Smoothing for non-smooth optimization, lecture 2 Unconstrained optimization

min{f(z) :z € E}

Last time:
e Basics of convex analysis Notation
o f:=min{f(z):xzc E}
Today: e 7 :=argmin{f(z) : z € E}
e Standard gradient scheme (smooth): O(1/e¢)
— unconstrained Assume (until we state otherwise)

— simply-constrained
e F: finite-dimensional Euclidean space

e Optimal gradient scheme (simply-constrained): O(1/+/€) e f: E— R is a smooth convex function

e Optimal subgradient scheme (non-smooth): O(1/€?) e Vf is Lipschitz with constant L

Algorithm 1

Immediate (but important) observations
e Pick zg € E

e Speed of convergence to optimal value is O(1/k)
e For k=0,1,...
Tpy1 = o — bV f(zg) e Complexity to get within e of optimal value is O(1/e)

1 e Gradient-step update at each iteration:
Theorem 2 If h; =+ for j =1,2,..., then

2L(f(z0) = Nllzo -2 .,
Lljxo — 2|2 + k(f(z0) — F)

2 = V(@) = argmin {(Vf(2),y — 2} + Sy — al]?}
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Proof. Since f is convex and Vf is Lipschitz with constant L,
W 0 0< f(y) — f(x) —(Vf(@),y— ) < 5lly — |2 for all 2,y
2) o 1|Vf(y) — VI(@)|? < (Vf(y) = Vf(z),y— ) for all z,y € C

“ » \ +
y — — (%
Hence for x € E X . ;”“ + LI+, va )

RN 1 5
7 (2= V@) < F@) - S I95 @2,
1(@) = F < (V1(@)a —7) < V@) o - 3,
and Ny-=3 o >
(Vi) e -3 > TIVI@I2.
Thus - y=% & =pely )

1 _ _ 1 -
lo = V(@) = 3|2 < llo = 312 = 5195 @) < la - 3|2
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Simply-constrained optimization

min{f(2) : = € Q}

Assume @ C E is a “simple” compact convex set.

Overwrite previous notation
o fi=min{f(z):z€Q}

e T :=argmin{f(z) :z € Q}

Key ingredient: Consider the gradient mapping

To(x) = arg;nin {(Vf(m),y —z)+ gHy — ac||2 jy € Q}

Put Ay = f(zy) — F, i := ||z, — Z||. We get

1 2 A7 A7
Dpa1 <Dy — ||V <Ap— <Ay — .
k+1 < Dg 2L” f@pll” < Ay 2002 kT oL
\ ks
Therefore Use ‘F(*z‘rvilx.‘,ﬂ 2 £ (%) - Lnodix N
1 1 Ay 1 1 2v
LI Y7 7 U s, T A BN
2L
Consequently . £
1 1 k =2 — 3
AT Bez 3z
that is, .
2LAgrd
F=om2 + ko
O
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Algorithm 3
e Pick zg € E

e For k=0,1,...
Tpt1 = T(ag)

Theorem 4

o (Ge0) = D(@Llwg = 712 + (o) = D)
Fe) = S o312+ fao) =T+ b

Similar speed of convergence to that in the unconstrained case.



Proof. (similar to that of Theorem 2.)
Main steps: Put g(z) := L(z — Tg(x)) (sort of Vf(x)). Then
1
[(T(@) < f(@) = o llo@)IP,

f(To(@) = F < {g(@),z = 7) < [lg(@) [l — ZI,

and

1 5
(@), 2= 7) 2 o llg(@)|2

Optimal gradient scheme

Assume d is a prox-function of Q:
e d is strongly convex on @ with modulus p > 0
e min{d(z) :z€Q} =0

e min{d(z) — (g9,z) : x € Q} is easily computable

Idea: construct {z.},{yi} C @ such that

(k+1)(k+2)

7 Flur) <

k.
min {id(@ + 3 L @) + (Vi) e ) e e Q} )
i=0

2
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Hence
2

1 2 Ak 1
A1 € A= ol < A=t

and therefore,
No(2Lr2 4+ A
Ay < 0(2 7"0"‘ O).
2Lrg+ Do+ k

The main steps above are consequences of the following
lemma.

Lemma 5 Assume x € E,Tg(x),g(x) are as above. Then for
any yeq

F@) > F(Ta@) + (o), y — 2) + 5 -llg@)I.
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Theorem 6 If {z},{y,} satisfy (1) then

_ 4Ld(z)
T == e e+

Proof. Since f(z;) +(Vf(z;),z—x;) < f(z) fori=1,...,k from
(1) we get

EFEDEED) 1) < min {id(a:) e N OERE Q}
< Ly  EFDEX2D) 5
o
O
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Remarks

e If we can generate {z;},{yx} that satisfy (1), then we get
an algorithm with speed of convergence O(1/k2)

e Complexity to get within e-approximate solution: O(1/+/¢€)

e This would be an optimal complexity result: for any
“black-box" gradient-based algorithm there are smooth
problems that require €2(1/+/€) iterations to find an
e-approximate solution.

