-value function is O(S?AH) and the computation required is O(ST), both of which
are larger by a factor of S than other model-free algorithms like Zhang et al. (2020¢). In view of this
memory inefficiency, UCB-M-Q falls short of fulfilling the definition of model-free algorithms in Jin
et al. (2018a); Strehl et al. (2006). See Menard et al. (2021, Section 3.3) for more detailed discussions.

A more complete summary of prior results can be found in Table 1.

1.2 A glimpse of our contributions

In brief, while it is encouraging to see that both model-based and model-free approaches allow for near-
minimal regret as T" tends to infinity, they are either memory-inefficient, or require the sample size to exceed
a threshold substantially larger than the model dimensionality. In fact, no prior algorithms have been shown
to be simultaneously regret-optimal and memory-efficient unless

T > SSA* poly(H),

which constitutes a stringent sample size barrier constraining their utility in the sample-starved and memory-
limited regime. The presence of this sample complexity barrier motivates one to pose a natural question:

Is it possible to design an algorithm that accommodates a significantly broader sample size range
without compromising regret optimality and memory efficiency?

In this paper, we answer this question affirmatively, by designing a new model-free algorithm, dubbed as
Q-EarlySettled-Advantage, that enjoys the following performance guarantee.

Theorem 1 (informal). The proposed Q-EarlySettled-Advantage algorithm, which has a space complexity
O(SAH), achieves near-optimal regret O(\/ HZSAT) as soon as the sample size exceeds T > SApoly(H).



As can be seen from Table 1, the space complexity of the proposed algorithm is O(SAH), which is
far more memory-efficient than both the model-based approach in Azar et al. (2017) and the UCB-M-Q
algorithm in Menard et al. (2021) (both of these prior algorithms require S? AH units of space). In addition,
the sample size requirement T > SApoly(H) of our algorithm improves — by a factor of at least S°A43 —
upon that of any prior algorithm that is simultaneously regret-optimal and memory-efficient. In fact, this
requirement is nearly sharp in terms of the dependency on both S and A, and was previously achieved only
by the UCB-M-Q algorithm at a price of a much higher storage burden.

Let us also briefly highlight the key ideas of our algorithm. As an optimistic variant of variance-reduced
Q-learning, Q-EarlySettled-Advantage leverages the recently-introduced reference-advantage decompositions
for variance reduction (Zhang et al., 2020c). As a distinguishing feature from prior algorithms, we employ an
early-stopped reference update rule, with the assistance of two Q-learning sequences that incorporate upper
and lower confidence bounds, respectively. The design of our early-stopped variance reduction scheme, as
well as its analysis framework, might be of independent interest to other settings that involve managing
intricate exploration-exploitation trade-offs.

1.3 Related works

We now take a moment to discuss a small sample of other related works. We limit our discussions primarily
to RL algorithms in the tabular setting with finite state and action spaces, which are the closest to our work.
The readers interested in those model-free variants with function approximation are referred to Du et al.
(2019); Fan et al. (2019); Murphy (2005) and the references therein.

PAC bounds for synchronous and asynchronous Q-learning. Q-learning is arguably among the
most famous model-free algorithms developed in the RL literature (Jaakkola et al., 1994; Szepesvari, 1997;
Tsitsiklis, 1994; Watkins and Dayan, 1992), which enjoys a space complexity O(SAH). Non-asymptotic
sample analysis and probably approximately correct (PAC) bounds have seen extensive developments in the
last several years, including but not limited to the works of Beck and Srikant (2012); Chen et al. (2020); Even-
Dar and Mansour (2003); Li et al. (2021a); Wainwright (2019a) for the synchronous setting (the case with
access to a generative model or a simulator), and the works of Beck and Srikant (2012); Chen et al. (2021);
Even-Dar and Mansour (2003); Li et al. (2020b); Qu and Wierman (2020) for the asynchronous setting (where
one observes a single Markovian trajectory induced by a behavior policy). Finite-time guarantees of other
variants of Q-learning have also been developed; partial examples include speedy Q-learning (Azar et al.,
2011), double Q-learning (Xiong et al., 2020), variance-reduced Q-learning (Li et al., 2020b; Wainwright,
2019b), momentum Q-learning (Weng et al., 2020), and Q-learning for linearly parameterized MDPs (Wang
et al., 2021). This line of works did not account for exploration, and hence the success of Q-learning in
these settings heavily relies on the access to a simulator or a behavior policy with sufficient coverage over
the state-action space.

Regret analysis for model-free RL with exploration. When it comes to online episodic RL (so that
a simulator is unavailable), regret analysis is the prevailing analysis paradigm employed to capture the
trade-off between exploration and exploitation. A common theme is to augment the original model-free
update rule (e.g., the Q-learning update rule) by an exploration bonus, which typically takes the form of,
say, certain upper confidence bounds (UCBs) motivated by the bandit literature (Auer and Ortner, 2010;
Lai and Robbins, 1985). In addition to the ones in Table 1 for episodic finite-horizon settings, sample-
efficient model-free algorithms have been investigated for infinite-horizon MDPs as well (Dong et al., 2019;
Jafarnia-Jahromi et al., 2020; Liu and Su, 2020; Yang et al., 2021; Zhang et al., 2020b,d).

Variance reduction in RL. The seminal idea of variance reduction was originally proposed to accelerate
finite-sum stochastic optimization, e.g., Gower et al. (2020); Johnson and Zhang (2013); Nguyen et al. (2017).
Thereafter, the variance reduction strategy has been imported to RL, which assists in improving the sample
efficiency of RL algorithms in multiple contexts, including but not limited to policy evaluation (Du et al.,
2017; Khamaru et al., 2020; Wai et al., 2019; Xu et al., 2019), RL with a generative model (Sidford et al.,
2018a,b; Wainwright, 2019b), asynchronous Q-learning (Li et al., 2020b), and offline RL (Yin et al., 2021).



Model-based approach. Model-based RL is known to be minimax-optimal in the presence of a simulator
(Agarwal et al., 2020; Azar et al., 2013; Li et al., 2020a), beating the state-of-the-art model-free algorithms
by achieving optimality for the entire sample size range (Li et al., 2020a). When it comes to online episodic
RL, Azar et al. (2017) was the first work that managed to achieve near-optimal regret (at least for large T');
in fact, this was also the first result (for any algorithm) matching existing lower bounds for large T. The
sample efficiency of the model-based approach has subsequently been established for other settings, including
but not limited to discounted infinite-horizon MDPs (He et al., 2020), MDPs with bounded total reward
(Zanette and Brunskill, 2019; Zhang et al., 2020b), and Markov games (Zhang et al., 2020a).

Regret lower bound. Inspired by the classical lower bound argument developed for multi-armed bandits
(Auer et al., 2002), the work Jaksch et al. (2010) established a regret lower bound for MDPs with finite
diameters (so that for an arbitrary pair of states, the expected time to transition between them is assumed
to be finite as long as a suitable policy is used), which has been reproduced in the note Osband and Van Roy
(2016) with the purpose of facilitating comparison with Bartlett and Tewari (2009). The way to construct
hard MDPs in Jaksch et al. (2010) has since been adapted by Jin et al. (2018a) to exhibit a lower bound
on episodic MDPs (with a sketched proof provided therein). It was recently revisited in Domingues et al.
(2021), which presented a detailed and rigorous proof argument with a different construction.

2 Problem formulation

In this section, we formally describe the problem setting. Here and throughout, we denote by A(S) the
probability simplex over a set S, and introduce the notation [M] = {1,---, M} for any integer M > 0.

Basics of finite-horizon MDPs. Let M = (S, A, H, {P,}}L |, {ri}}_,) represent a finite-horizon MDP,
where § := {1, --- S} is the state space of size S, A= {1,---, A} is the action space of size A, H denotes the
horizon length, and Py, : S x A — A(S) (resp. rp : S x A — [0, 1]) represents the probability transition kernel
(resp. reward function) at the h-th time step, 1 < h < H, respectively. More specifically, Py (-|s,a) € A(S)
stands for the transition probability vector from state s at time step h when action a is taken, while r (s, a)
indicates the immediate reward received at time step h for a state-action pair (s,a) (which is assumed to
be deterministic and fall within the range [0, 1]). The MDP is said to be non-stationary when the Pj’s are
not identical across 1 < h < H. A policy of an agent is represented by m = {m,}/L | with 7, : S — A the
action selection rule at time step h, so that 7 (s) specifies which action to execute in state s at time step h.
Throughout this paper, we concentrate on deterministic policies.

Value functions, Q-functions, and Bellman equations. The value function V;7 (s) of a (deterministic)
policy 7 at step h is defined as the expected cumulative rewards received between time steps h and H when
executing this policy from an initial state s at time step h, namely,

H
V7(s) = E 7S¢, (S sp=s|, 9
e se1~Pi(]se,me(s¢)), t>h [; t( > e t)) ] (2)

where the expectation is taken over the randomness of the MDP trajectory {s; | h <t < H}. The action-
value function (a.k.a. the Q-function) Q7 (s, a) of a policy 7 at step h can be defined analogously except that
the action at step h is fixed to be a, that is,

H
Qr(s,a) =rp(s,a) + E l Z Ty (st,ﬂ't(st)) ‘sh =s,ap = a] . (3)

Sh NPh('lsva)w _
5t+1NPtl('|St,7Tt(St)),t>h t=h+1
In addition, we define V7, (s) = QF (s, a) = 0 for any policy 7 and any state-action pair (s,a) € Sx.A. By
virtue of basic properties in dynamic programming (Bertsekas, 2017), the value function and the Q-function
satisfy the following Bellman equation:
Qn(s,a) =ru(s,a) + B [Via(s)] (4)

s'~Pp(+]s,a)



A policy m* = {7} }}L | is said to be an optimal policy if it maximizes the value function simultaneously
for all states among all policies. The resulting optimal value function V* = {V,:‘}thl and optimal Q-functions
Q* = {Q; L | satisty

Vi(s) = Vi (s) =maxVii(s)  and  Qj(s,a) = QF (s,0) = max Qj (s, a) ()

for any (s,a,h) € S x Ax [H]. It is well known that the optimal policy always exists (Puterman, 2014), and
satisfies the Bellman optimality equation:

V(s,a,h) € S x A x [H]: Q5 (s,a) = rp(s,a) + E [V;L*+1(s')]. (6)

s/~ P (-]5,a)

Online episodic RL. This paper investigates the online episodic RL setting, where the agent is allowed to
execute the MDP sequentially in a total number of K episodes each of length H. This amounts to collecting

T = KH samples

in total. More specifically, in each episode k = 1,..., K, the agent is assigned an arbitrary initial state s¥
(possibly by an adversary), and selects a policy 7% = {7F}/_| learned based on the information collected up
to the (k — 1)-th episode. The k-th episode is then executed following the policy 7% and the dynamic of the
MDP M, leading to a length-H sample trajectory.

Goal: regret minimization. In order to evaluate the quality of the learned policies {wk}lgkg K, &
frequently used performance metric is the cumulative regret defined as follows:

K
Regret(T) == > (V*(sf) = Vi (s1)). (7)
k=1

In words, the regret reflects the sub-optimality gaps between the values of the optimal policy and those of
the learned policies aggregated over K episodes. A natural objective is thus to design a sample-optimal
algorithm, namely, an algorithm whose resulting regret scales optimally in the sample size T'. Accomplishing
this goal requires carefully managing the trade-off between exploration and exploitation, which is particularly
challenging in the sample-limited regime.

Notation. Before presenting our main results, we take a moment to introduce some convenient notation to
be used throughout the remainder of this paper. For any vector z € RS4 that constitutes certain quantities
for all state-action pairs, we shall often use x(s,a) to denote the entry associated with the state-action pair
(s,a), as long as it is clear from the context. We shall also let

Phsa= Pu(-|s,a) € R?*S (8)

abbreviate the transition probability vector given the (s,a) pair at time step h. Additionally, we denote by
e; the i-th standard basis vector, with the only non-zero element being in the ¢-th entry and equal to 1.

3 Algorithm and theoretical guarantees

In this section, we present the proposed algorithm called Q-EarlySettled-Advantage, as well as the accompa-
nying theory confirming its sample and memory efficiency.

3.1 Review: Q-learning with UCB exploration and reference advantage

This subsection briefly reviews the Q-learning algorithm with UCB exploration proposed in Jin et al. (2018a),
as well as a variant that further exploits the idea of variance reduction (Zhang et al., 2020c). These two
model-free algorithms inspire the algorithm design in the current paper.



Q-learning with UCB exploration (UCB-Q or UCB-Q-Hoeffding). Recall that the classical Q-learning
algorithm has been proposed as a stochastic approximation scheme (Robbins and Monro, 1951) to solve the
Bellman optimality equation (6), which consists of the following update rule (Watkins and Dayan, 1992;
Watkins, 1989):

Qu(s.a) « (1 =mQn(s. ) +n{ra(s. 0+ PrsaVhr | ©)
———

stochastic estimate of Pj, s 0 V41

Here, Qp, (resp. Vi) indicatgs the running estimate of Q) (resp. V), n is the (possibly iteration-varying)
learning rate or stepsize, and P}, s Vi1 is a stochastic estimate of Py, s V41 (cf. (8)). For instance, if one
has available a sample (s, a, s’) transitioning from state s at step h to s’ at step h + 1 under action a, then
a stochastic estimate of P}, s ,Vh41 can be taken as Vj,41(s’), which is unbiased in the sense that

E[Vh+1(sl)] = Ph,sm,Vthl-

To further encourage exploration, the algorithm proposed in Jin et al. (2018a) — which shall be abbreviated
as UCB-Q or UCB-Q-Hoeffding hereafter — augments the Q-learning update rule (9) in each episode via an
additional exploration bonus:

VB (s,a) « (1 — QY (s,a) +n{rn(s,a) + P saVisr + bi}. (10)

The bonus term b, > 0 is chosen to be a certain upper confidence bound for (ﬁh,s,a — Phs.a)Vht1, an
exploration-efficient scheme that originated from the bandit literature (Lai and Robbins, 1985; Lattimore and
Szepesvari, 2020). The algorithm then proceeds to the next episode by executing/sampling the MDP using
a greedy policy w.r.t. the updated Q-estimate. These steps are repeated until the algorithm is terminated.

Q-learning with UCB exploration and reference advantage (UCB-Q-Advantage). The regret bounds
derived for UCB-Q (Jin et al., 2018a), however, fall short of being optimal, as they are at least a factor of
V/H away from the fundamental lower bound. In order to further shave this v/H factor, one strategy is to
leverage the idea of variance reduction to accelerate convergence (Johnson and Zhang, 2013; Li et al., 2020b;
Sidford et al., 2018b; Wainwright, 2019b). An instantiation of this idea for the regret setting is a variant
of UCB-Q based on reference-advantage decomposition, which was put forward in Zhang et al. (2020c) and
shall be abbreviated as UCB-Q-Advantage throughout this paper.

To describe the key ideas of UCB-Q-Advantage, imagine that we are able to maintain a collection of
reference values VR = {VR}E_ | which form reasonable estimates of V* = {V;*}L | and become increasingly
more accurate as the algorithm progresses.

At each time step h, the algorithm adopts the following update rule

Qf(s.a) (1 =m@QR(s,0) +n{rls, )+ Proa(Vis - VL) + [BVE ]G0 +05} ()

stochastic estimate of Py, 5 o (Vh+1 _V§+1)

Two ingredients of this update rule are worth noting.
e Akin to the UCB-Q case, we can take ﬁh,sﬂ (Vh+1 — VhRH) to be the stochastic estimate Vj,11(s") —
VhRJrl (s) if we observe a sample transition (s, a, s’) at time step h. If Vj, 4 is fairly close to the reference

VhR+1, then this stochastic term can be less volatile than the stochastic term ﬁh,s,thJrl in (10).

e Additionally, the term PthRH indicates an estimate of the one-step look-ahead value P;LV,LRJr17 which
shall be computed using a batch of samples.

The variability of PthRJrl can be well-controlled through the use of batch data, at the price of an
increased sample size.

Accordingly, the exploration bonus term bﬁ is taken to be an upper confidence bound for the above-mentioned
two terms combined. Given that the uncertainty of (11) largely stems from these two terms (which can
both be much smaller than the variability in (10)), the incorporation of the reference term helps accelerate
convergence.



3.2 The proposed algorithm: Q-EarlySettled-Advantage

As alluded to previously, however, the sample size required for UCB-Q-Advantage to achieve optimal regret
needs to exceed a large polynomial S®A* in the size of the state/action space. To overcome this sample
complexity barrier, we come up with an improved variant called Q-EarlySettled-Advantage.

Motivation: early settlement of a reference value. An important insight obtained from previous
algorithm designs is that: in order to achieve low regret, it is desirable to maintain an estimate of Q-function
that (i) provides an optimistic view (namely, an over-estimate) of the truth @*, and (ii) mitigates the bias
@ — @Q* as much as possible. With two additional optimistic Q-estimates in hand — Q%CB based on UCB-Q,
and QE based on the reference-advantage decomposition — it is natural to combine them as follows to further
reduce the bias without violating the optimism principle:

Qn(sh, ap) < min {Q}T(Shvah)a Qn B (sn,an), Qh(sh,ah)}. (12)

This is precisely what is conducted in UCB-Q-Advantage. However, while the estimate QR obtained with the
aid of reference-advantage decomposition provides great promise, fully realizing its potential in the sample-
limited regime relies on the ability to quickly settle on a desirable “reference” during the initial stage of
the algorithm. This leads us to a dilemma that requires careful thinking. On the one hand, the reference
value VR needs to be updated in a timely manner in order to better control the stochastic estimate of
Phs.a (Vh+1 — VhR+1). On the other hand, updating VR too frequently incurs an overly large sample size
burden, as new samples need to be accumulated whenever VR is updated.

