IDEAL BINARY CLUTTERS, CONNECTIVITY, AND A CONJECTURE OF SEYMOUR
GERARD CORNUEJOLS AND BERTRAND GUENIN

ABSTRACT. A binary clutter is the family of odd circuits of a binary matroid, that is, the family of circuits that
intersect with odd cardinality a fixed given subset of elements.ALdenote the&, 1 matrix whose rows are the
characteristic vectors of the odd circuits. A binary clutter is ideal if the polyheflror 0 : Az > 1} is

integral. Examples of ideal binary clutters aftepaths,st-cuts, T-joins or T-cuts in graphs, and odd circuits

in weakly bipartite graphs. In 1977, Seymour conjectured that a binary clutter is ideal if and only if it does not
contain g, Ok, 0rb(O ) as aminor. In this paper, we show that a binary clutter is ideal if it does not contain
five specified minors, namely the three above minors plus two others. This generalizes Guenin’s characterization
of weakly bipartite graphs, as well as the theorem of Edmonds and Johng&4oams and? -cuts.

1. INTRODUCTION

A clutter 7 is a finite family of sets, over some finite ground $&t ), with the property that no set of
‘H contains, or is equal to, another set?6f A clutter is said to bedeal if the polyhedron{z € R 'f“”' :
Yies i > 1,¥S € M} is an integral polyhedron, that is, all its extreme points hawvecoordinates. A
clutter istrivial if # = § or#t = {}}. Given a nontrivial clutte?, we write A(#) for a 0,1 matrix whose
columns are indexed b¥(#) and whose rows are the characteristic vectors of the$ets#. With this
notation, a nontrivial clutte® is ideal if and only if{z > 0 : A(#)x > 1} is an integral polyhedron.

Given a cluttef, a setl’ C E(H) is atransversal of # if T intersects all the members #&f. The clutter
b(#), called theblocker of 4, is defined as followsE (b(#)) = E(#) andb(#) is the set of inclusion-wise
minimal transversals of. It is well known thath (b(#)) = H [13]. Hence we say tha, b(¥H) form a
blocking pair of clutters. Lehman [14] showed that, if a clutter is ideal, then so is its blocker. A clutter is said
to bebinary if, for any 51, Ss, S5 € A, their symmetric differencé; A S, A S5 contains, or is equal to, a
set of 4.

Given a clutter and: € E(#), thecontraction 7 /i anddeletion # \ ¢ are clutters defined as follows:
E(H/i) = E(H \ i) = E(H) — {4}, the family #{ /i is the set of inclusion-wise minimal members of
{S—{i}: SeH},andH\i={5:i¢ S € H}. Contractions and deletions can be performed sequentially,
and the result does not depend on the order. A clutter obtained#rdiy a set of deletiond ; and a set of
contractions/.., (whereJ.NJ; = §) is called aminor of % and is denoted bt \ J;/J.. Itis aproper minor
if J. U Jq # 0. A clutter is said to beninimally nonideal (mni) if it is not ideal but all its proper minors are
ideal.
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The clutterOg, is defined as followsE (O, ) is the set ofl 0 edges of the complete graph;, andOk. is
the set of odd circuits oK 5 (the triangles and the circuits of lendth The10 constraints corresponding to the
triangles define a fractional extreme pafgt 1, ..., 1) of the associated polyhedrgm > 0: A(Og, )z >
1}. ThusOg, is not ideal and neither is its blocker. The clutter, is the family of circuits of length three
of the Fano matroid (or, equivalently, the family of lines of the Fano plane)Fi€.r.) = {1,2,3,4,5,6,7}
and

Lr. = {{1,3,5},{1,4,6},{2,3,6},{2,4,5},{1,2,7},{3,4,7},{5,6,7}}.
The fractional poin 1, 1, ..., 1) is an extreme point of the associated polyhedron, héheeis not ideal.
The blocker ofCr, is L, itself. The following excluded minor characterization is predicted.

Seymour’s Conjecture[Seymour [23] p. 200, [26] (9.2), (11.2)]
A binary clutter is ideal if and only if it has n6 ., noOg., and nob(Ox,) minor.

Consider a clutte#{ and an arbitrary element¢ E(#). We write#* for the clutter withE(H#*) =
EM)U {t} andHT = {SU{t}: S € H}. The clutters is defined as followsE (Qs) is the set of edges
of the complete grapk’y and(@s is the set of triangles ak'y. The clutter); is defined as follows:

A(Q7) =

OO OO R
OO OO
OROROO
OO =O
—HOOORO M
—_OOROO
OO =

Note that the first six columns of(Q r) form the matrixA (b(Qs)) .
The main result of this paper is that Seymour’s Conjecture holds for the class of clutters that do not have
Q¥ and@* minors.

Theorem 1.1. A binary clutter isideal if it doesnot have £ r., Ok, b(Ok,), QF or QF asaminor.
Since the blocker of an ideal binary clutter is also a ideal, we can restate Theorem 1.1 as follows.
Corollary 1.2. Abinary clutter isideal if it does not have £ r., Ok, , b(Ok, ), b(Q7), or b(Q7) asaminor.

We say tha#{ is theclutter of odd circuits of a graph(7 if E(#) is the set of edges &f and# the set of
odd circuits ofG. A graph is said to baveakly bipartiteif the clutter of its odd circuits is ideal. This class of
graphs has a nice excluded minor characterization.

Theorem 1.3(Guenin [10]) A graph isweakly bipartiteif and only if its clutter of odd circuitshasno O g,
minor.

The class of clutters of odd circuits is closed under minor taking (Remark 8.2). Moreover, one can easily
check thatOg, is the only clutter of odd circuits among the five excluded minors of Theorem 1.1 (see
Remark 8.3 and [20]). It follows that Theorem 1.1 implies Theorem 1.3. It does not provide a new proof of
Theorem 1.3 however, as we shall use Theorem 1.3 to prove Theorem 1.1.

Consider a graplix and a subsef’ of its vertices of even cardinality. A'-join is an inclusion-wise
minimal set of edged such thatT is the set of vertices of odd degree of the edge-induced subgafh
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A T-cut is an inclusion-wise minimal set of edgéd’/) := {(u,v) : v € U,v ¢ U}, wherelU is a set of
vertices of( that satisfieqUU N T'| odd. T-joins andT'-cuts generalize many interesting special cases. If
T = {s, 1}, then theT-joins (resp.T-cuts) are thet-paths (resp. inclusion-wise minimal-cuts) ofG. If

T =V, then theT-joins of size|V|/2 are the perfect matchings 6f. The case wher& is identical to the
set of odd-degree vertices 6f is known as the Chinese postman problem [6, 12]. The familiés-jins
andT-cuts form a blocking pair of clutters.

Theorem 1.4(Edmonds and Johnson [6]The clutters of T-cuts and T-joins are ideal.

The class of clutters df'-cuts is closed under minor taking (Remark 8.2). Moreover, it is not hard to check
that none of the five excluded minors of Theorem 1.1 are cluttefsaits (see Remark 8.3 and [20]). Thus
Theorem 1.1 implies that the clutter’6fcuts is ideal, and thus that its blocker, the cluttef'gbins, is ideal.
Hence Theorem 1.1 implies Theorem 1.4. However, we shall also rely on this result to prove Theorem 1.1.
The paper is organized as follows. Section 2 considers representations of binary clutters in terms of
signed matroids and matroid ports. Section 3 reviews the notions of lifts and sources, which are families of
binary clutters associated to a given binary matroid [20, 29]. Connections between multicommodity flows
and ideal clutters are discussed in Section 4. The material presented in Sections 2, 3 and 4 is not all new. We
present it here for the sake of completeness and in order to have a unified framework for the remainder of the
paper. In Sections 5, 6, 7 we show that minimally nonideal clutters do not have small separations. The proof
of Theorem 1.1 is given in Section 8. Finally, Section 9 presents an intriguing example of an ideal binary
clutter.

2. BINARY MATROIDS AND BINARY CLUTTERS

We assume that the reader is familiar with the basics of matroid theory. For an introduction and all
undefined terms, see for instance Oxley [21]. Given a matididthe set of its elements is denoted by
E(M) and the set of its circuits b§(M). The dual ofM is written M *. The deletion minor M \ e of M
is the matroid defined as follows (M \e) = E(M) — {e}andQ(M \e¢) = {C : e & C € Q(M)}.

The contraction minor M /e of M is defined agM* \ ¢)*. Contractions and deletions can be performed
sequentially, and the result does not depend on the order. A matroid obtained#frioyna set of deletions
J4 and a set of contractionk is aminor of M and is denoted by \ J4/J..

A matroid M is binary if there exists &), 1 matrix A with column setF/(M) such that the independent
sets of M correspond to independent sets of columnstalver the two element field. We say thétis a
representation of M. Equivalently, &, 1 matrix A is a representation of a binary matrdifl if the rows of A
span the circuit space @ff *. If C; andCs are two cycles of a binary matroid théh A C is also a cycle
of M. In particular this implies that every cycle éf can be partitioned into circuits. Lét/ be a binary
matroid and: C E(M). The pair(M, X) is called asigned matroid, andX: is called thesignature of M. We
say that a circuit” of M is odd (resp.even) if |C' N X| is odd (resp. even).

The results in this section are fairly straightforward and have appeared explicitly or implicitly in the
literature [8, 13, 20, 23]. We include some of the proofs for the sake of completeness.
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Proposition 2.1(Lehman [13]) The following statements are equivalent for a clutter: (i) # isbinary; (ii) for
every S € HandT € b(H), |SNT|isodd; (iii) for every Sy,..., S, € H wherek isodd, S; A S; A...S;
contains, or isequal, to an element of #.

Proposition 2.2. The odd circuits of a signed matroid (M, X) forma binary clutter.

Proof. Let C1, Cy, Cs be three odd circuits dfM, ). ThenL := C; A C; A Cs is a cycle ofM. Since
each ofC, Cs, C5 intersectst with odd parity, so doeé. SinceM is binary, I can be partitioned into a
family of circuits. One of these circuits must be odd sihten X| is odd. The result now follows from the
definition of binary clutters (see Section 1). O

Proposition 2.3. Let F be a clutter such that § ¢ 7. Consider the following properties: (i) for all C'1,C5 €
Fande € (1 NCy there exists C5 € F suchthat C's C Oy U Cy — {e}. (ii) for all C'y, Cs € F there exists
Cs € F suchthat C's C €y A Cy. If property (i) holdsthen F is the set of circuits of a matroid. If property
(ii) holdsthen F isthe set of circuits of a binary matroid.

