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or LessAd HocTheorieswill Provide
MoreAccurate Predictions
MALCOLM FORSTER AND ELLIOTT SOBER*

ABSTRACT

Traditionalanalyses of the curve fitting problemmaintain that the data do not
indicate what form the fitted curve should take, Rather, this issue is said to be
settled by prior probabilities,by simplicity, or by a bacgkroundtheory. In this
paper, we describe a result due to Akaike [1973], which shows how the data
can underwritean inference concerning the curve's form based on an estimate
of how predictively accurate it will be. We argue that this approach throws
light on the theoretical virtues of parsimoniousness, unification, and non ad
hocness,on the dispute about Bayesianism, and on empiricism and scientific
realism.
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I INTROI)UCTION

Curve fitting is a two-step process. First one selects a family of curves (or the
form that the fitted curve must take). Then one finds the curve in that family
(or the curve of the requiredform) that most accurately fits the data. These two
* Both of us gratefullyacknowledgesupportfromthe GraduateSchool at the Universityof
Wisconsin-Madison,
andNSFgrantDIR-8822278 (M.F.)andNSFgrantSBE-9212294 (E.S.).
Specialthanksgo to A. W. F. Edwards,WilliamHarper,MartinLeckey,BrianSkyrms,and
especiallyPeterTurneyforhelpfulcommentson an earlierdraft.
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steps are universally supposed to answer to diSerent standards. The second
step requires some measure of goodness-of-fit.The first is the context in which
simplicity is said to play a role. Intrinsic to this two-step picture is the idea that
these differentstandards can come into conflict. Maximizingsimplicity usually
requires sacrifice in goodness-of-fit.And perfect goodness-of-fitcan usually be
achieved only by selecting a complex curve.
This view of the curve fitting problem engenders two puzzles. The first
concerns the nature and justification of simplicity. What makes one curve
simpler than another and why should the simplicity of a curve have any
relevance to our opinions about which curves are true? The second concerns
the relation of simplicity and goodness-of-fit. When these two desiderata
conflict, how is a trade-oS to be eSected? A host of serious and inventive
philosophical proposals notwithstanding both these questions remain
unanswered.
If it could be shown that a single criterion for selecting a curve gives due
weight to both simplicity and goodness-of-fit, then the two problems
mentioned above for traditional analyses of the curve fitting problem would
fall into place. It would become clear why simplicity matters (and how it
should be measured). In addition, simplicity and goodness-of-fit would be
rendered commensurable by representing each in a common currency. In
what follows we describe a result in statistics, stemming from the work of
Akaike [1973], [1974], which provides this sort of unified treatment of the
problem, in which simplicity and goodness-of-fitare both shown to contribute
to a curve's expected accuracy in making predictions.
2 AKAIKE WITHOUT TEARS

In this section, we present the basic concepts that are needed to formulate the
curve-fitting problem and to solve it. To begin with, we need to describe the
kinds of hypotheses
that curves represent and the relationship of those curves to
the datawe have available. A 'deterministic'curve is a line in the X/Y plane; it
represents a function, which maps values of X (the independent variable) onto
unique values of Y (the dependent variable).2 For example, Figure 1 depicts
two such curves; each says that Y is a linearfuncion of X. Each of these curves
l Thereis a growingtechnicalliteratureon the subject.LinhartandZucchini[1986] surveysthe
earlierworkofstatisticians.Researchers
in computersciencehaveusedtheconceptof 'shortest
datadescriptions'
to warrantthetrade-offbetween
simplicityandgoodness-of-fit.
SeeRissanen
[1978], [1989], ormorerecently,WallaceandFreeman[1992]. Whiletherearecriteriain the
literaturethatarequantitatively
differentfromAkaike's,thereis a measureofagreementin the
way they definesimplicityand goodness-of-fit.
We have focusedon Akaike'sseminalwork
becausehe motivateshis criterionin a general andperspicuous manner.
2 The ideathat thereis just one independent
variableis a simplifyingassumptionadoptedfor
ease of exposition.The resultswe will describegeneralizeto any numberof independent
variables.
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may be obtained by fixing the values of the parameters a() and al in the
following equation:
Y=a(,+al

X.

The two curves in Figure 1 are equally simple, we might say, because each is a
straight line and each is obtained from a functional form in which there are
of
just two adjustable parameters. These two curves belong to a family
curves namely, the set of all straight lines. We will be talking about both
specific
curves andfamiliesof curves in what follows, so it will be important to
keep the distinction between them in mind. In fact, it will turn out that there is
no need to define the simplicity of a specific curve; all that is needed is the
of curves, and this Akaike's approach
notion of the simplicity of a family
provides.
Curve2
/

Curve1

Curve2's predictionof Y ----------/

/

.s
The observed value of Y ------ ---- ----- *;
Curve1's predictionof Y -------------//
Observedvalue of X

X

FIGURE 1

the outcomes of the observations we
Suppose the true specificcurve determined
make. Then, if Curve 1 were true, the set of data points we obtain would have
to fall on a straight line (i.e.,on the straight line depictedby Curve 1 itself). But
we will suppose that the observation process involves error.Even if Curve 1
were true, it is nonetheless quite possible that the data we obtain will not fall
exactly on that curve. It may be impossible to say when any particular data
point will fall above or below the true curve-only that it should 'tend' to be
close. To represent this possibility of error, we associate a probability
distribution with each curve. This distribution tells us how probable it is that
the Y-value we observe for a given X-value will be 'close' to the curve. The most
probable outcome is to obtain a Y-value that falls exactly on the true curve.
Locationsthat are furtheroffthe curve have lower probabilities(symmetrically
above and below) of being what we observe.
To make this idea concrete, suppose that we are interested in plotting the
location of a planet as it moves across the sky. In this case, the X-axis
representstime and the Y-axisrepresentslocation. The true curve is the actual,
unique trajectory of the planet. But our observation of the planet's motion is
subject to error. Even if Curve 1 in Figure 1 describes the planet's true
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trajectory,it nonetheless is possible that we should obtain data that fail to fall
exactly on that curve.
So there are two factors that influence the observations we make. There is
the planet's actual trajectory;and there is the process of observation, which is
subject to error. If the planet's trajectory is a straight line, we can combine
these two influences into a single expression:
(LIN)

Y=oc()+oclX+v U.

The last addend represents the influence of error. Here, of course, Y doesn't
location. 3
represent the planet's actuallocation, but represents its apparent
Now consider the data points depicted in Figure 1. If Curve 1 were true, it is
possible that we should obtain the data beforeus. But the same is true of Curve
2; if it were true, it also could have generated the data at hand. Although this is
a similarity between the two curves, there nonetheless is a difference: the
probabilityof obtaining the data, if Curve 1 is true, exceeds the probabilityof
obtaining the data, if Curve 2 were true: p(Data/Curve 1) p(Data/Curve 2).4
to describe this diSerence; they
Statisticians use the technical term likelihood
would say that Curve 1 is more likely than Curve 2, given the data displayed.
It is important to note that the likelihood of a hypothesis is not the same thing
as its probability;don't confuse p(Data/Curve 1) with p(Curve 1/Data).
In a sense, Curve 1 fits the data better than Curve 2 does. The standard way
As depicted
(sOs).
to measure this goodness-of-fitis by a curve's sum ofsquares
in Figure 1, we compute the differencebetween the Y-value of a data point and
the Y-value on the curve directly above or below it. We square this difference
and then sum the same squared differencesfor each data point. Curve 1 has a
lower SOSvalue than Curve 2, relative to the data in Figure 1. ComparingSOS
values is a way to compare likelihoods. Notice that if we were to irlcreasethe
number of data points, the SOSvalues for both curves would almost certainly
go up.5
We can use the concept of SOS to reformulate the curve-fitting problem.
Given a set of data, how are we to decide which curve is most plausible? If
minimizing the SOS value were our sole criterion, we would almost always
preferbumpiercurves over smoother ones. Even though Curve 1 is rather close
to the data depicted in Figure 1, we could draw a more complex curve that
3

4

5

Alternatively,the error terrn can be given a physical, instead of an epistemological,
ifone wishesto representthe ideathatnatureitselfis stochastic.In thatcase,Y
interpretation,
willnotaffectour
in interpretation
wouldrepresenttheplanet's'mean'position.Thisdifference
subsequentdiscussion.
When randomvariablesare continuous,the likelihoodis definedin terms of probability
density,whiletheuppercaseP
A lowercasep is a probability
ratherthanprobabilities.
densities
is reservedforprobabilities.
TheSOSvaluefora curvecannotgo downas the datasetis enlarged;it wouldstaythesame,if,
improbablyenough,the new data pointsfellexactlyon the curve.Also note that a curve's
likelihoodwilldeclineas thedatasetis enlarged,evenifthenewpointsfallexactlyon thecurve.

*s
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passes exactly through those data points. The practice of science is to not do
this. Even though a hypothesis with more adjustable parameters would fit the
data better, scientists seem to be willing to sacrifice goodness-of-fitif there is a
compensating gain in simplicity. The problem is to understand the rationale
behind this behaviour. Aesthetics to one side, the fundamental issue is to
understand what simplicity has to do with truth.
The universal reaction to this problem among philosophers has been to
think that the only thing the data tell you about the problem at hand is given
by the SOSvalues. The universal refrain is that 'if we proceed just on the basis
of the data, we will choose a curve that passes exactly through the data points'.
This interpretation means that giving weight to simplicity involves an
extraempiricalconsideration. We thereby permit considerations to influence
us other than the data at hand. Giving weight to simplicity thus seems to
embody a kind of rationalism; a consistent empiricist must always opt for
bumpy curves over smooth ones.
The elementary framework developed so far allows us to show that this
standard reaction is misguided. Let us suppose that the curve in Figure 2 is
true. Now consider the data that this true curve will generate. Since we assume
that observation is subject to error, it is overwhelmingly probablethat the data
we obtain will not fall exactly on that true curve. An example of such a data
set, obtained from the true curve, also is depicted in Figure 2. Now suppose we
draw a curve that passes exactly through those data points. Since the data
points do not fall exactly on the true curve, such a best-fitting curve will be
false. If we think of the true curve as the 'signal' and the deviation from the true
curve generated by errors of observation as 'noise', then fitting the data
perfectly involves confusing the noise with the signal. It is overwhelmingly
probable that any curve that fits the data perfectly is false.
Of course, this negative remark does not provide a recipe for disentangling
signal from noise. We know that any curve with perfectfit is probablyfalse, but
this does not tell us which curve we should regard as true. What we would like
is a method for separating the 'trends' in the data from the random deviations
from those trends generated by error. A solution to the curve fitting problem
will provide a method of this sort.
Ys

H

*

*?