Built upon the above insights, it is advisable to prevent frequent updating of the reference value VR. In
fact, it would be desirable to stop updating the reference value once a point of sufficient quality — denoted
by VRfinal _ has been obtained. Locking on a reasonable reference value early on means that (a) fewer
samples will be wasted on estimating a drifting target P,V;%,, and (b) all ensuing samples can then be

dedicated to estimating the key quantity of interest PthRjrﬁl"a'.

Remark 1. In Zhang et al. (2020c), the algorithm UCB-Q-Advantage requires collecting 6(SAH6) samples
for each state before settling on the reference value, which inevitably contributes to the large burn-in cost.

The proposed Q-EarlySettled-Advantage algorithm. We now propose a new model-free algorithm that
allows for early settlement of the reference value. A few key ingredients are as follows.

o An auxiliary sequence based on LCB. In addition to the two optimistic Q-estimates Q,s and QgCB de-
scribed previously, we intend to maintain another pessimistic estimate Q,';CB < @}, using the subroutine
update-1lcb-q, based on lower confidence bounds (LCBs). We will also maintain the corresponding

value function V}'L'CB, which lower bounds V.

o Termination rules for reference updates. With V}'L‘CB < V}* in place, the updates of the references (lines

15-18 of Algorithm 1) are designed to terminate when
Vi(sp) < V}IL'CB(S}L) +1 <V (sp) + 1. (13)

Note that VhR keeps tracking the value of V}, before it stops being updated. In effect, when the additional
condition in lines 15 is violated and thus (13) is satisfied, we claim that it is unnecessary to update
the reference VhR afterwards, since it is of sufficient quality (being close enough to the optimal value
V) and further drifting the reference does not appear beneficial. As we will make it rigorous shortly,
this reference update rule is sufficient to ensure that |V, — V;R| < 2 throughout the execution of the
algorithm, which in turn suggests that the standard deviation of ﬁh,s,a(VhH — VhR+1) might be O(H)

times smaller than that of ﬁh@thH (i.e., the stochastic term used in (9) of UCB-Q). This is a key
observation that helps shave the addition factor H in the regret bound of UCB-Q.

e Update rules for Q,LfCB and Qﬁ. The two optimistic Q-estimates Q}LJCB and QE are updated using the
subroutine update-ucb-q (following the standard Q-learning with Hoeffding bonus (Jin et al., 2018a))
and update-ucb-q-advantage, respectively. Note that QE continues to be updated even after VhR is
no longer updated.



Algorithm 1: Q-EarlySettled-Advantage

-

Parameters: some universal constant ¢, > 0 and probability of failure § € (0,1);

2 Initialize Q. (s,a), QY B(s,a), QR(s,a) + H; Vi,(s), VR(s) « H; QB(s,a) «+ 0; VFB(s) « 0;

Niu(s,a) < 0; uief (s, a), o5 (s, a), 134 (s, a), 03 (s, a), 6K (s, a), BR(s,a) < 0; and ues(s) = True for

all (s,a,h) €S x Ax [H].
3 for FEpisode k=1 to K do
4 Set initial state s1 < s}.
5 for Step h =1 to H do
6 Take action aj, = w¥(s;) = argmax, Qn(sn,a), and draw sp11 ~ Py(-|sn,an). // sampling
7 Nh(sh,ah) — Nh(sh,ah) +1;n <+ Nh(sh,ah). // update the counter
8 Ny gii // update the learning rate
9 QYB(sy,ap) < update-ucb-q(). // run UCB-Q; see Algorithm 2
10 QI}‘LCB(Sh,ah) < update-1lcb-q(). // run LCB-Q; see Algorithm 2
11 QR(sp,an) + update-ucb-q-advantage (). // estimate Qf; see Algorithm 2

/* update Q-estimates using all estimates in hand, and update value estimates */
12 Qr(8p,ap) < min {Qﬁ(sh,ah), UCB (51, an), Qh(sh,ah)}.
13 Vi(sp) + max, Qn(sp,a).
14 ViFCB(s,) +— max {max, Q5B (sp,a), ViFB(sp)}.
/* update reference values */

15 if Vi(sp) — VE<B(sp,) > 1 then
16 L VhR(sh) — Vi(sp).
17 else if u,c(sp) = True then
18 L ViR(sp) < Vi(sn), Uret (s5) = False.

Q-learning with reference-advantage decomposition. The rest of this subsection is devoted to ex-
plaining the subroutine update-ucb-q-advantage, which produces a Q-estimate QR based on the reference-
advantage decomposition similar to Zhang et al. (2020c). To facilitate the implementation, let us introduce
the parameters associated with a reference value VR, which include six different components, i.e.,

(15 (s, 0), 05" (5,0), 5™ (5, 0), 03 (5, ), 81, (5, @), BR (s, a)] (14)

for all (s,a,h) € S x A x [H]. Here pif(s,a) and o3¢ (s, a) estimate the running mean and 2nd moment
of the reference [P,VR ||(s,a); 3% (s,a) and 03%(s,a) estimate the running (weighted) mean and 2nd
moment of the advantage [Ph(Vh+1 — VhR+1)] (s,a); BR(s,a) aggregates the empirical standard deviations of
the reference and the advantage combined; and last but not least, (F,Ff(s7 a) is the temporal difference between
BR(s,a) and its previous value.

As alluded to previously, the Q-function estimation follows the strategy (11) at a high level. Upon
observing a sample transition (sp, an, $n41), we compute the following estimates to update QR (s, a).

e The term ﬁh,s,a (Vh+1 — V,EH) is set to be Vi11(spy1) — VhRH(shH), which is an unbiased stochastic
estimate of Pp s.q(Vas1 — Vi)

e The term [P, ViR ](s,a) is estimated via pj% (cf. line 11). Given that this is estimated using all

previous samples, we expect the variability of this term to be well-controlled as the sample size increases
(especially after VR is locked).

e The exploration bonus bR (s, a) is updated using BR(sp, an) and 68 (sp, an) (cf. lines 7-8 of Algorithm 2),
which is a confidence bound accounting for both the reference and the advantage. Let us also explain
line 8 of Algorithm 2 a bit. If we augment the notation by letting bg’”ﬂ(s, a) and BS’”H(S, a) denote
respectively bR(s,a) and BR(s,a) after (s,a) is visited for the n-th time, then this line is designed to
ensure that

nnbs’n'i'l(s, a)+ (1 - nn)B;"n(s, a) ~ BE’H'H(S, a).
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Algorithm 2: Auxiliary functions

1 Function update-ucb-qQ:

H3 log SAT
2 gCB(Sh, ah) — (1 — 77n) 2CB<5h7 ah) + M <rh(sh, ah) + Vit (Sh+1) + cpy/ %).

3 Function update-1lcb-qQ):

a | QhB s, an) (1= m)@E (s an) + (1 (s, an) + VES (s14) — e/ B,
5 Function update-ucb-q-advantage():

/* update the moment statistics of VR */
6 (et oef, 124 539V (s, ap,) < update-moments ();

/* update the accumulative bonus and bonus difference */
7 [6R, BR](sp, an) < update-bonus ();

R R SR (sn,an) H?log 24T
8 by < By (snan) + (1 —np)=2 T tb——aa =

/* update the Q-estimate based on reference-advantage decomposition */
o | QR(snyan) < (1=n0)QR(snyan) + 0 (ra(sn, an) + Va1 (sng1) — ViR (snen) + wie (sn, an) + bR);

10 Function update-moments():

11 ,u;ff(sh,ah) —(1- %),u;ff(sh,ah) + %‘/;5+1(8h+1); // mean of the reference

12 ot (sp,ap) + (1 — %)U,rff(sh,ah) + %(VhR+1(sh+1))2; // 2™ moment of the reference
13 ,u?ldv(sh, ah) — (1 — nn)u?ldv(sh, ah) + Mn (Vh+1(sh+1) — VhR+1(Sh+1)); // weighted average of the
advantage

2
Zdv(sh, ah) — (1 — nn)azdv(sh, ah) + (Vh+1(8h+1) — VhR+1(8h+1)) . // weighted 2" moment of
the advantage

14 a

15 Function update-bonus():
16 BPLeXt(Sh,ah) <

1 SAT 2 2
cb\/iogn‘s (\/U;Lef(sh,ah) - (,u;ff(sh,ah)) +vVH azd"(sh,ah) — (,ufld"(sh,ah)) );
17 | OR(sn,an) < Bp(sn, an) — BR(sn, an);
18 | BE(sh,ah) — BzeXt(S}“ah).

With the above updates implemented properly, QR provides the advantage-based update of the Q-function
at time step h, according to the update rule (11).

3.3 Main results

Encouragingly, the proposed Q-EarlySettled-Advantage algorithm manages to achieve near-optimal regret
even in the sample-limited and memory-limited regime, as formalized by the following theorem.

Theorem 2. Consider any 6 € (0,1), and suppose that ¢, > 0 is chosen to be a sufficiently large universal
constant. Then there exists some absolute constant Cy > 0 such that Algorithm 1 achieves

Regret(T) < Cy (\/HQSAT10g4 SJ?%T + H%S Alog? S?T> (15)

with probability at least 1 — 4.

Theorem 2 delivers a non-asymptotic characterization of the performance of our algorithm Q-EarlySettled-
Advantage. Several appealing features of the algorithm are noteworthy.

e Regret optimality. Our regret bound (15) simplifies to

Regret(T') < 6(\/ H2SAT) (16)

11



as long as the sample size T' exceeds
T > SApoly(H). (17)

This sublinear regret bound (16) is essentially optimal, as it coincides with the existing lower bound
(1) modulo some logarithmic factor.

e Sample complexity and substantially reduced burn-in cost. As an interpretation of our theory (16), our
algorithm attains € average regret (i.e., %Regret(T) < ¢) with a sample complexity

6(SAH4)'

2

Crucially, the burn-in cost (17) is significantly lower than that of the state-of-the-art memory-efficient
model-free algorithm (Zhang et al., 2020c) (whose optimality is guaranteed only in the range T' >
S A% poly(H)).

e Memory efficiency. Our algorithm, which is model-free in nature, achieves a low space complexity
O(SAH). This is basically un-improvable for the tabular case, since even storing the optimal Q-values
alone takes O(SAH) units of space. In comparison, while Menard et al. (2021) also accommodates the
sample size range (17), the algorithm proposed therein incurs a space complexity of O(S2AH) that is
S times higher than ours.

e Computational complexity. An additional intriguing feature of our algorithm is its low computational
complexity. The runtime of Q-EarlySettled-Advantage is no larger than O(T'), which is proportional to
the time taken to read the samples. This matches the computational cost of the model-free algorithm
UCB-Q proposed in Jin et al. (2018a), and is considerably lower than that of the UCB-M-Q algorithm
in Menard et al. (2021) (which has a computational cost of at least O(ST)).

4 Analysis

In this section, we outline the main steps needed to prove our main result in Theorem 2.

4.1 Preliminaries: basic properties about learning rates

Before continuing, let us first state some basic facts regarding the learning rates. Akin to Jin et al. (2018a),
the proposed algorithm adopts the linearly rescaled learning rate

CH+1
- H+n

N (18)

for the n-th visit of a state-action pair at any time step h. For notation convenience, we further introduce
two sequences of related quantities defined for any integer NV > 0 and n > 1:

N .
n Hi=n+1(1 —1n;), ifN>n, N .
i im1(1=mi) =0, if N>0,
LT SV {{[ e =0 19
0’ ifN<n ’ .

As can be easily verified, we have

N .
1, if N >0,
> = o (20)
— 0, if N=0.

The following properties play an important role in the analysis.

12



Algorithm 3: Q-EarlySettled-Advantage (a rewrite of Algorithm 1 that specifies dependency on k)

1 Parameters: some universal constant ¢y, > 0 and probability of failure ¢ € (0, 1);

2 Initialize Q,ll(s a), gCB’l(s a), 5’1(8 a) < H,; QLCB’I(s,a) + 0; NP(s,a) « 0;
Vh( $), Vil (s) < H; et (s, a), 07 (5, 0), 1132 (s, a), 03 (s, ), 6% (s, a), B (s,0) < 0; and
ul;(s) = True, for all (s,a,h) € S x A x [H].
3 for Episode k =1 to K do
4 Set initial state s; < s}.
5 for Step h =1 to H do
6 Take action af = 7f(ss) = argmax, Qf (sf,a), and draw sf | ~ Py(-| s}, af). // sampling
7 N}]f(sz, afl) — N:_l(sg, alfb) +1;n <+ N;f(sh, ah). // update the counter
8 Ny, gil // update the learning rate
9 UCB k+1( K a¥) + update-ucb-q(). // run UCB-Q; see Algorithm 2
10 I;LCB k+1(sﬁ7ah) < update-1cb-q(). // run LCB-Q; see Algorithm 2
11 ,'j’kﬂ(s’fb,a’,j) + update-ucb-q-advantage(). // estimate Qf; see Algorithm 2
/* update Q-estimates using all estimates in hand, and update value estimates */
R,k UCB,k
12 ]fLH(sﬁ,aﬁ) < min {Q}’ H(sz,aﬁ), h +l(s’,i,ah) QF(sk,af)};
13 VEHL (sF) « max, QF T (sk, a).
14 VhLCB k“(sh) + max {maxa QLCB k“(s’fb, a), VhLCBk(s’fL)}
/* update reference values */

15 if VFT(sk) — VhLCB P (sh $)>1 then

R.k+1 k k .
16 L V, (5}}2) VhH( ) urggl(sh) True;
17 else if u®  (s¥) = True then
18 | VR sn) < Vi (s),  ull(sh) = False.

Lemma 1. For any integer N > 0, the following properties hold:

al 1
2:: Z— for all 3 <a<l, (21a)
N e
2H N 2H N 1
< — < — < —.
 max ny < ;(nn) <5 NZ:??n <1+ (21b)
Proof. See Appendix B. O

4.2 Additional notation used in the proof

In order to enable a more concise description of the algorithm, we have suppressed the dependency of many
quantities on the episode number k in Algorithms 1 and 2. This, however, becomes notationally inconvenient
when presenting the proof. As a consequence, we shall adopt, throughout the analysis, a more complete set
of notation, detailed below.

e (sF,al): the state-action pair encountered and chosen at time step h in the k-th episode.

e kj'(s,a): the index of the episode in which (s, a) is visited for the n-th time at time step h; for the
sake of conciseness, we shall sometimes use the shorthand k™ = kJ!(s,a) whenever it is clear from the
context.

e kJ(s): the index of the episode in which state s is visited for the n-th time at time step h; we might
sometimes abuse the notation by abbreviating k™ = kJ!(s).

13



° P}’f € {0, 1}1X|S‘: the empirical transition at time step h in the k-th episode, namely,

Pi(s)=1(s=s},,). (22)

In addition, for several parameters of interest in Algorithm 1, we introduce the following set of augmented
notation.

e NF(s,a) denotes Nj(s,a) by the end of the k-th episode; for the sake of conciseness, we shall often
abbreviate N¥ = NJ(s,a) or N* = NF(s¥, af) (depending on which result we are proving).

e QF(s,a), Vi¥(s), and QgCB’k(s,a) denote respectively Qn(s,a), Vi(s) and QYB(s,a) at the beginning
of the k-th episode.

ZCB’k(s,a) and VhLCB’k(s) denote respectively Q-B(s,a) and V,'“B(s) at the beginning of the k-th
episode.

° Qs’k(s,a), VhR’k(s) and uF

k () denote respectively QR(s,a), V;R(s) and uycf(s) at the beginning of the
k-th episode.

° [,u;ff’k,a;ff’k,uzdv’k,azdv’k,zss’k,BE’k] denotes [pief, o1¢f, 124 o2dv R BR] at the beginning of the k-th
episode.

Further, for any matrix P = [P; jli<i<m,1<j<n, We define || P||; = maxi<i<m 2?21 |P;.;]. For any vector
V = [Vili<i<n, we define its o, norm as ||V|e = maxi<;<, |Vi|]. We often overload scalar functions and
expressions to take vector-valued arguments, with the understanding that they are applied in an entrywise
manner. For example, for a vector x = [z;]i<i<n, We denote z? = [ﬁhgign- For any two vectors z =
[i]1<i<n and y = [yi]1<i<n, the notation < y (resp. x > y) means z; < y; (resp. x; > y;) forall 1 <i <n.
For any given vector V € R¥, we define the variance parameter w.r.t. Py, s, (cf. (8)) as follows

Varp sqo(V):= E [(V(S') _ Ph,‘%av)?} = Phsa (Vz) _ (Ph,s,aV)Q-

§'~Ph s.a

(23)

Finally, let X := (S, A, H,T, $). The notation f(X) < g(X) (resp. f(X) 2 g(X)) means that there exists
a universal constant Cj > 0 such that f(X) < Cog(X) (resp. f(X) > Cog(X)); the notation f(X) =< g(X)
means that f(X) < g(X) and f(X) 2 g(X) hold simultaneously.

4.3 Key properties of Q-estimates and auxiliary sequences

In this subsection, we introduce several key properties of our Q-estimates and value estimates, which play a

crucial role in the proof of Theorem 2. The proofs for this subsection are deferred to Appendix C.