Property (i) is known as theircuit elimination axiom. Circuits of matroids satisfy this property. Note that
property (ii) implies property (i). Both results are standard, see Oxley [21].

Proposition 2.4. Let # be a binary clutter such that § ¢ 7. Let 7 bethe clutter consisting of all inclusion-
wise minimal, non-empty sets obtained by taking the symmetric difference of an arbitrary number of sets of
H. Then# C F and F isthe set of circuits of a binary matroid.

Proof. By definition, F satisfies property (ii) in Proposition 2.3. Thiis the set of circuits of a binary
matroid M. Suppose for a contradiction thereSsc # — F. Then there exist§’ € F such thats’ C S.
Thus5’ is the symmetric difference of a family of, saysets of¥. If ¢ is odd then, Proposition 2.1 implies
thatS’ contains a set of{. If ¢ is even then, Proposition 2.1 implies tifdt A S contains a set of{. ThusS
is not inclusion-wise minimal, a contradiction. O

Consider a binary cluttel such that) ¢ #. The matroid defined in Proposition 2.4 is called tipematroid

and is denoted by(#). Proposition 2.1 implies that every circuit of#) is either an element &% or the
symmetric difference of an even number of setg/ofSince¥ is a binary clutter, sets @{#) intersect with
odd parity exactly the circuits af(#) that are elements G{. Hence,

Remark 2.5. A binary clutter# such thaf) ¢ % is the clutter of odd circuits ofu(#), X) whereX € b(H).
Moreover, this representation is essentially unique.

Proposition 2.6. Let H be the clutter of odd circuits of the signed matroid (M, X). If H isnot trivial and N
is connected, then N = u(#).

To prove this, we use the following result (see Oxley [21] Theorem 4.3.2).

Theorem 2.7(Lehman [13]) Let e be an element of a connected binary matroid M. The circuits of M not
containing e are of theformC'y A C'y where ¢, and C, are circuits of M containinge.

We shall also need the following observation which follows directly from Proposition 2.3.
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Proposition 2.8. Let (M, ) be asigned matroid and e anelement notin E(M). Let F := {C' U {e} : C' €
Q(M),|CNXE|odd} U{C: C € Q(M),|CNX|even}. Then F isthe set of circuit of a binary matroid.

Proof of Proposition2.6. Let NV and/ N’ be connected matroids and suppose that the clutters of odd circuits
of (N, X) and(N’,X') are the same and are not trivial. L#t (resp. M) be the matroid constructed from
(N,X) (resp. (N', X)) as in Proposition 2.8. By construction the circuitsMdfand M ' usinge are the
same. SinceV is connected an@ is not trivial, M and M’ are connected. It follows from Theorem 2.7
that M = M’ and in particularN - = M/e = M’/e = N’. By the same argument and Remark 2.5,
N = u(H). O

In a binary matroid, any circuif’ and cocircuitD have an even intersection. So/ifis a cocircuit, the
clutter of odd circuits of M, ) and(M, X A D) are the same (see Zaslavsky [28]). ket F(M). The
deletion (M, X) \ e of (M, X) is defined ag M \ e, X —{e}). Thecontraction (M, X)/e of (M, X) is defined
as follows: ife ¢ ¥ then(M,X)/e := (M/e, X); if e € X ande is not a loop then there exists a cocirclit
of M withe € D and(M, X)/e := (M/e, XA D). Note ife € T is aloop ofM, then# /e is a trivial clutter.
A minor of (M, X)) is any signed matroid which can be obtained by a sequence of deletions and contractions.
A minor of (M, X) obtained by a sequence .&f contraction and/; deletions is denote\/, X)/J. \ Jg.

Remark 2.9. Let % be a the clutter of odd circuits of a signed matrgld, X). If .J. does not contain an odd
circuit, then?{/J. \ J; is the clutter of odd circuits of the signed matréid, X)/J . \ J,.

Let M be a binary matroid andan element ofif. The clutterPort (M, ), called aport of M, is defined
as follows: E (Port(M,e)) := E(M) — {e} andPort(M,e) := {S — {e} :e € S € Q(M)}.

Proposition 2.10. Let M be a binary matroid, then Port(M, e) isa binary clutter.

Proof. By definitionS € Port(M,e) ifand only if S U {e} is an odd circuit of the signed matroid/, {e}).
We may assum@ort(M, e) is nontrivial, hence in particulat,is not a loop ofM . Therefore, there exists a
cocircuit D that containg. ThusPort(M, e) is the clutter of odd circuits of the signed matr¢if /e, D A
{e}). Proposition 2.2 states that these odd circuits form a binary clutter. O

Proposition 2.11. Let # beabinary clutter. Then there existsabinary matroid M withelemente € E(M ) —
E(#) such that Port(M,e) = H.

Proof. If § € H, define M to have element as a loop. If} ¢ #, we can represer{ as the set of odd
circuits of a signed matroidV, ) (see Remark 2.5). Construct a binary matrdidfrom (N, %) as in
Proposition 2.8. The®ort(M,e) = . O

Proposition 2.12(Seymour [23]) Port(M,e) and Port(M *, ) formablocking pair.

Proof. Proposition 2.10 implies tha®ort(M, e) and Port(M *, ) are both binary clutters. Considér e
Port(M*,e). ThenT U {e} is a circuit of M. For allS € Port(M,e), S U {e} is a circuit of M *. Since
TuU{e} andSU{e} have an even intersectioisNT| is odd. Thus we proved: for &ll € Port(M*,e), there
isT" € b(Port(M,e)) whereT" C T. To complete the proof it suffices to show: for@afl € b(Port(M, ¢)),
there isT' € Port(M™,e) whereT C T'. SincePort(M, e) is binary, for evenyS € Port(M,e), |SNT'|is
odd (Proposition 2.1). Thug’ U {e} intersects every circuit af/ usinge with even parity. It follows from
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Theorem 2.7 thal” U {e} is orthogonal to the space spanned by the circuit¥of.e. 7’ U {e} is a cycle of
M. It follows that there is a circuit o3/ * of the formT U {e} whereT C T". Hence,T' € Port(M*,¢) as
required. O

3. LIFTS AND SOURCES

Let NV be a binary matroid. For any binary matrdidl with elemente such thatv = M/e, the binary
clutter Port(M, ¢) is called asource of N. Note that¥ is a source of its up matroid(#). For any binary
matroid M with elemente such thatV = M \ e, the binary cluttetPort(M, e) is called alift of N. Note
that a source or a lift can be a trivial clutter.

Proposition 3.1. Let V beabinary matroid. # isalift of V if and only if 6(7() isa source of NV *.

Proof. Let # be a lift of IV, i.e. there is a binary matroif’ with M \ e = N and# = Port(M,e). By
Proposition 2.12p(#H) = Port(M*,e). SinceM* /e = (M \ e)* = N* we have thab(#) is a source of
N*. Moreover, the implications can be reversed. O

It is useful to relate a description @f in terms of excludedlutter minors to a description of(7) in
terms of excludednatroid minors.

Theorem 3.2. Let % beabinary clutter such that itsup matroid «(#) is connected, and let N be a connected
binary matroid. Then u(#) doesnot have N asa minor if and only if # doesnot have # ; or %3 asaminor,
where 7, isa source of NV and H, isaliftof V.

To prove this we will need the following result (see Oxley [21] Proposition 4.3.6).

Theorem 3.3(Brylawski [3], Seymour [25]) Let M be a connected matroid and NV a connected minor of
M.Foranyie E(M)— E(N), atleastoneof M \ i or M/i isconnected and has N asaminor.

Proof of Theorem3.2. Let M := «(H) and let¥ € b(#). Remark 2.5 states thé is the clutter of odd
circuits of (M, X). Suppose first thak has a minof{, that is a source oV. Remark 2.9 implies thai
is the clutter of odd circuits of a signed min@g¥v‘, ¥') of (M, X). SinceN is connected?{; is nontrivial
and therefore Proposition 2.6 implids= N’. In particularN is a minor of M. Suppose now th& has a
minor 7 where#. is a lift of N. Lete be the element of (H}) — E(H). Remark 2.9 implies thak/
is the clutter of odd circuits of a signed mina#/, 3 of (M, X). Since#,, is a lift of V there is a connected
matroid M’ with elemente such thatM’ \ e = N and Port(M’,e) = H,. Thus#] is the clutter of odd
circuits of (M’, {e}). Proposition 2.6 implies/ = M’. ThusM’ is a minor of M and so isV = M’ \ e.
Now we prove the converse. Suppose thahasN as a minor and does not satisfy the theorem. A &te
such a counterexample minimizing the cardinality&f*). Clearly, N is a proper minor of as otherwise
u(H) = N,i.e.H isasource ofV. By Theorem 3.3, foreverye F(M)— E(N), one ofM \ iandM/iis
connected and has as a minor. Suppos¥ /i is connected and hag as a minor. Sincéis not a loop ofM,
it follows from Remark 2.9 thak /¢ is nontrivial and is a signed min¢d /¢, ') of (M, ). Proposition 2.6
impliesM /i = u(# /). Butther?{ /i contradicts the choice 6f minimizing the cardinality ofZ(#). Thus,
foreveryi € E(M)— E(N), M \1is connected and has @ahminor. Suppose for somec E(M)— E(N),
H \ i is nontrivial. Then because of Remark 2.9 and Propositiom @6\ i) = M \ ¢, a contradiction to the
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choice of#{. Thus for everyi € E(M) — E(N), # \ i is trivial, or equivalently, all odd circuits g}, )
usei. As M = u(H), even circuits of/ do not usei. We claim thatE(M) — E(N) = {i}. Suppose
not and letj # i be an element of/(M) — E(N). The set of circuits of M, X) usingj is exactly the set
of odd circuits. It follows that the elementsj must be in series id/. But thenM \ i is not connected,
a contradiction. Therefor& (M) — E(N) = {i} andM \ i = N. As the circuits of(M, ) usingi are
exactly the odd circuits ofM, ¥2), it follows that columni of A(#) consists of all 1's. Thu${ = # § where
Ho = Port(M,i),i.e. Hzisaliftof V. O

Next we define the binary matroids;, F'; and R1o. For any binary matroiaV, let By be a 0,1 matrix
whose rows span the circuit space’fequivalentlyB  is a representation of the dual matréid’). Square
identity matrices are denotdd Observe tha?j, = Rio.

