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clogic staff

1 Modal Logic

OA: A is necessarily true (i.e., A true in every reachable world).
OA: Ais possibly true (i.e., A true in some reachable world).

1.1 Rules
Hypothesis
Atrueel Avalid e A
N, T+ A true hyp AT+ A true hypo
Conjunction
AT +Atrue AT+ Btrue A;T+AABtrue AE N, T+ A ABtrue AE
AT rANBtrue A AT F A true ! AT+ B true 2
Disjunction
N, T+ A true v N; T + B true v
N, T+ AV Btrue ! N;T+AV Btrue 2
AN T+AVBtrue ANT,Atruev Ctrue NA;T,B truet+ C true
N, T+ C true
Implication
A;T, A true + B true N,T+ADBtrue AT FAtrue
A; T+ A DB true > A, T + B true
Truth and Falsehood
I A; T+ F true FE
N, T+ T true N; T+ C true
Necessity
A;-+ A true N; T+ 0OA true A, Avalid;T + C true E
A; T + OA true = N, T+ C true =
AT+ 0A true A, Awalid;T + C poss OF
A; T+ C poss u
Possibility
AT+ A poss AT+ A true AT FOA true A A true + A possC £
N, T+ QA true AT+ A poss ere A; T+ Cposs ¢



1.2 Example Proofs

Provide derivations of the following judgements in Modal Logic.

Task 1. ;- + OA D OOA true

h
A valid;- + A true e
) 1 A valid; - + OA true = I
Solution I: "mA 40t OA true V7 A valid; DA true - ODA true EE

DA true + OOA true -
0OA D O0A true

Task 2. -;- + OA D OCOA true

Solution 2:

A valid;- + A true hypv

A valid; - + OA true
A walid; - + OA poss
h A valid;- + OOA true
- OA true + OA true YP oA valid; OA true + OCOOA true oI
-, 0A true + OCOA true DE
-+ 0OA D OOOA true

ere

Task 3. ;- + (O(A D B)) D OA D OB true

Solution 3:
M N

h
-;0(A D B) true,0OA true + O(A D B) true yp

-;0(A D B) true, OA true + OB true
-;0(A D B) true + OA D OB true

-+ +(0(A D B)) D0OA D OB true 21
Where M =
A D Buoalid;0A D B true, OA true + OA true hyp
N =
. . hypo . . hypo
A D Buoalid, A valid;- + A D B true A D Buoalid, A valid; - + A true SE

A D Buoalid, A valid; - + OB true

A D Buoalid, A valid; 0(A D B) true,0A + OB true o

A D Bualid;0(A D B) true, OA true + OB true D§
O



Task 4. -;- + O(A D B) D OA D OB true

h
-, 0(A D B) true, OA true + O(A D B) true yp M

OE,
-;0(A D B) true, OA true + B poss
Solution 4: - 0(A D B) true, OA true + OB true
-;0(A D B) true + OA D OB true
-+ 0O(A D B)DOAD OB true
where M =
A D Bualid; A true + A D B true hypo X

A D Bualid; A true + B true > E

h
A D Buoalid;0(A D B) true, OA true + OA true yp A D Buoalid; A true + B poss Ze;e

A D Buoalid; 0(A D B) true, OA true + B poss

X =

h
A D Buoalid; A true + A true yp
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