Properties of the Q-estimate Q’}f: monotonicity and optimism. We first make an important obser-
vation regarding the monotonicity of the value estimates Q’,?L and V,f. To begin with, it is straightforward to
see that the update rule in Algorithm 3 (cf. line 12) ensures the following monotonicity property:

Qi (s,a) < Q(s,a) for all (s,a,k,h) € S x A x [K] x [H], (24a)
which combined with line 13 of Algorithm 3 leads to monotonicity of V4 (s) as follows:
Viti(s) = QT (s, (5)) < Qh(s,m, 7 (5)) < Vi (s). (24b)

Moreover, by virtue of the update rule in line 12 of Algorithm 3, we can immediately obtain (via induction)
the following useful property

QY*(s,a) > QF(s,a)  for all (k, h,s,a) € [K] x [H] x S x A. (25)

In addition, QZ and th' form an “optimistic view” of @, and V}*, respectively, as asserted by the following
lemma.
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Lemma 2. Consider any 6 € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then with
probability at least 1 — 9,

Qh(s,a) > Qi(s,a)  and  Vii(s) = Vi (s) (26)
hold simultaneously for all (s,a,k,h) € S x A x [K] x [H].

Lemma 2 implies that Q¥ (resp. V) is a pointwise upper bound on Qj (resp. V;*). Taking this result
together with the non-increasing property (24), we see that QZ (resp. th) becomes an increasingly tighter
estimate of @} (resp. V}*) as the number of episodes k increases. This important fact forms the basis of the
subsequent proof, allowing us to replace V;* with th when upper bounding the regret. Combining Lemma, 2
with (25), we can straightforwardly see that with probability at least 1 — o:

QF¥*(s,a) > Qp(s,a)  for all (k, h,s,a) € [K] x [H] x S x A. (27)
Properties of the Q-estimate QI;LCB’k: pessimism and proximity. In parallel, we formalize the fact
that Q',‘LCB’k and V,!‘ CB,k provide a “pessimistic view” of @} and V}*, respectively. Furthermore, it becomes

increasingly more likely for I}‘lCB’k and QF to stay close to each other as k increases, which indicates that

the confidence interval that contains the optimal value @)} becomes shorter and shorter. These properties
are summarized in the following lemma.

Lemma 3. Consider any ¢ € (0,1), and suppose that cp, > 0 is some sufficiently large constant. Then with
probability at least 1 — 9,

QY *(s,a) < Qh(s,a)  and  VEBF(s) < ViE(s) (28)
hold for all (s,a,k,h) € S x A x [K] x [H], and

H%SAlog S‘ffT
)

H K
LCBk
Zzﬂ (Qh shoap) — Qp o (sy,ap) > 5) S

h=1k=1
holds for all € € (0, H].

Interestingly, the upper bound (29) only scales logarithmically in the number K of episodes, thus implying
the closeness of QLCB * and QF for a large fraction of episodes. Note that it is straightforward to ensure the
monotonicity property of V,LCB * from the update rule in Algorithm 3 (cf. line 14):

VEBE () > VEBE () for all (s, k,h) € S x [K] x [H], (30)

which in conjunction with (28), implies that VhLCB’k(s) gets closer to V" (s) as the number of episodes k
increases. Together with the monotonicity of Vi¥ (cf. (24b)), an important consequence is that the reference
value VR will stop being updated shortly after the following condition is met for the first time (according to
lines 15-18 of Algorithm 1)

VEG) <VEPF) 1< Vi) +1 forallseS. (31)

Properties of the reference VhR’k. The above fact ensures that Vh ¥ will not be updated too many times.
In fact, its value stays reasonably close to Vh even after being locked to a fixed value, which ensures its
fidelity as a reference signal. Moreover, the aggregate difference between VhR"k and the final reference VhR’K
over the entire trajectory can be bounded in a reasonably tight fashion (owing to (29)), as formalized in the
next lemma. These properties play a key role in reducing the burn-in cost of the proposed algorithm.

Lemma 4. Consider any 6 € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then with
probability exceeding 1 — &, one has
Vi (s) = Vi (s)] < 2 (32)
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for all (k,h,s) € [K] x [H] xS, and

ZZ( Rk VhRK( )>

h=1k=1
H K
< H?S+ Z Z (Qh(shah) = QR*(sh,af) ) 1 (Qh(shoaf) — QF (shah) > 1) (33)
< HPSAlo S? . (34)

In words, Lemma 4 guarantees that (i) our value function estimate and the reference value are always

sufficiently close (cf. (32)), and (ii) the aggregate difference between VhR’k and the final reference value VhR’K
is nearly independent of the sample size T (except for some logarithmic scaling).

4.4 Main steps of the proof

We are now ready to embark on the regret analysis for Q-EarlySettled-Advantage, which consists of multiple
steps as follows.

Step 1: regret decomposition. Lemma 2 allows one to upper bound the regret as follows

K

Regret(T Z VE(sh) = Vi (sh) < D0 (VR(sh) — 1 (s5)). (35)
k=1 k=1

To continue it boils down to controlling V¥ (s¥) — Vfrk( ¥). Towards this end, we intend to examine V;*(sF) —
vr (sh) across all time steps 1 < h < H, which admits the following decomposition:

VE(sE) — Vi (sE) D QB (sk, ) — QF (sk, ak)
:Qh(sh’aﬁ) —QZ(SI}CL’G’;)‘FQh(Sﬁ»Gh) Qh (Shvah)

(ii) * m
= Qr(shan) — Qh(sh,ap) + P g kot (Vi — Vh+1)

lll

* T['k * 7\'k
= QF(sy, ai) — Qh(sr, ap) + (P, st sk — PY) (Vi = Vita) + Vi (sh) = Vit (sh41)
* T(k * Tl'k
< Qy sk, af) — Qh(sk,af) + (Ph skak — BY) (Vi = Vitia) + Virea (shin) = Vil (shia)- (36)
Here, (i) holds since 7} is a greedy policy w.r.t. Q’;; and 7f(sF) = af, (ii) comes from the Bellman equations
k k k
Q;Lr (37 CL) - QZ(Sa a) = (Th(37 a) + Ph,s,aV}ZTJrl) - (Th(S, a) + Ph,s,av};rl) = Ph,s,a (V}ZTJrl - V}:+1)7

(iii) follows from PF(V5,, — Vhﬂfl) = Vi (sh ) — Vf_:l(s’fbﬂ) (see the notation (22)), whereas the last
inequality comes from (25). Summing (36) over 1 < k < K and making use of Lemma 2, we reach at

K

K
(Vir(sE) = Vi (sh)) < 37 (ViE(s) = Vi (sh))

k=1 k=1

M=

K
(QR* sk ah) = Qitsh b)) + D (Pusg.ap = PR (Vi — Vi)
k=1

>
Il

1

K
+Z Vit (shi) = Vil (sk41))- (37)
k=1

This allows us to establish a connection between >, (Vy(sf) — Vh”k (sy)) for step h and Y, (Vi q (s q) —
Vh”jl(sﬁﬂ)) for step h + 1.
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Step 2: managing regret by recursion. The regret can be further manipulated by leveraging the
update rule of Qi’k as well as recursing over the time steps h = 1,2,--- | H with the terminal condition
1% 11 = Vgil = 0. This leads to a key decomposition as summarized in the lemma below, whose proof is
provided in Appendix D.

Lemma 5. Fiz § € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then with probability at
least 1 — §, one has

K
Z Vi (st) (Slf)) <Ri+R2+Rs, (38)
k=1

where

H SAT X .
=3 () (s sarrsay i s S S (5, P (- i)
h=1 k=1
(39a)
H h—1 K
=3 (1) LBk, (300)
h=1 k=1
H K ZN}s(sﬁvaﬁ) (VR»%(S;’?,@E)(Ski(sﬁvuﬁ)) _ P Vqu
R,k i=1 h+1 h+1 h,sk . ak h+1)
Rs :ZZAZ< Py — Phshaa;)(vhﬂ Vig1) + NF(sF,ab) e >7
h=1k=1 h\Sho Oh
(39¢)
with

1 h—1 N, 7 (spsay)
k.
A} = <1 + H> Z U%k(sﬁ’at
n=NF(sk,af

Step 3: controlling the terms in (39) separately. As it turns out, each of the terms in (39) can be
well controlled. We provide the bounds for these terms in the following lemma; the proofs are deferred to
Appendix E.

Lemma 6. Consider any ¢ € (0,1). With probability at least 1 — &, we have the following upper bounds:

5 5
S?T+H45Akg25?T},

Rs < Cr{\/HQSATlogLLS?T + H5S Alog? w}

Rq<(1{VQPSAngSAT+J#55AngSAT}

Ro < C’r{\/HQSATlog

)

for some universal constant C; > 0.

Step 4: putting all this together. We now have everything in place to establish our main result. Taking
the preceding bounds in Lemma 6 together with (39), we see that with probability exceeding 1 — ¢, one has

1 SAT
5

5 SAT

Regret(T) < R1+ Ra+R3 < \/HQSATlog 5

+ H%SAlog

as claimed.

17



5 Discussion

In this paper, we have proposed a novel model-free RL algorithm, tailored to online episodic settings,
that attains near-optimal regret O(v H2SAT) and near-minimal memory complexity O(SAH) at once.
Remarkably, the near-optimality of the algorithm comes into effect as soon as the sample size rises above
O(SApoly(H)), which significantly improves upon the sample size requirements (or burn-in cost) for any
prior regret-optimal model-free algorithm (based on the definition of the model-free algorithm in Jin et al.
(2018a)). We hope that the method and analysis framework developed herein might inspire further studies
regarding how to overcome sample size barriers in other important settings, including model-based RL (Azar
et al., 2017), RL for discounted infinite-horizon MDPs (Zhang et al., 2020b), and the case with low-complexity
function approximation (Du et al., 2020; Jin et al., 2020; Li et al., 2021b), to name just a few. Additionally,
our sample size range is not yet optimal in terms of its dependency on the horizon length H. How to tighten
this dependency is an important topic that is left for future investigation.
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A Freedman’s inequality

A.1 A user-friendly version of Freedman’s inequality

Due to the Markovian structure of the problem, our analysis relies heavily on the celebrated Freedman’s
inequality (Freedman, 1975; Tropp, 2011), which extends the Bernstein’s inequality to accommodate mar-
tingales. For ease of reference, we state below a user-friendly version of Freedman’s inequality as provided
in Li et al. (2021a, Section C).

Theorem 3 (Freedman’s inequality). Consider a filtration Fo C Fy C Fo C ---, and let By, stand for the
expectation conditioned on Fy,. Suppose that'Y, = ZZ=1 Xy € R, where { X} is a real-valued scalar sequence
obeying

| Xx| <R and Ek,l[Xk] =0 forallk >1

for some quantity R < co. We also define
W= Er 1 [X7].
k=1

In addition, suppose that W, < o? holds deterministically for some given quantity o2 < oo. Then for any
positive integer m > 1, with probability at least 1 — § one has

o2 2m

4 2m
< = -
|V,] < \/SmaX{Wn, 2m}log 3 + 3R10g

. (40)

A.2 Application of Freedman’s inequality

We now develop several immediate consequences of Freedman’s inequality, which lend themseleves well to
our context. Before proceeding, we recall that N (s,a) denotes the number of times that the state-action
pair (s,a) has been visited at step h by the end of the i-th episode, and k' (s, a) stands for the episode index
when (s,a) is visited at step h for the n-th time (see Section 4.2).

Our first result is concerned with a martingale concentration bound as follows.
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Lemma 7. Let{W;;ERSHgiSK,lghSH—i—l} and{u%(s,mN)€R|1§i§K,1§h§H+l}
be a collections of vectors and scalars, respectively, and suppose that they obey the following properties:

o W} is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th episode;
* ||WIELHOO < Cw;

e u(s,a,N) is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th
episode, and a given positive integer N € [K|;

e 0 <ul(s,a,N)<Cly;
e 0 < oNR R (g o N) <2
In addition, consider the following sequence
Xi(s,a,h, N) :=uj(s,a,N) (P} = P o)W1 1{(s},,a) = (s,a)}, 1<i<K, (41)
with P} defined in (22). Consider any 6 € (0,1). Then with probability at least 1 — 6,

k

ZXi(s,a,h,N)‘

i—1
/ Sar |V e k (s,0) [C SAT
2 n(s.a n(s.a u 2
Cylog — E w," " (s,a, N)Varp oo (W,27") + <CHCW+ NCW> log 5 (42)

n=1

holds simultaneously for all (k,h,s,a,N) € [K] x [H] x § x A x [K].

Proof. For the sake of notational convenience, we shall abbreviate X; (s, a, h, N) as X; throughout the proof of
this lemma, as long as it is clear from the context. The plan is to apply Freedman’s inequality (cf. Theorem 3)
to control the term Zle X; of interest.

Consider any given (k,h,s,a, N) € [K] x [H] x § x A x [K]. It can be easily verified that

E;— [X;] =0,

where E,_; denotes the expectation conditioned on everything happening up to the end of the (h — 1)-th
step of the i-th episode. Additionally, we make note of the following crude bound:

] < w50 )| (P = Phsa) Wi
< w6 M) (Il + [Pl Wil < 200G o

which results from the assumptions [|[W}, [loc < Cyw, 0 < uj(s,a,N) < Cy as well as the basic facts
||P;L||1 = ||Ph,s,a||1 = 1. To continue, recalling the definition of the variance parameter in (23), we obtain

k
ZEiq [‘Xz‘2:|
i=1

|
LI

(wh (5,0, N))* 1 {(sh, 0h) = (5.0)}Eix [|(Ph = Prs,a) Wik ||

i=1

_ N} *:a) k h(s,a) 2 ky, (s,a)
= Z (s a,N)) Varh,sya(T/Vh+1 )
n=1
Nh (s,a " 9
S e 1
< 20,2, (44)
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where the inequalities hold true due to the assumptions ||[W} | < Cy, 0 < uf(s,a,N) < Cy, and 0 <
ZNh(é ,a) Z;L(é ‘1)(57(1’ N) < 1.

n=1

With (43) and (44) in place, we can invoke Theorem 3 (with m = [logy N'|) and take the union bound
over all (k, h,s,a,N) € [K] x [H] xS x A x [K] to show that: with probability at least 1 — ¢,

k Nk (s,a) )
ZXq; < max{C’ Z k i (s aN)Varhsa(Whh( )),C]\?W}logsaog
i=1
AT?] Nk
+ CLCy log%
k(s,a
< C1 2 SAT Nilora) kp(s,a) NV th(s ,a) C.C Cuc ] 2 SAT
S wlog 5 nZ::l Uy, (s,a,N) arh7s7a( 1 )—|— WCw + ~ O og 5
holds simultaneously for all (k,h,s,a,N) € [K] x [H] x S x A x [K]. O

The next result is concerned with martingale concentration bounds for another type of sequences of
interest.

Lemma 8. Let {N(s,a,h) € [K] | (s,a,h) € S x A x [H]} be a collection of positive integers, and let
{ch : 0 < ) < e,h € [H]} be a collection of fized and bounded universal constants. Moreover, let {W}. €
RY|1<i<K,1<h<H-+ 1} and {u%(s%,a}v) ER|1I<i<K/1<h<H+ 1} represent respectively a
collection of random vectors and scalars, which obey the following properties.

o W} is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th episode;
o |[Wi|le < Cy and Wi > 0;

o ul (st al) is fully determined by the integer N(si,al, h) and all samples collected up to the end of the
(h — 1)-th step of the i-th episode;

o 0 <ui(sh,al) <Chy.
Consider any § € (0,1), and introduce the following sequences
Xin = ujy(sh, a}) (Ph = Prgi ot ) Wii1, 1<i<K1<h<H+1, (45)
Yin = cn(Pp = Phsi ai )Whits 1<i<K,1<h<H-+1. (46)

Then with probability at least 1 — 9,

H K H THSA HSA
SN Xia 42 S B 1[\(13 Ph st ot Wi }bg — + CuCly log
h=11i=1 h=1 =1
H K
L THSA THSA
SA[C3CW DS R [PiWE ] log —5— + CuCylog

H K
ZZYi,h

h=11i=1

1 1
S \/TC‘?Vlogg—i—Cwlogg

holds simultaneously for all possible collections {N(s,a,h) € [K] | (s,a,h) € S x A x [H]|}.

Proof. This lemma can be proved by Freedman’s inequality (cf. Theorem 3).
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e We start by controlling the first term of interest Ethl ZZK:l Xin. As can be easily seen, aj =
arg max Q! (st a) is fully determined by what happens before step h of the i-th episode. Consider
any given {N(s,a,h) € [K] | (s,a,h) € S x A x [H]}. It is readily seen that

Ein—1[Xi] = Ein— [Uﬁ}(s;}, ay,) (Ph - Ph,sz,a%)wli—o—l} =0,

where E; ,_1 denotes the expectation conditioned on everything happening before step h of the i-th
episode. In addition, we make note of the following crude bound:

| Xin| < uh(shs a3) (P = Pasg g ) Wik
i (53 ah) (1AL, + 1P,

which arises from the assumptions [|[W} [loc < Cy, 0 < uj(s,a, N) < C, together with the basic facts
1231 = 11Pnsi

H K H
ZZEi,hq “Xi,hﬂ =
h=1i=1

IN

Wil < 20uCa, (47)

, = 1. Additionally, we can calculate that

]

uly (s, ah)) Eips “(PZ - Ph,s;,,a;;)W;iHﬂ

h=1i=1
S SR i i |2
<CIY Y Eina [|(Ph — Py i ai )Wii1| ] (48)
h=1 i=1
H K
< Cﬁzz ih—1 “PhWh—O—l’ }
h=11i=1
(i) H K
C2Y Y Eina [Ph (W) }
h=1i=1
i), H K
< CIY Y Wil Ein—1 [PiWi]
h=1 i=1
(iv) H K o
< CiCw YD Eipr [PiWi] (49)
h=1i=1
H K )
SCCW Y D Wiyl £ HKCICE =TCICL. (50)
h=1 i=1

Here, (i) holds true due to the assumption 0 < u} (s}, a}) < Cy, (ii) is valid since P} only has one
non-zero entry (cf. (22)), (iii) relies on the assumptions that W} is non-negative, whereas (iv) and (v)
follow since ||[W}||oc < Cy,

With (47), (49) and (50) in mind, we can invoke Theorem 3 (with m = [log, T']) and take the union
bound over all possible collections {N(s,a,h) € [K] | (s,a,h) € S x A x [H]} — which has at most
KHSA possibilities — to show that: with probability at least 1 — 6,

H K
_ 91 TC202 KHSAlog T
T D) S [ R s

H k
D> Ko
h=1 i=1

h=1i=1
KH54]og T
+ C,Cy log ng
7 X . 2 THSA HSA
5 ZZ i,h—1 |: Ph S}L,ail)WflL+1| :| 1Og s +Cqu IOg 5
LIS HSA THSA
5 \ CEC Z i,h—1 P W}L+1] log 6 —+ Oucw log 6
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holds simultaneously for all {N(s,a, h) € [K]| (s,a,h) € S x A x [H]}.

e Then we turn to control the second term ‘Zthl wE, YM‘ of interest. Similar to |20 S5 X |,

we have
|Y'i,h| S 2€Cw7
H K
S S B[] <1k,
h=1i=1
Invoke Theorem 3 (with m = 1) to arrive at
H
1

h=

K
Yin
1

Sy TC2 log 5 +Cy 1og 5 (51)

=

with probability at least 1 — 4.