Lol R B e 11 Y0

Bp = | I Bpe = L=
r B F7[ 1101]R 00 1 1 1
0 0 1 1

Given a binary matroidv, let M be a binary matroid with elementsuch thatV = M /e. The circuit space
of M is spanned by the rows of a matrix of the foffy|«], wherez is a 0,1 column vector indexed hy

AssumingM is connected, we have (up to isomorphism), the following possible colunfaseach of the
three aforementioned matroidé:

) F7:

2, =(1,1,1)7.
(2) Fr:

2a=(0,1,1,1)7 2, = (1,1,1,0)" andz, = (1,1,1,1)7.
(3) Rio:

2e=(1,0,1,0,0)7, 2, = (1,0,1,0, )T, 2. = (1,0,1,1,0)7,
eg=(1,0,1,1, )7 z. = (1,1,0,0,0)", 2 = (1,1, 1,1, )7
Note that (1),(2) are easy and (3) can by found in [24] (p. 357). The rows of the mBtsiXa,] (resp.

[Br,|z.]) span the circuit space of a matroid known4&'(3, 2) (resp. Ss). If [By|z] is a matrix whose
rows span the circuits a¥f, then by definition of sourceort(M, e) is a source ofV. Thus,

Remark 3.4.

e F# has a unique source, namepy .
e F; has three sources{Qq)* (Whenz = z,), Lr, (Whenz = z;,), andb(Q7) (Wwhenz = z.).
e Ry has six sources includingO , ) (whenz = x¢).

Luetolf and Margot [16] have enumerated all minimally nonideal clutters with at ificsements (and many
more). Using Remark 3.4, we can then readily check the following.

Proposition 3.5. Let # be the clutter of odd circuits of a signed matroid (M, ).

e If M = Ry, theneither % = b(Ok,) or H isideal.
o If M = F7, theneither H = Lr, or H isideal.
o If M = F7, then# isideal.
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4. MULTICOMMODITY FLOWS

In this section, we show that a binary clutféris ideal exactly when certain multicommodity flows exist
in the matroidu(#). This equivalence will be used in Sections 6 and 7 to show that minimally nonideal
binary clutters do not have small separations. Given &'satfunctionp : S — Q 4, and7' C S, we write
p(T) for >, p(i). Consider a signed matroid/, F'). The set of circuits ofi/ that have exactly one
element in common witl¥, is denoted?r. Letp : E(M) — Q4 be a cost function on the elements/idf.
Seymour [26] considers the following two statements about the ffidler, p).

For any cocircuitD of M:

p(DNF) < p(D~F). (4.1)
There exists a function : Qr — Q4 such that:
>ple) ifeeF
Z n(C) { < pgeg ifee BF—F. (4-2)
CieeCeQlp

We say thathe cut condition holdsif inequality (4.1) holds for all cocircuit®. We say that/ is F'-flowing
with costs p if statement (4.2) holds; the corresponding solution isFaffow satisfying costs p. M is F'-
flowing [26] if, for every p for which the cut condition holdsY is F-flowing with costsp. Elements in¥
(resp. F — F) are calleddemand (resp. capacity) elements. It is helpful to illustrate the aforementioned
definitions in the case wherl is a graphic matroid [9]. For a demand edfyep(f) is the amount of flow
required between its endpoints. For a capacity edgée) is the maximum amount of flow that can be carried
by e. ThenM is F-flowing with costg when a multicommodity flow meeting all demands and satisfying all
capacity constraints exists. The cut condition requires that for every cut the demand across the cut does not
exceed its capacity. Wheh consists of a single edgéand whenM is graphic thenV/ is f-flowing [7].

The cut condition stateg D N F) < p(D — F) = p(D) — p(D N F). Addingp(F) — p(D N F) to both
sides, we obtaip(F) < p(D) —p(DN F)+ p(F) —p(DNF) =p(D A F). Hence,

Remark 4.1. The cut condition holds if and only #(F') < p(D A F) for all cocircuitsD.

Let# be the clutter of odd circuits df\f, F'). We define:

T(H,p) = min{ Z ple)ze er >1,VvSeMNH,z. € {0,1},Ve€ E(M)} (@)
e€E(M) e€S

V*(H,p):max{Zyc: Z Yo Sp(e),VeEE(M),yCZO,VCEH} (b)
CeH C:eecCeH

By linear programming duality we havei(#, p) > v*(H,p). Whenp(e) = 1 forall e € F(M) then we
write 7(#) for 7(#, p) andv*(H) for v*(H, p).

Proposition 4.2. Let # be the clutter of odd circuits of a signed matroid (M, F) andletp : E(M) — Q 4.
(i) 7(#H,p) = p(F) if and only if the cut condition holds.
(i) v*(H,p) = p(F) ifand only if M is F-flowing with costs p.
(iii) 1f n(C) > 0 for asolutionto (4.2),then C' € Q p for all F' € b(#) withp(F) = 7(#, p).

Proof. We say that a seX C F(M) is a (feasible) solution for (a) if its characteristic vector is. Consider
(i). Supposer(H,p) = p(F). We can assume thét is an inclusion-wise minimal solution of (a) and thus
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F € b(H). Let D be any cocircuit off and consider any € #. SinceS is a circuit of M, | D N S| is even
and since is binary,| F'n S| is odd. Thug(D A F) N S| is odd. It follows thatD A F' is a transversal of.
Therefore,D A F' is a feasible solution to (a) and we hawe) < p(D A F). Hence, by Remark 4.1, the
cut condition holds. Conversely, assume the cut condition holds and consider anytisztis feasible for
(a). We need to show(F') < p(X). We can assume thaf is inclusion-wise minimal, i.e. that’ € b(#).
Observe that' and X intersect circuits ofi{ with the same parity. Thu® := F' A X is a cocycle ofM .
Since the cut condition holds, by Remark 4ulF') < p(D A F) = p(X).

Consider (ii). Suppose*(#,p) = p(F). Sincev*(H,p) < r(H,p) < p(F), it follows from linear
programming duality thak' is an optimal solution to (a). Letbe an optimal solution to (b). Complementary
slackness states: ' N C| > 1, then the corresponding dual variable = 0. Thus) ... cy Yo =
Y cecceny Yo, foralle € E(M). Complementary slackness states: & I, then) .. .cccq, yo = ple).
Hence, choosing(C') = y¢ for everyC' € Qp satisfies (4.2). Conversely, supposis a solution to (4.2).
For eache € F'suchthad .. ccecq, e > ple), reduce the valueg: on the left hand side until equality
holds. SinceC' contains no element of other thare, we can get equality for every € F'. So we may
assume _-..cceq, NC) < ple) foralle € E(M). Setyc = 0if C ¢ Qp andyc = n(C) if C € QF.
Now y is a feasible solution to (b) ankl, y satisfy all complementary slackness conditions. Thuandy
must be a pair of optimal solutions to (a) and (b) respectively.

Finally, consider (iii). From (ii) we know there is an optimal solutipto (b) withy ~ > 0. By comple-
mentary slackness, it follows thgf N C'| = 1 for all F' that are optimal solutions to (a). O

The last proposition implies in particular that,if is I'-flowing with costsp, then the cut condition is
satisfied. We say that a cocircuit is tight if the cut condition (4.1) holds with equality, or equivalently
(Remark 4.1) ifp(F) = p(D A F).

Proposition 4.3. Suppose M is F'-flowing with costs p and let D be a tight cocircuit. If C' isa circuit with
n(C)>0,thenCND=0orCND=/e, f}wheree € E(M)— FandfcF.

Proof. We may assuménD # §. AsC € Qp, itfollowsthatCNF = {f}. Moreover,CND # {f}, since
M is binary. To complete the proof, it suffices to show that there is no pair of elemerits (C'N D) — F.
Suppose for a contradiction that we have such a pair arddlet DA F. As D istight,p(F) = p(DAF) =
p(F'). Itfollows from Proposition 4.2(iii) tha€' € 2 g+. Bute, e’ € F’, a contradiction. O

Corollary 4.4. Let # be the clutter of odd circuits of a signed matroid (M, F'). (i) If H isideal then M
is F-flowing with costs p, for all p : E(M) — Q 4 where (M, F, p) satisfies the cut condition. (ii) If %
is nonideal then M is not F’-flowing with costs p, for some p : E(M) — Q4 and some F’ € b(#H) that
minimizesp(F"’).

Proof. Consider (i). Proposition 4.2 state$#,p) = p(F'). Because¥ is ideal, r(H,p) = v*(H,p), i.e.
p(F) = v*(H, p). This implies by Proposition 4.2(ii) thal is F-flowing with costsp. Consider (ii). If#
is nonideal then for some : E(M) — Z 4, 7(H,p) > v*(H,p) [5]. Let F’ be an optimal solution to (a).
Thenp(F') = 7(H,p) andF’ € b(#). Proposition 4.2(ii) stated/ is not F'’-flowing with costsp. O

We leave the next result as an easy exercise.
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Corollary 4.5. Abinary clutter % isideal if and only if u(#) is F-flowingfor every F' € b(H).

Consider the case whefé¢ = Ok, . Let F be a set of edges dfs such thatE'(K5) — F induces aks 5.
ThenF € b(#) andu(#) (the graphic matroid of(5) is not F'-flowing.

5. CONNECTIVITY, PRELIMINARIES

Let Ey, F- be a partition of the elements of a matroidM and letr : 2/ — 7, be the rank functiond
is said to have &-separation F1, Es if r(E1) +r(Eq) —r(E) < k—1and|Ey], |Ez| > k. If |E1], |Ea| > k,
then the separation is said to §ieict. A matroid M has ak-separatiort’,, F, if and only if its dualM * does
(Oxley [21], 4.2.7). A matroid i«-connected if it has no(k — 1)-separation and isiternally k-connected if
it has no stric{k — 1)-separation. A 2-connected matroid is simply said tadmnected. We now follow
Seymour [24] when presentigsums. LetM, M, be binary matroids whose element sets\ ), £ (M>)
may intersect. We defindl; A M, to be the binary matroid o (M) A E(M;) where the cycles are all
the subsets oF/ (M) A E(M,) of the formC A C; where(; is a cycle ofM;, ¢ = 1,2. The following
special cases will be of interest to us:

Definition 5.1.

