Smoothing for non-smooth optimization, lecture 3

Last time:
e Standard O(1/e) & optimal O(1/+/€) gradient schemes

e Optimal O(1/€?) subgradient scheme (non-smooth)

Today: Smoothing
e A “fixed” smoothing approach

e Excessive gap technique

Min-max problems with simple structure

Consider
min max { () - $(y) + (Az, )} .

r€Q1 YEQ?2
Assume

e F,, E> are finite dimensional Euclidean spaces,
A€ L(Ey, Ep)

e (); C E; are simple compact convex sets.

e f and ¢ are convex and differentiable with Lipschitz
gradients

Slides available online at
http://www.andrew.cmu.edu/user/jfp/smooth/

References for today’s material

e Y. Nesterov, “Smooth minimization of non-smooth
functions,” Math Program. 103 (2005), 127-152.

e Y. Nesterov, “Excessive gap technique in non-smooth
convex minimization,” SIAM J. Opt. 16 (2005), 235—249.

Fenchel duality yields
min max { f(z) - 6(y) + (Az,y)} = max min {F(2) - 3(y) + (Az,y)} .

T€Q1 yEQ2 yEQ2 z€EQ1

i P (s

Can write these problems as

min{f(z) 1z € Q1} = max{p(y) : y € Q2}
~
for i i -Cm—?w@
F@) = f(z) + max {(Az,y) - 6(y) : y € Q2} 2 +4{Ax g)
and
6(y) = —3W) + min {(Az,y) + f(2) ;2 € Q1 } &



Notice:

e Forall z € Q1,y € Q2 we have f(x) > ¢(y)

e T €@,y € Qo are optimal solutions if and only if

f@) = ¢(®)

e f, ¢ are convex and concave respectively but non-smooth

Intuitively: f, ~ f for p small.

Proposition 2 Let Dy := max{dx(y) : y € Q>}. Then for u >0

0 < f(z) — fu(z) < pDo.

Idea: To find an approximate solution to
min f(x
itef( )

proceed as follows:

e Pick u>0

e Apply optimal gradient scheme to min{f.(z) : 2 € Q1}

x) := ;(X) r mey <P~$,~3>- ,C}(‘a)z
; i 1e 913

A “fixed” smoothing approach

Assume dy is a prox-function of the set @Q>. Given p >0
consider

Fu(@) = F(z) + max{(Az,y) — d(y) — pd2(y) : y € Q2}.
Let yu(x) be the unique maximizer in this max-problem.

Theorem 1
(i) fu is differentiable with

Vfu(z) = Vf(z) + A"yu(z)

(ii) V fu is Lipschitz continuous with constant

1
Ly =Ly+ Al

Recall optimal gradient scheme for min {f.(z) : z € Q1}:

Algorithm 3
e Set xzg :=argmin{di(z) : z € Q1}, ug := T, (z0)

e Fork=0,1,...
o . Ly, k i+1 .
2 = argmin {£d(2) + Lo 52 (fu(@) + (Vhu(w)io —21) 1o € Qa
Tpt1 1= %Zk + %uk
upt1 1= T, (Te41)




Theorem 1 is an immediate consequence of the following
lemma.

Lemma 4 Assume Q C E is a convex compact set and
0:Q — RU {400} is closed and strongly convex with modulus
p. Consider the conjugate

0*(s) = max{(s,y) — 0 .
(s) = max {(s,y) = 0(s)}
Then
e The maximizer y(s) above is unique \/
. Vor(s) = y(s) ¥

e For all s,u € E we have |ly(s) — y(u)| < X||s — ul|. /

N .
NV e's)— g (Wil

Proof.
Step 1:

_ 4L, Dy 2 &, v v
fﬂ(a:) < pl(N T l)2+(N + 1)(]\7 + 2) iggl {;(Z + 1) (f#(@) + <Vf/1($z)yw -
Step 2:

CEDIES I

N
min {Z(z + 1) (ful@) +(Viulz), z - Zi))} <
i=0

Thus
4Ly Dy

m + (]5(@) + #D2~

F(@) < fu(@) + pD2 <

So
4LDy

pr(N +1)2

4|l Al Dy

pp1p2(N +1)2 e

0<f(@) - 9@ < Do.

11

Theorem 5 If
_ 24| [ Dy
N 41V p1p2D>
then after N iterations the points

N 2(i 4+ 1)
T=uy, §:= ), Yu(z;)
S0 (N+ 1DV +2)7
satisfy
_ R 4||A| D1D5> 4L7Dy
0@ =0 < T\ T2

Note: Need O(1/e) to get an e-approximate solution. It beats
the lower complexity bound for black-box subgradient schemes.
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The minimum of the last expression (as a function of u) is

AlA|l | [DiDy | 4EfDr
p1P2

N+1 p1(N +1)%’
2|4 [ Dy

N+1\ p1p2D2"

and is attained at u =

Details of Step 1: By Theorem 6 (lecture 2)
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Details of Step 2: Thus

N
DG+ 1) (u@) + (Vfule), @ — 1))

By construction, for z € Q4 i=0
N
fu(x) = f(@) + (Az, yu(x)) — d(yu(z)) — pda(yu()), < G+ D) (ful@) = F@) + (Vful@) = V()@ — ;)
=0
and by Theorem 1 n (N-I-l)(N-l-Q)f(x)

2
N
< - Z(z‘ + D (yulz:) +

A D)
= —¢(yu(@)) — pda(yu(x)) - 2
< —d(yu()).

