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S3 and the L 51 baryons in the quark model and the chiral quark model
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Harvard University, Cambridge, Massachusetts 02138
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TheS3 symmetry corresponding to permuting the positions of the quarks within a baryon allows us to study
the 70-plet of L51 baryons without an explicit choice for the spatial part of the quark wave func-
tions: given a set of operators with definite transformation properties under the spin-flavor group
SU(3)3SU(2) and under thisS3 , the masses of the baryons can be expressed in terms of a small number of
unknown parameters which are fit to the observedL51 baryon mass spectrum. This approach is applied to
study both the quark model and chiral constituent quark model. The latter theory leads to a set of mass
perturbations which more satisfactorily fits the observedL51 baryon mass spectrum~though we can say
nothing, within our approach, about the physical reasonableness of the parameters in the fit!. Predictions for the
mixing angles and the unobserved baryon masses are given for both models as well as a discussion of specific
baryons.@S0556-2821~99!01907-4#

PACS number~s!: 12.40.Yx, 11.30.Ly, 12.39.Jh
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I. INTRODUCTION

The nonrelativistic quark model has been used ext
sively to study theL51 baryons@1,2#. In this model, the
observed mass spectrum of the baryons is generated by a
body Coulombic potential@3#, produced by a gluon exchang
between two quarks. The quark model leads to a defi
form for the SU(3)3SU(2) spin-flavor breaking interac
tions but not for the ground state quark wave functions. W
is typically done is to use harmonic oscillator wave functio
for the spatial wave functions. The picture that then emer
for the baryon masses is surprisingly good given the simp
ity of the model; nevertheless, it has several serious sh
comings, most notoriously its inability to explain the ligh
ness of theL~1405!. Extensions of the quark model, such
the inclusion of relativistic effects@4# although leading to a
better agreement with the entire spectrum of light mes
and baryons, do not seem to improve much upon quark m
el’s description of theL51 baryons.

Another model has recently emerged to explain the
served baryon spectrum@5#. Its assumption is that the corre
effective theory within a baryon is not that of constitue
quarks exchanging gluons but rather that of the quasip
cles, constituent quarks and Goldstone bosons, approp
for energies below the scale of chiral symmetry breaki
The low energy quark potential in this theory, which we re
to as the chiral quark model, is also a two body Coulom
potential with an important difference—the inclusion of fl
vor matrices at the quark-Goldstone boson vertices. We s
here check the claim that the different flavor structure of
chiral quark model leads to a better fit with the observedL
51 spectrum.

The new ingredient in our study of theL51 bosons is the
use of the permutation groupS3 to organize the spatial be
havior of the quarks and their interactions. Physically, t
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symmetry corresponds to the fact that the confining poten
should treat the light quarks equivalently and should be
variant under permutations of the positions of the th
quarks. It allows us to circumvent choosing a definite fo
for the quarks’ spatial wave functions using group theo
to keep track of our ignorance of this spatial behavi
What distinguishes one model from another is t
SU(3)3SU(2) spin-flavor andS3 transformation properties
of the operators that produce the mass splittings among
L51 baryons. We begin therefore with a description of th
symmetry, how the baryons transform under it and how it
with the standardSU(3)3SU(2) spin-flavor structure of the
baryons and then proceed to determine how the stan
mass splitting operators transform underS3 in each of the
models.

Our approach has a potential disadvantage, in additio
its obvious advantages. Because we have not made dyn
cal assumptions about the wave functions, but only u
symmetry, we cannot say within our approach whether
parameters of the fits we obtain are physically reasona
Thus our results should not be interpreted, by themselves
evidence in favor of the chiral quark model picture over t
nonrelativistic quark model. However, we believe it is wor
noting that difficulties for the nonrelativistic quark mod
persist even in this very general approach.

II. S3 AND THE L 51 BARYONS

The L51 negative parity baryons form a seventy dime
sional representation of the spin-flavor groupSU(6). This
70-plet breaks into the representations48,28,210,21 under
separate spin and flavor transformations; here the nota
2S11F indicates a multiplet that forms anF dimensional rep-
resentation of theSU(3) flavor group with spinS. Among
the interactions that we shall consider are spin-orbit c
plings between quarks so that the baryonic states will
written, and are measured, in terms of the total angular m
mentum,J5L1S. The baryonic states are then represen
by linear superpositions of spatial, flavor, spin, and orb
angular momentum wave functions for the three contitu
©1999 The American Physical Society10-1
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HAEL COLLINS AND HOWARD GEORGI PHYSICAL REVIEW D59 094010
quarks. The construction of these states for
SU(3)3SU(2) spin-flavor part is straightforward in th
nonrelativistic limit, but the spatial wave functions require
specific dynamical model. Some of the earlier studies of
L51 baryons used harmonic oscillator wave functions
the spatial wave functions in terms of the relative positio
of the quarks~@1# and @2#!. One of the disadvantages of th
approach is that if a poor agreement is found for a mo
with the observed baryon spectrum, it is not immediat
clear whether that failure lies in the model itself or in t
specific choice of the spatial wave functions.

Fortunately, the spatial interactions of the quarks poss
a symmetry that allows us to escape the choice of a spe
dynamical model for the spatial wave functions. The qu
interactions should be invariant under any permutation of
positions of the quarks. This symmetry then implies that
spatial wave functions should form a representation of
group S3 . We shall find that theS3 group theory is suffi-
ciently powerful to reduce our ignorance of the spatial b
havior to a small set of constants. The baryonic matrix e
ments will be linear combinations of theseS3 constants
whose coefficients depend upon the spin-flavor assignm
of the quark interactions and are completely determined
the SU(3)3SU(2) group theory. One of the advantages
this approach is that it treats different models on the sa
footing.