(1) E(My) N E(M2) = §. ThenMy A My is thel-sumof My, M,.

(2) E(M1)N E(Mz) ={f} andf is not a loop ofM; or M. ThenM; A M, is the2-sumof My, M.

(3) |E(M1) N E(My)| = 3andE(M;) N E(M,) is a circuit of bothM; andM,. ThenM; A M, is the
3-sumof My, M,.

We denote thé-sum of M, andM, asM; @i M,. The elements itE (M7) N E(M-) are called thenarkers

of M; (: = 1,2). As an example, fok = 1,2, 3, the k-sum of two graphic matroids corresponds to taking

two graphs, choosing &-clique from each, identifying the vertices in the clique pairwise and deleting the
edges in the clique. The markers are the edges in the cligue. We have the following connection between
k-separations ank-sums.

Theorem 5.2(Seymour [24]) Let M be a k-connected binary matroid and k € {1,2,3}. Then M hasa
k-separation if and only if it can be expressed as M, ®; M,. Moreover, My (resp. M;) isa minor of M
obtained by contracting and deleting elementsin E(M2) — E(M.) (resp. E(M1) — E(Ms)).

We say that a binary clutté¢ has a (strictk-separation if «(#) does.

Remark 5.3. # has al-separation if and ifA(7) is a block diagonal matrix. Moreove} is ideal if and
only if the minors corresponding to each of the blocks are ideal.

Recall (Proposition 2.11) that every binary clutiércan be expressed @ort(M,e) for some binary
matroid M with element. So we could define the connectivity Hf to be the connectivity of the associated
matroid M. The two notions of connectivity are not equivalent as the clultey illustrates. The matroid
AG(3,2) has a strict 3-separation whilé does not, buPort(AG(3,2),t) = Lr, andLp, is the clutter of
odd circuits of the signed matroidt:, E(F7)).

Chopra [4] gives composition operations for matroid ports and sufficient conditions for maintaining ide-
alness. This generalizes earlier results of Bixby [1]. Other compositions for ideal (but not necessarily binary
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clutters) can be found in [19, 17, 18]. Novick-%ef20] give an outline on how to show that mni binary
clutters do not have 2-separations, the argument is similar to that used by Seymour [26](7.1) to show that
k-cycling matroids are closed und&isums. We will follow the same strategy (see Section 6). Proving that
mni binary clutters do not have 3-separations is more complicated and requires a different approach (see
Section 7). In closing observe that nonef,, Ok, andb(Of. ) have strictl-separations. So if Seymour’s
Conjecture holds, then mni binary clutters are internalbonnected.

6. 2-SEPARATIONS

Let (M, F') be a signed matroid with Zseparatiornt’y, s, i.e. M = My ®2 My andEy = E(My) —
E(M,), E; = E(M,)— E(My). We say thatM;, F;) (fori = 1, 2) isapartof (M, F) ifitis a signed minor
of (M, F). Itis not hard to see that at most two choicesFpfcan give distinct signed matroid3{;, F;).
Therefore(M, F') can have at most four distinct parts. In light of Remark 2.5 we can identify binary clutters
with signed matroids. The main result of this section is the following.

Proposition 6.1. A binary clutter with a 2-separationisideal if and only if all its parts are ideal.
To prove this, we shall need the following results.

Proposition 6.2 (Seymour [24]) If M = M, ®2 M-, then M is connected if and only if M, and M, are
connected.

Proposition 6.3(Seymour [24]) Let M be a binary matroid with a 2-separation F' 1, E; and let C', Cs be
twocircuitsof M. If C1 N FE; CCeN B thenChiN E; = Co N E; (fori =1, 2).

Proposition 6.4(Seymour [24]) Let M = M7 &2 M. Then chooseany circuit C' of M suchthat CNE; #
andCNE; #0. Leti,j=1,2andi# j. Forany f€e CNE;, M; =M\ (E; — C)/(E; nC —{f}).

Proof of Proposition6.1. Let 7 be a binary clutter with a 2-separatiolf, = «(#) andF' € b(H). Assume
without loss of generality thal/ is connected. Remark 2.5 states théais the clutter of odd circuits of
(M, F). If H is ideal, then so are all its parts by Remark 2.9. Conversely, suppose all paits &f) are
ideal. Consider any : F(M) — Z and assumé’ € b(H) minimizesp(F). Because of Corollary 4.4(ii),
it suffices to show thad/ is F'-flowing with costsp. Observe that the cut condition is satisfied because of
Proposition 4.2(i).

Since M has a2-separation, it can be expressedMs ®; M. Throughout this proofj, j will always
denote arbitrary distinct elements fff, 2}. Define F; = F N E; and letf; be the marker ofi/;. Sincej; is
not a loop, there is a cocirculp; of M; usingf;. Let «; denote the smallest value of

p[Di = (Fi U{fi})] = p(Di N Fy). *)

where D; is any cocircuit ofM; using f;. In what follows, we letD); denote some cocircuit where the
minimum is attained. Expression (*) gives the difference between the sum of the capacity elements and the
sum of the demand elements/ii, excluding the markef;. Thusa; + s = p([D1 A D2] — F) —p([D1 A

D, N F). SinceDy A D, is a cocycle ofM and the cut condition is satisfied, we must have:

ozl—I—ongO.
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Claim1. If «; > 0, then there is an even circuit 63;, F;) that uses markef;.

Proof of Claim: Suppose for a contradiction that all circuitsof M ; that usef;, satisfy|C' N F;| odd. Then
D = F; U {f;} intersects all these circuits with even parity. By hypothégiss connected and, because of
Proposition 6.2, so i8/;. We know from Theorem 2.7 that all circuits that do not use the mafkare the
symmetric difference of two circuits that do uge It follows that D intersects all circuits ofi/; with even
parity. ThusD is a cocycle ofM;. But expression (*) is nonpositive for cocycle. D can be partitioned
into cocircuits. Because the cut condition holds, expression (*) is nonpositive for the cocircuit thgt uaes
contradiction asy; > 0. O

Claim2. If «; < 0, then there is an odd circuit 081, F;) that uses markef;.

Proof of Claim: Suppose, for a contradiction, that all circuitsof M ; that usef;, satisfy|C' N F;| even. By
the same argument as in Claim 1, we know that in fact so do all circuid¢,0fThis implies thatl” and I;
intersect each circuit aff with the same parity. A§" is inclusion-wise minimal ¥ € b(#)) we must have
F = F;,i.e. F; = 0. But this implies that expression (*) is non negative, a contradiction. &

Claim3. If a; < 0 (resp.«; > 0), then(M;, F; U {fi}) (resp.(M;, F;)) is a part of(M, F).

Proof of Claim: From Claim 2 (resp. Claim 1), there is an odd (resp. even) cifcuising f; of (M;, F;).
Proposition 6.3 implies that elemensn E are in series i \ (E; — C'). Proposition 6.4 implies thak/;
is obtained fromM \ (E; — C) by replacing series elements©f E; by a unique elemeryt;. The required
signed minori§M, F)\ (E; — C)/(C —{f}) wheref is any element of' N E;. &

Becausey; + a2 > 0, it suffices to consider the following cases.
Case l:a; > 0,a3 > 0.

We know from Proposition 6.4 tha/; is a minor of M (where no loop is contracted) say \ J./J..
Fori = 1,2, let(M;, F;) be the signed minarM, F) \ J,/J.. Since(M;, F;) is a part of M, F), itis ideal.
Soin particula( M, F;) \ f; = (M; \ fi, F;) are ideal. Lep' : E(M;) — f; — 7 be defined as follows:
p'(e) = p(e) if e € E;. Let D be a cocircuit ofM; \ f;. The inequalityp(D N F;) < p(D — F;) follows
froma; > 0 whenD U f; is a cocircuit ofM; and it follows from the fact that the cut condition holds for
(M, F) when D is a cocircuit of M;. Therefore the cut condition holds foM; \ f;, F;). It follows from
Corollary 4.4(i) that each of these signed matroids hag aflow satisfying costg’. Letn; = Qp, — Q.
be the corresponding function satisfying (4.2). By scajingre may assume;(C') € Z for each circuit in
Qp,. Let £; be the multiset where each circditin 2 z, appears;; (C) times. Definel; similarly. The union
(with repetition) of all circuits in ; and£; correspond to ait'-flow of M satisfying cost.

Case 2:a; < 0,a; > 0.

Because of Claim 3, there are paffd;, F;) and(M;, F; U {f;}) of (M, F). Letp’ : E(M;) — Z be
defined as followsp’ (f;) = «; andp’(e) = p(e) fore € E;. Letp’ : E(M;) — Z4 be defined as follows:
P/ (f;) = —a; andp’(e) = p(e) for e € E;. Since we can scalg, we can assume that the-flow of M;
satisfying costg’ is a multisetC? of circuits and that thé”; U{ f; }-flow of M; satisfying costg’ is a multiset
L7, Forl = 1,2, £ can be partitioned intd!, := {C € £': f; ¢ C},andL :={C e L' : f, € C}.
Sincef; is a demand element for the flo, |£]| = p?(f;) = —a. Sincef; is a capacity element for the
flow £7, |£}] < pi(fi) = a;. Becauser, + as > 0, |£] < |£i]. Let us define a collection of circuits 6f
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as follows: include all circuits of § U £J. Pair each circuit’; € £ with a different circuitC; € £}, and
add to the collection the circuit included @ A C; that contains the element 6f. The resulting collection
corresponds to &'-flow of M satisfying costp. O

7. 3-SEPARATIONS
The main result of this section is the following,
Proposition 7.1. A minimally nonideal binary clutter H has no strict 3-separation.
The proof follows from two lemmas, stated next and proved in sections 7.1 and 7.2 respectively.

Lemma 7.2. Let % be a minimally nonideal binary clutter with a strict 3-separation £ ¢, E>. There existsa
set F' € b(#H) of minimumcardinality such that ¥ C Ey or F' C Fj.

Let (M, I') be a signed matroid with a strict 3-separation F», i.e. M = My ®3 Mz andEy = E(M;) —
E(M,), E; = E(M,) — E(M,). LetCy = E(M7) N E(M,) be the triangle common to boftf; and M.
Let M; (with i = 1,2) be obtained by deleting from/; a (possibly empty) set of elements @§. We call
(M;, F;) apartof (M, F) if itis a signed minor of M, F).