/.
X

FIGURE 2
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To explain Akaike's proposal, we need to introduce a precise definition of
how successful a curve is in identifying the trend behind the data. In addition
to talking about a curve's distance from a particulardata set, we need a way to
measure a curve's distance from the true curve. A constraint on this new
concept is already before us: a curve that is maximally close to the data
(because it passes exactly through all the data points) is probablynot going to
be maximally close to the truth. Closeness to the truth is different from
closeness to the data. How should the concept of closeness to the truth be
defined?
Let us suppose that Curve 1 in Figure 1 is true. We want a way to measure
how close Curve 2 is to this true curve. Curve 1 has generated the data set
displayed in the figure, and we can use the SOSmeasure to describe how close
Curve2 is to these data points. The idea is to define the distance of Curve2 from
Curve 1 in terms of the averagedistance of Curve 2 from the data generatedby
Curve 1. So, imagine that Curve 1 generates new data sets, and each time we
measure the distance of Curve 2 from the generated data set. We repeat this
procedure indefinitely, and we compute the averagedistance that Curve 2 has
with respect to data sets generated by the true Curve 1. Remember that this
average is computed over the space of possibledata sets. rather than actual data
sets.6 This allows us to define distance from the truth as follows:
Distancefrom the true curveT of curveC = df
Average[SOSof C, relative to data set D generated by T]Average [SOSof T, relative to data set D generated by T].
First,note that the distance from the true curve is relative to the process of data
generation; it depends on the method of generating the array of X-values
whose asociated Y-values the curves are asked to predict.7Second, note that
the true curve T, is the curve that is closest to the truth (its distance from the
truth is O)according to this definition. However, the average SOSvalue of the
true curve T, relative to the data sets that T generates, is nonzero. This is
because of the role of error;on average, even the true curve won't fit the data
perfectly.
We now define the concept of distance from the truth forfamilies of curves.
The above definition defines what it means for Curve 2 to be a certain distance
from the true curve. But what would it mean to describehow close to the true
curve the family of straight lines (LIN)is?Here'sthe idea:Let'sthink of two data
sets, D1 and D2, each generated by the true curve T. First, we find the specific
curve within the family that fits D1 best. Then we compute the SOS of that
6 Statistieians
markthisdistinctionbyusingtheterm'expected
value'ratherthan'average
value'.

Wehaveehosennot to do this beeausethe psyehologiealeonnotationsof the word'expected'
may misleadsomereaders.
7 TheX-arraysforthe predieteddatado not have to be the sameas the X-arrayforthe aetual
data,but bothmustbe generatedby the samestoehasticprocess.
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curverelativeto the seconddata set D2.Imaginecarryingout this procedure
again and again for diSerentpairsof data sets. The averageSOSobtainedin
this way is the family'sdistancefromthe truth:
Distancefrom the true curveT offamily F=df
of L1(F),relativeto data set D2generatedby T]Average[SOS

Average[SOSof T,relativeto data set D2generatedby T].
HereL1(F) is the bestfitting('likeliest')memberof the familyF, relativeto data
set D1.8
Ourdefinitionof a family'sdistancefromthe truthis intendedto measure
how accuratethe predictionswill be that the best fittingcurve in a family
generates.Considerthe familyof straightlines(LIN)and the datadisplayedin
Figure1. Howcloseis the family(LIN)to the truth?Wecan imaginefindingthe
straightline thatbestfitsthe dataat hand.Thequestionwe'dliketo answeris
how accuratelythat particularstrai0htline will predictnew data.The average
distancefromthe truth of best fittingcurvesselectedfromthat familyis the
distanceof the familyfromthe truth:
Distancefromthe true curve T of familyF=
of best fittingcurvesin F fromthe truth T].
Average[Distance
Ourinterestin the distanceof familiesfromthe truthstemsfromthis equality.
Familiesare of interestbecausethey are instrumentsof prediction;they make
predictionsby providingus with a specificcurve viz, the curvein the family
that best fits the data.9
Ifthe truecurveis in facta straightline, (LIN)will of coursebe verycloseto
the truth (though the distancewill be nonzero).l)But if the truth is highly
nonlinear,(LIN)will performpoorlyas a deviceforpredictingnew data from
olddata.Letus moveto a morecomplicatedfamilyof curvesand askthe same
questions.Consider(PAR), the familyof parabolicequations:
(PAR)

2+ ff U.
+ ,BIX+ ,B2X
Y= ,B(,

Specificparabolaswill be w-shapedor n-shapedcurves.Noticethat (LIN)is a
subsetof (PAR). If the true specificcurveis in (LIN),it also will be in (PAR).
However,the converserelationdoes not hold.
So if (LIN)is true, so is (PAR) (but not conversely).This may lead one to
Thedefinitionofdistancefromthe truthofa specificcurveCis a specialcaseofthedefinitionfor
a familyof curvesF. A familyis a set of curves;when a familycontainsjustone curve,its best
fittingmemberis justthat curveitself.
9 In the kindsof examplewe consider,therewillbe a uniquecurvein a familythat fitsthe data
bestwhen the numberof datapointsexceedsthe numberof adjustableparameters.
A familycan be literallytrue (byincludingthe truecurve)and stillhave a non-zerodistance
)) will be closerthan the true
fromthe truthbecauseothercurvesin the family(includingL(01
curveto the actual data.
8
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expect that (PAR)must be at least as close to the truth as (LIN)is. However, this
is not so! Let's suppose that the true curve is, in fact, a straight line. This will
generate sets of data points that mostly fail to fall on a straight line. Fitting a
straight line to one set of data points will provide more accurate predictions
about new data than will fitting a paraboliccurve to that set. For each data set,
the best fitting parabola will be closer to the data than the best fitting straight
line. But this leaves open how well these two curves will predictnewdata. (LIN)
will be closer to the truth (in the sense defined) than (PAR) is if the truth is a
straight line.
Curves that fit a given data set perfectly will usually be false; they will
performpoorly when they are asked to make predictions about new data sets.
Perfectly fitting curves are said to 'oveffit' the data. This fact about specific
curves is reflectedin our definition of what it means for a family to be close to
the truth. If (LIN) is closer to the truth than (PAR) is, then a straight line
hypothesis fittedto one data set will do a better job of predictingnew data than
a parabolic curve fitted to the same data, at least on average. In this case, the
more complex family is disadvantaged by the greater tendency of its best fitting
case, L(PAR),to overfit the data.
The definitions just given of closeness to the truth do not show how that
quantity is eplstemologically accessible. To apply these definitions and
compute how close to the truth a curve C (or a family F) is, one must know
what the truth (T) is. Nonetheless we can use the collcept of closeness to the
truth to reformulatethe curve-fittingproblemand to provideit with a solution.
All families with at least one free parameterare able to reduce their least SOS
by fitting to randomfluctuations in the data. This is true of low dimensional
families as well, though to a lesser degree. For example, the data in Figure 1
were generated by a straight line, but random fluctuations in the data enable a
parabola to fit it better than any staight line. This shows that the phenomenon
of overfitting is ubiquitous.ll Thus, there are two reasons why the least SOS
goes down as we move from lower to higher dimensional families: (a) Larger
families generally contain curves closer to the truth than smaller families. (b)
Overfitting:The higher the number of adjustable parameters, the more prone
the family is to fit to noise in the data. Ourpromisedreformulation of the curve
fitting problem is this: We want to favour larger families if the least SOS goes
down because of factor (a), but not if its decline is largely due to (b). If only we
could correct the SOSvalue for overfitting, then the correctedSOSvalue would
be an unbiased indication of what we are interested in viz. the distance from
the true curve.
l l Thisis the sameoverfittingproblemthat plaguesgeneralpurposelearningdeviceslikeneural
networks.Moody[1992] and Murataet al. [1992] are workingon generalizingthe Akaike
frameworkto applyto artificialneuralnetworks.See Forster[1992b] forfurtherdetails.It is
interestingthat there is such a fundamentalconnectionbetweenneurallearningand the
philosophyof science(Churchland[1989]).
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At this point, we will simply state Akaike'stheoremwithout attempting to
work through the mathematical argument that establishes its correctness.
(See the Appendix A for a non-technical explanation of the assumptions
needed and Appendix B for the proof of the theorem in a special case. The most
thorough, and accessible, technical treatment is found in Sakamoto et al.
[1986].) Akaike [1973] discovered a way of estimating the size of the
overfitting factor. The procedure is fallible, of course, but it has the
mathematical propertyof providing an unbiasedestimate12of the comparative
distances of diSerent families from the truth under favourable conditions (see
Appendix A). The amazing thing about Akaike's result is that it renders
closeness to the truth epistemologically accessible; the estimate turns on facts
that we can readily ascertain from the family itself and from the single data set
we have before us:
Estimated(Distancefrom the truth of family F) =
SOS[L(F)] + 2k 2 + Constant.
L(F) is the member of the family that fits the data best, k is the number of
adjustable parameters that the family contains, and v2 iS the variance (degree
of spread) of the distribution of errors around the true curve. The last term on
the right hand side is common to all families, and so it dropsout in comparative
judgments.
The first term on the right hand side, SOS[L(F)], is what we have been
calling the least SOS for the family. It represents what empiricists have
traditionally taken to exhaust the testimony of evidence. The second term
corrects for the average degree of overfitting for the family. Since overfitting
has the eSect of reducing the SOS,any correction should be positive. That this
correction is proportionalto k, the number of adjustable parameters,13 reflects
the intuition that overfitting will increase as we include more curves that are
able to mould themselves to noise in the data. That the expected degree of
overfitting also is proportional to 2 iS plausible as well the bigger the error
deviations from the true curve, the greater the potential for misleading
fluctuations in the data. Also note that if there is no error (ff2 = O), then the
estimate for the distance from the truth reduces to the least SOS value. The