The baryonic wave functions that we used are those u
in @6# in which each of the three-quark states has only one
the quarks in an orbitally excited (L51) state,u1,m&. For

example, theuD11; 1
2;

3
2,

3
2&(uD11;S;J,MJ&) state would thus

be

UD11;
1

2
;
3

2
,
3

2L 52
&

6
uuu$c11

1 ~rW1 ,rW2 ,rW3!~ u↑↓↑&1u↑↑↓&

22u↓↑↑&)1c11
2 ~rW1 ,rW2 ,rW3!~ u↑↑↓&

1u↓↑↑&22u↑↓↑&)1c11
3 ~rW1 ,rW2 ,rW3!

3~ u↓↑↑&1u↑↓↑&22u↑↑↓&)%. ~2.1!

The notationc lm
a (rW1 ,rW2 ,rW3) represents a three-quark spat

wave function for which theath quark is in theu l ,m& orbit-
ally excited state and the other two lie in the ground sta
Note that this spatial wave function could also have be
written solely in terms of the relative coordinates,rW i2rW j .
The three positions of the quarks have been included to
phasize that this function depends upon the center of m
coordinate. We shall assume that this dependence can
when the terms are summed so that the final baryonic s
only depends on the quarks’ relative coordinates.1 This as-
sumption is certainly true for a wide class of quark poten
models including those of@1–5#. This observation is impor-

1In @1# and @2# these coordinates are usually writtenrW 5(rW1

2rW2)/& and lW 5(rW11rW222rW3)/A6. rW i is the position of thei th
quark.
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tant for understanding theS3 transformation properties of th
terms on each side of this equation.

S3

Since the permutation groupS3 plays an important role in
this analysis of theL51 baryons, we review its basic prop
erties at the same time establishing our notation. The gr
has three irreducible representations: the trivial represe
tion S which corresponds to the completely symmet
Young tableau a one dimensional representationA that

maps reflections to21 and corresponds to the tableauand

the two dimensional representationM corresponding to .
The character table for the conjugacy classes ofS3—the
identity e, the three reflectionsr and the two cyclic permu-
tationsc—is presented in Table I. From this table we c
derive the following rules for the tensor products of the irr
ducible representations:

S^ S5S, S^ A5A, S^ M5M ,

A^ A5S, A^ M5M ,

M ^ M5S% A% M . ~2.2!

Any three objects that may be permuted among each o
form a three dimensional, defining representation ofS3 . The
positions of the three quarks,$rW1 ,rW2 ,rW3%, for example, form
a 3 of S3 . This representation is not irreducible and can
separated into the center of mass coordinate,

RW 5
1

)
~rW11rW21rW3!,

and a pair of coordinates for the internal motion,

S rW1

rW2
D5S 1

A6
~rW11rW222rW3!

1

&
~rW12rW2!

D .

This basis explicitly realizes the decomposition,35S% M .
The three-quark wave functions in Eq.~2.1! transform as

35S% M since they depend on all three positions. TheL
51 baryons, however, transform as a two-dimensionalM
representation, both under theS3 which corresponds to the
spin-flavor groupSU(6) as well as theS3 referring to the
spatial wave functions. This representation for theL51
baryons, combined with those for the mass splitting ope

TABLE I. Character table forS3 .

e r c

S 1 1 1
A 1 21 1
M 2 0 21
0-2
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tors introduced in the next section, are the only informat
we require of the spatial behavior of the quarks. TheS3
group theory is sufficiently restrictive to allow all the baryo
matrix elements of mass operators to be reduced to exp
sions involving a small number of undetermined constan

III. MASS OPERATORS

The definitions of the ground state baryon wave functio
are essentially the same for any nonrelativistic quark mo
Only in the spatial wave functions might one model diff
from another—but what is important for our approach is o
theS3 transformation properties, not the details of the spa
dependence. The lowest order differences among models
pear in the perturbations to the ground state functions.
two theories we compare here—the quark model and
chiral quark model—have a similar set of operators wh
differ in the appearance of flavor matrices in the interactio
of the latter theory.

Our problem is to solve for the masses of theL51 bary-
ons in the nonrelativistic limit,HuC&5EuC&. The Hamil-
tonian,H5H01V, is assumed to be the sum of anSU(6)
symmetric confining termH0 which does not distinguish th
masses of the 70-plet and a perturbative potentialV that
depends on the model being studied. The first model tha
study, both as an illustration of the method and a benchm
against which to compare other models, is the constitu
quark model~@3# and @1#!. In this model the perturbative
potential arises from the first-order term in the expansion
a two-body Coulombic interaction between pairs of quark2

V5Vss1Vso1Vq . ~3.1!

Traditionally @3#, these interactions are of the form

Vss5(
i , j

16pas

9

1

mimj
sW i•sW jd~rW i j !, ~3.2!

a spin-spin interaction,

Vso5(
i , j

as

3r i j
3 F 1

mi
2 ~rW i j 3pW i !•sW i2

1

mj
2 ~rW i j 3pW j !•sW j1

2

mimj

3~rW i j 3pW i !•sW j2
2

mimj
~rW i j 3pW j !•sW i G , ~3.3!

a spin-orbit coupling, and

Vq5(
i , j

2as

3r i j
3

1

mimj
F 3

r i j
2 ~rW i j •sW i !~rW i j •sW j !2~sW i•sW j !G ,

~3.4!

a quadrupole~or tensor! interaction. Here,rW i j [rW i2rW j and
r i j [urW i j u whererW i , pW i , sW i , andmi are the position, momen
tum, spin, and mass of thei th quark. As with the quark wave
functions, our treatment is independent of the radial dep