13

Proof. Will use the following claim:

Claim: If d is strongly convex on @ with modulus p and
zg = argmin {d(z) : z € Q} then
d(z) > d(zo) + gHw —zo|2, for all ye€ Q.

Litm
LT ‘*7 2 ¢

.
—=XI
By construction, for z € Q we have '

. 1
F(To@) < £@) +min{(Vf@),y—2)+ Ly — >y € Q.
\/\/_—' h
Since d(y) > §lly — zol|%, we have Aov £ e < S dty)

I (Tg(ea)) < min{ £Ga) + (V1 Geo).y ~ w0) + L) 1y € @)

Thus (1) holds for k = 0. Next proceed by induction on k.
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Algorithm 7 ]
L9}

: JLAY
o Set zg :=argmin{d(z) : z € Q}, yo = To(z0) e 3
e Fork=0,1,... Z? pe@
2 1= argmin {%d(z) + YR B (fla) 4+ (Vf(z) e —a)) ia € Q}

2 E+1
Tpt1 i= pmakt kijyk
Yret1 = To(xpy1)

Theorem 8 The sequences {z;},{y,} generated by
Algorithm 7 satisfy (1).
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k+1

Put A = 7(k+1¥k+2), ap =5, T = —,Hz_?,, and

k.
b 1= min {id@c) + 3 PR G + (V@) e —a) v e Q} .
=0

Want to show that if Akf(yk) <Yy then Ak+lf(yk+1) < ’(/)k+1.
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Proceed in two main steps.

Step 1:

2
Y41 > Apt1 <f($k+1) + ;“6'5 {T;Lﬂw — 2% + 1V f (@pg1), 2 — Zk>}> :

Step 2:

2
in )Tk

min
x

Llz — zl|? + m(Vf(zpp1) z —2) tx € Q}

—

2
1
min {SLlly = 24]2 + (Vi (z41)y = ) 1y € Q)

> f(yp41) — fF(@p41)-

v
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o}»"”.
Details of step 2: i Q

2
min {%LHZ'—Zk‘|2+7'k<vf($k+1)7$_zk> 1$€Q} 4/

1
= mJ” {ELHy — 21 P + (VS (@rg), ¥y — Teg1) Ty € Q@ + (1 — Tk)yk}

. 1 k3
> min {ELH?J — a1 l? + (Vf(zeg1),y — Thg1) (Y € Q} = 12'— " ﬂ’+ r)("ﬂ“

> flyr+1) — f(@rt1)-
The first equality follows from

KR LD )

Te(x — z1) = ez + (1 — )y — (1 — %)Yk — Tk
=72 + (1 — 7)Yk + Tpt1-
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Details of step 1:
. L
Pr+1 > Min {d)k- + §||€r — zll? + apg1 (F(@rg1) + (VF(@eg1), @ — ap41) 1T € Q}
(TP
> Apyr <f(ﬂck+1) + min {%Lllﬂc = zl? + eV f(zpg1),  — Zk)} ‘x € Q) .
The first inequality holds because d is strongly convex on @ with modulus p.

The second inequality follows from Aj417, = ag+1 < 1/7 and

Ui + apt1 (f(@r41) + (VI (@k41), 0 — Tpt1))
> Apf(ye) + a1 (f (@r1) + (VI (@pp1), ¢ — zp41))
/ > A (f(@rt1) H(VF(@rt1), vk — Tht1)
agt1 (f(@r41) +(VF(@k41), ® — Tp41))
v = App1f(@pt1) + a1 (Vf(zp41), & — 2k).

\Yk 2 Aw“gk)
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Simply-constrained non-smooth optimization
min{f(z) : z € Q}
Assume
e Q C Eisa “simple” compact convex set
e f is convex and Lipschitz continuous with constant M
e f is not necessarily smooth

e At each z € Q can compute some g € 9f(x)
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Subgradient scheme

Notation: Let TQ ! E — @ be the projection map

z—argmin{|ly —z| : y € Q}

Algorithm 9
e Pick zg € Q

e For k=0,1,...
Compute g; € 8f ()

T = ;. — hpdk
k1= TQ \ Tk ™ Mg
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Remarks
e Complexity to get within e of optimal value is O(1/€2)

e This is an optimal complexity result: for any “black-box”
subgradient-based algorithm there are non-smooth
problems that require €(1/€e2) iterations to find an
e-approximate solution.
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Theorem 10 If hy, = h > 0 then

k
M (Ilwo —ZIP+ ) hgz)

=0

flzp) = F < -
> hy
j=0

Let D:=max{|ly—=z| :z,y € Q}.

Corollary 11 If hy, = -2 for k=0,1,...,N then

vVN+1
_ MD
f(xN)_fS\/Nj-i-l

References for today’s material

e Y. Nesterov, “Introductory Lectures on Convex
Optimization,” Kluwer Academic Publishers, 2004.

e Y. Nesterov, “Smooth minimization of non-smooth
functions,” Math Program. 103 (2005), 127-152.
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