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Appendix A. Pricing kernel, risk-neutral measure

Given the exogenously specified process for the pricing kernel, the risk-neutral measure
can be derived.! The pricing kernel, 7, evolves according to

dm ()t — O (1) AW (1)

T
Define the density process for the risk-neutral measure by
dq)
=E|—]|.
o= n [
This density process and the pricing kernel are related by

& = By, (3)

b= enn{ tr(usms} (W

is the time t price of a bond paying the riskless rate and By has been normalized to one.?
Applying It0’s lemma gives

where

dgt = Btdﬂ't + WtdBt . (5)

Plugging in the expression for dmy,
d&; = By[—r(vy)mdt — o™ (vy)m dW]™| + md By . (6)

Replacing m; with %tt and dividing through by &; gives

d. 1
ﬁ = —r(v)dt — " (1)dW" + —dB; . (7)
&t B,
[to’s lemma implies
dBt = T(Vt)dt . (8)
Thus, the density process, &, evolves according to
d£ m m
?: = =" () dW{" . (9)

IBecause the horizon is infinite, the risk-neutral measure, Q, that is used for pricing contingent claims is
not an equivalent probability measure to the physical measure, P. Still, the risk-neutral measure Q has the
necessary properties for risk-neutral pricing. See ? for more details.

2See 7.



Applying Girsanov’s Theorem, a new Brownian motion under the risk-neutral measure is
given by L

dW,™ = dW™ + " (1)dt . (10)
The firm-specific Brownian motion, Wtf ™ that generates the idiosyncratic shocks to firm n’s
cash flows is independent of the Brownian motion W;" generating systematic shocks to the

economy. Thus, Wtf "™ is still a Brownian motion under the risk-neutral measure for all firms
n. Under the risk-neutral measure, cash flows for firm n evolve according to

axr
X

= 1" (vy)dt + o (v )dW™ + AW/, (11)

where 1"(1;) is the drift under the risk-neutral measure

-n

pr(m) = p" () = o ()™ (1) (12)

The total volatility of the cash flows of firm n is given by

o) = \J o (0)? + (7). (13)

The two Brownian motions driving the idiosyncratic and systematic shocks to firm n’s cash
flows under the risk-neutral measure can be aggregated into a single Brownian motion (under
the risk-neutral measure) for firm n, which is given by

dWr = Jm(””divﬁm + detf ", (14)

oy (ve) o'y (1)
So the evolution of firm n’s cash flows under the risk-neutral measure can be expressed as

dxp

= A ()dt + o (1) dW. (15)
t

Appendix B. Solving for unlevered firm value

Here I show how to solve for the unlevered firm value.?> The pair of ordinary differential
equations characterizing the unlevered firm value has an associated characteristic function
given by

91(8)g2(8) = Az, (16)

where

9(B) = X +7 = (i — 5098 — 3078 (17)

3The exposition follows ?. See also ? and ?.



and

1

9(8) = Xo + 7~ (s — 503)8 — 503" (15)

This characteristic function has four distinct roots: 81 < s < 0 < 3 < 4. The general
form of the solution is given by

ANX) = (X)) + 3 G (19)
A(X) = 62(X) + ) Ha™, (20)
and %) \
o N SR 2 '
Hz’ - l(6%>G’L )\1 Gz 92(51') Gz . (21)

However, boundedness conditions on the unlevered firm value need to be imposed. These
are

lim Al) < oo and lim A'(x) < co. (22)

r—00 x z—0

These two conditions imply §; = 0, ¢ = 1,...,4. Thus the unlevered firm value has the
form

A(X) = ¢i(X) (23)

Conjecture that the unlevered firm value is affine in X. That is,
ANX) =X +d; (24)

Furthermore, d; = 0, i = 1,2, because A*(0) = 0.
Thus, the conjecture becomes .
A(X) =¢X. (25)

Plugging these expressions into the two ODEs characterizing the unlevered firm value
and with some rearranging gives a linear system of two equations in two unknowns:
,U,l'CiX — (/\z + T)CZ'X + X + /\iCjX = 0, j 7é 1. (26)
Solving these two equations for ¢y, co gives the unlevered firm value in state ¢ as

()\1 +)\2+T—/Lj)X

AL W Ay w1 W

(27)




If 1y = po, then the unlevered firm value is the same in both states and is given by

A(X) = r)_(M. (28)

Appendix C. Eigenvalue problem

This Appendix describes the eigenvalue problem for the cash flow region in which neither
default nor restructuring is an immediate threat. Define the log cash flow process, z; =
log(X;). By It6’s lemma, under the risk-neutral measure, the log cash flow process evolves
according to

~ 1 =
dmt = |JLL(I/0 — §O'X(Vt)2:| dt + O'X(Vt)th . (29)
Under the risk-neutral measure, the price process of any contingent claim on firm cash flows

is a martingale with the cash flows discounted by investors at the risk-free short rate, r(v;).
Thus, these contingent claims are martingales of the form

M = exp (— /0 tr@u) du) Flvg, ) (30)

for some function f that depends on the payoffs of the given security.
Applying Ito’s lemma gives