2Sometimes~@1# and@4#! the spin-spin and the quadrupole oper
tor are grouped together and called the hyperfine interaction,Vhyp

5Vss1Vq .
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dences of these potentials. The only important feature
these operators is their spin, orbital angular momentum,
flavor structure. Therefore, our analysis applies equally w
to any set of hyperfine and spin-orbit interactions of the fo

Vss5(
i , j

f 0~r i j !
1

mimj
sW i•sW j ,

Vso5(
i , j

f 1~r i j !F 1

mi
2 ~rW i j 3pW i !•sW i2

1

mj
2

3~rW i j 3pW j !•sW j1
2

mimj
~rW i j 3pW i !•sW j

2
2

mimj
~rW i j 3pW j !•sW i G ,

Vq5(
i , j

f 2~r i j !
1

mimj
@3~ r̂ i j •sW i !~ r̂ i j •sW j !2~sW i•sW j !#,

~3.5!

where thef a(r i j ) are arbitrary functions of the distances b
tween the interacting quarks. Note that we have include
factor of two in the 1/mimj terms of the spin-orbit potential
Vso , to match the non-relativistic limit for the potential. W
have retained this factor here@and later in Eq.~3.6!# since
whenSU(3) breaking effects, such as a heavier constitu
mass for the strange quark, are included inVso , the fits de-
pend upon the choice of this factor. In the limit that th
spin-dependent interactions are taken to
SU(3)-symmetric, this dependence disappears and the
tors of two can be replaced by an arbitrary coefficient wi
out affecting our results.

The second model we study is motivated by a recent p
posal by Glozman and his collaborators@5#. The idea is that
as the typical momentum of a quarks within a baryon
below the scale of chiral symmetry breaking, the correct
namical degrees of freedom are those of the constitu
quarks which couple to Goldstone boson fields of the bro
symmetry group,SU(3)L3SU(3)R→SU(3)V . This model,
the chiral quark model, modifies the low-energy Coulomb
potential since the constituent quark-Goldstone boson ve
ces carry additionalSU(3) flavor matrices,l i

a ~see Fig. 1!.
This vertex produces perturbative potentials of the sa

form as in the quark model except for the inclusion of
flavor factor,lW i•lW j[(a51

8 l i
al j

a :

Vss5(
i , j

g0~r i j !H 1

mimj
,lW i•lW j J sW i•sW j , ~3.6!

FIG. 1. The constituent quark-Goldstone boson vertex of
chiral quark model.la is a Gell-Mann flavor matrix.
0-3
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HAEL COLLINS AND HOWARD GEORGI PHYSICAL REVIEW D59 094010
Vso5(
i , j

g1~r i j !F H 1

mi
2 ,lW i•lW j J ~rW i j 3pW i !•sW i

2H 1

mj
2 ,lW i•lW j J ~rW i j 3pW j !•sW j

1H 2

mimj
,lW i•lW j J ~rW i j 3pW i !•sW j

2H 2

mimj
,lW i•lW j J ~rW i j 3pW j !•sW i G ,

Vq5(
i , j

g2~r i j !H 1

mimj
,lW i•lW j J @3~ r̂ i j •sW i !

3~ r̂ i j •sW j !2~sW i•sW j !#,

where we have written the arbitrary functions asga(r i j ) to
emphasize that they need not be the same as those in
quark model. The anticommutators ensure that the opera
are Hermitian.
ivi

en
fo
th
he

n
ira
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S3 transformation properties of the mass operators

The fact that the states and the potentials in Eqs.~3.5! and
~3.6! transform as definite representations ofS3 allows us to
constrain greatly the number of unknown parameters in
theory. We therefore first present a method for counting
number of independent constants before writing them i
more concrete form: as matrix elements of specific opera
between three-quark states. Both pieces of the hyperfine
teraction, the spin-spin and the quadrupole operators, tr
form as three dimensional representations ofS3 ; both are
manifestly symmetric under exchanging the interact
quarks. In terms of the irreducible representations ofS3 , we
saw that the3 could be decomposed as

35S% M , ~3.7!

that is, both the spin-spin operator and the quadrupole op
tor have a piece transforming as the trivial representation
a piece transforming as the two-dimensional representat
The matrix elementŝ70uVssu70& or ^70uVqu70&, which pro-
duce the perturbations to the baryon mass spectrum, con
the following tensor product ofS3 representations:
that the
these

of
~3.8!

The trivial representation appears twice in the matrix element. From the Wigner-Eckart theorem, we can conclude
matrix elements ofVss and Vq are each completely determined up to two unknown constants. In specific models,
constants correspond physically to spatial integrals.

The spin-orbit term,Vso , is slightly more complicated. It transforms as a six dimensional fundamental representationS3 .
The decomposition of the6 into its irreducible components is

65S% A% M % M . ~3.9!

Counting the number of unknown constants, we learn that the matrix elements ofVso between70 states,

~3.10!
re
depend upon four undetermined constants since the tr
representation appears four times.

It is helpful to have a specific form for these independ
integrals which can be calculated for a particular model
the quark wave functions. The spin-orbit operator being
most complicated, we begin with it. It can be written in t
form3

3When the masses of the quarks are equal inVso , the factors of
two for the 1/mimj terms can be replaced by an arbitrary coefficie
without altering the results that follow. The expression in the ch
quark model is analogous.
al

t
r
e

Vso5(
i , j

F 1

mi
2LW i j •sW i1

2

mimj
LW j i •sW i1

2

mimj
LW i j •sW j

1
1

mj
2LW j i •sW j G , ~3.11!

where

LW i j [ f 1~r i j !@LW i2~rW j3pW i !#, ~3.12!