12

13

'Unbiased'meansthat its averageperformancewill centreon the true value of the quantity
beingestimated.Notethat an unbiasedestimatorcan have a wideor narrowvariance,which
measureshow much the estimate'bouncesaround'on average.Unbiasednessis only one
desideratumfor 'good'estimators.
In ourrunningexample,(LIN)containstwo adjustableparametersand (PAR)containsthree.
Thenumberof adjustableparametersis not a merelylinguisticfeatureof the way a familyis
represented.Forexample,Y=a+,BX+yX is one way of representing(LIN),but k is still 2,
because there is a reparameterization(viz. oc'= a,,B'= (,B+ y), and y'= (,B-y)) such that
Y=a'+:'X. In contrast,the dimensionof the familyY=a+#X+yZ is 3 becausethereis no
such reparameterization.
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postulation of erroris essential if simplicity (as tneasured by k) is to be relevant
to our estimates concerning what is true.l4
We will use the term 'predictiveaccuracy' to describehow close to the truth
a curve or family is. 'Accuracy' is a synonym for 'closeness to the truth', while
the term 'predictive'serves to remind the reader that the concept is relativized
to the process by which the true curve generates new data. Instead of using
SOS as a measure of distance, we use the log of the likelihood to measure
closeness to the data (the greater the log-likelihood, the smaller the distance
from the data). Thus, we define the predictiveaccuracy of a curve C,denoted by
A(Curve C), as the average log-likelihood of C per datum. The predictive
accuracy of a family F is the average predictive accuracy of its best fitting
curves.l5 This leads to a more general statement of Akaike's Theorem, since
the log-likelihood applies to cases, like coin tossing examples, in which the SOS
value is not defined. Recalling the connection between the low SOS value of
a specific curve and its high likelihood, the general statement of Akaike's
theorem is as follows:
Akaike'sTheorem:Estimated[A(familyF)]=(1/N)

[log-likelihood(L(F))-k],

where N is the number of data points.16We no longer need to assume that the
error variance, v2, is known, for the error variance may be treated as another
adjustable parameter.l 7
4 We regardthe totalabsenceof erroras radicallyimplausible.Evenif naturewerecompletely
errors.And even then, there still would be
deterministic,there still would be observational
stockof independent
lawlessdeviationsfromany 'curve'that limitsitselfto an impoverished
variables.For example,it may be that the temperatureat a particularplace and time is
on the timeof dayand
A curvethat trulycapturesthe dependenceof temperature
determined.
exactlybecausethereareotherrelevantfactors.
timeof yearwill not predictthe temperature
Froman epistemological
Thedatawill behaveas randomlyas if the worldwereindeterministic.
pointof view,this is all that matters.Forster[1988b] andHarper[1989] examinethe roleof
this thirdkindof error(arisingfromthe actionof othervariables)in the 'exact'scienceof
astronomy.
Thisaverageis computedas follows:Takea datasetD1generatedbythe truecurveT,andnote
of the bestcurveL1(F) in F relativeto D1. Imaginethatthisprocedureis
accuracy
thepredictive
repeatedwith new datasets D2,D3,. . ., each time notingthe predictivevaluesof the curves
L2(F),L3(F),. . . Now takethe averageof all these values.
Thefactor(1/N) arisesfromthe factthatwe preferto defineaccuracyas the averageperdatum
so that the accuracyof a hypothesisdoes not changewhen we considerthe
log-likelihood,
predictionof datasets of differentsizes.
on the data.
17 WhenO2 iS treatedas unknown,a curve(byitselr)no longerconfersa probability
distributions-oneforeachnumericalvalue
Literally
speaking,a curveis afamilyofprobability
of (J2, Fromnow on we willunderstanda 'curve'to be associatedwithsomespecificnumerical
valueOf(J2, Also note that Akaike'sestimateof predictiveaccuracyof a familyof 'curves'in
formula
whicha2is a freeparameteris relatedto theleastSOSvalueforthefamilyby a different
(Sakamotoet al. [1986], p. 170):
F')]=-(1/2)10g[SOS(B(F))/N]-k'/N+constant,
Estimate[A(Family
whereF' is the higherdimensionalfamilyobtainedfromF by making2 adjustable.Here,
SOS(B(F
)) is the leastSOSforthe originalfamilyF, andk'is the dimensionof the finalfamily.
ForLINand PAR,k'= k+ 1.
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This theorem, we believe, provides a solution to the curve-fitting problem.It
explains why fitting the data at hand is not the only consideration that should
aSect our judgment about what is true. The quantity k is also relevant; it
represents the bearing of simplicity. A family F with a large number of
adjustable parameters will have a best member L(F) whose likelihood is high;
however, such a family will also have a high value for k. Symmetrically, a
simplerfamily will have a lower likelihood associated with its best case, but will
have a low value for k. Akaike's theorem shows the relevance of goodness-of-fit
and simplicity to our estimate of what is true. But of equal importance, it states
a precise rate-of-exchange between these two conflicting considerations; it
shows how the one quantity should be traded oF against the other. We
emphasize that Akaike's theorem solves the curve-fitting problem without
attributing simplicity to specificcurves; the quantity k, in the firstinstance, is a
property of families.l8
A special case of Akaike's result is worth considering. Suppose one has a set
of data that falls fairly evenly around a straight line. In this case the best fitting
straight line will be very close to the best fitting parabola. So L(LIN)and L(PAR)
will have almost the same SOSvalues. In this circumstance, Akaike's theorem
says that the family with the smaller number of adjustable parameters is the
one we should estimate to be closer to the truth. A simplerfamily is preferableif
it fits the data about as well as a more complex family. Akaike's theorem
describes how much of an improvement in goodness-of-fitthe move to a more
complicated family must provide for it to make sense to prefer the more
complex family. A slight improvement in goodness-of-fitwill not be enough to
justify the move to a more complex family. The improvement must be large
enough to overcome the penalty for complexity (representedby k).
Another feature of Akaike's theorem is that the relative weight we give to
simplicity declines as the number of data points increases. Suppose that there is
a slight parabolic bend in the data, reflected in the fact that the SOS value of
L(PAR)is slightly lower than the SOSvalue of L(LIN).Recall that the absolute
value of these quantities depends on the number of data points. With a large
amount of data our estimate of how close a family is to the truth will be
determined largely by goodness-of-fitand only slightly by simplicity. But with
smaller amounts of data, simplicity plays a more determining role. Only when
a nonlinear trend in the data is 'statistically significant' should that regularity
be taken seriously. This is an intuitively plausible idea that Akaike's result
explains.
3

UNIFICATION

AS A SCIENTIFIC

GOAL

It is not at all standard to think that the curve fitting problem is related
lx Thus, the problems of defining the simplicity of curves described by Priest [1976] do not
undermine Akaike's proposal.
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intimatelyto the problemof explainingwhy unifiedtheoriesare preferableto
disunifiedones. The formerproblemusually is associatedwith 'inductive'
inference,the latterwith 'inferenceto the bestexplanationt.Weareinclinedto
doubtthattherereallyaresuch fundamentallydifferentkindsof nondeductive
inference (Forster [1986], [1988a], [1988b]; Sober [1988b], [199Oa],
[199Ob].19In any case, Akaike'sapproachto curve fittingprovidesa ready
to
in whicha unifiedmodelis preferable
of the circumstances
characterization
two disunifiedmodelsthat coverthe same domain.2')
It is alwaysa substantivescientificquestionwhethertwo datasetsshouldbe
encompassedby a singletheoryor differenttheoriesshouldbe constructedfor
each.Shouldcelestialandterrestrialmotionbe givena unifiedtreatmentor do
the two sets of phenomenaobey diSerentlaws? In retrospect.it may seem
obviousthat these two kindsof motionshouldreceivethe same theoretical
treatment.But this is the wisdomof hindsight;individualphenomenado not
havewrittenon theirsleevesthe otherphenomenawith whichthey shouldbe
coalesced.
Traditionalapproachesto this problemmake the allure of unification
somethingof a mystery.2lGiventwo data sets D1and D1,a unifiedmodelMu

2()

21

William Whewell [1840] describedthe process of curve fitting as a special case of a process of
conceptualization called the 'colligation of facts' (Forster [1988bl). He then referredto the
process that leads to the unification of disparate curve fitting solutions as the 'consilience of
inductions'. On our view, both of these processes are seen as aspects of a single kind of
inferential procedure. Bogen and Woodward [1988] argue that the inferential relationship
of observation to theory has two parts: of observation to phenomena and of phenomena to
theory. Again, it is not clear to us that these relationships are fundamentally diSerent in kind.
We will follow statistical practice and reserve the term 'model' for a familyof hypotheses, in
which each hypothesis includes a specific statement about the distribution of errors (so that
likelihoods are well defined). A model leaves the values of some parameters unspecified. In
applying the term to astronomy, we need only assume that some assumption about theform of
the error distribution is included (e.g. that the distribution is G,aussian.as was assumed in
Gauss's own application of the method of least squares to astronomy see Porter [ 1986] ). The
variance of the distribution may be left as an adjustable parameter. The important point to
notice is that distinguishing models from curves. or from abstract 'theories'. is now critical to
the philosophy of science, since Akaike's framework only provides a way of defining the
simplicity of models.
Friedman [1983], like some ofthe authors he cites (p 242), describesunification as the process
of reducing the number of independent theoretical assumptions. Of course, a model that
assumes principlesA, B and C is made more probableif these assumptions are whittled down to
just A and B. However, as Friedman realizes, head counting will not deliver this verdict when
the postulates of one model fail to be a subset of the postulates of the other.
Friedman suggests (e.g., pp. 259-60) that a unified model receives more 'boosts' in
confirmation than a model of narrower scope. If model Mucovers domains D1and D2,whereas
model M1 covers only domain Dl, then Mucan receive a confirmational boost from both data
sets, whereas Ml can receive a boost only from Dl. Two points need to be made about this
proposal. First, although Mu receives two boosts whereas M1 receives only one, the
conjunction Ml and M2 receives two boosts as well. Here M2 is a model that aims to explain
only the data in D2. The conjunction Ml and M2 is a disunifiedmodel. If one wishes to explain
the virtues of unification. one should compare Muwith this conjunction, not Muwith Ml. The
second point is that 'boosts' in probabilityare increases in probability,not the absolute values
thus attained. The fact that Mu receives two boosts while M1 receives only one is quite
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might be constructed that seeks to explain them both. Alternatively, a
disunified pair of models M1 and M2 also might be constructed, each theory
addressing a differentpart of the total data. If M1 fits D1 at least as well as Mu
does, and if M2fits D2at least as well as Mudoes, what reason could there be to
preferMuover the conjunction of M1 and M2?The temptation is to answer this
question by invoking some consideration that lies outside of what the evidence
says. One might appeal to the allegedly irreduciblescientific goal of unification
or to the connection of unification with simplicity.
The problem posed by the question of goodness-of-fitis a real one, since the
combined data set D1 and D2 often will be more heterogeneous than either
subpart is on its own. This engenders a conflict between unification and
goodness-of-fit; a unified theary that encompasses both data sets will fit the
data less well than a conjunction of two separate theories, each tailor-made to
fit only a single data set. However, just as in the curve fitting problem, this
conflict can be resolved. Once again, the key is to correct for the fact that
disunified theories are more inclined to overfit the data than their unified
counterparts are.
For example, consider the two data sets represented in Figure 3 and the
following three models:

(Mu)The X and Y values in Dl and D2 are related by the function
Y=a()+a1

X+a2

X2+v

U.