B Proof of Lemma 1

First of all, the properties in (21b) follow directly from Jin et al. (2018a, Lemma 4.1). Therefore, it suffices
to establish the property in (21a), which forms the remainder of this subsection.
When N =1, the statement holds trivially since

N "7N
r=m=le(L2]
n=1

Now suppose that N > 2. Making use of the basic relation nY = (1 —ny)pV =1 foralln =1,--- N — 1, we
observe the following identity:

1
. (52)

Mz

N— 77N
— + (1 —nn) Z 7;1“
n=1 n=1

We now prove the property in (21a) by induction. Suppose for the moment that the property holds for N —1,
namely,

N-1
1 N-1 2
<M< (53)
(N—1)¢ = 2= ne ~ (N-1)e
Then it is readily seen from (52) that
N N N-1 _N-1
M _ N M v, 1—nn L=y 1
o= 1-— > =4 = > = — 54
nz::l « = et "N)n:1 ne _Na+(N71)a_Na+ Ne ~ Na (54)

where the first inequality comes from (53). Similarly, one can upper bound

iﬁ 7+ a- NZ Oy 20 -ny) ) H A1 2(N — 1)t
e ) Z Snet N T Nve@Eem T HEN
(i)  H+1 +2N1 © 1 (H+1 N 2N (Z)l
= Ne(H+N) H+N Ne\H+N H+N) — No’

where (i) arises from (53), (ii) follows from the choice ny = %, (iii) holds since a < 1, and (iv) follows
since H > 1. Consequently, we can immediately establish the advertised property (21a) by induction.
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C Proof of key lemmas in Section 4.3

C.1 Proof of Lemma 2

To begin with, suppose that we can prove
QF(s,a) > Q% (s,a) for all (k, h,s,a) € [K] x [H] x S x A. (55)
Then this property would immediately lead to the claim w.r.t. Vf, namely,
Vii(s) > QF (s, m(s)) > Q@ (s, (s)) = Vi (s) for all (k,h,s) € [K] x [H] x S. (56)
As a result, it suffices to focus on justifying the claim (55), which we shall accomplish by induction.

e Buase case. Given that the initialization obeys Q} (s,a) = H > Q5 (s,a) for all (h,s,a) € [H] x S x A,
the claim (55) holds trivially when k = 1.

e Induction. Suppose that the claim (55) holds all the way up to the k-th episode, and we wish to
establish it for the (k+ 1)-th episode as well. To complete the induction argument, it suffices to justify

min{ 2CB’k+1(s,a), E’kﬂ(s, a)} > Q7 (s,a)
according to line 12 of Algorithm 3. Recognizing that QgCB’kH is computed via the standard UCB-Q
update rule (see line 2 of Algorithm 2), we can readily invoke the argument in Jin et al. (2018a, Lemma
4.3) to show that with probability at least 1 — 4,

h T (s0) 2 Qi(s )
holds simultaneously for all (k, h,s,a) € [K] x [H] x § x A. Therefore, it is sufficient to prove that

NE(s,0) > Qh(s,0). (57)

The remainder of the proof is thus devoted to justifying (57), assuming that the claim (55) holds all the way
up to k.
Since Qg’k(si’,ai’) is updated in the k-th episode while other entries of Q,T’k remain fixed, it suffices to
verify
Rk
h +1(si,a};;) 2 Q;L(S’fcmak)'

We remind the readers of two important short-hand notation that shall be used when it is clear from the
context:

o N} = NF(sk aF) denotes the number of times that the state-action pair (sf,aF) has been visited at

step h by the end of the k-th episode;
o k™ = k'(sF,al) denotes the index of the episode in which the state-action pair (s}, af) is visited for

the n-th time at step h.

Step 1: decomposing QS’kH(sﬁ,aﬁ) — Q7 (sF,ak). To begin with, the above definition of N} and k"
allows us to write

Rk+1, k _k RENE+1, &k
h (sh,an) = Qp, (8hsap)s (58)
since ki = ENaGhan) = k. According to the update rule (i.e., line 11 in Algorithm 3 and line 9 in
Algorithm 2), we obtain
RE+1, k &y _ ARKNE4T & ky _ 1 RANE 1k
no(Shyan) = Qp (sh»ap) = ( —771\/;;) h (sh»ap)

E k VkN;’f KN VR,kNﬁ ENE ref,kNl,f—i-l k k bR,kNi]f-i-l
+ g Th(spyan) + Vit (She1) = Viin (k1) + g, (sh,ap) + by
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(- REMEI41, &k
= ( 77N;§)Qh (s, an)

k ENE o GNK RENE | kNE £ ENA 1 k RANK 41
+ Nk {rh(sh, ah) Vh+{L (5h+}i) Vi (Sh-ﬁ) + (5}” ap) + b, }7

where the last identity again follows from our argument for justifying (58). Applying this relation recursively
and invoking the definitions of ' and 1Y in (19), we are left with

Rk+1/ k N Rl k _k
h (Shs ah) =1q’ (8h»ap)

RE™ " ref R,
+Z77 { (sh»a) + Vit (sh) — Vh+1 (shyr) + py F (s aj,) + by H H}- (59)

Additionally, the basic relation 7, i + Zn 1 77” =1 (see (19) and (20)) tells us that

Qi (sk,ap) =y th shyan) + ZWNh Q; (sh, ), (60)
which combined with (59) leads to
E’kﬂ(sia ay) — Qi (sh, ap) = (Qi sk, ap) — Qp (s, af))
+Zﬂ{ %W+M@W>mﬂmm+ﬁkw%m+wmm%%ﬁwm
To continue, invoking the Bellman optimality equation

QZ(SIfu GZ) = Th(sliz’ aﬁ) + Ph,sﬁ,a’ﬁvfz(—i-l (62)

and using the construction of M"“‘f in line 11 of Algorithm 2 (which is the running mean of VhRJrl), we reach

ko k k" kT RE™ [ k™ fE" 1, k RE™+1
Th(8hyan) + Vii1(She1) — Vh+1 (Sha1) + (sp.ap)+ by — Qp (s, af)

1

=VEL(si) - VhR+k1 (skhy) + i Vh':{l (Shs1) = Py gk ar Vi + bg’knﬂ (63)
= Pp ok ot {Vh+1 VhRﬁn} + Lins Ph’s;;ah (thrl ) — Pyt ot Viter + by e,
m%%{WLWH+ZZMW%_W%U}+¢”“+$T (64)
Here, we have introduced the following quantity
filfn = (P}ffn - Ph,s’;,a’;) (th:1 h+1 + %i - Ph,s ,aﬁ)VhRfr]iiv (65)
i=1

with the notation P} defined in (22). Putting (64) and (61) together leads to the following decomposition
R (s af) — Qishyaf) = m " (@R (s5ak) — Qilsh, o))

n R, k¢ R,k™
Zi:l (Vh+1 - Vh+1 )> +bRk +1 4k } (66)

n

Nh
+ Zﬁn {Ph sk.ak <Vh4}1 Vi
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Step 2: two key quantities for lower bounding QR”CH(s’fL,ah) Qh(sh,aZ) In order to develop a

lower bound on QR L (sh

facts as follows.

sk a¥) — Q7 (sF,af) based on the decomposition (66), we make note of several simple

(i) The initialization satisfies Qg’l(sﬁ, a¥) — Qr(sk,ak) > 0.
(ii) For any 1 < k™ < k, one has
Vit > Vi, (67)
owing to the induction hypotheses (55) and (56) that hold up to k.

(iii) For all 0 <7 < n and any s € S, one has
Vi (s) = Vi () > 0, (68)

which holds since the reference value VhR(s) is monotonically non-increasing in view of the monotonicity
of Vi,(s) in (24b) and the update rule in line 16 of Algorithm 3.

The above three facts taken collectively with (66) allow one to drop several terms and yield

Nh

NE
REE (s af) — Qs al) > D g (0 g, (69)

n=1

In the sequel, we aim to establish QR k+1(

As it turns out, if one could show that

sk a¥) > Q7 (s¥,ak) based on this inequality (69).

NF NF
Sonle | < 3 mrRe (70)
n=1 n—1
then taking this together with (69) and the triangle inequality would immediately lead to the desired result
Ni Np
N sk, ak) — Qp(shyap) > anlvﬁbg’knﬂ - Z Uvjy’ljﬁh'n > 0. (71)

n=1 n=1

As a result, the remaining steps come down to justifying the claim (70). In order to do so, we need to control
the following two quantities (in view of (65))

L = Z mn" (P — Py o sk )(Vh+1 VhRJrli")a (72a)
.
' Ny 1 N}’f n iy R, i
=Y~ (B = Py ) VIS (72b)
n=1 i=1

separately, which constitutes the next two steps. As will be seen momentarily, these two terms can be
controlled in a similar fashion using Freedman’s inequality.

Step 3: controlling I;. In the following, we intend to invoke Lemma 7 to control the term I; defined in
(72a). To begin with, consider any (N, h) € [K] x [H], and introduce

% % R,i i -
Wiy = Vi — Vg and up(s,a,N) = 7711\\,’;;(37@) > 0. (73)
Accordingly, we can derive and define

Wi iilloo < IVidhlloo + [Viigilloo < 2H = C, (74)
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and

N < — =0, 75
N,h,s,ae[rir(l]ix[ ]><S><.A77 pea) =N Cu, (75)

where the last inequality follows since (according to Lemma 1 and the definition in (19))

n%ﬁ(s,a) < %, if 1 < Nj(s,a) < N;
nﬁi(s,a) =0, if Nj(s,a) > N.
Moreover, observed from (20), we have
N N
0< Z u:’rf(s’a)(s,a,N) = anlv <1 (76)
n=1 n=1

holds for all (N, s,a) € [K] x 8 x A. Therefore, choosing (N, s,a) = (NF,s¥ aF) and applying Lemma 7
with the quantities (73) implies that, with probability at least 1 — 4,

h k
Nj; Rk"
|Il| = Znnh (Ph Phs a )(‘/h+1 Vh-{-l ) = ZXi(Slicua;thaN}]f)
n=1 i=1
SAT | 2 [C SAT
2 n n u 2
<4/Cylog — Zuﬁ (s, ag NF)Vary, g ox (W) + (C’UC’W + NCW> log =
n=1
2 SAT N}L R.kn H2 10g2 %
= NF ]og = Z”” hVarh skt (Vi = Viih )+7N,’f (77)
SAT dv, kM 41 dv kA 41 2 H?log® 84T
\/ 2 ‘72 o (Smaﬁ) (HZ S (waai)) +(Nk7)3/46> (78)
h

where the proof of the last inequality (78) needs additional explanation and is postponed to Appendix C.1.1
to streamline the presentation.

Step 4: controlling I;. Next, we turn attention to the quantity I defined in (72b). Rearranging terms
in the definition (72b), we are left with

NE ki R,k NF [ Nf
I — NE e (Py Ph,s;§7a;§>vh+1 - 77n ‘_p PRE!
2 = 77n h - h,s’g,aﬁ) h+1>

n=1

which can again be controlled by invoking Lemma 7. To do so, we abuse the notation by taking

N

Wi,y = VhR_fl and up (s, a, N) = Z % > 0. (79)
n=Nj (s,a)
These quantities satisfy
Wil < Vil < H = Cu (80)
and, according to Lemma 1,
max i\[: ﬁ i n 3 = (81)
N,h,s,ae[K}x[H]xsxAn:N}iL(M) n T = N Cu-
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Then it is readily seen from (81) that

N
(s,a 2
0< S ut Y (s,a,N) <3 <2 (82)

holds for all (N, s,a) € [K] xS x A.
With the above relations in mind, Taking (N,s,a) = (NF,sF aF) and applying Lemma 7 w.r.t. the
quantities (79) reveals that

NE NE O NE k
R,k*
|IQ| - ZZ h Ph,eh ah)Vthl ZXi(SﬁvalfcmhaN}]f) (83)
=1 n=1t =1
/ SAT | & [C SAT
2 n n u 2
Cy log 5 z_:luz (sﬁ,a’fl,N}]f)Varh,szﬂz (W) + <CHCW + NCW> log =
SAT 1 & n H SAT
2 R,k 2
< Nk 1 g 6 Ni}]f ngl Varh75§’ak (Vh+1 ) + W 1 (5 (84)
1 o SAT | ref 1™k 41 ref kN +1 2 H 2 SAT
SJ \/Z\[]{f 1Og 5 \/Uhe " (Sg?a’i) - (/’[’he h (sh5 af},)) + (N}]f)3/4 1Og 5 (85)

with probability exceeding 1 — &, where the proof of the last inequality (85) is deferred to Appendix C.1.2
in order to streamline presentation.

Step 5: combining the above bounds. Summing up the results in (78) and (85), we arrive at an upper

bound on | Zn 1M "f,’j | as follows:

Nk < | + | Bl

H SAT | aav ™k 41 dv VK 41 2
< \/N tog? 34T fomk ™15 gy — ittt o)
h

1 2 SAT ef k™ 4 +1 f kN [ 2 m? 10g2 o
1 r k re + k S 6
+ \/N,’f og 5 oy, (Shaah) (Nh (Sh7ah)) + (N}llc)3/4

H? log2 SAT ‘:;‘T

RkNA 41
< BRFTELGE aF) +oa Ry
h

(86)

Rk h+1( k)

for some sufficiently large constant ¢, > 0, where the last line follows from the definition of B}, sy, ay

in line 16 of Algorithm 2.

In order to establish the desired bound (70), we still need to control the sum » kl ,]:/ " bR MHL Towards
this end, the definition of b}RL’knJrl (resp. 6%) in line 8 (resp. line 17) of Algorithm 2 yields
n SAT
RE™+1 _ R,k™ RE™+1 27 2
o = (1- %)B (s, af) + %B (s ah) + —7 H? log? 25—, (87)

This taken collectively with the definition (19) of 72 allows us to expand

k

NP Rk’
KL
> " by

n=1
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—Z% IN_[ 1—m)<(1—)BR’“( )+ BR’““( >+cbz773/;l 25#

ne—1 i=n+1 Tin
NFoONg Nj Nh
9 SAT
=3 II =) (~(=m) BY* (shoah) + BEF  (shaf)) + e Y Lo H2 log 25
n=1i=n+1 n=1
Ny, Ny, Ny NE
n nnL SAT
=3 I a=n)BR* s ak) = [T =n)BRY (skyaf) | + v n3/4H210g2T
n=1 i=n-+1 i=n n=1
NF o ONf NF Ng
) 77 9 SAT
Z H 1—mBRkJrl sh,ah ZH 1—nzBRk Shaah +Cbz 3/4 T
n=1i=n+1 n=21i=n
k
(i) No N RA"1( R R.E"+1 i Nh 9. o SAT
> I a=mBr® siai) = >0 [T A =m)BR" " (shah) +CbZ L log? ==
n=1i=n+1 n=1 i=n+1
Nh Nh
SAT
Rk 1
_Bh h+ (Sh7ah)+6b 3/4H21 g2T (88)
n=1

Here, (i) is valid due to the fact that B (sh, a¥) = 0; (ii) follows from the fact that

Nk NF Nf—-1 Nf

REk™/ k R,k"tH1 :

Yo IIa—m)Br* (shoap) = > T A=m)By* (sh.af)
n=21i=n n=1 i=n+1
Nf—-1 Nf

R,k™

=Y ] =nm)By" sk, af),

n=1 i=n+1

where the first relation can be seen by replacing n with n + 1, and the last relation holds true since the

state-action pair (s¥,af) has not been visited at step h between the (k™ +1)-th episode and the (k"' —1)-th

episode. Combining the above identity (88) with the following property (see Lemma 1)

Nh 77Nh
e S 571 < o
(NEPTT = 2= ndTt = (N7

we can immediately demonstrate that

27,52 SAT Ni 27.,2 SAT
RN 41 H” log™ =5 NL Rk™ 41 RANA 41 H~=log” =5
Bh ( h,ah)+cbW Snzl ’b <B (Sh’ah)+26bW (89)
Taking (86) and (89) collectively demonstrates that
Nf - - H? 10g2 SAT NE R
n Np n
2G| < Bt s o)+ en Zn ot (90)
n=1
as claimed in (70). We have thus concluded the proof of Lemma 2 based on the argument in Step 2.
C.1.1 Proof of the inequality (78)
In order to establish the inequality (78), it suffices to look at the following term
k
I by v PR adv k41, kK adv kM1 k)2 91
3= Znn g, sk ak ( h+1 h+1 )—Uh (sh>an) + (Mh (Shaah)) ) (91)

n=1
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which forms the main content of this subsectlon _
First of all, the update rules of uadv A and Uzdv’k in lines 13-14 of Algorithm 2 tell us that

dv,k"t k& dv,k"+1, k k dv,k™ / k R,k™/ k™
NZ Y (sh,ap) = NZ Y (shrap) = (1 =y )MZ Y (sh ) + nn(VhH(shH) Vh+1 (3h+1))
dv,k" kK dv.k"+1, k k dv,k™ ( k RE™ (k™ \\2
02 Y (sh,ap) = UZ : (sprap) = (1 — nn)ai Y (sh,a ) + n (Vh+1(3h+1) Vh+1 (s h+1)) .