Lemma 7.3. Let (M, F') be a connected signed matroid with a strict 3-separation 4, F; and suppose
F C Fy. Then M is F-Flowing with costs p if the cut conditionis satisfied and all partsof (M, F') are ideal.

Proof of Proposition 7.1. SupposeéH is a mni binary clutter that is connected with a strict 3-separation. Re-
mark 2.5 states th&¥ is the clutter of odd circuits of a signed matr@idf, ¥'). Considerp : E(M) — Z 4+
defined byp(e) = 1 foralle € E(M). We know (see Remark 7.5) that#,p) > v*(#,p). From
Lemma 7.2 and Remark 2.5, we may assumeC E; andp(F) = 7(#,p). It follows from Proposi-
tion 4.2(i) that the cut condition holds. Since the separatiddbfF) is strict, all parts of M, F') are proper
minors, and hence ideal. It follows therefore from Lemma 7.3 tHais F'-flowing with costsp. Hence,
because of Proposition 4.2(iY); (#, p) = p(F), a contradiction. O

7.1. Separations and blocks.In this section, we shall prove Lemma 7.2. But first let us review some results
on minimally nonideal clutters. For every cluttdr, we can associate ® 1 matrix A(#). Hence we shall

talk about mni, 1 matrices, blocker o, 1 matrices, and binary, 1 matrices (when the associated clutter is
binary). The next result on mni 0,1 matrices is due to Lehman [15] (see also Padberg [22], Seymour [27]).
We state it here in the binary case.

Theorem 7.4. Let A beaminimally nonideal binary 0,1 matrix withn columns. Then B = 5(A) isminimally
nonideal binary as well, the matrix A (resp. B) has a square, nonsingular row submatrix A (resp. B) with
7 (resp. s) nonzero entries in every row and columns, rs > n. Rows of A (resp. B) notin A (resp. B) have
atleast r + 1 (resp. s + 1) nonzero entries. Moreover, ABT = J + (rs — n)I, where J denotesann x n
matrix filled with ones.

It follows that( %, ..., 1) is a fractional extreme point of the polyhedrbne R} : Az > 1}. Hence,

Remark 7.5. If 7 is a minimally nonideal binary clutter, ther{#) > v*(#).
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The submatrix4 is called thecore of A. Given a mni cluttef{ with A = A(#), we define the core d to
be the cluttef{ for which A(#) = A. LetH andG = b(#) be binary and mni. SincH, G are binary, for all
S € HandT € G, we havgSNT|odd. ASABT = J + (rs—n)I, for everyS € #, there is exactly one set
T € G called themate of S such thatS N T| = 1 + (rs — n). Note thatifA is binary thernvs —n + 1 > 3.

Proposition 7.6. Let A be a mni binary matrix. Then no column of A isin the union of two other columns,

Proof. Bridges and Ryser [2] proved that squate matrices A, B that satisfyAB” = J + (rs — n)I
commute, i.eAT B = J + (rs — n)I. Thuscol(A, i)col(B,i) = rs —n + 1 > 3 for everyi € {1,...,n}.
Hence there is ng,k € {1,...,n} — {i} such thatcol(A, j) U col(A, k) D col(A,i), for otherwise
col(A, j)eol(B,i) > 1 0rcol(A, k)col(B,i) > 1, contradicting the equatioA” B = J + (rs —n)l. O

Proposition 7.7 (Guenin [10]) Let # be a mni binary clutter and e € E(#). There exists S1, Sa, 53 € H
SUChthaISl NSy =5N85 =5N53= {6}

Proposition 7.8(Guenin [10]) Let # be a mni binary clutter and $1, 55 € H. If S C S5 US, and S € H
then either S = 55 or 5 = 5,.

Proposition 7.9. Let # be amni binary clutter and let S, S’ € H. Then |S — §'| > 2.
Proof. LetT be the mate ob. Then|T'n S| > 3and|TN S| = 1. O

Proposition 7.10(Luetolf and Margot [16]) Let # be a mni binary clutter. Then 7(#) = 7(#). Further-
more, if T isatransversal of # and |T| = 7(#), then T isa transversal of #.

We shall also need,

Proposition 7.11(Seymour [24]) Let M be a binary matroid with 3-separation E' 1, E';. Then there exist
circuits C, Cy such that every circuit of M can be expressed as the symmetric difference of a subset of
circuitsin {C € Q(M): C C Eyor C C Eyy U {Cy,Ca}.

Throughout this section, we shall consider a signed maftaidF") with a 3-separation? |, F; andC1, C
will denote the corresponding circuits of Proposition 7.11. #die the clutter of odd circuits ¢\, F'). We
shall partitionb(#) into setsB1, Bs, Bs, B4 as follows:

By ={S€bH):|SNCLN EL|even|SNCyN Ey| ever}
By ={S €b(H):|SNCLN E1| even,|SnCyN Eq| odd}
Bs ={S €b(H):|SNCLN EL|odd,|SNCynN Fy| even
By, ={S €b(H):|SNCLN E1]odd,|SNCyN Fy| odd}.

Proposition 7.12. If 51, 5, € B; wherei € {1,...,4},then (51 N E1) U (S2 N E>) containsa set of b(H).

Proof. LetS’ := (51 N 1) U (S2 N E3). Note that sincesy, Sz € b(#H) for all circuitsC' of M, |51 N C|
and|Sz N C| have the same parity. This implies thatifis a circuit whereC' C Ey (k € {1,2}) thenC
intersectsS” andS; with the same parity. It also implies, together with the definitio®ef thatS’ intersects
Cy (k € {1,2}) with the same parity a§;. It follows from Proposition 7.11 tha$’ and.S; intersect all
circuits of M with the same parity. O
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Proof of Lemma 7.2. Let G denote the blocker off and letB,, By, Bs, B4 be the sets partitioning. We
will denote bygG the core ofG. It follows thatG can be partitioned into set8; with i € {1,...,4} and
B; C B;. Assume for a contradiction that for #fl € G, SN Ey # 0§ # S N Ey. We will say that a seB;
with i € {1,...,4} forms anE;-block if, for all pairs of setsS, S/ € B;, we haveS N E; = §' N E; # (.
Similarly we definelz-blocks.

Claim1. Fori € {1,...,4}, each nonempty; is either an¥;- or an F-block.

Proof of Claim: ConsiderS1, Sy in B;. Proposition 7.12 states thé§; N F;) U (S2 N E2) contains a set
S’ € G. Proposition 7.8 implies that’ = S; or 5" = S;. If ' = S; then(S1 N Ey) = (52 N Ey). If
S’ = 53 then(S1 N E1) = (51N E3). Moreover, by hypothesis neith8f N F; nor S’ N F; is empty. Since
S, S’ were chosen arbitrarily, the result follows. &

For any nonempty3;, consider anys € B;. We defineE (B;) to be equal te5 N E if B; is an Fy-block,
and toS N E, if B; is an Ey-block. Letr (resp. s) be the cardinality of the members #f (respG) and
n = |E(#)|. AsH is binaryr > 3 ands > 3.

Claim2. LetUU C E(G) be a set that intersects(B;) for each nonemptys;. ThenU is a transversal of
and|U| > 7(G) = r.

Proof of Claim: ClearlyU is a transversal of, thus|U| > 7(G). Proposition 7.10 state§ G) = 7(G). <

Claim3. LetU, U’ be distinct transversals of. If 7(G) = |U| = |U’| then|U — U’| > 2.

Proof of Claim: Proposition 7.10 imply thal’ andU/ ’ are minimum transversals ¢t Hence,U, U’ € H.
The result now follows from Corollary 7.9. &

Claim4. None of theB; is empty.

Proof of Claim: Let U be a minimum cardinality set that intersedt$ B;) for each nonempty3;. Since

r > 3, it follows from Claim 2 that at most one of thB; can be empty. Assume for a contradiction that
one of theB;, say By, is empty. It follows from Claim 2 and the choice bfthat each off( By ), E(Bs),
E(Bs) are pairwise disjoint (otherwis& contains an element common to at least 2/ifB,), F(B-),
E(B3) and|U| < 2). If |E(By)] > 1, then letty, ¢, be distinct elements of(B;). Lett, € E(B:) and

ts € E(Bs). ThenU = {t1,t2,t3} andU’ = {t},t,t3} contradict Claim 3. Thu$E(B;)| = 1 and
similarly, |E(Bs)| = |E(Bs)| = 1. As |Fy| > 3 and|Es| > 3, By, Ba, B3 are not allE;-blocks and not
all Fy-blocks. Thus w.l.o.g. we may assurfe, B, are E;-blocks andBs is an E,-block. Lett; be any
elementinE, — E(B;) — E(B;) andt, be the unique element ifi( B3). Then the column oft(G) indexed

by ¢4 is included in the column afi(G) indexed byt,, a contradiction to Proposition 7.6. O

Consider first the case where evdtyis an E;-block. Suppose that no twl( B;) intersect. Theni(G)
has four columns that add up to the vector of all ones. By Theorem 7.4, each of these colummmbsas
and thereforen = 4s. Furthermore the four elements that index these columns form a transver§al of
and therefore- < 4 (see Claim 2). This contradicts Theorem 7.4 stating that- n. Thus twoE(B;)
intersect, say3; and B,. For otherwisen = 4s, a contradiction tors > n. Lett be any element of
E(B1)N E(By) and letgs (resp.g4) be any element of (B3) (resp.E(Ba)). LetU = {t, g3, g4}. It follows

from Claim 2 that- = 3. It follows from Claim 3 that each of'( Bs) and E(B4) have cardinality one, and
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E(Bjy) N E(B2) contains a unique elemeat Since there are no dominated columnstifG) we have that
E(By) — {e} = E(B2) — {e} = 0. Thus|E;| < 3, a contradiction to the hypothesis that the 3-separation is
strict.