(M1)The X and Y values in D1 are related by the function
Y=p()+p1

X+v

U.

(M2) The X and Y values in D2 are related by the function
Y=y(,+71

X+v

U.

Since each data set is close to collinear, M1will be more likely than Muwith
respect to D1 and M2will be more likely than Muwith respect to D2.However,
what happens when we use Akaike's Theorem to compare Mu with the
conjunction M1and M2,relative to the combined data?Notice that Muhas four
free parameters, whereas the conjunction M1 and M2 has five. If its
consistentwith MUES
remainingless probablethan Ml. Friedman(pp.143-4) recognizesthis
problem.Hissolutionis to arguethat derivingM1froma unifiedtheoryMurendersM1more
plausiblethanit wouldbeifMl werenot so derivable.Wenotethatthisclaim,evenifit couldbe
sustained,doesnot show why Muis moreplausiblethan M1andM2,wherethe unifiedmodel
andits disunifiedcompetitorareincompatible.
In addition,the factthat Ml is moreplausiblein
one scenariothan it is in anotherdoesnot bearon the questionof how plausibleMuis.
In additionto thesespecificproblemswithFriedman's
proposal,we alsowishto notethatits
basicmotivationis contraryto what we learnfromAkaike'sframework.Friedmanseeksto
connectunificationwithpaucityof assumptions;
as we willsee in whatfollows,unifiedmodels
imposemore constraintsthan theirdisunifiedcounterparts.
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assumptionsapply(seeAppendixA),Akaike'sTheorementailsthatMumaybe
morepredictivelyaccurateeven thoughits bestcase is lesslikelythan the best
case of M1andM2.Thebestfittingcase of the disunifiedtheorywouldhave to
have a log-likelihoodat least 1 unit greaterthan the best fittingcase of the
unifiedmodelif the disunifiedmodelwere to be judgedpredictivelysuperior.
Thisis not trueforthe datain Figure3. Weconcludethat estimatedaccuracy
explains why a unified model is (sometimes)preferableto its disunified
competitor.At leastforcasesthat can be analyzedin the way justdescribed,it
is gratuitousto invoke'unification'as a sui generisconstrainton theorizing.
The history of astronomyprovidesone of the earliest examplesof the
problemat hand. In Ptolemy'sgeocentricastronomy,the relativemotionof
the earth and the sun is independentlyreplicatedwithin the modelfor each
plaxlet,therebyunnecessarilyaddingto the numberof adjustableparameters
in his system.Copernicus's
majorinnovationwas to decomposethe apparent
motionof the planetsinto their individualmotionsaroundthe sun together
with a common sun-earth component, thereby reducing the number of
adjustableparameters.At the end of the non-technicalexpositionof his
programmein De Revolutionibus,Copernicusrepeatedlytracesthe weaknessof
Ptolemy'sastronomybackto its failureto imposeanyprincipledconstraintson
the separateplanetarymodels.
In a now famouspassage,Kuhn([1957], p. 181) claimsthat the unification
or 'harmony'of Copernicus'systemappealsto an 'aestheticsense, and that
alone'.Manyphilosophersof sciencehave resistedKuhn'sanalysis,but none
has made a convincing reply. We present the maximizationof estimated
predictiveaccuracyas the rationaleforacceptingthe Copernicanmodelover
its Ptolemaicrival.Forexample,if each additionalepicycleis characterized
by
4 adjustableparameters,then the likelihoodof the bestbasicPtolemaicmodel,
withjusttwelvecircles,wouldhave to be e2"(ormorethan 485 million)times
the likelihoodof its Copernicancounterpartwith just seven circlesfor the
evidenceto favourthe Ptolemaicproposal.22Yet it is generallyagreedthat
22

Ifthelog-likelihood
is penalizedbysubtractingk,thenthelikelihoodis pellalizedbymultiplying
it by a 'decayfactor'e-k.
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these basic models had about the same degree of fit with the data known at the
time. The advantage of the Copernican model can hardly be characterized as
merely aesthetic; it is observation, not a prioristicpreference, that drives our
choice of theory in this instance.23
4 CAUSAL MODELLING
Newton's first Rule of Reasoning in Philosophy in Principiawas that 'we are to
admit no more causes of natural things than such as are both true and
sufficientto explain their appearances'. Here Newton gives voice to a version of
Ockham'srazor-explanations that postulate fewer causes should be preferred
over explanations that postulate more. Although this injunction is often
thought to be quite separate from the criterion of evidential support, some
everyday applications of the rule can be given a simple representation in
Akaike's framework.
The entries in the following table represent the probabilitiesthat an event C
has, given the four combinations of the putative causes A and B:
P(C/-

)

-A

A
B
-B

w+a+b+i
w+a

w+b
w

Next we define a characteristic function XA:
XA=1 if A occurs
%A=0 if A does not occur.
Ditto for the definition of XB
We now can formulate three hypotheses about the probabilitythac C has in
these four possible circumstances:
(INT)

= XB)= W+ aXA+ bXB+ iXAXB
P(C/XA= XATXB

(ADD)

P(C/%A =

(SING)

P(CIXA = XA,XB =

= XB)= W+ aXA+ bXB
XA,%B
XB)= W+ aXA.

(SING)says that only a single cause (namely A) makes a diSerence in whether
C occurs. (ADD) says that two causes play a role and that their relationship is
additive. (INT) says that there are two causes whose contributions are
interactive (i.e., nonlinear or nonadditive). The hypotheses are listed in orderof
increasing parsimoniousness-one cause is simpler than two, and an additive
23

Forster[1988b] andHarper[1989] arguethat the subsequentimpactof KeplerandNewton
may be understoodin the sameterms.
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model with two causes is simplerthan an interactivemodel for those two
causes.
As in the curvefittingproblem,it is standardto understandcausalmodeling
as a problemwith two parts.Firstone selectsa hypothesisaboutthe formthe
causalrelationshipis to take;then one findsthe besthypothesisof thatformby
estimatingparametervalues.Ratherthan solvingthe firstproblemby appeal
to simplicity,our approachshows how estimatedpredictiveaccuracycan be
brought to bear from the beginning. Supposeone has a large and equal
numberof observationsforeach of the fourtreatmentcells.Letthe empirical
frequenciesof C in those fourcells be:
P(C/-

A
B 05
-B

05

)

-A
02
02

The three hypothesesnow have the same best case, namely one in which
w= 0*2,a = O 3, b-O, andi = O.Recallthat the estimatedpredictiveaccuracy
of each modelis 1/Ntimes its maximumlog-likelihoodminusk/N.Thismeans
that when one modelis a specialcase of anotherandthey have the samebest
case, the model of lower dimensionalityhas greater estimatedpredictive
accuracy.Iffollowsthat(SING)has greaterestimatedpredictiveaccuracythan
(ADD)and (ADD)has greaterestimatedpredictiveaccuracythan (INT).For
the data just given, predictiveaccuracyexplainswhy it is vain to postulate
morecauseswhen fewersuffice.24
Andas in our discussioIlof unificationtit is
possibleto adjustthe data set so as to providea rationalefor favouringa
hypothesisof greatercomplexity.
5 THE PROBLEM

OF AD HOCNESS

The bugbearof ad hoc hypotheseshas traditionallybeen raisedwithin the
frameworkof a hypothetico-deductive
philosophyof science.Predictionscan
be deducedfromtheoriesonly with the help of auxiliaryhypotheses.Onthis
view, we test a theoryby observingwhetherits predictionsaretrue.However,
the Quine-Duhemthesis states that the core theorymay always be shielded
from refutation by making after-the-factadjustmentsin the auxiliary
hypotheses,so thatcorrectpredictionsarededuced.Theclassicexampleofthis
is Ptolemaicastronomy,wherethe modelmay alwaysbe amendedin the face
24

In this examp}e, it is not just that fewer causes are preferableto more; in addition, we have
shown why an additive modeI for two causes is preferableto an interactive model of those two
causes. Counting causes is a special case of the more general consideration of dimensionality.
Forster [1988b] argues that Newton was sensitive to this wider conception.
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of potential refutation by adding another circle so much so that the
expression 'adding epicycles to epicycles' has become synonymous with 'ad
hocness'.Although we reject the hypothetico-deductive picture of science, we
do accept the usual conclusion that there is an important distinction to be
drawn between reasonable revision and ad hoc evasion.
Philosophers of science have recognized that protection of the core theories
by post hoc revision is not always bad. The example usually cited is Leverrier's
postulation of Neptune's existence to protect Newtonian mechanics from the
anomalous wiggles in Uranus' orbit. The problem is to understand the
epistemological grounds for distinguishing good from bad revisions of
auxiliary hypotheses (which Lakatos [19 70], refersto as the protectivebelt).As
is customary, we reserve the term 'ad hoc' for revisions of the bad kind, but
reject the ad hominemor historicist construal of the term. Ad hocness, if it is
relevant to questions of evidenceEhas nothing to do with the motives of the
person advocating the hypothesis, or with historical sequences of theories and
their evidence.25
Lakatos [1970] notes, with approval, that Leverrier's amendment of the
priorNewtonian planetary model produced novelpredictions;
he introduces the
derogatory term 'degenerating' for research programmes that fail to do this.
But there are at least two problems with this approach. Musgrave [1974]
warns that a careless reading of the term 'novel' may tempt us into a view of
confirmation in which historical contingencies are given undue emphasis. The
second defect in Lakatos'sidea is that it fails to distinguish estimated predictive
successfrom predictivepower.It is obvious that predictive power is important,
for without it there can be no predictive success. But predictive power is not
enough to indicate that model revisions are of the good kind. For example, the
continued addition of epicycles in Ptolemy's astronomy is not degenerate in
Lakatos'ssense. Each addition leads to novel predictions about the future
positions of the planets. What we need is a measure of the predictive success
that these additions can be expected to bring, and this is what Akaike's idea of
estimated predictive acuracy provides.
Our proposal is that a research programme is degenerativejust in case loss in
simplicity is not compensated by a suicient gain in fit with data. Ofcourse, the
fit will always improve, but the improvement may not be enough to increase
the estimated predictive value.
Established research programmes often achieve considerable predictive
success, so why do some researchers put their money on an undeveloped
programme? First note that on our proposal there is no impediment for new
programmes to take over the predictive successes of old ones. There is no
'problem of old evidence' (Glymour [1980], Eells [1985]), since estimated
25

