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1 �e Rules

Recall that le� rules correspond to “upside down elimination rules” and that right rules correspond to introduction rules.

Γ,A ∧ B,A =⇒ C
Γ,A ∧ B =⇒ C

∧L1
Γ,A ∧ B,B =⇒ C
Γ,A ∧ B =⇒ C ∧L2

Γ =⇒ A Γ =⇒ B
Γ =⇒ A ∧ B ∧R

Γ,A ∨ B,A =⇒ C Γ,A ∨ B,B =⇒ C
Γ,A ∨ B =⇒ C ∨L Γ =⇒ A

Γ =⇒ A ∨ B
∨R1

Γ =⇒ B
Γ =⇒ A ∨ B ∨R2

No >L. Γ =⇒ >
>R

Γ,⊥ =⇒ C ⊥L No ⊥R.

Γ,A ⊃ B =⇒ A Γ,A ⊃ B,B =⇒ C
Γ,A ⊃ B =⇒ C ⊃L

Γ,A =⇒ B
Γ =⇒ A ⊃ B ⊃R

Γ,A =⇒ A id

2 Non-Provable Propositions

Sequent calculus represents a di�erent presentation style for our proof calculi, without changing our set of provable
propositions. To illustrate this, consider the following non-provable propositions, shown in sequent calculus. Note that the
reverse implications of these statements are provable.

(¬A ⊃ ¬B) ⊃ (B ⊃ A):

X
(¬A ⊃ ¬B),B,A =⇒ ⊥

(¬A ⊃ ¬B),B =⇒ ¬A
(¬A ⊃ ¬B),B,¬B =⇒ B id (¬A ⊃ ¬B),B,¬B,⊥ =⇒ A ⊥L

(¬A ⊃ ¬B),B,¬B =⇒ A ⊃L

(¬A ⊃ ¬B),B =⇒ A ⊃L

· =⇒ (¬A ⊃ ¬B) ⊃ (B ⊃ A) ⊃R

(A ⊃ B) ⊃ (¬A ∨ B):

(A ⊃ B),A =⇒ A id
X

(A ⊃ B),B =⇒ ⊥

(A ⊃ B),A =⇒ ⊥
⊃L

(A ⊃ B) =⇒ ¬A ⊃R

(A ⊃ B) =⇒ (¬A ∨ B) ∨R

· =⇒ (A ⊃ B) ⊃ (¬A ∨ B) ⊃R
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3 Some Example Proofs

Task 1. · =⇒ A ⊃ A

Task 2. · =⇒ (A ∧ B) ⊃ (B ∧ A)

Task 3. · =⇒ (A ⊃ (B ∧ C)) ⊃ (A ⊃ B)

Task 4. · =⇒ (A ⊃ B ⊃ C) ⊃ (B ⊃ (A ⊃ C))

Task 5. · =⇒ (A ⊃ B) ⊃ ((A ∧ C) ⊃ (B ∧ C))
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