Consider now the case wheRy, B, are E;-blocks andBs, B, are F,-blocks. Suppose there exists
e € E(H) thatis notin any ofE(B;) fori € {1,...,4}. Assume without loss of generality thatc E.
Then columne of A(G) is included in the union of any two columng € E(Bs3) andf, € E(B4), a
contradiction to Proposition 7.6. Thus every elemenkE¢#) is in E( B;) for somei € {1,...,4}. Suppose
there ise € E(By) N E(By). LetU = {e, fi, f2}. Then Claim 2 implies = 3 and Claim 3 implies that
|E(Bs)| = |E(B4)| = 1. Hence|E:| = 2, a contradiction. Thug?, is partitioned intoE ( By), E(Bz),
and E, is partitioned intoE( Bs), E(B4). If r = 4, then we can use Claim 3 to show that for edch
{1,...,4}, |E(B;)| = 1. A contradiction as thefF/;| = |Ey| = 2. Thusr = 3 and letT = {u,v,w}
be a minimum transversal ¢f. Suppose both,v € E(B;) for somei € {1,...,4}, sayi = 3. If
T C Py, thenw € F(By), asT is a transversal. It then follows thdt intersects all sets ab; with even
parity, a contradiction ag is binary. Thus we may assume € F(B;) andw intersects all sets il,.
It follows that, for anyr € E(Bz),y € E(Bs), the set{w, z,y} is a transversal of, a contradiction to
Claim 3. Hence for any transversal = {u,v,w} each element of is in a differentE(B;). We may
assume: € E(By),v € E(Bs), w € F(By). It follows that for anyr € E(By), {z, v, w} is a transversal
and thus by Claim 3(B;) contains a unique element Since|E;| > 2, we cannot have a transversal
u € E(Bz),v € E(Bs),w € E(By), as this would imply E(B;)| = 1. Hence every minimum transversal
containg, a contradiction to Theorem 7.4.

Finally, consider the case wheRy, B, Bz are E;-blocks andB, is anE,-block. Note that every € E;

is in someFE(B;) for i € {1,2,3}. Otherwise the corresponding columwof A(G) is dominated by any
columnt’ € E(By). Suppose there is€ E(B;) — E(B;) — E(By) wherei, j, k are distinct elements in
{1,2,3}. Proposition 7.7 states there exist three setsthiat intersect exactly in Thisimplies|E(B;)| = 1.
Now sinceF (B;) # E(By), there is a columnin salf(B;)— E(B;)— E(Bg). Thus|E(B;)| = 1. Similarly,
|E(By)| = 1, a contradiction td£| > 3. ThusFE(B;) C E(B;) U E(By) for all distincti, j, k € {1,2,3}
and therefore either (1) for some distinicf, k € {1,2,3}, E(B;), E(By) is a partition of E(B;) or (2)
E(B;) N E(B;) # §, for each distinct, j € {1,2,3}. By considering set&/ containing one element of
E(B,) and intersecting each df(B,), E(B2), and E(Bs) we can use Claim 3 to show thgf;| < 2 in
Case (1) andlF1| < 3 in Case (2), a contradiction. O

7.2. Parts and minors. In this section, we prove Lemma 7.2. Consider the matroid with exactly three
elementsdl, 2, 3 which form a circuitCy. Let Iy, I; be disjoint subsets dfy. We say that a signed matroid
(N,T) is afattriangle (1o, I;) if I = I; and N is obtained from'y by adding a parallel element for every
i€ IpU . Let(M,X) be a signed binary matroid with a circdiy = {1, 2,3} whereC, N X = @ and let

i € Cy. Acircuit C; of M is asimple circuit of typei if C; N Co = {i} and|C; N X| = 1. We say that a
cocircuit D has asmall intersection with a simple circuitC' if either: D N C = @; or |D N C| = 2 and the
unique element i’ N X isin D.

Lemma 7.13. Let (M, X) be a signed binary matroid with a circuit Co = {1, 2, 3} such that Co N X = §.
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(1) Let I C Co be such that for all ¢ € I there isa simple circuit C'; of type . Suppose for all distinct
i,j € Co we have a cocircuit D;; where D;; N Co = {4, j} and D;; has a small intersection with
thesimple circuitsin {C} : t € I'}. Then thefattriangle (@, I) isaminor of (M, X).

(2) Let 'y bea simplecircuit of type 1. Suppose we have a cocircuit D12 where D15 N Co = {1,2} and
D15 hasa small intersectionwith C'1. If C'; — {1} U {2} isdependent then C; — {1} U {2} contains
an odd circuit using 2 and thefat triangle ({3}, {2}) isa minor of (M, X).

(3) Supposefor each i = 1, 2 we have a simple circuit C; of type i. Suppose we have a cocircuit D1,
where D12 N Cy = {1, 2} and D;, hasa small intersectionwith €'y and C. If both C; — {1} U {2}
and Cy — {2} U {1} are independent, then the fat triangle (), {1, 2}) isa minor of (M, X).

Proof. Throughout the prodf, j, £ will denote distinct elements @f .

Let us prove (1). For eache I let f; be the unique element iti; NX. For eachD;;, either:D;,NC; =
or D N C; = {fi, 9:} whereg; is an element noti.. Let E be the set of elements ifk, or in any ofC;
wherei € I. Observe,

(a) If g; exists thery; is in each ofD1, D13, D23 andg; is in D;j but notD;;, Djy.
(b) If g; does not exists buf; does thery; is in D;;, D;;, butnotinD .

Definel’ := (X A D32 A D13 A Da3) N Ey. Observe that (a) and (b) imply respectively (') and (b’).

(@) If g; exists thenf; € I'andg; € I.
(b)) If g; does not exist thelf; € T'.

Let (N, T) be the minor of(M, X) obtained by deleting the elements notfily and then contracting the
elements not inCy U T'. It follows from (a’) and (b’) that ifC is a circuit then(V, T') is the fat triangle
(0,1). Otherwise some elemeht Cj is a loop of N, say: = 1. Then there is a circuit’ of M such that
C C Fo,CNCy={1},andCNT = §. ClearlyC N C;, does not intersedb, and D,3 with the same
parity. Consider any € C' — (o such that is in some cocircuitD;;. Sincee ¢ I', it follows from (a’) and
(b)) thate = f; for somei € I and thaty; exists. But then (a) implies thate D15 N D13 N Dos. It follows
thatC' cannot intersecb;, and D;3 with the same parity, a contradiction.

Let us prove (2). Lef be the unique element ifi; N X. By hypothesis there is a circuitin C'y — {1} U
{2}. Since( is a circuit2 € C'. SinceD;, has a small intersectiofi, N D12 = {1, f}. It follows that
C'N D12 =4{2, f}. LetC’ be the circuit using in C'; A C' A Cy. SinceCy is a circuit,3 is not a loop, hence
C' — {3} contains at least one element sayLet (N,T') = (M, 2)\(E(M) — Co — C1)/(C1 — {f,9}).
Observe thaf2, f} is an odd cycle of NV, T') and that{3, ¢ } andC'y are even cycles @fV, I'). Hence, ifCj is
acircuitof NV then(N, I') is the fattrianglé {3}, {2}). Becausd),; is a cocircuitofM, {1, 2, f} is a cocycle
of N, in particularl, 2, f are not loops. I8 is a loop of N then there is a circuit C C'y — {1,2, f, ¢} U {3}
of (M, X). ButC’ A S'isacycle and>’ A S C (4, a contradiction a€’; is a circulit.

Let us prove (3). LetM’ be obtained fromM by deleting all elements not i6'o U C; U C and let
Y = (¥ A Do) N E(M'). SinceDs, has a small intersection witfi; andC; we haveX’ = {1,2}.
Then(M’, {1,2}) is a signed minor of M, £). Choose a minoN of M which is minimal and satisfies the
following properties:

(i) CoisacircuitofN,
(i) for i = 1, 2 there exist circuits’; of N such that”; N Cy = {i},
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(i) C1—{1}U{2}isindependent,

(iv) C2—{2}uU{1}isindependent.
Note that by hypothesid/ satisfies properties (i)-(iv) and thus so da€s. Hencel is well defined. We
will show that|Cy| = |[C2] = 2 in N. Then(N,{1,2}) is a minor of(M, ) and after resigning on the
cocircuit containing, 2 we obtain the fat trianglé, {1, 2}). There is no circuit C C'; — {1} U {3} of N,
for otherwise there exists a cydley A S A Cy C 1 — {1} U {2}, a contradiction with (iii). Hence,

Claiml. Cy — {1} U {3} isindependent.
Clam2. ¢y NCy = 0.

Proof of Claim: Otherwise define&V’ := N/(Cy N C3). Note thatV’ satisfies (ii)-(iv). Suppose (i) does not
hold for N’, i.e. Cy is a cycle but nota circuit aV’. Then3 is a loop of N’. Thus there iss C 'y N (3 such
thatS U {3} is a circuit of NV, contradicting Claim 1. 1

Assume for a contradictioit”;| > 2 for somei € {1, 2}, sayi = 1.

Claim3. There exists a circuif C C; U C3 — {1,2} of N.

Proof of Claim: Lete € Cy — {1} and considefN',T) := (N, T')/e. Suppos&’ is not a circuit of V'.
Then2 or 3 is a loop of V. But then eithef2, e} or {3, e} is a circuit of V. In the former case it contradicts
(iii), in the latter it contradicts Claim 1. Hence (i) holds f&t’. Trivially (i) holds for N’ as well. Suppose
(i) does not hold, ther's is not a circuit of N”. Itimplies there exists a circull C Cs U {e} — {2} of V.
Then.s is the required circuit. Suppose (iv) does not hold. Then there is a cHatitC's U {e, 1} — {2} of
N, andS A €4 contains the required circuit. &

Let S be the circuit in the previous claim. Sin€g, C are circuits,SNCy, SN Cs are non-empty. Let, be
the circuitinC'z A S which use2. Note thatV \ (E(N) — Cy — Cy — (%) satisfies properties (i)-(iii) using
C} instead ofC;. Thus, by minimality, (iv) is not satisfied far';, i.e. C% — {2} U {1} contains a circui€ .
SinceC is a circuit,1 € C}. By the same argument as above, (iii) is not satisfiedfgri.e. C; — {1} U {2}
contains a circuit”y using2. SinceCY C Y it follows thatC'y = C} (sinceC is a circuit). Therefore,
C1=Cy— {2}y U {1}. Butthe cycleC'; A C} = {1, 2} contradicts the fact thdt, is a circuit. O

Lemma7.14. Let (M, X)) beanideal signed binary matroid witha circuit Co = {1, 2,3} where Co N = {).
Suppose we have p : E(M) — Q.4 such that the cut condition is satisfied. Then there existsp’ : E(M) —
@)+ which satisfies the following properties: (i) p’ satisfiesthe cut condition; (i) p’(e) = p(e) for al e ¢ Co;
and (iii) p'(7) + p'(§) < p(i) + p(y) for all distincti,j € Co. Let I = {i € Cp : p'(i) > 0}. Thereisa
Y-flown : 2y — Q4 with costs p’. Moreover, either:

(1) Thefat triangle (@, I) isa signed minor of (M, X) and

(2) |C N Cy| < 1 for all odd circuits C' such that n(C) > 0.
Or after possibly relabeling elements of C'o we have p'(3) = 0 and p’(2) < p(2) + p(3). Moreover,

(3) Thefattriangle ({3}, {2}) isasigned minor of (M, ) and

(4) for al odd circuits C' withn(C) > 0and C' N Cy # ) either C N Cy = {2}, 0r C N Cy = {1}and

C — {1} U {2} containsan odd circuit using 2.
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Proof.