(Viu(2) = VI(2),2) = (Ayu(x), 2) = (Az, yu(z)). N+ DW+2)

. F@) +(4G.2))

Hence

ful@) — F(@) — (Vfu(z) — VF(2), ) D) + 1)+ (45.9))
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Excessive gap technique

Idea: Smooth both f and ¢.

Remarks Given p1,puo > 0 consider
e The approach is mostly “primal”. fup(x) := f(x) 4+ max {(A:c,y) —o(y) — poda(y) 1y € Q2}.
e The smoothing parameter p needs to be fixed up front. and
o (@ = —0@ + min {(4z,9) + F(@) + p1d1 (@) 1 7 € Qa f.

_—
Recall: for all x € Q1,y € Q2

f(@) =2 o).
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Since fu,(z) < f(z) and ¢u,(y) > ¢(y), it is conceivable to have
the following excessive gap condition

Juo (@) < dpq(y) (EGC)

Intuitively: f = fu, and ¢ = ¢, for pq, us small.

Proposition 6 Assume pi,u> >0 and z € Q1,y € Qo satisfy
(EGC). Then

0< f(z) —¢(y) < p1D1 + p2Do
In particular f(z),¢(y) are within u1D1 + pusDo of the optimal
value.
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Bregman projection
Assume d is a differentiable prox-function of Q C E.

For z,z € Q define the Bregman distance between x and z as
£(z,2) 1= d(z) — d(2) — (Vd(=), 2 — 2)
Notice: Since d is strongly convex with modulus p,
P
£() > Dz — 212
Define the Bregman projection of g € E onto Q as

V(z,9) = argmin {(g,z — 2) + £(z,2)}
xeQ 0

%

Ta M = 43 P<IEm, AT

+L n-f"*‘llf

L

Idea: To find an approximate solution to
min f(x) = max
erlf( ) yechﬁ(y)

Proceed as follows: generate a sequence (uy k, 42 k, Tk, Yx) SUCh
that

o Each (uf, &, zp,yp) satisfies (EGC)

o uf,u5 L 0.

Need:
e initial point (19, 13, =0, yo)

e update that preserves (EGC) while reducing pu1, uo
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Back to fu,,¢u,: As before, we have

Vfus (@) = VF(2) + Ayuy(2), Vou, (y) = =V(y) + Azp, (),

Furthermore, Vf, V¢ are Lipschitz continuous with constants
M '

1
Liuy =Lyt AL Loy, = Lyt Al

For simplicity assume Lf= L¢; = 0 in the sequel.
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Update:

Theorem 8 Assume (u1, po,x,y) satisfies (EGC) and T € (0,1)
is such that

Initial point: 72 U1p2P1 P2
1-77  [A]?
Theorem 7 Assume us > 0 and z := argmin{di(z) : z € Q1}. Set
— AP -
Set u1 = P13 and o z:=(1—71)x+ 1y (y)
1 o yT 1= (1 -1y + ryu,(2)
=Vi (2, -Vi,@) ]|, yv= z). = . 2
xT 1 (33 1 flJ«Q(x)> ) yuz(l’) L I P— V]_ (.T#l(y),(l_‘rﬁv‘fp2($))
Then (u1,po,x,y) satisfies (EGC). ozt =1 -1z 477

o 1f =1 -

Then (u, pa, 2, yT) satisfies (EGC).
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EGT algorithm

Ingredients: subroutines initial and shrink shrink(A, p1, p2, 7%, ¥, d1, d2)

1. 2:=Q -71)a+7z4,(y)

initial(A,d;,d
( 1,d2) 2. y+ =1 -1y + Tyu(Z)

. D . D
1.0 = 2l|All 522, 1 = Al /52

p1p2D1 p1p2D2 3.5:=W; <xﬂl(y)7 (l_Tvaf#Q(@»
2. % :=argmin{di(x) : x € Q1} 4. gt =1 -1z 417
0.— 2 2 2
3.x0=N <X’ u?vf“z(x)> 5. puf =1 -1
4, y0:= Yus (X) 6. return (,uf,x"',y"‘)

5. return (,u(l),,ug,xoyyo)
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Algorithm 9
1. (u%ug,xo,yo) = initial(A,dq,ds)
2. For k=0,1,...

(@) 7i=135

(b) 1f k is even: // shrink uq

(/Lk+17 k41 yk+l) = Shrink(A7M§7ﬂ§7T7 Xk7yk7d17d2)
k l
+ — N’Q
(c) If k is odd: // shrink puo
(l’tk-‘rl?y +1 Xk+1) = Shrink(_A*,Mg,HlfaTa ykaxk7d27d1)
k:—|-1 k
=y
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References for today’s material

e Y. Nesterov, “Smooth minimization of non-smooth
functions,” Math Program. 103 (2005), 127—-152.

e Y. Nesterov, "“Excessive gap technique in non-smooth

convex minimization,” SIAM J. Opt. 16 (2005), 235—249.
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Theorem 10 Each (u%, 1k, x*,y*) satisfies (EGC) and

4[|All [D1D>

0<f(x") — oy k)—k:—l—l p1P2

Proof. This follows from

D

E_ 1

D —_— k even (1)
pi = Hk 1\/,; ps = IIk 2‘/p1pD

and

D
k 1
= —_— o —_— kodd (2)
1i=14 III€ 2\/{) ph = IIk 1‘/p1pD
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