We do not rule out the possibilitythat historicalor psychologicalcircumstancesmay
sometimesbe a reliableindicationofad hocnes.Ouronlypointis thatthesecircumstances
donot
makea theoryad hoc, anymorethan a barometermakesit rain.
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predictive accuracy does not depend on the historical sequence of discovery.
But further, it is perfectly understandable that researchers may decide where
predictive
to invest their energy by formulating a judgment about projected
success, and the degree to which current programmesare degenerating is thus
a relevant consideration.26
6 THE SUB-FAMILY PROBLEM

While this explication of Lakatos'notion is a point in favour of our approach,
there is another type of ad hocnessthat is a threat to Akaike's programme. A
literal reading of Akaike's Theorem is that we should use the best fitting curve
from the family with the highest estimated predictive value. However, for any
such family, it is possible to construct an adhocfamily of curves with the same
best fitting curve, with yet higher estimated predictive accuracy: Fix one or
more of the adjustable parameters at their maximum likelihood values. Each
sub-family, so constructed, will have the same best case. At the end of the
procedure,we obtain a zero dimensional family whose onlymember is the best
fitting curve of the original family. The AkaikeSsestimate of the predictive
accuracy of this singleton family is just the log-likelihood of the curve. If this is
allowed, then we are pushed back towards selecting complicated curves that fit
problem.27
the data exactly. We call this thesub-family
Ourresolution of this problemreturns us to an idea describedin Section 2: If a
curve fits the data so well that it looks 'too good to be true', then it probablyis.
In order to spell this out, we now describe a theorem (stronger than Akaike's)
that characterizes the behaviour of the errorin estimating the predictive
accuracy of families. The errorof the estimated predictiveaccuracy of family F,
))], is defined as the diSerence between Akaike's
or Error[Estimated(A(F
estimate of the predictiveaccuracy of family F and the true predictiveaccuracy
of that family. Notice that the true predictive accuracy is constant it does not
depend on which hypothetical data set generated by the truth happens to be
predictive accuracy of F
the actual data set. On the other hand, the estimated
does depend on the actual data it is what statisticians call a random variable.
So Error[Estimated(A(F))]also depends on the data, and the following theorem
describes this dependence by decomposing it into the sum of three errors:28
2(.

27

28

The Akaikeapproachalso finessesthe problemof 'Kuhnloss':Supercedingtheoriesdo not
Forexample,Cartesianvortextheory
alwayscarryoverallthe successesof theirpredecessors.
'explains'why all planetsrevolvearoundthe sun in the same direction,whereasNewton's
thelossesareweighed
theorydismissesthisas a merecoincidence.WithinAkaike'sframework,
againstthe gainsin the commoncurrencyof likelihoods.
The readershouldnot be misledinto thinkingthat the subfamilyproblemis a problemfor
Akaike'scriterionalone;it arisesforany proposalthat measuressimplicityby the paucityof
parameters.
The resultwe are about to describeis close to, but not identicalwith, equation(4.55) in
Sakamotoet al. ([1986], p. 77). Similarformulaewereoriginallyprovenin Akaike[1973]. See
Forster[1992a] forfurtherexplanation.
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TheErrorTheorem:
Error[Estimated(A(F
))] =
Residual Fitting Error+ Common Error+ Sub-family Error.
It is important to rememberthat these errorsare not errorsof prediction-they
are errors in the estimation of predictive accuracy. This is why the Error
Theorem might be called a 'meta-theorem' it is a theorem about the
'meaning' of Akaike's Theorem. However, it rests on the same assumptions as
Akaike's Theorem (see AppendixA).
Akaike's Theorem states that the average of Error[Estimated(A(F
))] over all
possible data sets generated by the truth is zero, which is to say Akaike's
estimate of predictive accuracy is statistically unbiased.29 'Statistically
unbiased' means that its averageperformance will centre on the true value of
the quantity being estimated;it is a minimal requirement for 'good' estimators.
Akaike's estimate conforms to this standard, but sometimes fails to meet
another desideratum, which we will referto as epistemicunbiasedness.We shall
now explain the distinction in terms of an example.
First, consider a standard example of a statistically unbiased estimate: the
measurement of the mass of an object. For this measurement, the deviation
from the true mass value is determined by a symmetrical error distribution
centred on the true mass value, so that it is just as probablethat the measured
value is below the true value as it is above the true value. The measured value
of mass is a statistically unbiased estimate of the true mass. But now suppose
that we modify this estimate by ading + 10 or-10 depending on whether a
fair coin lands heads or tails, respectively. Suppose that the measured value of
mass was 7 kg, and the fair coin lands heads. Then the new estimate is 17 kg.
Suprisingly, this new estimate is also a statistically unbiased estimate of the
true mass! The reason is that in an imagined series of repeated instances, the
+ 10 will be subtracted as often as it is added, so that the value of the average
value of the modified estimate will still be equal to the true mass value.
However, we know that the modified estimate is an overestimate in this
instance, because we know that the coin landed heads. If the coin had landed
tails, then the estimate would have been-3 kg, and would have been known
to be an underestimate.In either case, we say that the modified estimate is
epistemicallybiased.In sum, the unmodified measurement value is a statistically and epistemically unbiased estimate of the mass, while the modified
estimate is statistically unbiased, but epistemically biased. Other things being
equal, we prefer an estimate that is epistemically unbiased.
With this distinction in hand, the Error Theorem is able to explain the
limitations of Akaike's method. Here is a brief overview of our analysis: First,
29

Statisticalunbiasednessis reallya propertyof the formulaforobtainingthe estimate,rather

than the particularvalueof the estimator.

s

L(K),

representing

the

data

MalcolmForsterand Elliott Sober

20

the common error is the same for all families (hence its name); it cancels out
when we make comparisons, and has no eSect on model selection. It will not be
mentioned again. Second, the Residual Fitting Error is statistically and
epistemically unbiased. But the Sub-family Errorhas a peculiar property. It is
statistically unbiased (as is required by Akaike's Theorem); however, it is not
always free of epistemic bias. Sometimes Akaike's estimate displays an
epistemic bias, and this bias is highlighted by the subfamily problem. A careful
analysis of the Sub-family Error will reveal the source and nature of the
problem.
We begin by filling in some background. One of the assumptions of these
theorems is that there is some complex K-dimensional family of hypotheses
(curves) that includes the true hypothesis, and that every family F that we may
wish to consider is a sub-family of this superfamily (which we will call K).
Every hypothesis under consideration may be represented as a point in the
parameterspace of K. This space may be treated as a K-dimensional vector
space. So, if we imagine that our coordinate frame is centered on the Truth
(where else?), then various hypotheses may be located in differentdirections,
as shown in Figure 4. The two vectors shown are particularly important
because the sub-family error is equal to the dot product, or scalar product, of
these two vectors. The firstvector is the one to L(K),the best fitting curve in K.
Clearly this vector will move around when we consider different data sets
generated by the truth. In fact, its tip falls just as probablyon one point as on
any other on the circle shown, although its length will vary as well. The other
vector is fixed. It is the vector from the truth, T,to the hypothesis in the family F
that is closest to T (viz. the most predictively accurate hypothesis in F ). Now,
the dot product is the product of the lengths of these two vectors times the
cosine of the angle between them. The cosine factor is + 1 if the vectors are
parallel, Oif they are orthogonal,-1 if they are anti-parallel, and in between
for in between angles.
The Akaike estimate for a low dimensional family whose best fitting case is
close to the data (and such families are the dangerous 'pretenders',for they
'unfairly' combine high log-likelihoods with small penalties for complexity)
_>in

/

/

T/

parameter space

/\

The hypothesis in F
closest to T

FIGURE 4
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exhibitsan epistemicbias,as we now explain.Themostpredictivelyaccurate
hypothesisin such smallfamilieswill also be close to the data, and therefore
closeto L(K).Thedangeris that the tipsof the two vectors(whosedotproduct
is equalto the subfamilyerror)will be closetogether.Thenthe cosinefactoris
closeto + 1 andthe subfamilyerroris largeandpositive.
Toillustratethisaspect
of the relationshipof Akaike'sTheoremand the ErrorTheorem,consider
the followingexample.Supposewe have a very large data set that exhibits
stronglinearity.We wish to estimatethe predictiveaccuraciesof L(LIN)and
L(POLY-n),
where POLY-nis the family of n-degreepolynomialswith n
parametersfree,and L(F)is obtainedby using the data to singleout the best
fitting curve in family F.3"We may apply Akaike'sTheoremto (LIN)and
(POLY-n)
directly,or we can applyit to the singletonfamiliescontainingjust
L(LIN) and L(POLY-n),respectively.The surprisingfact that the ad hoc
Akaike'sestimatefor L(POLY-n)
is surely an overestimateof the predictive
accuracy of L(POLY-n)-mayhave been anticipatedfrom the fact that
unreliablead hoc comparisonsof L(POLY-n)
and L(LIN)will always favour
L(POLY-n),
becauseit is alwayscloserto the data.In sumtboththe directand
the adhocmethodofaccuracyestimationarestatisticallyunbiased(asrequired
by Akaike'sTheorem),but the adhocapplicationof Akaike'smethodyieldsan
estimatethat we knowis too high. The ad hocapplicationyieldsan estimate
that is epistemically
biased.3l
We have now unpackedour sloganabouta curve'slooking'too goodto be
true'to providedeeperinsightsinto the sourceand solutionof the subfamily
problem:The Akaikeestimatesof the predictiveaccuracyof l(F) obtainedby
viewingL(F) as the bestfittingcase in the adhochierarchyof subfamiliesof F
tend to be too high. Indeed,that is exactly what vtreobserve the Akaike
estimateofL(F) increasessteadilyas we movedownthe hierarchytowardsthe
singletonsubfamily.In sum: We have good reason not to trust the Akaike
accuracy estimatesfor ad hos subfamiliesconstructedby fixing adjustable
parametersat theirmaximumlikelihoodvalues. We emphasizethat this has
nothingto do with whensubfamiliesareconstructedor whoconstructsthem.
Ouranalysisofthe ErrorTheoremhas beenbriefandnecessarilyincomplete.
Muchmoreresearchis neededon the management
oferrorsin Akaike'smethod
of modelselection.Ouraimhas beento givethe readera tasteforthe heuristic
powerof Akaike'sframeworkin addressingsuch foundationalquestions.We
close by pointing out that the resolutionwe have sketcheddepends(like
Akaike'sTheorem)on the existenceof predictionerrors,for otherwisethe
3()
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Remember(fromSection2) that we are interestedin estimatingthe predictiveaccuracyof a
familyonly becauseit also providesan estimateof the predictiveaccuracyof its best fitting
curve.
Althoughthe estimateis knownto be too high,giventhe dataat hand the Akaikeestimateof
thepredictiveaccuracyofthatsamesingletonfamilyrelativeto otller datasetsgeneratedbythe
true 'curve'will be too low. On average.of course.the estimatewill be centredon the true
value.
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vector to L(F) would be O and there would be no sub-family errors for any
family.
7 THE BEARING ON BAYESIANISM