Claim1. We can assume that there exigts E (M) — @ such that properties (i)-(iii) hold. For distinct
i,j € Cp let a;; be the minimum ofp/(D — ) — p/(D N X) whereD N Cy = {4,j}. We then have
(after possibly relabeling the elements() the following cases, either: (@)12 = o153 = aa3 = 0; or (b)
P'(3)=0,p'(2) <p(2),p'(1) <p(1) + p(3) andayz = 0.

Proof of Claim: Choosep’ : E(M) — @4 which minimizesp’(Cy) and which satisfies the following prop-
erties: the cut condition holds fer; p/(e) = p(e) for all e ¢ Co; andp/(i) < p(i) for all ¢ € Cy. Clearly,
(i)-(iii) holds for p’. Suppose (a) does not hold. Then we may assume (after relabeling}that0 and that
P(3) <.

Consider first the case wheng, > 0. Then?2 is in no tight cocircuit, it follows from the choice of’
thatp’(2) = 0. Hencep/(3) = 0. Supposex;s > 0, thenp/(1) = 0. But then for all circuits”' such that
n(C) > 0 we haveC' N Cy = § and (2) holds. Moreover, (1) is satisfied sifde, X)\(E£(M) — Cy) is the
(#, 9) fat triangle. Thus we may assumegs = 0. But by relabeling2 and3 we satisfy (b).

Hence we can assumg, = 0. If ;3 > 0 then3 is in no tight cocircuit, thug'(3) = 0, and (b)
holds. Thus we may assumags = 0. Lete = min{ass/2,p'(3)}. Letp : E(M) — Q4 be defined as
follows: p(e) = p'(e) if e & Co andp(l) = p'(1) + ¢, 5(2) = p'(2) — €, p(3) = p'(3) — €. Note, (i)-(iii)
hold for p. Suppose = p/(3). Thenp(3) = 0, and (b) holds withp sincep(2) < p'(2) < p(2) and
p(1) = p'(1) + € < p(1) + p(3). Thus we may assume= «as3/2. Then for each distinet j € Cj there is a
cocircuitD whereD N Cy = {i, j} which is tight forp. It follows that (a) holds. &

Throughout the proof, j, k& will denote distinct elements af'. Let p’ be the costs given in Claim 1.
Since(M, X) is ideal, Corollary 4.4(i) implies that there iSaflow,  : Qs — Q4 for M with costsp’. Let
D;; be the cocircuits ofif for which D;; N Co = {4, j} andp(D;; — £) — p(D;; N E) = ;.

Consider first case (a) of Claim 1, i.d2;; is tight for all distinct, j € C'. We will show that (1) and
(2) hold. LetC be any circuit withy(C') > 0. Then|C'Nn X| = 1. Suppose there is an eleménb Co N C.
Proposition 4.3 state§' N D;; = {i, f} andC' N Dy = {4, f} where f is the unique element i6’ N X.
ThusC N Cy = {i} and (2) holds. Every elemente Cj is in a tight cocircuit, thus ip’(:) > 0 then
there is a circuit’; with ¢ € C; andn(C;) > 0. Moreover, (2) implies thaf’; is a simple circuit of type.
Proposition 4.3 implies thad 12, D13, D23 all have small intersections with each of the simple circuits. Then
(1) follows from Proposition 7.13(1).

Consider case (b) of Claim 1, i.¢’(3) = 0, p'(2) < p(2),p'(1) < p(1) + p(3) anda2 = 0.

Claim2. LetC be a circuit withy(C') > 0. If ¢ € C' N {1, 2}, thenC, is a simple circuit of type.

This follows from the fact that ¢ C (asp’(3) = 0) and thaC' N {1,2}| = 1 (because of Proposition 4.3
and the fact thab ; is tight). The case wheng(:) = 0 for all i € C, has already been considered (see proof
of Claim 1). Suppose for somiec {1, 2}, p’(3 — ¢) = 0. Thenyp'(¢) > 0 and letf be the unique element in

C; N Y. The minor(M, X)\(E(M) — Co — C})/(C; — {4, f}) is the fat trianglg, {i}) and both (1) and

(2) hold. Thuspy/(1) > 0,p'(2) > 0. Suppose now for all € {1, 2} there exists a circuit’; with »(C;) > 0

andi € C; such that; — {i} U {3 — i} is independent. Claim 2 states that these circuits are simple circuits
of typei. Then (2) holds and Proposition 7.13(3) implies th#t, ) contains the fat triangléd, {1, 2}), i.e.
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(1) holds. Thus we may assume, for soime {1, 2} that for all circuitsC; such that)(C;) > 0 andi € C;,
C; — {i} U {3 — i} is dependent. If = 2 interchange the labelsand1. Since we hag'(1) < p(1) + p(3)
we get in that case’(2) < p(2) + p(3). Otherwise (ifi = 1) we havep/(2) < p(2) < p(2) + p(3).
Proposition 7.13(2) implies that for all circui€s; with »(Cy) > 0 and1 € Cy, Cy — {1} U {2} contains an
odd circuit usingl and that(}, X) contains the fat trianglé{3}, {2}) as a minor. Together with Claim 2

this implies (3) and (4) hold. O
We are now ready for the proof of the main lemma.

Proof of Lemma 7.3. Since M has a strict 3-separatiod] = My @3 M, whereCy = E(M1) N E(M>) is
a triangle. Throughout this proaf j, £ will denote distinct elements af'o. Recall thatF C F;. Let a}j
denote the smallest value of

p(Di; — F — Co) —p(Di; N F) *)
where D;; is some cocircuit ofif; with D;; N Co = {4, j}. Expression (*) gives the difference between
the sum of the capacity elements and the sum of the demand elemefifs, iexcluding the marke€’.
Denote byD}j the cocircuit for which the minimum is attained in (*). Lel;?j denote the smallest value of
p(Dij — Co), whereD;; is some cocircuit oy with D;; N Co = {4, j}. In what follows, we letD}; denote
the cocircuit for whichp(D?; — Co) = af;. For each € C; define:

1
Bi = 5(%%7 +aj, - O{?k)-

Claim1l. 3; > 0forall i € Cy.
Proof of Claim: We havex; + o7, = p(D}; — Co) 4+ p(D}, — Co) > p((D}; A D},) — Co) > a3, Thus
(af; +afy) — a?k > 0andg; > 0. <&
Proof of Claim: «of; 4+ of; = p(D}; — F — Co) — p(D}; N F) + p(D}; — Co) = p((D}; A DY) — F) —
p((D}; A D) N F). Butthe last expression is non negative since the cut condition hold3foF, p). <

Claim3. (M, F) is a signed minor of M, F).
Proof of Claim: Theorem 5.2 implies tha¥/; is a minor ofM obtained by contracting and deleting elements
in £ only. SinceF' C E; the result follows. <&

Definep, : E(M1) — Q4 as follows:pi(e) = p(e) foralle € E; andp, () = 3; forall 7 € Co.

Claim4. The cut condition is satisfied f¢i/ 1, F, p).

Proof of Claim: Since the cut condition holds f@iZ, F, p) the cut condition is satisfied for all cocircuits of
M disjointfromC'. Let D be a cocircuit ofif; suchthatDNCo = {i,j}. Thenpy(D—F)—p1(DNF) =
p(D—F —Co) =p(DNF)+pi1(i) +p1(j) > al; +p1(8) +p1(j) = o + i + B; = af; + of;. Itfollows
from Claim 2 that the previous expression is non-negative. &

Claim 3 implies that M+, F) is a part of(M, F') and hence its clutter of odd circuits is ideal. Together with
Claim 4 itimplies that M 1, F') andp, satisfy the hypothesis of Lemma 7.14. It follows ti& is F-flowing
with costsp) (wherep) is as described in the lemma) and either case 1 or case 2 occurs.
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Case 1: Statements (1) and (2) hold.
We definel := {i € Cy : pj(¢) > 0} and letM} denoteM; \ (Co — I).
Claim5. (M}, I) is a signed minor of M, F').
Proof of Claim: Statement (1) says that the fat trian¢lle’) is a signed minor of M 1, F'), i.e. itis equal to

(My, F)\ Jg/J. forsomely, J. C Ey. Seymour [24] showed théf/ @3 M2)\ Jq/J. = (M1 \ Ja/J.) @3
Ms. Thus(M3y, I) = (M, F)\ Ja/J.. O

Definep, : E(M3) — Q4 as follows:pz(e) = p(e) foralle € E, andp, (i) = pf (¢) foralli € I.

Claim6. The cut condition is satisfied f¢A{3, I, p2).

Proof of Claim: It suffices to show the cut condition holds for cocircuitghat intersect”’ . SupposelD N
Co = {i,j}. Lemma 7.14 states thai(i)+p} () < p1(i)+p1(j). Moreoverp: (i) +p1(j) = Bi+5; = af;.
Thusps(D — 1) = pa(D N 1) = p(D = Co) = (#h (i) + pi(4)) 2 o — o, = 0. o

Claim 5 implies that{ M3, I) is a part of(M, F) and hence its clutter of odd circuits is ideal. It follows
from Claim 6 and Corollary 4.4(i) thaltf § is I-flowing with costg,. Since we can scaje(and hence and
p2) we may assume that thié-flow of M satisfying costg is a multisetZ?® of circuits and that thé-flow

of M} satisfying costg, is a multisetC? of circuits. Because of Statement (), can be partitioned int6 }
and(} foralli € I where:£§ = {C € L' : CNCo=0}andl} = {C e L£':CNCo={i}}. Because
C € L2 impliesC € Qp, £* can be partitioned int? for all i € I where:£? = {C € £*: CNCo = {i}}.
Sincep (i) = p} (i) foreachi € I, |£}] < |£7F| for eachi € I. Let us define a collection of circuits aff
as follows: include all circuits of §, and for everyi € I pair each circuit”; € £} with a different circuit
(4 € £? and add to the collection the circuit includedin A Cs that contain the element &f. The resulting
collection corresponds to &-flow of M satisfying costy.