M/ = exp (— /Otr(yu) du) {(A _R)f + %zfm 4 @fx] dt (31)

R is the diagonal matrix of r; ’s. X is the diagonal matrix of o2; ’s. © is the diagonal
matrix of the risk-neutral drifts of the log cash flow process. A is the generator matrix of
the Markov chain, v;.
Because Mtf is a martingale, it has zero drift, implying
1

Seeking a separable f of the form

Fv, z0) = g(n)exp(—Bx) = g(v) X7, (33)

gives the following equation to be solved in  and g:

(A—R)g + %BQEQ — B6g = 0. (34)



Pre-multiplying the above equation by 2X7! gives
251 (A — R)g + 3*g — 28%7'0g = 0. (35)
This gives the following system of equations:

Bg = h (36)
ph = 2%7'Oh —22"HA - R)g. (37)

This can be written as a standard eigenvalue problem of the form

A<z>:(—221(()A—R) 22]1@)(2)25(2) (38)

If (g, ) solve this eigenvalue problem, then

Ml = cap (= [ rta)du— ) glon (39)

is a martingale. The matrix A has exactly two eigenvalues with positive real parts and two
with negative real parts.

Appendix D. Solving for the w coeflicients

For the case in which there are two aggregate states to the Markov chain, there are a
total of three relevant cash flow regions and each security has a total of 16 w coefficients
(eight for each initial state).

The cash flow regions are
Region 1: X € [X},, X?)

Region 2: X € [X%,Xg(l))

Region 3: X € [X;j(l),Xg(Q))

For X < X}, the firm is always in default regardless of the state, and for X > X ;}(2) the firm
has already restructured upward for any state.



D.1. Debt

For a given initial state, vy, the eight boundary conditions for debt are

XIE)?Q D(X,1,1) Xlir)?z D(X,1, 1) (40)

Xlg{l2 Dx (X, 1, 1) Xlir)r(l2 Dx (X, 1,1) (41)

lim D(X,u(2), ) lim D(X,u(2), ) (42)
xtxpth xyxpth

lim Dx (X, u(2), ) lim Dx(X,u(2),vp) (43)
xtxptt xyxpth

D(Xp, 1) = (1-a(l)VY(Xp,1) (44)

D(X},2,m) = (1-a(2)VY(X},2) (45)

DY u(1),m) = D(Xo,m) (46)

D(X® u(2),1) = D(Xo, 1) (47)

Egs. (40) and (42) are the value-matching conditions across cash flow regions, and Egs. (41)
and (43) are the smooth-pasting conditions across regions. Eqs. (46) and (47) are the value-
matching boundary conditions for default, and Eqs. (46) and (47) are the value-matching
boundary conditions for upward-restructuring.

The initial (par value) of debt at time 0 is given by

D(Xo,vo;19) = w£1(V0)92,1(Vo)(%p{ﬂmfo} + w£2(VO)9272(V0)6$p{62,2x0} +
wy's(10)g2,3(1o)exp{ faszo} + w3y (o) go,u(vo)exp{ Baazo} + (1 — 73)C (1) b(vg)
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D(Xo,v0;v0) = Y wy;(10)ga;(vo)exp{ Ba, 70} + (1 — 7:)C(10)b(p) (48)
j=1
g2.; (1) is a scalar; that is, it is the vy element of the g, ; eigenvector, where go ; is the jth

eigenvector for the eigenvalue problem for the second cash flow region. Thus, a system of
eight equations results to solve for the eight unknown w” coefficients.

G(X)usWP +&€(X)rus + Cns = GX)rusWP + &(X)rus + Crus (49)
(G(X) s — G(X)rus) WP = &(X)rus + Crus — E(X)ras — Cous (50)

Thus,

WP = [G(X)rws — G(X)rus) " (E(X)rus + Crirs — E(X)rms — Crus) - (51)



D.2.  Equity

For a given initial state, vy, the 8 boundary conditions for equity are

lim B(X,1,1p) = lim E(X,1,v) (52)
X1X2 X1X2
lim Ex(X,l,Vo) = lim Ex(X,l,l/o) (53)
X1X2 X1X%
lim E(X,u(2),1y) = lm E(X, u(2),1v) (54)
xrxptt xyxpth
lim Ex(X,u(2),1y) = lim Ex(X, u(2),w) (55)
xtxp xyxpth
E(Xp,1,n) = 0 (56)
E(X},2,19) = 0 (57)
u(1) X
EXy S u(l),m) = == [(1 = ) D(Xo, u(1);u(1)) + E(Xo, u(1); u(1))] = D(Xo, vo;v0) - (58)
u Xu(Z)
B an) = SE—(( - )D(Xo,u(2)u(2) + E(Xo, a2 u()] - D(Xo,w5)  (59)

These conditions hold for an arbitrary coupon rate, C'(1y). For a given initial state, vy, the
optimal default thresholds (for an arbitrary coupon) satisfy the smooth-pasting conditions
for equity such that

0
XX ()
0
—FE(X,2;1) = 0. (61)
0X X|X3(v0)