The fundamental principle behind Akaike's method is that we should aim to
select hypotheses that have the greatest predictive accuracy. Since the truth
has the maximum possible predictive accuracy and accuracy is a measure of
'closeness', Akaike's recipe aims to move us towardsthe truth. In contrast, the
central thesis of the kind of Bayesianism we will criticize here is that
hypotheses should be compared as to their probability
of truth.32
In this section, we examine the possibility that Akaike's method might be
recast in a Bayesian framework. Since our argument is many-faceted, we
provide a brief summary here. We criticize two diSerent Bayesian proposals
that promise to yield a solution to the curve fitting problem. The first Bayesian
strategy is to focus on families show that the best families by Akaike's
standards are the most probablefamilies, and then give a Bayesian justification
for selecting the best fitting case. The second approach is to bypass families,
and show how the most accurate individual hypotheses end up with higher
posterior probabilities.After criticizing these suggestions, we end the section
by suggesting that Bayesian methods may be useful for assessing the risks in
applying Akaike's criterion.
The key element of any Bayesian approach is the use of Bayes' Theorem,
which says that the probability of any hypothesis H given any data is
proportional to its prior probability times its likelihood: p(H/Data)ocp(H)
x
p(Data/H).However, it is an unalterable fact about probabilitiesthat (PAR) is
more probable than (LIN), relativeto any datayou careto describe.
No matter
what the likelihoods are, there is no assignment of priors consistent with
probabilitytheory that can alter the fact that p(PAR/Data)kp(LIN/Data). The
reason is that (LIN)is a special case of (PAR).How, then, can Bayesians explain
the fact that scientists sometimes prefer (LIN)over (PAR)?33
32

33

The problemswe will enumeratefor Bayesianismin what followsapplywith equalforceto
what might be called incrementalBayesianism.This doctrinehas no interestin assigning
absolutevaluesto priorandposteriorprobabilities,
butseeksonlyto makesenseof differences
orratiosthatobtainbetweenthesequantities.IfH1andH2arebothconfirmed
bythedata,both
P(Hl/Data)/P(Hl) andP(H2/Data)/P(H2)aregreaterthanunity.Tocomparetheseratiosto find
outwhichhypothesisreceivedthelargerboost,we needto evaluatethelikelihoodratioP(Data/
Hl)/P(Data/H2). When the hypothesesare single curves, the better fitting hypothesis
automaticallyreceivesthe higherboost.When the hypothesesare families,evaluatingthis
ratioleadsto theproblemswe willdescribein connectionwithBayesianapproaches
to defining
the likelihoodof families.
One might seek to evadethis conclusionby saying that (LIN)and (PAR)are embeddedin
differenttheoreticalcontexts,that this differencegivesriseto differences
in meaningbetween
theirrespectivetheoreticalparameters,andthat it followsfromthisthat (PAR)is not entailed
by (LIN).Althoughwe are preparedto grantthat this mightbe plausiblein certainspecial
cases,we doubtthat this is an adequateresponsein general.
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Bayesians might propose to address this problem as follows. Instead of (LIN)
and (PAR), let us consider (LIN)and (PAR*),where (PAR*)is some subset of
(PAR) from which (LIN) has been removed. Since (LIN) and (PAR*) are
disjoint, nothing prevents us from ordering their prior probabilitiesas we see
fit. In response, we note that this adhocmaneuver does not addressthe problem
of comparing (LIN)versus (PAR), but merelychangesthe subject.In addition, it
remains to be seen how Bayesians can justify an ordering of priors for the
hypotheses thus constructed and how they are able to make sense of the idea
that families of curves (as opposed to single curves) possess well defined
likelihoods.
Rosenkrantz [1977] and Schwarz [1978] independently argued for a
proposal of the first kind ignoring the problems of logical entailment, they
seek to compare the likelihoodsoffamilies of curves.34So consider some family
of curves F with dimension k. The idea is to define the averagelikelihood of
the family in terms of some prior weighting of the members of the family,
p(Curve/F).35
If p(Curve/F) is strictly informationless, then it is easy to see that
p(I)ata/F ) = O.Almost every curve in the family will be very far from the data.
This means that if we accord equal weight to every curve in F, the average
likelihood of F will be zero. What if we let p(Curve/F) be 'almost' informationless? This means that we divide the curves in the family into two subsetswithin one subset (which includes curves close to the data points), we let the
weights be equal and nonzero; outside this volume, we let the weights be zero.
We illustrate this proposal by returning to the examples of (LIN)and (PAR),
where the error variance 2 iS known. For (LIN), we specify a volume V1 of
parametervalues for a()and oc1within which the likelihoods are non-negligible.
For (PAR), we specify a volume V2of parameter values for p(, ,B1.and p3 with
the same characteristic. If we let boldface x and # range over curves in (LIN)
and (PAR) respectively, the average likelihoods of those families then may be
expressed approximately as follows:
p(Data/LIN) = (l/Vl)I . . . fp(Data/x,LIN)da
p(Data/PAR) = (1/V2) . . . Xp(Data/#,PAR)d#,
where the integration is restricted to the subsets of curves with non-zero
weights. Note that as larger and larger volumes are taken into account, the
average likelihoods approach zero (as the weighting become more strictly
informationless).
How are these two likelihoods to be compared? The volume V1 has two
34

35

They ignore the entailment problemby comparing only the likelihoods of families;they bracket
the Bayesian comparison of posteriorprobabilities.
Here, the 'average likelihood'is an average over the members of a family of curves, and the Data
are fixed. In contrast, the 'average log-likelihoods' we discussed in previous sections were
averages of the log-likelihood of a single curve with respect to many (hypothetical) data sets.
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dimensionsin parameter space; the volume V2 has three. Although Rosenkrantz[1977] and Schwarz [1978] do not formulate their analysis in terms of
thevolumes V1and V2, their proposal is equivalent to setting V1= V2.This is
one way to render commensurable the volumes of diSerent dimensionality
thatappear in the likelihood expressions.36
The trouble is that the proposal is not invariant under reparameterization.
Considerthe following pair of equations:
(LIN)

Y=oc(,+alX+vU

(LINt)

Y= (a(')/3 + (a1'/2)X+ vU.

These equations define exactly the same family of straight lines. Yet, the
proposal entails that the latter has 6 times the average likelihood of the
former.37
Letus now turn to another strategy that Bayesians might pursue in finding a
solution to the weighting problem. This is to let p(oc/LIN)be equal to some
Here the weighting scheme is a posterior
informativeprobabilityp(oc/LIN,E(,).
probability,constructed on the basis of some evidence E(,that was acquired
before the Data. The difficulty with this proposal is that it only pushes the
problem back a step. One still has to make sense of the average likelihood
p(E(,/LIN).This requires us to evaluate quantities of the form p(oc/LIN).
Eventually, this must lead the Bayesian back to the quest for informationless
(or almost informationless) priors, which we have discussed already.38In light
36
37

The ad hocnessof any such assumptionis notedby Aitkin[1991], who refershis readersto
Lindley[1957].
The readercan most easily graspthis result by consideringthe problemof integratinga
functionf(x), wheref(x) = 1 betweenthe limitsOand 1, andf(x)-O elsewhere.Clearly,
00

I

f(x)dx= 1.

-,30

Yet if we transformcoordinatessuch that x'=6x, while equating g(x') and f(x) for
valuesof x and x', we obtain
corresponding
c

J g(x')dx'= 6.

-00

38

Nevertheless,Schwarz[1978] has pressedahead and derivedan interestingasymptotic
expressionforthe averagelikelihood(withthe V termomitted).Underconditionssimilarto
those forAkaike'sTheorem,
of F)=logp(Data/L(F))-(logN)k/2+other terms,
Likelihood
Log(Average
hypothesisin F, N is the numberof data,and k is the
likelihood
whereL(F)is the maximum
dimensionof F. The 'otherterms'are negligiblefor largeN. The resultingrecipefor model
orBICforshort.Wewillnot
Criterion,
selectionis oftenreferredto as theBayesianInformation
evaluate the criterionhere. But we deny that it is securelygroundedin the Bayesian
forthe reasonswe havegiven.Inthatregard,it is interestingto notethatthe same
framework,
derivedfromquitedifferentprinciplesby Akaike[1977] and
criterionhas beenindependently
Rissanen[1978], [1989].
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of these considerations, we think it is highly questionable that this first
Bayesian approach in which families of curves are the objects of investigationan
provide a satisfactory treatment of the curve fitting problem.39
So let us consider a Bayesian who compares the probabilities of particular
curves. The problem here is that there seems to be no principled way for
estimated predictive accuracies to affect the estimated probability of their
truth. For such a Bayesian is bound by Bayes' Theorem, which says that the
posteriorprobabilityof such a particularhypothesis is proportionalto the prior
probability times the likelihood relative to the total evidence:
p(Curve/Data)=p(Curve)p(Data/Curve)/p(Data).
The likelihood term, p(Data/Curve), simply measures the goodness-of-fit, so
the only vehicle for including any estimate of the predictive value of the curve
is in the prior probability,p(Curve).In order to replicate the Akaike results, we
would need
p(Curve)= p(Data)e- k,
where p(Data) is merely a normalization factor. But we do not see how a
Bayesian can justify assigning priors in accordance with this scheme.
The problemis not avoided by adopting a subjectivistapproach that eschews
the need for objective justification. The problem is deeper than that. The
trouble is that a particularcurve, as opposed to a family of curves, cannot be
assigned a value of k on a priori grounds.After all, any curve is a member of
manyfamilies of diSerent dimensions. While this problem for Akiake arises in
the guise of the sub-family problem, the proposedsolution was to distruct subfamilies that have a special relationship with thedata.However, no comparable
solution is available to Bayesians because the determination of k must be
made independently of the data. Thus, Bayesians must find an entirely

