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Exercise 1 (2.5.2.i) Let ¢ ¢ FV (). Let Ty C Ty C ... C T, C .... Let T* =
\U; Ti. First, one must show that T* is a theory, which means that T™ is closed under
derivability. Suppose that T* = ¢. Then there exists derivation (I'D¢), where ' is a
finite subset of T*. So there exists k such that I' C Ty. But Ty is a theory, so Ty is
closed under deriwability, so ¢ € T; CT™*. Hence, T is closed under derivability.

Next, one must show that if each T; is consistent, then T™ is consistent. For the
contrapositive, suppose that T™ is inconsistent. Then T* = L. So there exists a deriva-
tion (I'DL) where T' is a finite subset of T*. So there exists k such that T' C Ty. So
T, F L, so Ty is not consistent. So it is not the case that each T; is consistent.

Exercise 2 (Bonus) Let T = cn{3x3y(P(x,y)}, which is consistent (e.g., one ele-
ment domain in which P is interpreted by reflexive relation R(a,a)). For some new
constant ¢ the Henkin sentence (3x3yP(x,y)) — ¢(c,y) is in T*. Then (T*)* contains

((F23y(P(x,c) v P(z,y))) — FyP(c,c) v P(,y)),

where ¢ is not in the vocabulary of T*. Since T is consistent, so is T* by Lemma 3.1.7,
so by the model existence lemma 3.1.11, there exists A such that A = (3xIyP(z,y)) €
T C T*. Now form structure B by adding new object b to the domain of A such
that that R(b,a) fails for each a in |A| U {b} and let b be the interpretation of c.
Now T remains true in B and each false existential statement remains false, so each
Henkin conditional in T with a false antecedent remains true in B. Furthermore, each
Henkin conditional in T* with a true consequent remains true in B, so B = T%. But
B i~ ((323y(P(z,c) V P(x,y))) — ByP(d,c) vV P(c,y)) because the antecedent is true
and the consequent is false.