LW i being the orbital angular momentum of thei th quark. In
the nonrelativistic limit, the spin and the flavor structures a
completely calculable—what is relevant for theS3 group
theory is the spatially dependent operatorLW i j . In the matrix

t
l

0-4
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S3 AND THE L51 BARYONS IN THE QUARK MODEL . . . PHYSICAL REVIEW D 59 094010
element̂ 70uVsou70& appear sums of matrix elements of th
operator betweenL51 three-quark states,

^c1m
a ~rW1 ,rW2 ,rW3!uLW 12uc1m8

b
~rW1 ,rW2 ,rW3!&5Mab^1,muLW u1,m8&,

~3.13!

whereLW is the total orbital angular momentum of the thre
quark state. The matrix elements for other choices ofi and j

for LW i j are similarly defined but are simply a permutation
the entries of the elements ofMab. The matrixMab is a
333 Hermitian matrix of spatial integrals differing only a
to which of initial or final the quarks is excited. We kno
from the Wigner-Eckart theorem that the matrix elements
the 70-plet baryons cannot depend separately upon all o
elements of the matrixM, but only upon four linear combi-
nations; these combinations are

FIG. 2. Masses of theL51 baryons in the quark model;x2

5123.6432,Nf it518.

TABLE II. Best-fit values of theS3 constants for the quark
model and chiral quark model.~* ! All of the parameters are in unit
of MeV exceptdm which is dimensionless.

Perturbation
(MeV)*

Quark
model

Chiral
quark model

D1 196.9 287.78
D2 219.50 252.11
SO1 30.85 21.106
SO2 47.99 15.93
SO3 290.50 17.40
Q1 12.63 214.10
Q2 7.762 215.38
dm 0.269 0.286
M0 1613 1477
x2 123.6 24.76
09401
-
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SO1[M111M222M122M21,

SO2[M112M222M131M232M311M32,

SO3[M111M2214M331M121M21

22M1322M2322M3122M32,

SO4[~M122M21!2~M132M31!

1~M232M32!.

The matrixM being Hermitian,SO4 must be purely imagi-
nary or zero.

Time reversal provides an additional constraint which i
posesSO4[0. Under time reversal, we assume that the th
quark wave functions transform in the usual way: that

Qc lm
a ~rW1 ,rW2 ,rW3!5~21! l 1mc lm

a ~rW1 ,rW2 ,rW3!, ~3.14!

whereQ represents the time reversal operator, and thatLW i j

transforms asQLW i j Q
2152LW i j . It follows that Mab

5Mba is a symmetric matrix. SinceMab5(Mba)* , Mab

is therefore a real symmetric matrix and the linear combi
tion SO4 must vanish. Thus, for both the quark model a
the chiral quark model, the spin-orbit matrix elements of t
barons are completely determined by only three consta
SO1 , SO2 andSO3 , which can be calculated in a specifi
model.

We describe the hyperfine interactions more briefly.
we know in advance from theS3 group theory that there ar
only two independent constants in either case, we shall
fine fewer three quark matrix elements than was done for
spin-orbit operator. Let us define the spatial integrals

^c1m
1 ~rW1 ,rW2 ,rW3!u f 0~r 12!uc1m8

1
~rW1 ,rW2 ,rW3!&5A1dmm8 ,

^c1m
1 ~rW1 ,rW2 ,rW3!u f 0~r 12!uc1m8

2
~rW1 ,rW2 ,rW3!&5A2dmm8 ,

FIG. 3. Masses of theL51 baryons in the chiral quark mode
x2524.7568,Nf it518.
0-5
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TABLE III. Masses and mixing angles of theL51 baryons in the quark model.** indicates a baryon
which has not been observed in experiments, while* indicates that mixing with this spin-flavor represent
tion is forbidden.

Baryon
Mass

~Expt.!
Mass
~Fit! 48 28 210 21

N J5
1
2 1535215

120 1529 20.3537 20.9354 * *

1650210
130 1631 20.9354 0.3537 * *

N J5
3
2 152025

110 1520 20.3283 20.9446 * *
1700250

150 1752 20.9446 0.3283 * *

N J5
5
2 167525

110 1674 1.0000 * * *

D J5
1
2 162025

155 1884 * * 1.0000 *

D J5
3
2 1700230

170 1757 * * 1.0000 *

S J5
1
2 1750220

150 1715 20.1874 20.9773 0.0988 *
** 1840 0.9819 20.1892 20.0094 *
** 1983 0.0279 0.0952 0.9951 *

S J5
3
2 167025

115 1704 0.3113 0.9480 20.0658 *
** 1876 0.0803 0.0428 0.9959 *

1940240
110 1908 0.9469 20.3153 20.0628 *

S J5
5
2 177525

15 1781 1.0000 * * *

L J5
1
2 140724

14 1418 0.01780 0.0082 * 20.9998

1670210
110 1649 0.6359 0.7716 * 0.01767

1800280
150 1717 0.7716 20.6361 * 0.0085

L J5
3
2 1519.521

11 1519 0.0503 0.2395 * 20.9696
169025

15 1666 0.3513 0.9045 * 0.2416

** 1836 0.9349 20.3528 * 20.0386

L J5
5
2 1830220

10 1834 1.0000 * * *

J J5
1
2 ** 1806 0.7132 0.7010 * *

** 1860 20.7010 0.7132 * *
J J5

3
2 182325

15 1819 20.3514 20.9362 * *
** 1955 20.9362 0.3514 * *

J J5
5
2 ** 1967 1.0000 * * *

J* J5
1
2 ** 2076 * * 1.0000 *

J* J5
3
2 ** 1995 * * 1.0000 *

V J5
1
2 ** 2172 * * 1.0000 *

V J5
3
2 ** 2113 * * 1.0000 *
ar
n

e
ro-
^c1m
3 ~rW1 ,rW2 ,rW3!u f 0~r 12!uc1m8

3
~rW1 ,rW2 ,rW3!&5A3dmm8

~3.15!