39

However,Aitkin[1991] hasa different'averagelikelihood'proposal,whichallegedlysolvesthe
curvefittingproblem.He computesthe averageby weighingeach curvein the familyby its
posterior probability
p(Curve/Data),
givenallthe availabledata.A theorembasedon the same
assumptionsas Akaike'sTheoremshows that:
Log(AitkinAverageLikelihoodof #')=Log-likelihood(L(F))-(k/2)10g2.
Sincelog2 is lessthan l (thelogarithmsareto basee).Aitkinimposeslessthan 1/2 of Akaike's
penaltyfor complexity.This is alreadyan uncomfortableconsequencebecausethe Error
Theoremshowsthat (PAR)willbe chosenover(LIN)by Aitkin'scriterionmoreoftenthannot
evenwhen(LIN)is true.Butthe realproblemis that the criterionis just 'pulledout of a hat'.
Whatwillfamiliesofgreateraverageposteriorlikelihoodprovideforus?Willtheytendto bring
us closerto the truth, or give us more accuratepredictions,or what?Aitkinprovidesno
answersto these questions.Giventhat Aitkin'sproposaldoes not have more fundamental
principlesto fallbackon, how doeshe copewiththe sub-familyproblem?
Thereis no anologue
to theErrorTheoremforAitkinbecausethereis no sensein whichaveragelikelihoodis in error
if it is not estimatingallything.Also see the commentariesimmediatelyfollowingAitkin's
paper,includingone by Akaike.
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diSerentkindof solutionto the sub-familyproblem,andwe failto see how this
can be done.4"
Ourdiagnosisof the problemis that Bayesianismis unableto capturethe
propersignificanceof consideringfamiliesof curves.We work with families
becausethey deliverthe mostreliableestimatesof the predictiveaccuracyof a
few curves;namelytheirbest fittingcases.Thereis no reasonto suspectthat
such an enterprisecan be construedas maximizingthe probabilitythat these
best fittingcases are true. Why shouldwe be interestedin the probability
of
these curves' being true, when it is intuitvelyclear that no curve fitting
procedurewill everdelivercurvesthat areexactlytrue?Ifwe have to live with
false hypotheses, then it may be wise to lower our sights, and aim at
hypothesesthat have the highestpossiblepredictive
accuracy.Thus,the brand
ofBayesianismmostpopularamongstphilosophersis foundedon toonarrowa
conceptionof the scientificenterprise.41
Havingsaid all that, we do not draw the rash conclusionthat Bayesian
methodologyis irrelevantto Akaike'snew predictiveparadigm.There are
many Bayesiansolutionsto practicalstatisticalproblems.However,Akaike's
reconceptualizationof statistics does recommendthat the Soundations
of
Bayesianstatisticsrequirerethinking.42A positivesuggestionmay be that
Bayesianmethodscan help determinethe probabilitythat one hypothesisis
more predictivelyaccuratethan another. In that way, Bayesianmethods
mightbe usefullybroughtto bearon the problemof assessingthe reliability
of
estimatedaccuracies,for that appearsto be an importantand open area of
research.
8 EMPIRICISM AND REALISM

Onevirtueof our approachis that it makesclearwhat the simplicityof a curve
has to do with the reasonsone might have for believingit. Popper[1959]
arguedthat simplercurvesare morefalsifiable;Sober[1975] suggestedthat
simplercurvesaremoreinformative.Theseproposals,andotherslikethem,43
4()

41

42
43

In this respect,we thinkit is instructiveto considerthe recentattemptby JeffreysandBerger
[1992] to providea BayesianrationaleforOckham'srazor.Wecriticizetheirproposalin Sober
and Forster[1992].
It is easy to constructexampleswhich show that maximizingprobability
of truthis different
frommaximizingclosenessto thetruth.A commonexampleis the useofaveragesto estimatea
discretenumber,say the numberof childrenin an Americanfamily.An estimateof 1-9
childrenhas less probabilityof being true in any case than an estimateof 2, but may be
predictivelymoreaccuratenevertheless.
Akaike[1985] shows how the rule of Bayesianconditionalization,
as a methodof updating
probabilites,
may be understoodin termsof maximizingexpectedpredictiveaccuracy.
Turney[1990] demonstratesthat simplerfamiliesof curvesare more stable.Roughly,the
instabilityof a familyofcurves,relativeto the data,is the expected'distance'(measuredby the
SOS)of a new bestfittingcurvefromthe oldbestfittingcurvewhen the dataareperturbedin
accordancewith the knownerrordistribution.
Turney'smeasureof instabilitytakesone step
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make it diicult to say why one ought to believe simpler curves rather than
their more complex competitors. In contrast, the analysis we have proposed
greatly simplifies the task of justification. When a simpler curve is more
plausible than its more complex alternatives, this is because it has a higher
estimated predictive accuracy.
We believe that our account of curve fitting is good news for empiricism,
although it does not accord with what has been said by many empiricists.The
idea that some sui generiscriterion of simplicity is relevant to judging the
plausibility of hypotheses is deeply inimicable to empiricism. For empiricism,
hypothesis evaluation should be driven by data, not by a prioriassumptions
about what a 'good' hypothesis should be like. Empiricistsoften take this point
to heart and conclude that simplicity is a merely pragmatic virtue, one having
to do with the usefulness of hypotheses, but not with their plausiblity (cf.e.g.,
Van Fraassen [1980], pp. 87-9). The embarrassing thing about this dismissal
of simplicity is that it applies not just to highly theoretical hypotheses, but to
quite mundane empirical generalizations of the sort that figure in some curve
fitting problems. In these contexts, skepticism about simplicity threatens to
lead the empiricistdown the garden path to skepticism about induction (Sober
[1 990a]). Empiriciststhereforeshould welcome the idea that curve fitting does
not require a sui generiscriterion of simplicity. This does not show that some
form of radical empiricism is true. Rather, we draw the more modest
conclusion that thedatatellyou morethanyou mayhavethought.44
Although our goal has been to show how the simplicityof a curve can reflect
important facts about its predictive accuracy, we do not claim that all uses of
simplicity and parsimony in science reduce to purely evidential considerations.
We do not deny that scientists often have pragmatic reasons for using simpler
curves instead of more complex ones. However, we would insist that these
pragmatic considerations not be confused with evidential ones. Monolithic
theories about simplicity and parsimorly which claim that these considerations are neverevidential or that they are nevermerely pragmatic should be
replaced by a more pluralistic approach. At least in the context of the curve
fitting problem, Akaike's technical result provides a benchmark that identifies
the degree to which simplicity has evidential significance. Any further weight
accorded to simplicity, we suspect, derives from pragmatic considerations.
Our analysis supports the idea that the simplicity of a family of curves is an

44

it. However,in our
towardsestimatingthe degreeof overfitting,as we have characterized
opinion,his paperdoesnot show why stabilityshouldbe relevantto the questionof what to
fortradeoffsbetweensimplicity
believe.WealsonotethatTurneyleavesopenthe justification
Akaike'sTheoremis moregeneralthanTurney'stheoremin any case it
andgoodness-of-fit.
is not restrictedto the standardcurvefittingsituation,and does not assumea knownerror
variance.
Forthe bearingof this thesison traditionalargumentsagainstthe existenceof component
forcesin Newtonianphysics,see Forster[1988b].
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epistemic epiphenomenon.45 Sometimes simpler curves are to be preferred
overmore complicated ones, but the reason for this is not that simplicity is an
epistemicend-in-itself.At other times, more complex curves are to be preferred
over simpler alternatives, but this is not because the irreducible demands of
simplicity are overwhelmed by more weighty consi(lerations of some other
sort.Whether a simpler curve is preferableto some more complex alternative,
or the reverse is true, has nothing to do with simplicity and everything to do
with predictive accuracy.
Our brand of empiricism is not antithetical to the realist view that science
aims at the truth,46in the same sense that archers aim at the bull's eye even
when they have no hope of hitting it. In the past, the curve fitting problemhas
poseda dilemma:Eitheraccept a realist interpretationof science at the price of
viewing simplicity as an irreducible and a prioristic sign of truth and thereby
eschew empiricism,or embrace some form of anti-realism. Akaike's solution to
the curve fitting problem dismantles the dilemma. It now is possible to be a
realist and an empiricist at the same time.
Popper [1968] initiated a realist program that takes the 'disastrous metainduction' (Laudan [1984]) seriously all of our scientific theories in the past
have been false, so it is likely that all of our theories in the future will also be
false. Even granting this prediction of failure, it may make sense to claim that
our theories aim at the truth if we could (1) define a measure of closeness-tothe-truth, and (2) show how theory choice could be viewed as implementing
some method that would, more often than not, take us closer to the truth.
Proposed solutions to the problem of defining verisimilitude have never
gained wide acceptance,47 and the second part of the programme is seldom
discussed.
We have already describedpredictive accuracy as a measure of closeness to

45

46

4'

Thisthesiscomplementsthe view of parsimonydevelopedin Sober[1988b], [199Ob].It also
might be formulatedin terms of the idea of screening oJ: Simplicityis correlatedwith
plausibility,but only becausesimplicityalso is correlatedwith predictiveaccuracy.Oncethe
estimatedpredictiveaccuracyof a hypothesisis heldfixed,its simplicityhas nothingfutherto
contributeto an assessmentof its plausibility.
Wedo not claimthatthisis the only aimof science.Weagreewithsociologistsof sciencethata
completeaccountof the practice of sciencemustincludean accountof pragmaticand social
values.Moderntheoriesof decisionmakingare well equippedto modelscientificpracticein
termsof pragmatic,social,and evidentialconsiderations,in a way that is compatiblewith
realism(Hooker[1987]). However,we do opposethoseextremistswho believethat internal
playno rolein the socialdynamicsof science.
evidentialconsiderations
Popper'soriginal definitionof verisimilitudewas formulatedin terms of the dle(lu(tive
consequencesof theories:fatalflaws were detectedindependentlyby Tichy[1974] and by
Miller[1974]. Tichy[19 74] presentsan alternativedefinitionof his own, whichMiller[1974]
shows to be language dependent.Miller[1975] also argues that the intuitivenotion of
accuracyof predictionis also subjectto the samekindof languagevariance.Cood's[1975]
reply to Miller'spaper contains a brief explanationof why a probabilisticdefinitionof
accuracy,likeAkaike's,is not susceptibleto Miller'sobjection.SeeForster[1992a] forfuther
discussion.
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the truth. To that extent, Akaike's approach revitalizesPopper'sprogramme.48
However, we suspect that those neo-Popperians who seek some grand
metaphysical definition of closeness to the truth will be disappointed with a
notion of predictive accuracy defined by reference to a specified domain of
inquiry.49Nonetheless, we are convinced that any definition of verisimilitude
must be limited in this way if we are primarily interested in epistemological
questions. In any event, the important point is that Akaike's Theorem lays the
epistemological foundation for our progress towards the truth in this domainrelative sense.
In spite of our sympathy for Popper'squest for a concept of verisimilitude,we
nonetheless reject hypothetico-deductivism, on which the Popperian programme is founded.5"The hypothetico-deductivist strategy has been to adopt
an idealized model of science in which there are no probabilisticerrors in the
data, to use this error-freeidealization to solve various philosophical problems,
and then to add an account of erroras an afterthought.5l Ouranalysis suggests
that many central problemsin the philosophy of science are not decomposable
in this way. Simplicity and unification are relevant to our judgments about
what is truth-like only to the extent that observing and inferringare subject to
error.
9 APPENDIX A: THE ASSUMPTIONS BEHIND AKAIKE S THEOREM