Applying this relation recursively and invoking the definitions of 72 (resp. PF) in (19) (resp. (22)) give

N;f Nh
dv,kNE 41 @ NF fpn RE™, k" NE R,E™
my, (shap) = Z " (th+1(5;€z+1) Viia (SZ+1 Z " Py (Vh+1 Viia )v (92a)
n=1 n=1
a1k gy @ Y, VRE" sk N PR (VT = VRETY? 2b
O, = Z h+1 3h+1) h+1 5h+1 277 o \Vht+1 = Vit ) : (92b)
Recognizing that Zn 1 nn =1 (see (20)), we can immediately apply Jensen’s inequality to the expressions
(i) and (ii) to yield
Nk NE 2
R ) R (93)

Further, in view of the definition (23), we have

2
k™ RE™\ _ k™ R,k™\ 2 k™ R,k™
Varh,sﬁ,aﬁ (Vh+1 - Vh+l ) - Ph,sﬁ,aﬁ (Vh+1 - Vh+l ) - (Ph,sﬁ,aﬁ (Vh+1 - Vh+1 )) ’

which allows one to decompose and bound I3 as follows

Znn Py g ar (VL = VL) ZnﬁhPh (Vi = vih')?

n=1

h & n n
+<Z’7ivhph (Vi = Vi) ) Znn (Phsh,ah(Vthl Vs ))
n=1

Ny . .
S (P = Py o) (Vi — VAT

=13
NF . hoN2
+<Z775hpflf (Vi = Vs ) Znn (Ph s,,ah(VhH Vish )) : (94)
n=1

=:I3 2

It then boils down to controlling the above two terms in (94) separately.

Step 1: bounding I3;. To upper bound the term I5; in (94), we resort to Lemma 7 by setting

i i )2 i .
W= Vi — VhR+1) and up(s,a, N) = n%}i(s,a). (95)
It is easily seen that
. _ 2

IWhilloe < (Vi [l + IViall) <482 =G, (96)

and it follows from (75) that

2H

N < — =C,. 97
N,h,s,ae[rir(l]ix[ ]><S><.A77 pea) =N ( )
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Armed with the properties (96) and (97) and recalling (82), we can invoke Lemma 7 w.r.t. (95) and set
(N,s,a) = (N,’f,sﬁ,afl) to yield

k
ny2
for = By = Pogar) (Vi = Vigh )| = | D0 Xilsh, ap b, NY)
i=1
ST |5 Cy SAT
W Zuh (s, ap, NE)Vary, g or (W) + (C Cy + \/;Cw> log? .
SAT h Nk " H3 10g2 SAJ
o2 : . -
& Nkl i g””’Va'h,sﬁ,az((Vh’“ﬂ ViRh)?) + —
H° 2 SAT H? 5 SAT
S\NplE TSt ape (98)

k k
with probability at least 1 — 0. Here, the last inequality results from the fact Zgil mllv h <1 (see (20)) and
the following trivial result:

Van, e o (VL = ViE)?) < (Vi = Vi), < 168, (99)

Step 2: bounding I3>. Jensen’s inequality tells us that

2
(Znn h,s¥ ak Vh+1 VhRJfln))

N;t k k n 2
(Z G )2 (VI — VR >)

n=1

IA

Ni Ni
2
N;’f NIILC k"
E n E TIn Ph,s’;;,a’;;(vhﬂ Vh+1)
n=1 n=1

Nk-
=S M (p Ve - VR
= Zﬁn h,s;j,a’,j( h+1 7 Vh+1 ) )
n=1

where the last line arises from (20). Substitution into I o (cf. (94)) gives

2 Ny 2
I32 < (va]yhph (Vh+1 VhRJ}Ii )) - (anhph,sﬁ,aﬁ (fo—i-l _VhRJﬁ ))

n=1 n=1

{ Z ,r}Nh — Ph”gl;cﬂala) (Vh-i-l VhR+kln }{ Z nNh Pllzcn + Ph,s’,j,a',j) (Vh-:-Ll - VhR+7k1in) } (100)

In what follows, we would like to use this relation to show that

H SAT H3 SAT
I3 <C32{“Nkl g —— 5 NF og® —— 5 } (101)

for some universal constant C3y > 0.

If I35 <0, then (101) holds true trivially. Consequently, it is sufficient to study the case where I35 > 0.
To this end, we first note that the term in the first pair of curly brakets of (100) is exactly I; (see (72a)),
which can be bounded by recalling (77):

NE

H 2 SAT n R.km H2 10g2 L?T
FEIS Wlog 5 ZTln ’LVarh sk.ak (Vh+1 Viia )+ NF

h n=1 h
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;2 SAT N H2 1og2 SAT
Nk i

n= 1

| H SAT  H?
o2 2 S
< N,kl 5 + Nk og T, (102)

with probability at least 1 — §. Here, the second inequality arises from the following property
" yRA"
Vary, sk at (Vh+1 - Vh+1 ) < H(Vh+1 Vit ) o < 4H?, (103)

whereas the last inequality (102) holds as a result of the fact Z L i <1 (see (20)).
Moreover, the term in the second pair of curly brakets of (100) can be bounded straightforwardly as
follows
Nh
R,k"
Ph +Phs ,af )(Vh+1 Vh-i-l )

< ZﬁN’L (P 1y + 1P

IV = VA, < 2, (104)

where we have made use of the property (20), as well as the elementary facts HV,f_:_Ll — VhR_;lcln HOO < H and

||Ph" Hl = th,s’;,a’; Hl = 1. Substituting the above two results (102) and (104) back into (100), we arrive at
the bound (101) as long as I35 > 0. Putting all cases together, we have established the claim (101).

Step 3: putting all this together. To finish up, plugging the bounds (98) and (101) into (94), we can

conclude that
Hb5 SAT H3 SAT
I3 < I I3 < C —log? — 20
3<1I31+ 132 < S{HN,’L“ 08" —5— +N’“ 08" —5 }

for some constant C3 > 0. This together with the definition (91) of I3 results in

Ny

Ny k R, k"
E Tin Varh,s;;,ag(vhﬂ Vh+1)

n=1
v,kNh Wi 2 Hb SAT  H? SAT
< {O_Zd k h+1(s£)aZ) _ (M?Ld k h-‘,—l(sﬁ’aﬁ)) }+C3 71 g2 oAl 71 9 7
N} 5 T NFO® TS

which combined with the elementary inequality v/u + v < \/u + /v for any u,v > 0 and (93) yields

Ni o 1/2
Ny, k™ R,E™
{ Z Tin Varh,s’;,aﬁj (Vh+1 - Vi1 )}

n=1

L BNE adv iV /2 HO/M SAT  H3/? SAT
< {oZd (s ak) = (T (s a) } +71/410g”2 5 T 73 :
) (V%)

Substitution into (77) establishes the desired result (78).

C.1.2 Proof of the inequality (85)

In order to prove the inequality (85), it suffices to look at the following term

. R,E" f,kNh +1 £V 41 2
I = N}’f ZVarh o Vthl ) — (J,rf i (sF ak) — (1y " (sﬁ,aﬁ)) ) (105)
n=1
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ref k"1 ref k™ . .
In view of the update rules of p, and o in lines 11-12 of Algorithm 2, we have

fE" T ko k f.k"+1, k 1 f.k" k _k LoRE™ g
M;f (sp,ap) = /l;f (shvah) <1 - ) M;f (sh,ap) + ﬁVh-&-l (s h+1)
£t £k 41 1 £ " 1 REm, o 2
T o) = o o) = (1 %) ol + 2 (VR G,

Through simple recursion, these identities together with the definition (22) of P} lead to

Nh.
£k +1 a 1 k(g myRE
1y (sh,an) = % ZVh (Sht1) = % ZPh ht1 (106a)
Ny Nh =
ref kMK 41,k a 1 VR k" K" pPE" V 2 106b
o (Siu ay) = NFE Z h+1 3h+1 Nk Z h h+1 J ( )
h n=1 h n=1

The expressions (i) and (ii) combined with Jensen’s inequality give

ref ENE A1, Bk > ref kNN A1, Bk 2
O, (sh,ap) > K, (sh-an)) - (107)

Taking these together with the definition

R,k™ R,k™ R,k™
Varlusf a (Vh+1 ) Ph sh,ah (Vh+1 ) (Ph,sﬁ,ak Vh+1 ) ’

we obtain

NE 2
2 RE™ " (VRE R
Iy = Nk > (Ph ot (VS = (P ot ViR ) N’“ Z PE (V) <N’“ Z Py Viia >

h p=1 h p=1 h n=1
k” Nh Nh 2
;If Z Ph s a )(Vh+1 < Z Ph h+1 ) Nk Z (Ph sh ah h+1 ) . (108)
n=1 n=1
=14 =142

In what follows, we shall bound the terms I, ; and I 2 in (108) separately.

Step 1: bounding I ;. The first term Iy ; in (108) can be bounded by means of Lemma 7 in an almost
identical fashion as I3 in (98). Specifically, let us set

1

Wfi-s-l = (VhR-Li1)2 and U;L(S7a’ﬂ N) = N’

which clearly obey

i (s,a, N)| = = =Cy  and  [Wiyllo < H? = Cy.

1
N
It is easily verified that
N
S,a 1
S ) -3 %
= n:l

holds for all (N, s,a) € [K] x S x A. Hence we can take (N, s,a) = (NF, s¥ a¥) and apply Lemma 7 to yield

NF

h k
=R X B P ) () -

- ZXi(slfwaZ?thi]f)

=1
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NE
/ SAT N , " [Cy SAT
S Cu 10g2 T Z uh (827 a;‘;, N}lf)varh,sﬁ,a;i (W}lf+1) + (CUCW + NCW> 10g2 T

n=1
H*log? —SS‘T N H?log? —S?T
~ Ny N

(109)
with probability at least 1 — §, where the last inequality results from the fact that
n B2
Vary, g o (Wiiey) < |[Wia||o, < G5 = H.

Step 2: bounding I, 5. We now turn to the other term I4 5 defined in (108). Towards this, we first make
the observation that

NF 2 NP

1 Rk" I Rk 2

Ni}]f Z Ph,sf;,a;jvhjrl < Ni}]: Z <P}L,s§,a§ thrl ) ) (110)
n=1 n=1

which follows from Jensen’s inequality. Equipped with this relation, we can upper bound I4 o as follows

1 NF 2 ] N 2
nRE™ R,E™
EER (NkZPh Vit > - (MZPh,sz’anhH )

h n=1 h n=1
NF NP
1 n R,k" 1 n R,k"
= Ni}lz Z (Ph - Ph,s’fl,a;f)vh—i-l Ni}lz Z (Ph + Ph,s’fl,a;f)vh—i-l . (111)
n=1 n=1

In the following, we would like to apply this relation to prove

HY ,SAT H?_ ,SAT
I1o<C — I —+ — —_— 112
42 < 42(\/]\[}1C 08" — +N,’f 08" —5 > (112)
for some constant Cyo > 0.

When I 2 <0, the claim (112) holds trivially. As a result, we shall focus on the case where I » > 0. Let
us begin with the term in the first pair of curly brackets of (111). Towards this, let us abuse the notation
and set

% R,i i 1
Wh+1 = VthZ1 and uh(s, a,N) = ¥
which satisfy
i 1 ;
up,(s,a, N)| = N Cu and [Wiiilloo < H = Cy.

Akin to our argument for bounding I, ;, invoking Lemma 7 and setting (N, s, a) = (N;f, slf“ aﬁ) imply that

N L

k
1 < n R.E™ H? log2 —S‘gT Hlog2 —S?T
Ni,’j ;(Ph =Py at)Viih | S NF + NF

n

with probability at least 1 — §. In addition, the term in the second pair of curly brackets of (111) can be
bounded straightforwardly by

NP NP
1 o= in n 1 & n n
2 2 (B P o)V | < 5 20 (IR I+ 1Py 1D IVEEY [ < 28,
h pn=1 h n=1
where we have used ||[V*" < H and ||PF"||, = || P, 4 o+ ||, = 1. Substituting the preceding facts into
h+1 lloo ho 1 Sps0p 111

(111) validates the bound (112) as long as Iy 2 > 0. We have thus finished the proof of the claim (112).
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Step 3: putting all pieces together. Combining the results (109) and (112) with (108) yields

o4 SAT H? SAT
I <|IL L5 <C —log? T 4 —_log? T
4 < |yq|+ 1o < 4{ N,’f og 5 +N,’f og 5 }

for some constant Cy > 0. This bound taken together with the definition (105) of I, gives

1 al R,k" ref VK41, 6k ref kNE 41 ka2
NE ZVarh,s;,ag(Vhirl ) < {Uh ’ (sh>ap) — (1 (sh»ap)) }
h n=1

log™ —— 4+ — log 5

H4 SAT H? SAT
Cud 1| = log? 22 b
- { NE® TS TNE }

Invoke the elementary inequality vu + v < \/u + /v for any u,v > 0 and use the property (107) to obtain

Ny

1 NE
(N’“ Zvarh,sg,ag(vhh ))

h n=1
H 1/2 SAT H SAT

< {aref’kN;fH(sk ay) — (uref’kN'IfH(sk ak))2}1/2 + log + log
~ 1% hy @h h ko %h (N}ilc)1/4 F) (1\[}’;)1/2 0

Substitution into (84) directly establishes the desired result (85).

C.2 Proof of Lemma 3
C.2.1 Proof of the inequalities (28)

Suppose that we can verify the following inequality:
Q%" (s,a) < Qp(s,a)  for all (s,a,k,h) € S x A x [K] x [H]. (113)
which in turn yields

maxQ';LCB’k(s,a) < max Qj(s,a) = Vi (s) for all (k,h,s) € [K] x [H] xS. (114)
In addition, the construction of V}IL‘ Bk (see line 14 of Algorithm 3) allows us to show that

VB () < maX{j:?S%}ilm(?X QB (s, a), ma V,l'CB’j(S)}-

This taken together with the initialization V}i‘ Bl _-0anda simple induction argument yields

VEBE () <Vpr(s)  for all (k,h,s) € [K] x [H] x S. (115)
As a consequence, everything comes down to proving the claim (113), which we shall accomplish by induction.

Base case. Given our initialization, we have
LCB,1
Qh (s,a) 7@2(5560 :07Q2(57a) <0,

and hence the claim (113) holds trivially when k = 1.
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Induction step. Suppose now that the claim (113) holds all the way up to k for all (s, a, h), and we would
like to validate it for the (k+1)-th episode as well. Towards this end, recall that the state-action pair (s}, af)
is visited in the k-th episode at time step h; this means that Q"CB(sh7 aﬁ) is updated once we collect samples
in the k-th episode, with all other entries Q',;CB frozen. It thus suffices to verify that

LCB,k+1

h (sh»ar) < Qh(shap)-
In what follows, we shall adopt the short-hand notation (see also Section 4.2)
NF = NF(sF,ak) and k™ = K (sk,ab)

which will be used throughout this subsection as long as it is clear from the context.
The update rule of Q';LCB”C (cf. line 4 of Algorithm 2) and the Bellman optimality equation in (62) tell us
the following identities:

LCBk+1, k K LCBk Kl gk
h (Shyap) = " (sh,an)

LCB,kNK LCB,ENE 1 NF Nf
= (1= ) QR (k0 + g (i (sh o) + Vi ™ k) — 87,
Qi (shaf) = (11
k _k k _k
= (1= ) @i (shy af) + ng (r(sh, ab) + P gt Vi )

which taken collectively lead to the following identity

ko k ko k
NE)Qn (s, an) + Nk Q5 (sy, ar)

LCB,k+1, k k LCB,kN5+1 k _k k _k
h (s ak) — Qj(sh,ap) = (sh»an) — Qr(sy, an)
LCB.kNE [k LCB,kNA N ENK
=(1- 77Nk) (Qh (Shaah) Qh(shv ah)) + TINk (Vh+1 (s h+1) Py, g sk ak Vh+1 by, h)
LCB,kVA =141 LCBENA kN KNE
=(1- 77N;§) (Qh (Sha ah) Qh(sh,ah)) + NNk (Vh+1 (s h+}i> - Ph,s’,;,a’,gvh*ﬂ — by, h)-
Recall the definitions of 7 and 72 in (19). Applying the above relation recursively and making use of the
decomposition of Q7 (sF,af) in (60) result in
LCB k+1<

Shﬂh) Qh(shaai)

___NF LCB,1, k LCB,k™ , k™ % k"
=T ( h (Smah) Qx( Shaah E 77 Vh+1 (5h+1)_Ph,sﬁ,aﬁVh+1_bh

LCB kTL n n n n
< Z Mn ( w1 (8 §+1) Vh*+1(51i§+1) + (Py — Ph,sgg,a’;)vffﬂ — by, ) ) (116)

where the inequality follows from the initialization QLCB 1(s§,a§) 0< Q*(sh, ah) and the definition of
PF in (22). To continue, we invoke a result established in Jin et al. (2018a, proof of Lemma 4.3), which
guarantees that with probability at least 1 — 4,

Ny SAT)

k " H3 log(
3 (7 o) Vi 5D <5 i
n=1

provided that ¢y, is some sufficiently large constant. Substituting the above relation into (116) implies that

k
Nh,

c Nk CB, n * "
|}_L B, k+1(5h, h) Qh(sh7al}i) < Znnh (V]_IL_+1B k™ (SZ-‘rl) Vh+1(sﬁ+l)) S Oa (117)

n=1

where the last inequality follows from the induction hypothesis
V;!le’J( ) < Viia(s) for all s € S and j < k.