for the spin-spin operator. Then only the following line
combinations appear in the matrix elements for the baryo

D15A11A212A3 ,

D25A12A2 . ~3.16!
09401
s:

A sufficient basis of spatial integrals for writing all of th
baryon matrix elements of the quadrupole operator is p
vided simply by

^c1m
1 ~rW1 ,rW2 ,rW3!uQabuc1m8

1
~rW1 ,rW2 ,rW3!&

5Q1^1,muLaLb2 1
3 dabL2u1,m8&,

^c1m
1 ~rW1 ,rW2 ,rW3!uQabuc1m8

2
~rW1 ,rW2 ,rW3!&

5Q2^1,muLaLb2 1
2 dabL2u1,m8&, ~3.17!
0-6
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TABLE IV. Masses and mixing angles of theL51 baryons in the chiral quark model.

Baryon
Mass

~Expt.!
Mass
~Fit! 48 28 210 21

N J5
1
2 1535215

120 1536 20.4849 20.8746 * *

1650210
130 1658 20.8746 0.4849 * *

N J5
3
2 152025

110 1512 0.4915 20.8709 * *

1700250
150 1535 20.8709 20.4915 * *

N J5
5
2 167525

110 1692 1.0000 * * *

D J5
1
2 162025

155 1643 * * 1.0000 *

D J5
3
2 1700230

170 1776 * * 1.0000 *

S J5
1
2 ~1620! 1648 20.5882 20.7248 20.3588 *

** 1743 0.7688 20.3636 20.5260 *
1750220

150 1779 20.2508 0.5853 20.7711 *
S J5

3
2 ~1580! 1621 0.9320 20.3575 0.0604 *

167025
115 1672 20.3625 20.9192 0.1538 *

1940240
110 1865 20.0005 0.1652 0.9863 *

S J5
5
2 177525

15 1772 1.0000 * * *

L J5
1
2 140724

14 1408 20.0395 20.2071 * 20.9775

1670210
110 1671 0.3384 0.9177 * 20.2081

1800280
150 1784 0.9402 20.3391 * 0.0339

L J5
3
2 1519.521

11 1519 0.0243 0.4288 * 20.9031
** 1655 20.0240 0.9033 * 0.4283

169025
15 1693 0.9994 0.0113 * 0.0322

L J5
5
2 1830220

10 1811 1.0000 * * *

J J5
1
2 ** 1788 20.2884 20.9575 * *

** 1891 20.9575 0.2884 * *
J J5

3
2 ** 1763 20.0477 20.9989 * *

182325
15 1824 20.9989 0.0477 * *

J J5
5
2 ** 1911 1.0000 * * *

J* J5
1
2 ** 1861 * * 1.0000 *

J* J5
3
2 ** 1944 * * 1.0000 *

V J5
1
2 ** 1971 * * 1.0000 *

V J5
3
2 ** 2028 * * 1.0000 *
rs
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where

Qab[ f 2~r 12!~3r̂ 12
a r̂ 12

b 2dab!. ~3.18!

Neither of these cases is further constrained by time-reve
symmetry other than to say that the above constants ar
real.

It is now possible to express the masses of theL51 bary-
ons in terms of the seven unknown spatial integr
(D6 ,SO1,2,3,Q1,2) and the common 70-plet zero-order ma
09401
al
all

s

^70uH0u70&[M0 . We further shall explicitly breakSU(3),
while keeping isospin symmetry, by giving the strange qu
a larger mass,ms.mu5md . These masses correspond to t
constituent masses so that the strange-up mass differenc
be assumed to be small,

dm[
ms2mu

mu
!1. ~3.19!

SinceSU(3) is only weakly broken, we shall work only to
0-7
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TABLE V. A comparison of the compositions of the baryons obtained from theSU(6)w model fit to
70→561¯ decays@12# with those obtained in our fits for both the quark model~qm! and the chiral quark
model (xqm).

Quark model Chiral quark model

decayŝNJ5
1
2
uNJ5

1
2
&qm520.98 decayŝNJ5

1
2
uNJ5

1
2
&xqm521.00

decayŝNJ5
3
2
uNJ5

3
2
&qm520.87 decayŝNJ5

3
2
uNJ5

3
2
&xqm520.94

decayŝL(1405)uL(1405)&qm520.84 decayŝL(1405)uL(1405)&xqm520.94

decayŝL(1670)uL(1670)&qm520.63 decayŝL(1670)uL(1670)&xqm520.42

decayŝL(1800)ul(1800)&qm520.70 decayŝL(1800)uL(1800)&xqm520.48
x
s.
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first order indm'0.27– 0.29. The mass factors appear e
plicitly in the 1/mi coefficients of the perturbative potential

We should here pause to remark on the power of theS3
argument. The group theory allows us to calculate the p
turbations to a model with a specific spin, orbital angu
momentum and flavor structure but with other details l
arbitrary. This feature allows us to test the plausibility o
model’s ability to explain the observedL51 baryon spec-
trum by adjusting the independent constants to fit th
masses. If the model fails to fit the data to a reasona
confidence level, then regardless of the dynamical mode
the quark wave functions used, it will still fail adequately
generate the observedL51 mass splittings. The convers
however, is not true. Even should a model fit the data w
realistic choices for the quark wave functions may n
achieve the best fit attainable in the full parameter space

As an example, the mass perturbation to theuD; 1
2;J5 3

2&
states in the quark model is

DmD,3/25M01
1

2
D12

9

2
D21SO21SO3 , ~3.20!

while for the chiral quark model, the perturbation becom

DmD,3/25M01
2

3
D126D21

4

3
SO21

4

3
SO3 . ~3.21!

The calculation of these matrix elements, as well as those
the rest of the baryons was accomplished with the Ma
symbolic manipulation program. The mass splitting ope
tors will in general mix baryons which have equivalent to
angular momentum, isospin and strangeness.