There are three kinds of assumption behind the proof of Akaike's Theorem.
First,there is a 'uniformityof nature' assumption that says that the true curve,
whatever it is, remains the same for both the old and the new data sets
considered in the definition of predictive accuracy. The second kind of
assumption consists of mathematically formulated conditions that ensure the
'asymptotic normality' of the likelihood function (viz. the likelihood viewed as
a function of parameter values). These assumptions contribute to proving
various central limit theorems in mathematical statistics. The final assumption
is that the sample size (the amount of data) is large enough to ensure that
the likelihood function will approximate its asymptotic properties. It is the
second assumption that requires the most explaining. We first say what the
This perspectivealso is relevantto Cartwright's[1983] argumentthat the proliferation
of
mutuallyincompatible
modelsin physicsis a reasonto rejectrealism.Thisis an embarrassment
to a realistwho interpretsall (viable)modelsas true.Onthe otherhand,ourbrandof realistis
only interestedin interpreting
hypothesesas beingmoreor lessclose-to-the-truth.
A plurality
of modelsis conduciveto this moremodestrealistporogramme.
49 We note in this connectionthat there are philosophicalissues raisedby the concept of
predictionthat are not addressedby Akaike'snotionof predictiveaccuracy.
50 Note that hypothetico-deductivism,
as we understandit, is not rescuedby the fact that
probabilistic assertions about future data are deduced from scientific hypotheses.For
hypothetico-deductivism
demandsthat at least some of the deductiveconsequencesof our
theoriesare observations,but we do not observeprobabilities.
51 See Forster[1992c] fora discussionof how this bearson Hempel'sravenparadox.
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write:

3o

ap= (a + lva)(A+ A0 a,+ a/v,B+ ,^a.

Here, a and ,? are constants, and

MalcolmForsterand Elliott Sober

'normality' assumption is, and describe the pivotal role it has played in
statistics.
The normal, or Gaussian, probabilitydistribution is easily recognized in its
one dimensional form by its characteristic bell shape. In its more general
multivariate form, the normal distribution has come to play a pivotal role in
experimental and theoretical statistics. In experimental statistics, error
distributions (in the estimation of parameter values) are found to be
approximately normal, especially for large data sets. According to Cramer
([1946), p. 231), 'Such is the case, e.g., with the distributions of errors of
physical and astronomical measurements, a great number of demographical
and biological distributions, etc.'. In fact, the assumption that measurement
errors are normally distributed around a mean value is so widespread in
science that it is often referredto as thelaw of errors.On the theoretical side, 'the
central limit theorem affordsa theoretical explanation of these empiricalfacts'.
In a somewhat humorous tone, Cramer([1946), p. 232) sums up by quoting
Lippman as saying: 'everyone believes in the law of errors, the experimenters
because they think it is a mathematical theorem, the mathematicians because
they think it is an experimental fact', and adds that 'both parties are perfectly
right, provided that their belief is not too absolute'.
Mathematically, these assumptions are difficult to state explicitly, not just
because they are mathematically esoteric, but also because there are various
ways in which the assumptions may be weakened (see Cramer [1946]). For
this reason, mathematical statisticians almost always vaguely refer to the
assumptions as 'certain regularity conditions'. They would certainly not make
the brazen claim that these conditions hold for all real scientificmodels, and we
follow their lead here. However, we do wish to say that the conditions are not
unduly restrictive. There is no need to assume that the error distributions
associated with the observational data are themselves aproximately bellshaped. The stardard coin tossing example illustrates the point. The assumed
'error'distributionis the binomial distribution(the probabilitygetting the high
value is p, while the probabilityof the low value is (1-p)), yet the distribution
for the p-estimates is asymptotically normal. The second point is that
asymptotic normality is not restricted to models that are linear in their
parameters. For example, suppose that the product x,Boccurs in one of the
equations of the model. If a and ,1tare their maximum likelihood estimates and
the values of a and p are sufficiently close to these estimates, then we may
the nonlinear product is now linear in the new, transformed, parameters /\a
and A,B.This approximation will be valid because the region of non-negligible
likelihoods becomes more narrowly concentrated around the best estimates as
the sample size increases. The same argument applies to other sufficiently
smooth nonlinear equations, such as Y=sin(aX+:). and so on.
Perhaps the most restrictiveassumption is that the sample size be large. This

p(x

) = exp - 252 (x - ,u

)

How to Tell when SimplerTheorieswill ProvideMore AccuratePredictions3 I
does not mean merely that the totaldata set is large, but that there is enough
data within the domain of each parameter. For examplet the approximate
normality of the model M1 and M2 in Section 3 requires that bothof the data
sets D1 and D2 are sufficiently large.
IO APPENDIX B: A PROOF OF A SPECIAL CASE OF AKAIKE S
THEOREM

Suppose that we are sampling from a target population of values of a random
variable X (e.g., the population of possible measurements of the mass of an
object) with mean p* (the true mass) and variance v2 (the error of
measurement), where the true probabilitydistributionp for the values x of the
random variable X is normal, or Guassian. That is,
1

-

1

-

Now consider a hypothesis ('curve') that (falsely) asserts that the mean is p.
The hypothesis in question asserts that the probability distribution for
measured values of X is
q(x) =

exp 2 (X-p)
o/
_ 2
Hypotheses like q(x) form afamily of hypotheses, each of which correspondsto
a particular value of the parameter ju.Thus, it is notationally convenient to
denote the hypothesis itself by ,u.(It will be clear from the context when p is the
parameter, the parameter value, or the hypothesis in the family corresponding
to a parameter value.) The simplicity of a family of hypotheses (referredto by
statisticians as a model)is measured by the number of adjustable parameters;
in this case there is only one (u).
If we accept this family of hypotheses, the next step is to find the best fitting
hypothesis, and this is the hypothesis that confers the highest probability
(density) on the data (i.e.,has the maximum likelihood out of all the members
of the family). We denote the maximum likelihood hypothesis (which is also

q(x)

p(x)

*

FIGURE 5
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the maximum log-likelihood hypothesis) by ,ii.How will ,i, obtained from past
data, fare in the prediction of new data drawn from the same population?For
any particulardatum x, we might measure the accuracy with which it is
predictedby its goodness-of-fit;viz. the log-likelihood,logp(x). But we are really
interested in the 'average datum' drawn from the population, so we define the
accuracy(A for 'accuracy') of an arbitrary hypothesis jLlto be:
predictive

A(/1)=

dfE*(logq(x)),

where q(x) is the probability distribution in the family corresponding to the
parameter value , and E*is the expected value calculated with respect to the
true hypothesis (,u*).That is,
ct

A(H)=

I

p(x)logq(x)dx.

-x

Note that A(p) is the expected log-likelihoodperdatumfor a data set of arbitrary
size N. From the diagram, it is intuitively clear that a distribution q(x) with
central point p that is far from the true value ,u*is not going to do so well in
predicting data randomly sampled from the true population. By the same
token, p(x) is going to do the best job of fitting the data it generates. The
following result gives this intuitive fact a quantitative representation:
A(u)= A(,u*)-2(#-p*)2|52
_
_

Proof:The log of

exp

2ff2(x p)

is clearly equal to
-2(X-8)21ff2

But,
(X-p)2

= (X _ p* _ (# _ p*))2 = (X _ p*)2 _

2(x-p)(p _ p*)+ (p _ p )2.

When we take expectations and simplifythe result follows. This completes the
proof.
Since (1) holds for any hypothesis in the family, it surely holds for the
hypothesis that best fits the past data. Thus,
A(/i) = A(u*)-2(#-p*)2/a2.
While interesting, this result is still epistemologically unhelpful because we
don't know A(,u*)and we don't know the value of,u*. The second problem is
surmounted in the following way. We may estimate AXp) by the expected value
of the right hand side, where the expected value is taken over the maximum
likelihood estimate ,i. That is,
Estimate of A(ji) = E*[A(,u*)-2(8-p*)-/ff21,
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But the central limit theorem tells us that the expected sum of squareddeviations
of an estimate of ,ufrom its true value is just v2/N, where N is the number of
data in the sample from which the estimate is taken (the number of 'past data').
Thus, we have
Estimate of A(,ii)=A(p*)-2/N.

(2)

The only remaining problem is to estimate A(u*). Again the qualitative facts
are clear. If i is the best fitting hypothesis relative to past data, then it fits the
past data better than any other hypothesis (by definition), and therefore fits
better than ,u*.Thus, if l(ji) is the log-likelihood of the best fitting hypothesis,
then l(/i)>l(,u*) and therefore E*(l(/i)/N)>E*(l(u*)/N)=df A(p*). The question
as to how much greater is answered by the following result (without proof):
A(/u*)= E*(l(,ii)/N)-2/N=

E*(l(/i)/N-2/N)

(3)

If we now combine (2) and (3) we get:
Estimate of A(ji)= E*(l(ii)-1 )/N.
Since l(ji)-1 is clearly an unbiased estimate of E*(l(,ii)-1), we finally arrive at
the main result, as it applies to this example:
Akaike [1 9 73 ]:

Estimate of A(,i) = ( 1/N )[I(u)-kl.

That is, if we are interested in the predictive accuracy of the best fitting
hypothesis from the family, we should not judge its accuracy by its goodnessof-fit, for that estimate is usually biased towards being too high. An unbiased
estimate is obtained by using a corrected measure of goodness-of-fit.
The important fact is that this result generalizes (surprisingly well) to a
variety of conditions, and to examples of models with many adjustable
parameters. If k is the number of adjustable parameters in a model, then we
may state Akaike's theorem in its general form:
Akaike [1973]:

Estimate of A(,ii)= (l/N)[I(/i)-k].

This is the formula that quantifies the trade-offbetween simplicity (the number
of adjustable parameters) and goodness-of-fit (the maximum log-likelihood).
Depart1lle1lt
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