The proof is thus completed by induction.
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C.2.2 Proof of the inequality (29)

The proof of (29) essentially follows the same arguments of Yang et al. (2021, Lemma 4.2) (see also Jin
et al. (2018b, Lemma C.7)), an algebraic result leveraging certain relations w.r.t. the Q-value estimates.
Accounting for the difference between our algorithm and the one in Yang et al. (2021), we paraphrase Yang
et al. (2021, Lemma 4.2) into the following form that is convenient for our purpose.

Lemma 9 (paraphrased from Lemma 4.2 in Yang et al. (2021)). Assume there exists a constant cp, > 0 such
that for all (s,a,k,h) € S x A x [K] x [H], it holds that

0< Qi (s,a) — Q" (s,a)

N (s, Nh(s @) N (s,a) n n LCB.k"™ n HS log SAT

<otV H + Z " (Vh+1(5§+1) Vit (32+1)) + 4ep Ni(s.a) (118)

n=1 h S,CL)
Consider any € € (0, H]. Then for all=1,..., {logz %] , one has
H K
H6SAlog 84T
LCB,k

>3 (@hlsh ab) - QP F sk ah) € 2770, 2%) ) | £ = (119)
h=1k=1

We first show how to justify (29) if the inequality (119) holds. As can be seen, the fact (119) immediately
leads to

H K [log, 2] ¢ SAT 6 SAT
H®SAlog 24~  H°SAlog 25~
LCB,k, k 5 )
Z Z]l (Qh spoap) — Qp N (s, ar) > 5) S Z 1522 < 922 (120)
h=1k=1 B=1
as desired.

We now return to justify the claim (119), towards which it suffices to demonstrate that (118) holds.
Lemma 2 and Lemma 3 directly verify the left-hand side of (118) since

Q¥ (s,a) > Qr(s,a) > Q¥P ¥ (s,a)  for all (s,a,k,h) € S x A x [K] x [H]. (121)
The remainder of the proof is thus devoted to justifying the upper bound on Qi“(s, a) — I}‘LCB’kH(S, a) in
(118). In view of the update rule in line 12 of Algorithm 3, we have the following basic fact
Z'H(s,a) < QECB’Iﬁl(S, a).
This enables us to obtain
Nk
Z+1(87 a) _ |}_LCB,/€+1(S’ Cl) S QgCB,k-‘rl(S’a) _ }LlCB,k-i-l(S,a) _ }LiCB,k h+1(s,a) _ QLCB,k h+1( ,Cl(), )
122

where we abbreviate
Nilzc = Nilf (57 a)

throughout this subsection as long as it is clear from the context. Making use of the update rules of QgCB’k

and QII;CB’k in line 2 and line 4 of Algorithm 2, we reach

UCB,kNh LCB,kNA
’H( a) = Q> " (s, a)

h
SAT
UCB, kN nf H3log
=(1- 77N’“> h( a)+ NNk <7'h(5 a) + Vh+1 (Sﬁﬁ) +cp N’“)
h
LCB,kNE LCB ENE 1 NE H3log 54T
,(l—nN;f)Qh h (Sva)*ﬂN}lj <T‘h($’a)+vh+1 h (Sl;—i_‘_}l)*cb Niﬁ‘s
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SAT
UCB, kA LCB, kA 3 LCBENE ; H3log 24L
=(1- 77N;f)( h (s,a) — Qr (s,a)> + TN (Vh+1 (524-’1) Vh+1 (s Z+}1) + 20 T&
h
SAT
UCB KNA 141 LCB,k VA KNE LCBRNE Nk H3log 84T
= (1= nyp) (@5 (s,0) = Q3" (5,0) ) + (vhﬂ (s575) = Ve R + 20y | o ).
h
Applying this relation recursively leads to the desired result
UCB,kNA +1 LCB, kN +1
h (s,a) = Q, (s,a)
SAT
NF ( AUCB1 LeB,1( ; n LCB,E™ , k" | H3 log 24+
=1 ( no(s,a) = QT (s a) Zﬁn’ (Vh+1 Sha1) = Viga (sh+1)+20b f‘s
n=1
I H3 log SAT
Ny k LCB,k" / k g
< o hH+Z77n (Vh+1(sh+1) Viii (Sh+1)) + 4y, Té
h

Here, the last line is valid due to the property 0 < QLCB 1(5 a) < QUCB 1(5, a) < H and the following fact
Nk
h NE H310g—S?T H3 log 25+ SAT

" Ch = < 205y ——— 2,
n=1 Nh Nh

which is an immediate consequence of the elementary property Zn 1 r}}

combined with (122) establishes the condition (118), thus concluding the proof of the inequality (29).

< \/iﬁ (see Lemma 1). This

C.3 Proof of Lemma 4
C.3.1 Proof of the inequality (32)

Consider any state s that has been visited at least once during the K episodes. Throughout this proof, we
shall adopt the shorthand notation ‘ ‘
k' = ki (s),

which denotes the index of the episode in which state s is visited for the i-th time at step h. Given that
Vi (s) and V;R(s) are only updated during the episodes with indices coming from {i | 1 < k* < K7}, it suffices
to show that for any s and the corresponding 1 < k* < K, the claim (32) holds in the sense that

[VF+1(s) = VRE L ()| < 2. (123)
Towards this end, we look at three scenarios separately.
Case 1. Suppose that k’ obeys

VE () — VRSB H () 5 (124)

or

V,fiﬂ(s) - VhLCB’kiH(s) <1 and uk (s) = True (125)

ref

The above conditions correspond to the ones in line 15 and line 17 of Algorithm 3 (meaning that VX is
updated during the k’-th episode), thus resulting in

VE L (5) = VR ().

This clearly satisfies (123).
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Case 2. Suppose that k% is the first time such that (124) and (125) are violated, namely,
ig = min {j | thjﬂ(s) - V,i‘CB’ij(s) <1 and uféf(s) = False} . (126)

We make three observations.

e The definition (126) taken together with the update rules (lines 15-18 of Algorithm 3) reveals that VR
has been updated in the k% ~!-th episode, thus indicating that

VR (5) = REO T (g) = YO (5) = VRO (s). (127)

e Additionally, note that under the definition (126), V;X(s) is not updated during the k%-th episode,
namely,
VRO (5) = RFO(s). (128)
e The definition of k% indicates that either (124) or (125) is satisfied in the previous episode k* = kio—!
in which s was visited. If (124) is satisfied, then lines 15-16 in Algorithm 3 tell us that

True = ukioflﬂ(s) =k (s), (129)

ref ref

which, however, contradicts the assumption ufe? (s) = False in (126). Therefore, in the k% ~!-th episode,
(125) is satisfied, thus leading to

VI (5) = VP (5) = VT () - BT ) < 1 (130)

We see from (127), (128) and (130) that
VT (s) =V ) = V) = VT () = V) = VT ) (1s1)
LV () - VR () S, (132)

where (i) holds since V" +1(s) > V¥ (s) > V;IL'CB’MO(S)7 and (ii) follows from (130). In addition, we make
note of the fact that

VRO (g) VO () = VEO (s) = VEO T (s) > 0, (133)

which follows from (131) and the monotonicity of V/¥(s) in k. With the above results in place, we arrive at
the advertised bound (123) when i = ij.

Case 3. Consider any @ > 7g. It is easily verified that
VEH(s) — VIR () <1 and  ul(s) = False. (134)
It then follows that
iii)

i () i () ( i
VhR,k Jrl(s) S VhR,k 0+1(s) g th 0+1(s) + 1 g V}i_CB,k 0+1(S) + 92

(iv) ™)
< Vir(s)+2 < VFETY(s) + 2. (135)

Here, (i) holds due to the monotonicity of V;} and V¥ (see line 14 of Algorithm 3), (ii) is a consequence of

132), (iii) comes from the definition (126) of ig, (iv) arises since VB is a lower bound on V;* (see Lemma, 3),
h h

whereas (v) is valid since thiﬂ(s) > V*(s) (see Lemma 2). In addition, in view of the monotonicity of V¥
(see line 14 of Algorithm 3) and the update rule in line 16 of Algorithm 3, we know that

VI (s) > VEH(s).
The preceding two bounds taken collectively demonstrate that
0 < VF I (s) — VEHI(s) <2,
thus justifying (123) for this case.

Therefore, we have established (123)—and hence (32)—for all cases.
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C.3.2 Proof of the inequality (33)
Suppose that

Vit (sh) = Vit (sh) # 0 (136)
holds for some k£ < K. Then there are two possible scenarios to look at:

(a) Case 1: the condition in line 15 and line 17 of Algorithm 3 are violated at step h of the k-th episode.
This means that we have

VL (sf) = VEBHAsE) <1 and  ubp(sh) = False (137)
in this case. Then for any k¥’ > k, one necessarily has

{V}fl(sz) - Vhl,_CB7k (sé:z) S V}f"_l(sﬁ) - VhI,_CB7k+1(S§L) S 17 (138)
k
h

where the first property makes use of the monotonicity of V¥ and VhL Bk (see (24b) and line 14 of
Algorithm 3). In turn, Condition (138) implies that VhR will no longer be updated after the k-th episode
(see line 15 of Algorithm 3), thus indicating that

Vit (sh) = Vit ) = = VR () (139)
This, however, contradicts the assumption (136).

(b) Case 2: the condition in either line 15 or line 17 of Algorithm 3 is satisfied at step h of the k-th episode.
If this occurs, then the update rule in line 15 of Algorithm 3 implies that

Vit (sh) = Vi sk > 1, (140)
or
VL (sh) — VLCB AL (kY <1 and  uf(sF) = True. (141)

To summarize, the above argument demonstrates that (136) can only occur if either (140) or (141) holds.
With the above observation in place, we can proceed with the following decomposition:

(12 (81) = 3030 (VAo VI Ga) 1 (VR4 - Vo) #0)

h=1k=1 h=1k=1
H K
<SS (VR = VEE R 1 (VE ) = VSR k) < 1 and uliy(sh) = True)
h=1 k:Hl N
+3 3 (Vh sb) thCB"f(s’;)) 1 (V,{f(s’;) — LB (ghy 1) . (142)
h=1k=1

=W

Regarding the first term in (142), it is readily seen that for all s € S,
Zn (vk+1 — VEBRHL () < 1 and uly(s) = True) <1, (143)

which arises since, for each s € S, the above condition is satisfied in at most one episode, owing to the

monotonicity property of Vj, VLCB and the update rule for u,er in (17). As a result, one has
>y (V¥ (sh) = Vit (k) ) 1 (Vi (k) = V@M (sh) < 1 and ulg(sh) = True)
h=1k=1
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IA
=

i

1 (V,f“(s’f) - VA‘CB’kH( +) <1 and uref( ) = True)

1 (Vf“(s) - V,l‘CB’kH( ) <1 and uf,(s) = True)

(%)

k=1

»

€

IA
=

g
M= M= T
] >

1= H?S,

>
I
-
»
V7]

€

where the first inequality holds since ||VR’k - VR’KHOO < H. Substitution into (142) yields

ZZ (VR’~c —VRE(s )) < H%S + w. (144)

h=1k=1

To complete the proof, it boils down to bounding the term w defined in (142). To begin with, note that
R,K LCB,k
Vh (Sh) > ‘/h (Sh) > Vh (sz)a

where we make use of the optimism of Vh K (5% stated in Lemma 2 (cf. (26)) and the pessimism of V,"B in
Lemma 3 (see (28)). As a result, we can obtain

H
553 (ViEsh) = ViR sh)) 1 (Vi (sh) = Vi (sh) > 1)
h=1k=1
H K
<35 (@h(shiah) — QP (shaah)) 1 (Qh(sh ah) — Qi (sh,af) > 1) (145)
h=1k=1

where the second line arises from the properties V¥ (sF) = QF(sk,a¥) (given that af = argmax, Q% (s¥, a))
as well as the following fact (see line 14 of Algorithm 3)

LCB,k LCBk/ k LCBk, k kK
Vi (sh) = max Q" (sy,, @) 2 @), (s, ay)-
Further, let us make note of the following elementary identity
(oo}
kiok k LCBk( k kK k(k k LCB,k
Qn(span) — Q" (s, a5) = /0 H(Qh(sh’ah) — W (sh7 h) > t)dt

This allows us to obtain

02 25 [T 1@k sk ah) - G sk > a1 (@b ) - Q) > 1)
h=1k=1
H H K

= [T S a(@khab) - @i ko) > o)
L h=1k=1
H H6S Alog 54T

S/ *dt<H6SA1 S?T, (146)
1

where the last line follows from the property (29) in Lemma 3. Combining the above bounds (145) and (146)
with (144) establishes

H K
(Vi (sh) = Vi)
h=1k=1
H K
<HS+ 3 (Qhi(sh,ab) - QF*(sh,ab) ) 1 (Qh(sh, af) — @ (shah) > 1)
h=1k=1
< H®SAlog 55T

as claimed.
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D Proof of Lemma 5

For notational simplicity, we shall adopt the short-hand notation
k" = kp(sh, ap)

throughout this section. A starting point for proving this lemma is the upper bound already derived in (37),
and we intend to further bound the first term on the right-hand side of (37). Recalling the expression of
s’kﬂ(slﬁb,ah) (61) and (63), we can derive

Rk, k k kE k RANE Rk 1 k
h (shyap) — Qh(sp,ap) = h (Shaah) Qh(sh,ah) (147)
N (s Ny shuan) NEL(sE ah) ,
= 7]0 h h,ah (Q}T 1(52’ ah) QZ(SZ, GE)) —+ Z Nn h Spsap b;}k +1

n=1
Nk l(slwa‘h) n
NE=1(sk a) n n R,k™ n 1 R,k i *
+ Z /S <Vh{€+1(sﬁ+1) Viia (5§+1)+ nZVh-H (SZH) Ph,s’;,algvhﬂ
n=1 i=1
k—1ck o 2¢1, H? SAT
<" ek h)H‘FBRk(SZFGZ) t o 1Cb 577 108 =5
(Ny: sk ap))

k—1/.k _k
Ny, " (shyan)
L

Nkfl(sk ak) n k;n Rkﬂ Rk} ,L
h h%h B
+ § Mn A Vi (Sha) = Vi ( 3h+1 E Vi ( 3h+1 = Ppy sk ak Vi |

n=1

Nk‘,—l
where the last line follows from (89) with Bs’k hor o BS’k and the initialization Qi’l(sﬁ,aﬁ) = H.
Summing over all 1 < k < K gives

K
S (QFF(sk ab) - Qitshiah)

k=1

K d 2
Ny~ H(shal) Rk/ .k k 2, H SAT
< Z (Hﬂo h wtn) By (sy,ar) + 37 log
= (NE M (shoap)™*

h
REk', pi
Z?:l Vh+1 (5ﬁ+1)

n

k—
Ny, 1(5h1ah)

—1 k k
Np = (sp.ap) k" k" RE™ / k™ *
(Vh+1(3h+1> - Vh+1 (s h+1) - Ph,s’;,a’;VhH)

n=1

K
( NE=1(sk k) +BRH (s ab) + 2c, H? SAT)
S

Mw

x>
Il

,ap 371 log
1 (NE"(sh,af)) 0

( a‘h)
NE—L(gh ok n n n
Z " ( hah)(vffﬂ(sﬁﬂ) fo+1(52+1))
=1
Ny~ (sh )

K Nkfl(gk' ak‘) R k™ k™ 1 n R k? 7,
h “h'%h
+ § § n Vh+1(8h+1) Vh+1 3h+1 ﬁ § Vh+1 5h+1 Ph,sh,athJrl

(148)
Next, we control each term in (148) separately.
e Regarding the first term of (148), we make two observations. To begin with,
K NF=1(gk gk N’{(_I(S’a)
Zno h (sh,ah) S Z Z ,r}g S SA, (149)
k=1 (s,a)eSx A n=0
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where the last inequality follows since n§ = 0 for all n > 0 (see (19)). Next, it is also observed that

K . NE )
Z _ 3/4 Z Z 3/4
k=1 (N}]f 1(8270‘2)) (s,a)eSx.A n=1 n
< Y ANET(s ) < AR (150)
(s,a)eESXA

where the last inequality comes from Holder’s inequality

3/4 1/4
Z (Nf*l(s,a))lﬂ < [ Z 1] [ Z Nfl(s,a)] < (SAYPAEUA
(

(s,a)ESxA s,a)ESXA (s,a)eSxA
Combine the above bounds to yield

K

, 2c, H? SAT
Z (Hn TR B (sf, af) + k—1 bzc ) 3/4 log J )
k=1 (Ny ™ (sh-af))
Rk ko k 3/a7-1/a7p2,  SAT
< HSA+Y  BRM(sk,af) + 8e, (SA) KV H log =~ (151)
k=1
e We now turn to the second term of (148). A little algebra gives
K N7 '(shar)
Nk—l Sk,ak
Z " (o h)(Vh+1(51fL+1) Vh+1(5h+1))
k=1 n=1
K Nh (Shvah)
- Z Z nN (st al,) (Vthl(ng»l) Virr1 (1))
I=1 N=Nj,(s},,a},)
K
( >Z Vh+1 3h+1 Vh+1(82+1))
=1
K K .
( ) Z Vit (sha1) Vh+1 shi1)) Z Vi1 (sha1) Vhﬂ+1(slﬁ+1))] : (152)
k=1 k=1

Here, the second line replaces k™ (resp. n) with [ (resp. N} (s!,al)), the third line is due to the property
S Nen M <1+ 1/H (see Lemma 1), while the last relation replaces [ with k again.

e When it comes to the last term of (148), we can derive

K ( ah) n
NETHNEaf) [ ve ook R,k" k" 1 VR kl ki .
E : TIn Vi (sha1) = Viiy (shg) ﬁ Vit (She1) Ph,s;j,a;jvh-‘rl
k n=1 i=1
K MR i
_ h SpyGp " * R,E™ 2 : R,k* / ki R,k™
= E Tn (Ph - Ph,s’ﬁ,aéi) (Vh+1 —Viia ) T n (Vh+1 (8h41) = Bn éhaathH )
k=1 n=1 i=1
K—1/_k k NF(sk,ak) R,k @
K N SpQp, h\ShQp k _
w omas N Rk > i (Vh+1 (sha1) Ph,s,’g,aﬁvhﬂ)
= E UN;:-(Sﬁﬂﬁ) (P Ph s¥.ak )(Vh+1 Vh+1) Nk(sk a’“) ’
k=1 N=Nk(sk,ak) h\Sh) Op

Here, the first equality holds since Vi:+1(3]}§:1) - VhRi_kl (s’,?bll) = P} (Vicey — VhRjrkln) (in view of the
definition of PF in (22)), the second equality can be seen via simple rearrangement of the terms, while

in the last line we replace k™ (resp. n) with k (resp. NJ(sF, a¥)).
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Taking the above bounds together with (148) and (37), we can rearrange terms to reach

K

(VE(sF) = Vi (s8))

k=1

K
1 Rk (
< <1 + H) Z (Vita (shg1) — Vh+1(3h+1 + Z By (sh, afy)

k=1 k=1
2 3/47-1/4 SAT = k * ok
+ HSA+8c, H*(SA)/ KV log —— + > (Py gt ot — PF) (Viier — Vi)
k=1

K—1
N, (sh,ah

+Z Z ’r]Nk(élc ak)

k=1 N= N"(sh,ak)

Ny (s ,a5) K ki
D i Vh+ (5h+1) Phéh,aijvhﬂ

Ny (sh» ay)

(P = Ph sk ak )(Vthl VhR+l€1)

)

(153)

where we have dropped the term — 2% >, (Vi (sf, ) — Vhﬂfl(sﬁﬂ)) owing to the fact that V;*, | > V}fjl.