IV. THE COMPARISON WITH EXPERIMENT

Among the baryons observed to date, eighteen have b
reliably identified with theL51 baryons@7#. Our program
then is to obtain the best possible fit with the nine unkno
quantities—the seven spatial integrals for the interaction
parameter for theSU(3) breaking, and zero-order baryo
mass—to the masses of these eighteen baryons. Fits
made for each of the two models. The actual fitting rout
applied a Levenberg-Marquardt algorithm@8# which chose
its initial conditions randomly within this nine-dimension
parameter space. For those baryons within an incomple
measured set with the sameJ, I, and strangeness, specifical
the SJ5

3
2
, theSJ5

1
2
, theLJ5

3
2
, and theJJ5

3
2
, all the pos-
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sible assignments of elements of these sets to the meas
masses were sampled; those which produced the best
the mass spectrum are displayed in this section. The va
for the parameters for the two pictures of the low ener
physics within a baryon are shown in Table II, with thex2

for each of the fits.
These values produce the mass spectra displayed in F

for the quark model and in Fig. 3 for the chiral quark mod
In these figures, the baryons used to fit the experiment
observed masses are shown in unbroken lines while the
maining baryons masses, shown in dashed lines, repre
predictions. The composition of the baryons in terms of sp
flavor multiplets is summarized in Tables III and IV.

The eighteen baryons chosen for the fits are those liste
the Baryon Summary Table of@7#; we should mention tha
the existence two otherL51 states, theSJ5

1
2
(1620) and the

SJ5
3
2
(1580), has been fairly well established. As we sh

see, the quark model is unable to fit the baryon spectr
with a satisfactoryx2 even with the omission of these tw
baryons. But as the chiral quark model successfully fit
baryons listed in the Baryon Summary Table, we have
cluded these two in Table IV. Although they were not i
cluded in the fitting routine, each baryon has a ‘‘predicte
state within 20–40 MeV so that we do not expect that o
conclusions, nor thex2 of the fit, would alter greatly had
they been included in the fitting procedure.

A. The quark model

The standard quark model fares rather poorly with a b
x2 value of 123.6 for only eighteen fit parameters. T
masses of theL(1405)@J5 1

2# and theL(1520)@J5 3
2# bary-

ons have been been measured to within64 MeV and 61
MeV, respectively, and tend to drive the fit parameters
produce a precise fit for these states—at the expense of
ers. An accurate fit of theL’s tends to produce a poor fit fo
the decuplet states, most glaringly, giving a predicted m
of 1884 MeV for theD~1620!. More generally, the quark
model predicts higher masses for decuplet states with lo
total angular momentum in contrast with the general tre
for the l 51 baryons, in particular the observed reversed

dering of theJ5 1
2 andJ5( 3

2)D masses. The original stud
of the 70-plet baryons by Isgur and Karl@1# succeeded in
obtaining a better fit for the decuplet states but only at
expense of a predicted mass of 1490 MeV for theL~1405!
and a consequently poorerx2. It seems difficult for the con-
stituent quark model to account for both the lightness of
0-8
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L states and the decuplet mass spectrum. This failure is o
described in terms of the size of the spin-orbit coupling
weak coupling is needed to fit the majority of the baryons
a strong coupling is required to generate the obser
L~1520!-L~1405! mass splitting@9#.

B. The chiral quark model

The chiral quark model is able to reconcile successfu
these two features and produce an acceptable fit for the
tected baryon spectrum: ax2 of only 24.76. Its worst failure
among the observed baryons is that the model does not

erate a sufficient splitting in theJ5( 3
2)N states, only abou

20 MeV compared with an experimental splitting of almo
200 MeV. At present, the large experimental error in t

FIG. 4. Masses of theL51 baryons in the quark model with
SU(3) symmetric interactions;x2579.2456,Nf it518.

FIG. 5. Masses of theL51 baryons in the chiral quark mode
with SU(3) symmetric interactions;x2533.2254,Nf it518.
09401
en
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N(1700) allows a ‘‘good’’ fit to be achieved but it may b
difficult to accommodate the actual splitting as more prec
data are obtained.

As mentioned, the quark model analysis of Isgur and K
@1# found that, aside from largeL~1520!-L~1405! mass split-
ting, the splitting among the baryon multiplets required
extremely small spin-orbit contribution to the masses. T
difficulty in justifying this small spin-orbit coupling has bee
called the ‘‘spin-orbit puzzle.’’ In the chiral quark mode
while the spin-spin interactions dominate with a streng
roughly five times that of the other terms, the spin-orbit
teractions are comparable to the quadrupole interactio
with only two of the three independent integrals responsi
for essentially all of the spin-orbit contribution. Thus th
spin-orbit puzzle does not seem to occur in the chiral qu
model.