Case 2: p{(3) = 0, p}(2) < p(2) + p(3) and statements (3) and (4) hold (after possibly relabelip

Let M, denoteM; \ 1. Statement (3) says that the fat triang{@}, {2}) is a signed minor of My, F).
Proceeding as in the proof of Claim 5 we obtain the following.

Claim7. (M}, {2}) is a signed minor of M, F).

Definepy : E(M4) — Q, as follows: pz(e) = p(e) for all e € E(Ms); pa(2) = pi(2) + pi(1) and
p2(3) = pi(1).
Claim8. The cut condition is satisfied f@if 3, {2}, pa).

Proof of Claim: Consider first a cocircuiD of M} such thatD N Cy = {2,3}. Let us checkD does not
violate the cut condition. The following expression should be non negative? — {2}) — p2(D N {2}) =
p(D—Co) 4+ p2(3) —p2(2) = p(D — Co) +pi (1) = pi (1) — p1(2) = p(D—Co) — p}(2). Lemma 7.14 states
P1(2) < p1(2) +p1(3) = B2+ P3. Sincep(D — Co) > a3 = B2+ B3 it follows thatp(D — Co) — p(1) > 0.
Consider a cocircuiD of M/ such that € D but3 ¢ D. Let us checkD> does not violate the cut condition.
The following expression should be non negative(D — {2}) — p2(D N {2}) = p(D — Co) — p2(2) =
p(D — Co) = (# (1) + P4 (2)). Lemma 7.14 states; (1) + p} (2) < p1(1) +p1(2) = 1 + fa. SinceD U {1}

is a cocircuit of My, p2 (D — Co) > af, = B1 + Ba. Itfollows thatp(D — Co) — (pi (1) +pi(2)) > 0. <
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Claim 7, Claim 8, and Corollary 4.4(i) imply that} is {2}-flowing with costsp.. We may assume that
the F-flow of M, satisfying costg’ is a multiset! of circuits. Because of Statement (4)! can be
partitioned intoC g, £1, £3 where: £§ = {C € L1 : CNCo =0}, L1 = {C € L*: CNCo = {1}},
Ly={CeL':CnCo={2}}. We may assume that tHe}-flow of M} satisfying costp, is a multiset
L£?* of circuits. SinceC' € £? impliesC' € Qy,} and sincel ¢ E(M}), £* can be partitioned intd 1, £3
where:£3 = {C € L?:CNCo=1{2,3}},andCi={C e L?:CNCo={2}}.

Claim. () €3] < €3] and (i) £1] + €3] < €3]+ [£3]

Proof of Claim: Let us prove (i)2 is a demand element for the flo9#, thus| 3| + |£%] = p2(2) = pi(1) +
pi(2). 3 is a capacity element for the flog?, thus|£?| < p2(3) = pi(1). Hence,|L3] > p|(2) > |
where the last inequality follows from the fact tiaits a capacity element for the flo@!. Let us prove (ii).
L+ 11 < pi(2) + pL(1) = pa(2) = [C3]+ |23, o

Let us define a collection of circuits dff as follows: (a) include all circuits of §; (b) pair every circuit

Cy € L} with a different circuitCy; € £2 - such a pairing exists because of Claim 9(i) - and add to the
collectionC'; A Cs; (c) pair as many circuit€'; of £1 to as many different circuit§’; of £2 as possible, and
add to the collection’; A C5; (d) pair all remaining circuit§'; of £1 to circuits of£2 not already used in (b).
Such a pairing exists because of Claim 9(ii). Statement (4) say§'that{1} U {2} contains an odd circuit
(1. For every pairCy, Cy add to the collection the cycle’; A Cs; (e) for each cycle” in the collection
only keep the circuit included i@ that contains the element éf. The resulting collection corresponds to an
F-flow of M satisfying cost. O

8. SUFFICIENT CONDITIONS FOR IDEALNESS

We will prove Theorem 1.1 in this section, i.e. that a binary clutter is ideal if it has none of the following
minors: Lr,, Ok., b(Ok. ), QF andQF. The next result is fairly straightforward.

Proposition 8.1(Novick and Seb’[20]).

e 7 isaclutter of odd circuits of a graph if and only if (%) is graphic.
e 7 isaclutter of T-cutsif and only if «(#) is cographic.

Remark 8.2. The class of clutters of odd circuits and the class of cluttef5-ofits is closed under taking
minors.

This follows from the previous proposition, Remark 2.9 and the fact that the classes of graphic and cographic
matroid are closed under taking (matroid) minors. We know from Remark 3.4(®a)* (a minor ofQ7)
is a source of7, andQ is a source of*;. Thus Proposition 8.1 implies,

Remark 8.3. @ and@¢ are not clutters of odd circuits or clutters’Bfcuts.
We use the following two decomposition theorems.

Theorem 8.4(Seymour [24]) Let M be a 3-connected and internally 4-connected regular matroid. Then
M = Ryo 0r M isgraphicor M iscographic.
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Theorem 8.5(Seymour [24, 26]) Let M be a 3-connected binary matroid with no F7 (resp. F£7) minor.
Then M isregular or M = Fr (resp. F7).

Corollary 8.6. Let % beabinary clutter such that «(7#£) hasno F'7 minor. If % is 3-connected and internally
4-connected, then # isone of b(Q7), Lr,, b(Qs) ™, or one of the 6 liftsof R0, or a clutter of odd circuits or
a clutter of T-cuts.

Proof. SinceH is 3-connectedy(#) is 3-connected. So, by Theorem 8&%H) is regular or«(#) = F. In
the latter case, Remark 3.4 implies tiais one ofb(Q7), L., b(Qs)*. Thus we can assume thafH ) is
regular. By hypothesis,(#) is internally 4-connected and therefore, by Theorem@&,) = R1o or u(#)
is graphic oru(H) is cographic. Now the corollary follows from Proposition 8.1 and Remark 3.4. O

We are now ready for the proof of the main result of this paper.

Proof of Theorem 1.1. We need to prove that, # is nonideal, then it containg i, O, b(Ok,), Q¥ or
Q¥ as a minor. Without loss of generality we may assume #as¢ minimally nonideal. It follows from
Remark 5.3 and propositions 6.1 and 7.1 tHas 3-connected and internally 4-connected. Consider first the
case wherei(#) has noF; minor. Then, by Corollary 8.6 either: (# is one ofb(Q ), Lr., b(Qs)™, Or
(ii) H is one of the 6 lifts ofR2 1, or (iii) A is a clutter of odd circuits, or (iv}{ is a clutter of T-cuts. Sinc#
is minimally nonideal, it follows from Proposition 3.5 that if (i) occurs ttén= £ g, and if (ii) occurs then
H = b(Ok,). If (iii) occurs then, by Theorem 1.3{ = Ok.; (iv) cannot occur because of Theorem 1.4.
Now consider the case whetg?) has anF; minor. It follows by Theorem 3.2 th&{ has a minof{
or {3, where, is a source of"; and#, is a lift of F. Proposition 3.1 states that the lifts Bf are the
blockers of the sources df;. Remark 3.4 states that the sourcesd'efare b(Q7), Lr, or b(Qs)™, and that
F7 has only one source, namel . This implies thatt, = Qi and#$ = Q¥ orb(Lp,)+ orb(b(QF)) ™.
Sinceb(L,)* has anCp, minor andb(b(Q)) ™ has aQd minor, the proof of the theorem is completel]

One can obtain a variation of Theorem 1.1 by modifying Corollary 8.6 as followsHLbt a binary
clutter such that:(#) has noF; minor. If % is 3-connected and internally 4-connected, tiérs 6(Q 7),
Lr,, b(QF) or one of the 6 lifts ofR? 1 or a clutter of odd circuits or a clutter of T-cuts. Following the proof
of Theorem 1.1, this yields: A binary clutter is ideal if it does not haveCan, Ox,, b(Ox,), b(Q~7) or
b(QZ) minor. But this result is weaker than Corollary 1.2. Other variations of Theorem 1.1 can be obtained
by using Seymour’s Splitter Theorem [24] which implies, sin¢&) is 3-connected and(#) # F7, that
u(H) has eitherSs or AG(3, 2) as a minor. Again, by using Proposition 3.2, we can obtain a list of excluded
minors that are sufficient to guarantee tiais ideal.

9. SOME ADDITIONAL COMMENTS

Corollary 8.6 implies the following result, using the argument used in the proof of Theorem 1.1.

Theorem 9.1. Let % be an ideal binary clutter such that (%) hasno F¥ minor. If A is 3-connected and
internally 4-connected, then # isone of b(Q7), b(Q¢) ™, or one of the 5 ideal liftsof R0, or a clutter of odd
circuits of a weakly bipartite graph, or a clutter of T-cuts.
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A possible strategy for resolving Seymour’s Conjecture would be to generalize this theorem by removing
the assumption that(#) has noF7 minor, while allowing in the conclusion the possibility f&f to also be
a clutter of T-joins or the blocker of a clutter of odd circuits in a weakly bipartite graph. However, this is not
possible as illustrated by the following example.
Let 712 be the binary matroid with the following partial representation.

——ooor
—ooo——
coo———
co———o
OO
oo

This matroid first appeared in [11]. It is self dual and satisfies the following properties:

(i) Forevery element of Ty, T12/t is 3-connected and internally 4-connected.
(i) For every element of T, T12/t is not regular.

We are indebted to James Oxley (personal communication) for bringing to our attention the existence of
the matroid7y, and pointing out that it satisfies properties (i) and (ii). Léte any element of';, and let
H = Port(Ti2,t). Because of (iY]12/t = u(H) is 3-connected and internally 4-connected and thus&o is
Because of (ii)712/t = u(#) is not graphic or cographic thus Proposition 8.1 implies #ia not a clutter
of T-cuts and not a clutter of odd circuits. We know from Proposition 2.12i{#d) = Port(T[,,t) =
Port(Ti2,t). Thus,b(#H) is also 3-connected, internally 4-connected, &hi$ not the clutter of/-joins or
the blocker of the clutter of odd circuits. However, it follows from the results of Luetolf and Margot [16] that
the clutter is ideal.
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