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Divide-and-Conquer Heuristic Algorithm
Analysis of Costs
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THE EUCLIDIAN TSP

Given a set of points in a n-dimensional
Euclidian space.

I What is a Euclidian space?

Find the shortest Hamiltonian cycle.
I What is a Hamiltonian cycle?

We get a planar Euclidian Traveling Salesperson
Problem when the points are in 2-dimensional
space.
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THE PLANAR TSP
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A DIVIDE-AND-CONQUER HEURISTIC

What is a heuristic?

Approximation algorithm
I Resulting tour length is guaranteed to be close to the

actual minimum tour length
I If you spend enough work (but polynomial).

The Divide-and-Conquer does work both before
and after the recursive calls.
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A DIVIDE-AND-CONQUER HEURISTIC

+
Pl Pr

?
Assume P` and Pr have tour lengths T` and Tr .
Tour length for the combination?
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A DIVIDE-AND-CONQUER HEURISTIC

+
Pl Pr

el er
ul

ur

vl vr

T`+Tr +‖u` − ur‖+ ‖v` − vr‖︸ ︷︷ ︸
Add these

−‖u` − v`‖ − ‖ur − vr‖︸ ︷︷ ︸
Subtract these
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A DIVIDE-AND-CONQUER HEURISTIC

+
Pl Pr

el er

ul

ur

vl vr

T`+Tr +‖u` − vr‖+ ‖v` − ur‖︸ ︷︷ ︸
Add these

−‖u` − v`‖ − ‖ur − vr‖︸ ︷︷ ︸
Subtract these
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A DIVIDE-AND-CONQUER HEURISTIC

Try all pairs of edges e` from P` and er from Pr

I How many pairs are there?

For each pair of edges, find the smallest
increase.

Then combine the small tours into a large tour.
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A DIVIDE-AND-CONQUER HEURISTIC

1 fun eTSP(P) =
2 case (|P|)
3 of 0,1 ⇒ raise TooSmall
4 | 2 ⇒ {(P[0],P[1]), (P[1],P[0])}
5 | n ⇒ let
6 (P`,Pr ) = splitLongestDim(P)
7 (L,R) = (eTSP(P`) ‖ eTSP(Pr ) )
8 (c, (e′`,e

′
r )) =

9 minval <#1 {(swapCost(e`,er ), (e`,er )) :
10 e` ∈ L,er ∈ R}
11 in
12 swapEdges(append(L,R),e′`,e

′
r )

13 end
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SPLITTING THE POINTS

x-spread

y-spread

Split at the median along the longer spread
dimension.
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SWAP COST

Given e` = (u`, v`) ∈ L and er = (ur , vr) ∈ R

swapCost((u`, v`), (ur , vr )) = Cost Added−Cost Removed

Cost Added = min(‖u` − ur‖+ ‖v` − vr‖ ,
‖u` − vr‖+ ‖v` − ur‖)

Cost Removed = ‖u` − v`‖+ ‖ur − vr‖

+
Pl Pr

el er
ul

ur

vl vr
+

Pl Pr
el er

ul

ur

vl vr
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SWAPPING EDGES

swapEdges(append(L,R),e’`,e’r)

Appends the Tour edge lists from subproblems
Then removes and adds appropriate edges.
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COST ANALYSIS

1 fun eTSP(P) =

2 case (|P|)
3 of 0, 1 ⇒ raise TooSmall
4 | 2 ⇒ {(P[0],P[1]), (P[1],P[0])}
5 | n ⇒ let
6 (P`,Pr ) = splitLongestDim(P) O(n) work O(log n) span (Why?)
7 (L,R) = (eTSP(P`) ‖ eTSP(Pr ) ) 2W (n/2) work S(n/2) span
8 (c, (e′`, e

′
r )) =

9 minval <#1 {(swapCost(e`, er ), (e`, er )) :

10 e` ∈ L, er ∈ R} O(n2) work O(log n) span (Why?)
11 in
12 swapEdges(append(L,R), e′`, e

′
r ) O(log n) span (Why?)

13 end
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COST ANALYSIS

W (n) = 2W (n/2) + O(n2)

S(n) = S(n/2) + O(log n)

S(n) ∈ O(log2 n)
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COST ANALYSIS

Solve (directly)

W (n) = 2W (n/2) + k · n1+ε

for constant ε > 0.
I Depth is log2 n (Is this technically right?)
I At level i , we have 2i nodes each costing k · (n/2i)1+ε

W (n) =

log n∑
i=0

k · 2i ·
( n

2i

)1+ε

= k · n1+ε ·
log n∑
i=0

2−i·ε

≤ k · n1+ε ·
∞∑
i=0

2−i·ε

W (n) ∈ O(n1+ε)( Why?)
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SUMMARY

Euclidian Traveling Salesperson Problem
I Divide-and-Conquer Heuristic
I Processing before and after the subproblem

solutions.

Cost Analysis
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