C. The L„1405…

The low mass of theL~1405! has marked it as somethin
of a conundrum among theL51 baryons. At one extreme, i
would seem reasonable to regard it as aK̄N bound state
since its mass lies 30 MeV below theK̄N threshold. Alter-
natively, the nonrelativistic quark model treats theL~1405!
as an ordinaryL51 baryon composed of some mixture
SU(3) singlet and octet states. Traditionally, the qua
model @1# predicts that theL~1405! mainly is composed of
the singlet state with a small admixture of the octet states
such a behavior is seen in the best-fit results for the qu
model ~gluon exchange!:

L~1405!qm520.9998u21; 1
2 ; &10.0082u28; 1

2 ; 1
2 &

10.0178u48; 3
2 ; 1

2 &. ~4.1!

The chiral quark model~Goldstone boson exchange! gives a
similar result for the composition of theL~1405! except that
the spin-12 octet contribution is slightly enhanced:

L~1405!xqm520.9775u21; 1
2 ; 1

2 &20.2071u28; 1
2 ; 1

2 &

20.0395u48; 3
2 ; 1

2 &. ~4.2!

Since the chiral quark model succeeds in fitting the obser
baryon masses well, it is instructive to probe the model f
ther by comparing the consequences of this predicted c
position with some of the other phenomenological proper
of this baryon.

Nathan Isgur@10# has recently proposed that theL~1405!
can be studied in heavy quark effective theory limit. In th
picture, theL~1405! is a uds quark bound state where th
strange quark mass is taken to be heavy compared to th
and the down quark masses. Singling out thes quark breaks
the SU(3) flavor symmetry and its spin and orbital angul
momentum completely determine that of theL~1405!. The
ud quarks form an inertS50, L50 pair. Such a state no
longer can be described in terms of pureSU(3) states; how-
ever it does contain equal amounts of the singlet and sp1

2

octet states. Such a composition contrasts with that emer
0-9
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TABLE VI. Masses and mixing angles of theL51 baryons in the quark model withSU(3) symmetric
interactions.

Baryon
Mass

~Expt.!
Mass
~Fit! 48 28 210 21

N J5
1
2 1535215

120 1522 20.2404 20.9707 * *
1650210

130 1647 20.9707 0.2404 * *

N J5
3
2 152025

110 1503 0.8903 0.4554 * *
1700250

150 1584 20.4554 0.8903 * *

N J5
5
2 167525

110 1671 1.0000 * * *

D J5
1
2 162025

155 1761 * * 1.0000 *

D J5
3
2 1700230

170 1732 * * 1.0000 *

S J5
1
2 ** 1639 20.2404 20.9707 0.0000 *

1750220
150 1764 20.9707 0.2404 0.0000 *
** 1878 0.0000 0.0000 1.0000 *

S J5
3
2 ** 1620 0.8903 0.4554 0.0000 *

167025
115 1701 20.4554 0.8903 0.9959 *

1940240
110 1849 0.0000 0.0000 1.0000 *

S J5
5
2 177525

15 1788 1.0000 * * *

L J5
1
2 140724

14 1414 0.0000 0.0000 * 1.0000

1670210
110 1639 20.2404 20.9707 * 0.0000

1800280
150 1763 20.9707 0.2404 * 0.0000

L J5
3
2 1519.521

11 1519 0.0000 0.0000 * 1.0000

** 1620 0.8903 0.4554 * 0.0000

169025
15 1701 20.4554 0.8903 * 0.0000

L J5
5
2 1830220

10 1788 1.0000 * * *
J J5

1
2 ** 1756 20.2404 20.9707 * *

** 1880 20.9707 0.2404 * *
J J5

3
2 ** 1736 0.8903 0.4554 * *

182325
15 1818 20.4554 0.8903 * *

J J5
5
2 ** 1904 1.0000 * * *

J* J5
1
2 ** 1995 * * 1.0000 *

J* J5
3
2 ** 1966 * * 1.0000 *

V J5
1
2 ** 2112 * * 1.0000 *

V J5
3
2 ** 2083 * * 1.0000 *
th
l-
a

in either the quark model or the chiral quark model. In bo
cases, theL~1405! remains essentially a singlet state a
though the chiral quark model does match the heavy qu
theory’s predictions marginally better:

^L~1405!xqmuL~1405!HQET&50.6079 ~4.3!
09401
rk

compared to an overlap of

^L~1405!qmuL~1405!HQET&50.5089 ~4.4!

for the quark model.
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TABLE VII. Masses and mixing angles of theL51 baryons in the chiral quark model withSU(3)
symmetric interactions.

Baryon
Mass

~Expt.!
Mass
~Fit! 48 28 210 21

N J5
1
2 1535215

120 1540 0.6313 20.7755 * *
1650210

130 1660 20.7755 20.6313 * *
N J5

3
2 152025

110 1521 20.1808 20.9835 * *
1700250

150 1564 20.9835 0.1808 * *
N J5

5
2 167525

110 1661 1.0000 * * *
D J5

1
2 162025

155 1636 * * 1.0000 *
D J5

3
2 1700230

170 1783 * * 1.0000 *
S J5

1
2 ~1620! 1668 0.6313 20.7755 0.0000 *

1750220
150 1764 0.0000 0.0000 1.0000 *

** 1788 20.7755 20.6313 0.0000 *
S J5

3
2 ~1580! 1648 20.1808 20.9835 0.0000 *

167025
115 1692 20.9835 0.1808 0.0000 *

1940240
110 1911 0.0000 0.0000 1.0000 *

S J5
5
2 177525

15 1788 1.0000 * * *
L J5

1
2 140724

14 1407 0.0000 0.0000 * 1.0000

1670210
110 1668 0.6313 20.7755 * 0.0000

1800280
150 1788 20.7755 20.6313 * 0.0000

L J5
3
2 1519.521

11 1519 0.0000 0.0000 * 1.0000
** 1649 20.1808 20.9835 * 0.0000

169025
15 1692 20.9835 0.1808 * 0.0000

L J5
5
2 1830220

10 1788 1.0000 * * *
J J5

1
2 ** 1795 0.6313 20.7755 * *

** 1915 20.7755 20.6313 * *
J J5

3
2 ** 1776 20.1808 20.9835 * *

182325
15 1819 20.9835 0.1808 * *

J J5
5
2 ** 1916 1.0000 * * *

J* J5
1
2 ** 1892 * * 1.0000 *

J* J5
3
2 ** 2038 * * 1.0000 *

V J5
1
2 ** 2019 * * 1.0000 *

V J5
3
2 ** 2166 * * 1.0000 *
r
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D. Mixing angles from L 51 decays