Thus far, we have established a crucial connection between Ele (ViF(sf) = Vh“k (sf)) at step h and
Zszl (Vi (spi) — Vh”jl(sﬁﬂ)) at step h + 1. Clearly, the term V;F, | (s}, ) — V}ﬁl(sﬁﬂ) can be further
bounded in the same manner. As a result, by recursively applying the above relation (153) over the time
steps h = 1,2, -+ , H and using the terminal condition VI’} 1= Vgil = 0, we can immediately arrive at the
advertised bound in Lemma 5.

E Proof of Lemma 6

E.1 Bounding the term R,

First of all, let us look at the first two terms of R in (39a). Recognizing the following elementary inequality

1 h—1 1 H
<1+H> §<1+H> <e foralh=1,2,---  H+1, (154)

we are allowed to upper bound the first two terms in (39a) as follows:

H

h—1
> (1 - H) {HSA + 8c, H2(SA)Y/ A K Y4 1og S?T} < H2SA+ H3(SA)P*KY*1og S‘%T
h=1
< H*5SAlog? + VH3SAK = H**SAlog? S‘%T + VH2SAT, (155)

where the last inequality can be shown using the AM-GM inequality as follows:

H3(SA)4KY 4 1og S ?T (H9/4\/SA log S‘%T) (H3SAK)Y* < H*5S Alog? %T + VH3SAK.

We are now left with the last term of Ry in (39a). Towards this, we resort to Lemma 8 by setting

h—1
. : 1
Wi =V — V}fjl and cp = (1 + H) .
In view of (154) and the property H > V*(s) > V™ (s) > 0, we see that
0<cp<e, Wi, >0, and  [|[Wi e < H=:Cy.
Therefore, applying Lemma 8 yields

H 1\ E )
Z (1 T H> Z (Ph’sﬁ»aﬁ - P/f) (Vi = Vi)

h=1 k=1

H K
=122 Yen

h=1k=1
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1 1 1 1
5\/TC%10g5+Cwlogg:\/H2Tlog5+Hlog5 (156)

with probability exceeding 1 — 4.
Combining (155) and (156) with the definition (39a) of R, immediately leads to the claimed bound.

E.2 Bounding the term R,

In view of the definition of Bjv¥(s§, ak) in line 16 of Algorithm 2, we can decompose Ry (cf. (39b)) as follows:

advk( k k:) ( advk( k k))2

2 = - Cp 0og
= o 0 N;f(sh, aZ)

d 1" SAT < | o R sk, af) — (e (sf,ab))?
(1 co\flog == —
Nh(sh»ah)

H K adv.k( k ok adv,k/ & k\)2
S Hlog SATZZ gy (Sha ) (/J’h ( h7ah))

ot N (s, a3)
H K ref.k; &k ref.k( k ky)2
SAT o (shoan) = (i " (sh, az))
+ 1/log ) (157)
R NEGh

where the last relation holds due to (154). In what follows, we intend to bound these two terms separately.

Step 1: upper bounding the first term in (157). Towards this, we make the observation that

K dv,k dv,k 2 K dv,k
Z 02 . (S’ﬁ,aﬁ) - (Hahv ( r < Z a " (sﬁ,a’ﬁ)
— NE(sk, ak) T = Nk (sk,ak)
k n n
Sy Z Wt ) = VT D)
k=1 N}]f(sh’a’z) ’

where the second line follows from the update rule of O’adv " in (92). Combining the relation VE L (s) —

VhR+’i(sh)| < 2 (cf. (32)) and the property ZNh(Sh h) nNh(S “ /) <1 (cf. (20)) with (158) yields

K ';dev k(Sf af) i (,U,Zdv’k( k K

1) h
> NG aF) g § NGy <2 SAK. (159)
k=1 h\?h>“h k=1 h h*™h

Here, the last inequality holds due to the following fact:

Z N}If(lk Ry~ \/T Z NE (s, a)

(s, a)ESX.A n= 1 (s,a)ESx A

<2 o1 > Nf(s,a) = 2VSAK, (160)

(s,a)eSx.A (s,a)eSxA

where the last line arises from Cauchy-Schwarz and the basic fact that > )V K(s,a) =K.
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Step 2: upper bounding the second term in (157).

Recalling the update rules of p'*"* and a;lef’k in
(106), we have

h

=

K £k £k 2

Z oy (shap) — (/lhe (Siaaﬁ))

= NE(sk, ak)
K Ny (sp.ak) (p Rk 2 Ny (sgak) 1R kn

N T U A
— NF(sk, ak) NFE(sk, ak) NFE(sk, ak)

—. gk
=Jy

Additionally, the quantity JF defined in (161) obeys

n=1 h+1
Ny (sh, k) Ny (sh, ak) N (sh, ai)

Ny (sian) (RE™ (k™ )2 « (k" )2 N (sioan) (s (k™ V)2 NE(shak) e (k™ V2
(JF)? < Doty " (Vh+1 (she1)” = (Vi (shin)) i 2onr (Vh+1(sﬁ+1)) <Z S Vh+1(3k ))
R)T = -
N (sh b RA™ (g . NE(shab) (e (g )2 NEGRa) y (s )\
< Znii ) 2H(Vh+1 (shi1) = Vira(shin)) n Zn£§ ) (Vi1 (ski0) _ (Z e ’)Vh+1( p ))

n=1 Sht1
Ny (s, af) Ny sy, ap) Ni(sy.ap)

::Jl ::J2

(162)

which arises from the fact that H > VhRjrkln >V 1 >0 for all k™ < K and hence

RA™ (k™ \\2 LN RA™ (k™ n RA™ [ k" * n
(Vh+1 (SZH)) - (Vh*ﬂ(sﬁﬂ)) = (Vh+1 (Slfi+1) + Vh*+1(5§+1)) (Vh+1 (SZH) - Vh+1(5§+1))
RA™ (k™ n
< 2H(Vh+1 (SEH) - Vh*+1(32+1))~
With (162) in mind, we shall proceed to bound each term in (162) separately.

e The first term J; can be straightforwardly bounded as follows

NF(s¥,ak)
9OH n\Sp,ap R A" n n R.E™ n n ) .
Jy = W( (th (s£" 1) — v,;ﬂ(s;gﬂ)) 1 (V,H»1 (5" ) = Vi (shin) < 3) + ®f(sf, af)

h n=1
2H
<6H + ——— DK (sF aF), 163
= Nilf(Sﬁvaﬁ) n(sh»an) (163)
where ®F (sF, al) is defined as
NE(sp,af)
Rk™/ k™ * ™ Rk™/ k™ * n

Of(shoah) = > (VY (R = Vi () 1 (VR (k) = Vi (i) > 8). (164)

n=1

e When it comes to the second term .J,, we claim that
9 log —S’;‘T
T2 SVary o (Vi) + B2 | ot (165)
Spoap ot N,’f(sﬁ,aﬁ)

which will be justified in Appendix E.2.1.

Plugging (163) and (165) into (162) and (161) allows one to demonstrate that

ref.k/ Lk _k ref,k/ Lk _k

ZK: O (Sh7ah)_('uh (Sh7ah))2

NE(sk, ak)

k=1
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K
H(I)k S k) log SAT
< H+4 =0 ohe 4 vVar, o (Vi) + H2 [
; Ni’f sh»ay) J sh»ay,) R Njy(s h’ah)
K

< H(I)k(sh,ah) \/Varh,s’}i,az (Vi) H10g1/4 SAT
< 2 Nf(sh,aﬁ) N}’f(sh,aﬁ) N}’f(sfwaﬁ) (Nk(sh,ah))3/4
K H(IDk(sh a,h K Var, .« V ) SAT
i Shoap " ht1 3/4
< HSAK # H(SA Klo 166
~ +kz NE(sy, af) +Zl Ny (sk,af) +HS4) ( ST > ’ (166)

where the last line follows from (160) and (150).

Step 3: putting together the preceding results. Finally, the above results in (159) and (166) taken

collectively with (157) lead to
H ref 2
Z og “(shap) — (ui " (sh af)
> I <s¢:,aﬁ>
H K
T SAT | / AT Vary o ab (Vi)
+H2(SA)3/4K1/4 10g5/4 \/
5 5 h;; N}’f(sh,aﬁ)
\/7 0K \/57
i S S5 LD
h=1k= ah

Ra < \/H3SAK10g

< \/H3SAK log 54

0 Ny (
®)
< Jmsarion ST ¢ s apigct/ogt ST | g grog SAT
(if)
< \/H3SAK log SAT + H*S Alog? SAT \/H2SATlog SAT + H*S Alog? SiT.
Here, (i) holds due to the following two claimed inequalities
H K Varl Sk ak V, AT AT
3 \/’k(”“ \/H2SATlog SAT | g A10g 24T (167)
h=1k=1 N (sh» @) g g
H K [k(sh gk
Sy < s ST, -
h=1k=1 Nh (Sh7ah) 0

whose proofs are postponed to to Appendix E.2.2 and Appendix E.2.3, respectively. Additionally, the
inequality (ii) above is valid since

H2(SAPAKYA 1og5/45‘%T = (H5/4(SA)1/2 log S?T) (H3SAK1 S‘;‘T>

SAT SAT

< H*SAlog? —S‘?T + \/H3SAK1 og —— = H**SAlog # + \/H%‘ATlog

due to the Cauchy-Schwarz inequality. This concludes the proof of the advertised upper bound on Rs.

E.2.1 Proof of the inequality (165)
Akin to the proof of I} in (109), let

Z\H

Wi = Vi,)? and ul (s,a,N) =
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By observing and setting

1 i
Cy = Na ||Wh+1||oo < H? = Cw,
we can apply Lemma 7 to yield
1 Ny 1 Ny, , log? SAT
‘]\]’k Z (Vf:(-‘rl(si-‘rl)) Ph,eh,ah (VI:+1)2 = ‘]Vk Z (Ph Ph 9 a )(‘/h-i-l) S/ H2 Tk&
h pn=1 h n=1 h

with probability at least 1 — . Similarly, by applying the trivial bound ||V}, [lcc < H and Lemma 7, we
can obtain

NF
h ” N
(Ph - Ph,sfl,afl)vh+1

& log =4+ SAT
Z Vit (sha1) = Pk sk ak Vi | = SH N’“
h

n=1

b i

n=1

with probability at least 1 — §.
Recalling from (23) the definition

2
Varh,sﬁ,aﬁ (Vh*—i-l) = Ph,s’fb,a’ﬁ (‘/h’,(-‘,-l)2 - (Ph,sﬁ,a’fb V};—&-l) )

we can use the preceding two bounds and the triangle inequality to show that:

2
En 2 k" *
NE E Vh+1 Sh+1 - <Nk E Vh+1 Sh+1> _Varh,sﬁ,a;j(vhﬂ)
h n=1

2
(Nk Z Vit 3h+1)) ~ (Phstat Vi1)”

Z Vi ( 5h+1 Ph,sﬁ,a;g(v}erl)Q +
h n=1 h n=1
log SAT 1 N;lj ) o Nh .
< H? NZf Ni}’f z_: Vi1 (shi1) — P sk th+1 N}’f nz:l Vi 5h+1) + Py sk ok Vi
< 2 log %
Ny

with probability at least 1 — d, where the last line also makes use of the fact that ||V}, [l < H.

E.2.2 Proof of the inequality (167)

To begin with, we make the observation that

Varhs ak Vthl) Nh (9(1) Varhsa V )
Z W: VaraalVii) \/N,f((s,a)Varhys,a(V,l*H)?
ho

h (s,a)ESXA n= 1 (s,a)€ESxA

which relies on the fact that 27]:[:1 1/y/n < 2V/N. Tt then follows that

H K Varhgmah Vh+1
ZZ W QZ Z \/N saVarhsa(VhH)

h=1k=1 h=1(s,a)eSx.A

H H
SN 1 > > NE(s.a)Varea(Viy,)

I /\

<2
h=1 (s,a)€ESx.A h=1 (s,a)eSx.A
*QV szarhs a V}H—l) (169)
h=1k=1
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where the second inequality invokes the Cauchy-Schwarz inequality.
The rest of the proof is then dedicated to bounding (169). Towards this end, we first decompose

H K H K
Z Z Varh,s Vh+1 Z Z Varh sk Vh+1) + Z ‘Varh,s;g,a’,j (Vh*+1) - Varh,s’;,a’; (Vhﬂ—tl)’

h=1k=1 h=1 h=1k=1
(i) 5 T H K k
S HT + H'log =5 + 303 Vary g (Vigs) = Van, g o (Vi)
h=1k

(170)

Il
_

where (ii) follows directly from Jin et al. (2018b, Lemma C.5). The second term on the right-hand side of
(170) can be bounded as follows

H K .
[Var, ot g (Via) = Van, o (Vi)

>
[
—
B
Il

IN I

M= 1= ¢
M= 1M 11>
] =

2 k N
‘Ph,sﬁ,aﬁ (VI:+1)2 - (Ph,sﬁ,a;ivff+1) - Ph,s;‘;,aﬁ (Vhﬂ+1)2 + (Ph,sﬁ,aﬁvhﬂ-+1) ‘

>
Il
—

{12t (022 = VL) Wit 4 VD)) (P g Vi) = (Pug i)’}

>
Il
—

INZ
S
S

k
* s
Ph,s;g,a’,j (Vh+1 - Vh+1)

>
Il
—
=
I
—

I

=
M=
]~

Tl'k v Tl'k
{V}f+1(5§+1) - Vh+1(5§+1) + (Ph,s}’i,aﬁ - Pif) (V}f+1 - Vh+1)}

(iii) SA SAT
(D1 +651) S Hzﬁ SAT lo 0g —5— + H*SA
= H*\/SATlo S‘%T + HSA, (171)

where we define

=
Il
—
x>~
Il
—

(i)
< 4H

M=
M=

>
Il
—
x>
Il
—

UCB,k k . * ok
5h+1 = Vh+1 (SZH) - Vh+1(82+1)a ¢Z+1 = (Ph,sg,a;g - P;]f) (Vh+1 - Vh+1)' (172)

We shall take a moment to explain how we derive (171). The inequality (i) holds by observing that V;, ; —
Vh”jl >0 and

‘Ph,s;g,ag ((V}fﬂ — Vi) (Vi + Vh”fl))‘ < Pstar (Vi — ) (HVh*HHoo +[vireall)
< QHPh,sﬁ,a’ﬁ (V};—l - Vhw-l-kl)a

‘(Ph,s’;;,a’ﬁvf:(-‘rl)Q - (Ph,sﬁ,a’;‘/izrjl)z

k k
< ’Ph,s’,j,a’; (Viz(—i-l - Vif—&—l)’ . ’Ph,s’,j,a’; (Viz(—i-l + Vif—&—l)’
k
< QHPh,sﬁ,a’;:' (fo-l-l - Vhﬂ-l-l);

ii) is valid since > ; and (iii) results from the following two bounds:
lid Vthl Vi d Its fi he foll bound

/ AT
6f1 S H?\/SAT log 5 5 + H3S A, (173a)
AT
Phpr S Hy[Tlog 55 : (173b)
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which come respectively from Jin et al. (2018b, Eqn. (C.13)) and the argument for Jin et al. (2018b,
Eqn. (C.12)).3
As a consequence, substituting (170) and (171) into (169), we reach

H K Var sk ak
3 Varn sty Vi) <VHSA HT+H41/SATlogSAT+H4SA
NE(sk,ak) )

h=1k=1
< VH2SAT + H/2(SA)3/4 (T1 S?T) +H?5SA
= VHZSAT + (H*SAT log S?T) (misA) Y 1 H255A
< \/H2SAT1 gs’%T + H*SAlo S‘;T,
where we have applied the basic inequality 2ab < a? + b? for any a,b > 0.
E.2.3 Proof of the inequality (168)
First, it is observed that
K \/m N (s,a) (I)ﬁ"(saa)(s’ a)
kzz:l N (sh» ap) :(sa) Sx nz:;L oon
< Z \/ @ N (e, ) (s,a)logT < [SA Z <I>N” (e, a)(s a)logT. (174)
(s,0)ESx A (s,)ESx A

Here, the first inequality holds by the monotonicity property of @’g(sh, ap) with respect to k (see its definition

n (164)) due to the same property of VhRjrkl, while the second inequality comes from Cauchy-Schwarz.
To continue, note that

H K
Z Z P, L (sa (s,a) = Z Z( h+1 Sh+1 V}f+1(52+1)) 1 (V}F-&-kl(sg-i-l) Vi;—&-l(si-&-l) > 3)

h=1 (s,a)ESXA h=1 k=1

T

K
LCB,k LCB,k
Z (Viﬁl(sﬁﬂ) +2-Viy (Slfiﬂ)) (Vh+1(5h+1) +2-V,iy (SZH) > 3)

IA
i

M= I
M=| M| T

LCB,k LCB,k
(V}f+1(5£+1) +2- Vh+1' (SZ-H)) 1 (thﬂ(slﬁ-s-l) - Vh+1 ($h+1) > 1)

. LCB,k LCB,k
< 3<V}f+1(52+1) - Vh+1' (S];L+1)) 1 (th+1(52+1) Vh+1 (Sh+1) > 1)
h=1
K
e LCB,k LCB,k
=vH ZS( h+1 5h+1 — Vi <5§+1)) 1 (Viﬁrl(sfwrl) Vi (S;CL+1) > 1)7 (175)
h=1k=1

where the first inequality follows from Lemma 4 (cf. (32)) and Lemma 3 (so that Vh+1(3h+1) Vi (si) <

Vi (shi)+2— V,i‘le’k(sﬁH)) the penultimate inequality holds since 1 < ViF, | (sf ;) — VthlB’k(s’fLH) when

1 (thﬂ(szﬂ) - V}IL‘J&B’k(shH) > l) # 0, and the last inequality is a consequence of the Cauchy-Schwarz
inequality.