The decays of the70 states into56 states provide anothe
estimate of the observed baryons’ compositions in terms
SU(3)3SU(2) eigenstates. While fits to the decay amp
tudes have been performed for the quark model@11#, they do
not include estimates for the mixing angles; however,
mixing angles have been extracted for theSU(6)W model
@12#, which has the same algebraic structure for the decay
the standard quark modelSU(6). A comparison of the com
positions of the states fit to70 decays@12# with those of the
two models fit here to the mass spectrum are shown in T
V. In this table we have only included the states from mix
J-multiplets that have been completely observed—theN
states and the threeLJ5

1
2

states.
Both models agree extremely well with the decay e

mates for theN state compositions, but they begin to di
agree for theL states. The decays of theL51 baryons sug-
gest that theL~1405! and theL~1520! are principally singlet
states, which is in accord with our fits. However, t
09401
of

e

as

le
d

-

L~1800! in the chiral quark model is predominantly anS
5 3

2 octet state whereas the fits to the decay amplitudes
gest it is principally anS5 1

2 octet state. While not conclu
sive, these disagreements suggest it may be a challeng
the chiral quark model to fit simultaneously the mass sp
trum and the observed decay amplitudes.

E. SU„3… symmetric perturbations

In evaluating the matrix elements of the mass operator
Eqs.~3.5! and~3.6!, we explicitly broke flavor symmetry by
giving the strange quark a heavier mass. We shall now
amine what happens to the fits whenSU(3) is preserved in
these spin operators. The rationale for taking this limit is t
if both the spin splitting and the flavor breaking effects a
small, terms that simultaneously breakSU(3) and SU(2)
can be regarded as higher order effects.

The results for the fits to theL51 baryon spectrum due to
an explicitSU(3) breaking term plus flavor-symmetric ve
sions of the operators in Eqs.~3.5! and ~3.6! are shown in
0-11
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Figs. 4 and 5. The mixing angles are included in Tables
and VII while Table VIII displays the best fit values of theS3
constants in units of MeV@except for the dimensionles
SU(3) breaking parameter#. Surprisingly, thex2 improves
for the quark model fit, from 123 to 79, although the gene
pattern remains as before. Some of the assignments o
states being fit, among theSJ5

1
2
, SJ5

3
2

and LJ5
3
2

states,
have changed. The ordering of the multiplets of decup
remains unaltered. One feature that Fig. 4 does not conve
that many other arrangements of the baryons in the inc
pletely observed multiplets also lead to a better fit than t
of Fig. 2, the best fit obtained for theSU(3)-breaking spin
operators.

The value ofx2 for the chiral quark model predictabl
worsened whenSU(3) was imposed on the spin-splittin
operators. The pattern of masses otherwise did not cha
significantly. Comparing the the masses in theSU(3) sym-
metric and theSU(3)-broken limits ~Tables VII and IV!
provides an estimate for the theoretical errors associated
our fits—most of the fit baryon masses agreed to wit

TABLE VIII. Best-fit values of theS3 constants for the quark
model and chiral quark model withSU(3) symmetric spin opera
tors.~* ! All of the parameters are in units of MeV exceptdm which
is dimensionless.

Perturbation
(MeV)*

Quark
model

Chiral
quark model

D1 123.9 279.73
D2 221.14 257.05
SO1 214.32 0.744
SO2 277.90 16.24
SO3 68.34 20.38
Q1 218.20 2.699
Q2 210.12 20.982
dm 0.221 0.265
M0 1585 1445
x2 79.24 33.23
v
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10–20 MeV. Most of the sizes of the fit parameters did n
differ much between the two fits with the exception of t
quadrupole interaction which is substantially smaller in t
SU(3) symmetric limit.

V. CONCLUSION

The S3 permutation group provides a new tool for th
study of the physics within baryons. In addition to freeing
from a specific choice for the quark-quark potential, this a
proach allows a comparison of theories differing in the flav
structure of their interactions. When applied to the traditio
quark model and the more recent chiral quark model,
approach places the two theories on an equal footing wi
one-to-one mapping of the unknownS3 parameters betwee
the two theories. The results of this comparison were so
what surprising—the chiral quark model shows a clearly b
ter fit with the observedL51 baryon spectrum.

Since the chiral quark model provided a good fit a
seems to be able to avoid the spin-orbit problem, we sho
mention some of the challenges that it still faces. As sta
earlier, the fitting routine ranged over the entire availa
parameter space and it remains to show that the best-fit s
parameters can be realized by a physical potential for
quark-quark interactions. It would also be interesting to s
whether this superiority over the traditional quark model
persists when we attempt to fit simultaneously theL50, the
negative and positive parityL51, and lowest excited state
of theN52 band. This program was carried out by Capst
and Isgur@4# for a relativized quark model with harmoni
oscillator wave functions. Finally, if the model is to provid
a believable explanation of the low-energy physics within
baryon it must not only describe the mass spectrum, but
accommodate the excited state decays.
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