3Note that the notation 6F used in Jin et al. (2018b, Section C.2) and the one in the proof of Jin et al. (2018b, Theorem 1)
are different; here, we need to adopt the notation used in the proof of Jin et al. (2018b, Theorem 1).
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Combining the above relation with (145) and applying the triangle inequality, we can demonstrate that

Z S a0 (s,a)

(s,a)eSxA

K

LCB,k k k LCB,k
ZZ (Qh+1 Sh+1’ah+1) Qpi1 (sh+1’ah+1)> (Qh+1(3h+1vah+1) Qpi1 (s}1+17ah+1) > 1)
h=1k=1

SAT
0

H7SAlog
where the second inequality follows directly from (33), and the first inequality is valid since

k[ LCB.k, & ko k k LCB.k, k k
Vi1 (8h41) = Vit " (Sh1) < Qhi1(Shy1s @hg1) — Qpiy (Shats @)

Substitution into (174) gives

H K q)k , k
ZZW (FlogT) \/WXH7/2SAIOg3/QSéT7

h=1k=1 Sh’ h)

thus concluding the proof.

E.3 Bounding the term R;

For notational convenience, we shall use the short-hand notation
k= k;i(sﬁv ai)
whenever it is clear from the context. This allows us to decompose the expression of R3 in (39¢) as follows

H
Rs3 ::Z

h=1

Rki, ki R,k
(Vh+1 (5ﬁ+1) Ph,sg,aﬁ Vh+1)
Ni’f(sm GZ)

7 k ,
A (PR = Pisg Sho ah) (Vs — VhRﬁ )+ Z Z MK NG (shiah)
! h=1k=1

WE

=~
Il

=R} =R2

1\ A N7 (syhal) I\ INH
k ._ il n —
AR = <1 + H> Y Mkgsbat) S <1 + H> < (1 + H) <e. (176)

n:N}’lc (sﬁ,a’}j)

with

Here, the first inequality in (176) follows from the property Y- x_, 72 < 1+1/H in Lemma 1, while the last
inequality in (176) results from (154). In the sequel, we shall control each of these two terms separately.

Step 1: upper bounding R}. We plan to control this term by means of Lemma 8. For notational
simplicity, let us define

N(s,a,h) = NE"!(s,a)
and set

- 1\ N (s, ap,,h)

i k i n

Wh+1 = Vh+1—Vh*+1 and h(sh,ah) =\ = (1+H> Z nNﬁ(Sivai)'
T

Given the fact that VhRjr’i(s), Vi 1(s) € [0, H] and the condition (176), it is readily seen that

|uj, (sh,a},)| < e=Cy and [Wiiall, < H = Ch.
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Apply Lemma 8 to yield

Zz)\ P}L L ah)(vft—i-l _VhR+7kl)

=1k=1

H K
=222 X

h=1k=1

H K

K
S| C2CHSAY S "By [PiWE ] log & 5 T CuCy HSAlog —
h=11i=1

A

HQSAZZ]EM L [PEORES -V log§+H2SAlog%
h=1k=1

X

T T
H2SA{Z Py ar (Vi — V,;+1)}1og5 +HQSAlogg (177)

with probability at least 1 — /2.
It then comes down to controlling the sum Zh 1 Zk 1 P sk at (th V,:‘_H). Towards this end, we first
single out the following useful fact:

H K () H K
R,k * *
Py (Vg = Vi) < Z Z By (ViEa +2 - Vi)
h=1k=1 h=1k=1
S (i) SAT
<2HK +3° (Vhﬁl(siﬂ) - V,;H(s’,;’ﬂ)) < \/H7SAK log + H3SA+ HK (178)
h=1k=1

with probability at least 1 — 0/4, where (i) holds according to (32), and (ii) is valid since

H K
k
ZZ (th+1(51ﬁ+1 — Vi 5h+1 ) Z Z (VhﬁB g Sﬁ+1) - V}ZT+1(SZ+1))

h=1k=1 h=1k=1

SAT

H3SA
5+ SA,

hS \/H7SAK log

where the first inequality follows since thff P> th+1 and V5, > VT _:fl, and the second inequality comes

from (173a). Additionally, invoking Freedman’s inequality (see Lemma 8) with ¢;, = 1 and W;L = VhRf1 Vi

(so that 0 < Wfl(s) < H) directly leads to
1 1 1
< \/THQIOgg —&—Hlogg = \/H?’Klogg

H K
R,k *
Z Z (Pflf - Ph,s, ,ak ) (Vh—i-l Vh+1)
with probability at least 1 — /4, which taken collectively with (178) reveals that

h=1k=1
H K
Z Z sg,ah, h+1 Vh+1 Z Z Ph h+1 Vh+1 + Z Z ( Ps;c ak .h )(Vh+1 Vh+1)

h=1k=1 h=1k=1 h=1k=1

AT
< \/H7SAK log S + H*SA+ HK (179)

with probability at least 1 — §/2. Substitution into (177) then gives

S5 AR~ P ) (s~ VD)

h=1k=1

T T
< H2SA§ § Py gt ar (Vi Vh*+1)log6+HQSAlogg
h=1k=1
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SAT

< | H2SA <\/ H7SAK log + H3SA + HK) log % + H?SAlog %

= \/HZSA (HGSAlog S?T + H3SA+ HK> logg + H%‘Alog%
< \/ H3SAK log SAT + H*SAlog S‘%T
= \/ H2SAT log & ?T + H*SAlog %T (180)

with probability exceeding 1 — d, where the third line holds since (due to Cauchy-Schwarz)

SAT
0

\/ H7SAK log SAT \/ H6SAlog 5 ?T VHEK < H5SAlog

HK.
5 +

Step 2: upper bounding R3. We start by making the following observation:

H K
A e
RE<D D wrgan 2 (VA (shh) = P Vi)
k=1

'L<Nk(sh,ah)

AY (R R,K R,K
7: (Vh+1(52+1) Viia (SZH) + (PiiC - Ph,s’}i,a’fl)vh_;_l )

H K H K
Ak N
< (elogT) Z Z (VhR+k1(SZ+1) VhR+I1((S]i§+1)) + Z Z ;h(Pilf - Ph,s',g,a',;)vhﬂ

K—-1/ k k
Ny (spran)

H K
)\k
+ Z Z #(Pf’f - Ph,sﬁ ’“) (Vh+1 Vh+1) (181)

where the first inequality comes from the monotonicity property Vh +1 > VhRJr];H > > VhR_s’_If , and the last
k
line follows from the facts that }_ N () 1 <logT and A} < e (cf. (176)). In what follows, we shall

=NF(sF,ak) n
control the three terms in (181) separately.

e The first term in (181) can be controlled by Lemma 4 (cf. (33)) as follows:

H K
SAT
R, k RK  k
ZZ Vh+1 5h+1 Vh+11((3h+1)) < H°SAlog 5 (182)
h=1k=1

with probability at least 1 — 6/3.

e To control the second term in (181), we abuse the notation by setting
N(s,a,h) = NEK~1(s,a)
and
. - N (s} ,al,h) \i
Wi =Vig, and ul, (s}, ah) = Z Zh

i i i n
n=Nj (s},a},)
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which clearly satisfy

N(s/;1,7a’;l/7h) 1
|uj (sh,ah)| <e - <elogT =:Cy and [Wiiilleo < H =t Cy.
n=Nj} (s} ,al)

“Hsheah) 1
n= Nh(sh7ah) n

Here, we have made use of the properties Z <logT and A\ < e (cf. (176)). With these

in place, applying Lemma 8 reveals that

H K NF7'(sp.ap)

Ak H K
ZZ Z o (P - Ph sk k) Vicg1| = ZZXk,h

h=1k=1n=N}(sk, ak) h=1k=1
T
< 2
<.|c2 HSA;;EM 1[ — Py o Wi }1og + CLCy HSAlog &
H K
Q) T T
= ZZ ary, gk (Vi) - HSAloggg—&-HQSAlogzg
h=1k=1
(i)
< \/ HSA(HT + H*VSAT) log* %T + H*SAlog” %
< \/HSA(HT+H7SA)1 14T gt og %
o SAT

\/HQSATI S’%T + H*SAlog (183)

J

with probability at least 1 — /3. Here, (i) comes from the definition in (23), (ii) holds due to (170)
and (171), whereas (iii) is valid since

HT + H*SAT = HT + VH'SA-VHT < HT + H'SA

due to the Cauchy-Schwarz inequality.

° Turning attention the third term of (181), we need to properly cope with the dependency between Pff

and Vh 4’_1 Towards this, we shall resort to the standard epsilon-net argument (see, e.g., (Tao, 2012)),

which will be presented in Appendix E.3.1. The final bound reads like

NS (s ak)

T A;CL k R,K * < 4 3 3 SAT
>N , (P = Pyt ar) (VS = Vir) | S H'SAlog? H3SAK log® =
h=1k=1n=Nk(sk ak)

(184)

e Combining (182), (183) and (184) with (181), we can use the union bound to demonstrate that

3SAT

R2 < Cs, Q{HGSAI og \/H2SAT1 (185)

4SAT}

with probability at least 1 — 6, where C3 2 > 0 is some constant.

Step 3: final bound of R3. Putting the above results (180) and (185) together, we immediately arrive
at

(186)

RS }R3|+R3<CYS{HGSA1 og +\/H2SAT1 g4 SAT}

4]

with probability at least 1 — 26, where Cy 3 > 0 is some constant. This immediately concludes the proof.
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E.3.1 Proof of (184)

Step 1: concentration bounds for a fixed group of vectors. Consider a fixed group of vectors
{vid | € R¥|1 < h < H} obeying the following properties:

Vi <V&, <H  for 1<h<H. (187)

We intend to control the following sum

=

K— 2
h (shhar) Y
h

H K
k d *
Z Z Z(Ph - Ph,s’}j,a;‘;) (Vh+1 - Vh+1)'
To do so, we shall resort to Lemma 8. For the moment, let us take N(s,a, h) := fol(& a) and
N (s}, -aj,;h)

i . 1d * TR AN
Whi1 = Vg1 — Vi, up, (), ap) = §

n=N (o o)

7
A

It is easily seen that

N(shah )
Jui(shoap)[ <e D

n=N} (s} ,al)

<elogT = C, and [Wiiillw < H = Cy,

S

which hold due to the facts Ni' (siah) 1 < logT and Af < e (cf. (176)) as well as the property that
g h y

n=Nj(s},al) n

VA 1(s), V5 1(s) € [0, H]. Thus, invoking Lemma 8 yields

NS sk ap)

B

)\k
;h(Pl{f - Ph,s’;i,a;f) (Vf?Jrl - Vi;Jrl) =

HY

h=1k=1n=N}(sk, ak) h=1k=1
H K
. KHSA KHSA
S| C2C >0 R [PiW, ] log —5— + CuCylog
4 0 0
h=1i=1

H K 4 ) KHSA KHSA
S \ th:; ;Ph,s;g,aﬁ (Viter = Viryy) (log” T) log 5 + H (logT) log 5o

(188)

with probability at least 1 — §p, where the choice of §y will be revealed momentarily.

Step 2: constructing and controlling an epsilon net. Our argument in Step 1 is only applicable to
a fixed group of vectors. The next step is then to construct an epsilon net that allows one to cover the set
of interest. Specifically, let us construct an epsilon net N4, (the value of o will be specified shortly) for
each h € [H] such that:

a) for any Vi 41 € [0, H]®, one can find a point V;’{} € Nj41,4 obeying
0 < Viga(s) — Vi%i(s) < for all s € S;

b) its cardinality obeys
HA\S
[Nit1,a| < (g) . (189)

Clearly, this also means that

H\SH
‘/\/'241 X N3 g X XNH+1,a| < (g) .
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Set §p = %5 / (g)SH. Taking (188) together the union bound implies that: with probability at least
1— 60(%)SH =1-4/6, one has

H K Ny '(sp.ap) N
> (B = Past o) (VA = Vi)
h=1k=1n=N} (s}a})
H K
KHSA KHSA
SAHD D Prgear (Vi§ = Vi) (log® T) log 5 + H(log T) log 5
h=11i=1
< 2 SRS * 2 SAT 2 2 SAT
SA[H2SAD S Py (Vi = Vi) (log? T) log s+ H?SAlog® —— (190)
h=11i=1

simultaneously for all {V*¢} | 1 < h < H} obeying Vi | € Njyy1.4 (h € [H]).

Step 3: obtaining uniform bounds. We are now positioned to establish a uniform bound over the
entire set of interest. Consider an arbitrary group of vectors {V}",; € R® | 1 < h < H} obeying (187). B
construction, one can find a group of points { Vit € Niy1,a | h € [H ]} such that

0<Vpti(s) = Vi(s) < for all (h,s) € S x [H]. (191)
It is readily seen that

K N}i( l(sﬁ,aﬁ) )\k:
Z Z Zh (Pf’f - P}usﬁ,aﬁ) (Vﬁlﬂ Vl?itl)

K=1 =Nk 5k af

K1k
K N, Sh!ah)

)\k net
<Y (PR P gl ) Vit = Vs

k=1n=N}(sk, ak)

< 2eKalogT, (192)

where the last inequality follows from 1(5" af) L < logT and A} < e (cf. (176)). Consequently, by
n= N (sh,,ap,) n h

taking oo = 1/(SAT), we can deduce that
H K i \b
Z Z Zh(Pf}f - Ph,s’,i,a’;;) (Vﬁlﬂ - fo+1)

H K
)\k:
< ZZ Wh(Ph Phsk ")(Vﬁl—itl Vi:(—&-l)

H | K
)\k
+ Z Z Z Fh(Pi]f - Ph,s’g,a’;) (V}f+1 Vi?—itl)

H K
L )\k
DY “h (P = Py ar) (VS = Vi) | + HKalog T
hzlk:ln:N{f(s’fL,a’fb) n
I & T SAT
< HQSAhZ:l;P,,Q (Viret — Ve ) (log® T) log +H25Alog2W+HKozlogT
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H K

SAT
= HZSAZ th,s;‘;,aii (Viter = Vi) (log” T) log
h=1i=1

, SAT

+ H*SAlog (193)

where the last line holds due to the condition (191) and our choice of a. To summarize, with probability
exceeding 1 — §/6, the property (193) holds simultaneously for all {V;*,; € R¥ | 1 < h < H} obeying (187).

Step 4: controlling the original term of interest. With the above union bound in hand, we are

ready to control the original term of interest

N sy al)

H K
Z Z n (Pflzc - Ph,s’,fb,ai”;) (Vh+1 Vh+1) (194)

h=1k=1n=N}(sk,a})
To begin with, it can be easily verified using (27) that
Vi, <VEN<H  foralll <h<H. (195)

h+1

Moreover, we make the observation that

H K @) H K
R,K
E E Ph sh,a} Vh+1 Vh+1 S E E h sh,a, h+1 Vh+1)

h=1k=1 h=1k=1

+ H*SA+ HK (196)

(i) AT
< \/H7SAK10g 8’5

with probability exceeding 1 — 6/6, where (i) holds because VX ; is monotonically non-increasing (in view
of the monotonicity of V},(s) in (24b) and the update rule in line 16 of Algorithm 3), and (ii) follows from
(179). Substitution into (193) yields
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where the penultimate line holds since
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