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Abstract

We study a class of quadratic stochastic programs where the distribution of ran-
dom variables has unknown parameters. A traditional approach is to estimate
the parameters using a maximum likelihood estimator (MLE) and to use this as
input in the optimization problem. For the unconstrained case, we show that an
estimator that shrinks the MLE towards an arbitrary vector yields a uniformly
better risk than the MLE. In contrast, when there are constraints, we show that
the MLE is admissible.

Keywords: Stochastic optimization, Parameter estimation, Maximum
likelihood estimator, Admissible estimator, Shrinkage estimator

1. Introduction

In practice, optimization problems often involve uncertain elements arising
from a random process. See Birge and Louveaux [3] for an introduction to
stochastic programming. Samples from the underlying random process are used
to estimate unknown parameters of the distribution of the uncertain elements.
We study a set up where the estimation process is performed first, and its
output estimator is used as an input for the optimization problem. It is natural
to use the maximum likelihood estimator (MLE) of the parameters. But in some
cases one may obtain better solutions to the optimization problem by replacing
the MLE by a shrinkage estimator. For example in portfolio optimization,
an investor may want to construct a portfolio of risky assets that maximizes
expected return against risk (Markowitz [13]). When historical data on the
asset returns are used to estimate the expected returns, Jorion [§] recommends
to shrink the vector of sample averages towards a grand average, and to use
this shrunk estimator in the Markowitz optimization problem to obtain better
portfolios. We address the question of where this shrinkage idea fits in the
optimization literature, focusing on the impact of constraints.
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2. Problem Description

Consider the following parametric stochastic optimization problem
max E T . 1
yey x|0 [f( ) y)] ( )

In , x represents a vector of random variables in R™ that has a known prob-
ability distribution with joint density G(x|@) where 6 represents a vector of
unknown parameters of the distribution. Vector y represents decision variables
in R™ that belong to a closed set )Y C R™. The expectation ]Em|g[.] is taken with
respect to the distribution of the random variables x given the vector 8 of pa-
rameters. Writing Eqo[f(,y)] = F(0,y), we refer to F(0,y) as a parametric
objective function. Since F(0,vy) is a function of 8 and y, its optimal solution
y*(0) and its optimal value F(0,y*(0)) are both functions of 6. This setting
suggests combining statistical techniques with optimization to achieve desirable
end-solutions; see Lim, Shanthikumar and Shen [I1] for an investigation.

A finite number T' of i.i.d. observations {«'},c7| (obtained from computer
simulation, historical data, prediction, etc) is available for the random variables
. Throughout this paper, we write {‘} as a shorthand for the collection of
observations. From a statistical point of view, the data is used to obtain an
approximate solution (estimator) g({x'}) for the true optimal solution (esti-
mand) y*(@). In the remainder, we use y* as a shorthand for y*(0), and we
use g as a shorthand for g({z'}). Our goal in this paper is to obtain “good”
estimators ¢y for the optimal solution y* of problem .

The quality of the solution estimator relative to the optimal solution is mea-
sured by the loss function

A smaller loss indicates a better estimator. Since g is a solution to , it
belongs to Y, and therefore F(0,9) < F(0,y*).

The loss function defined in is a random quantity since F(6,9) is a
function of the observations {x'} (because of the estimator ). Therefore, to
evaluate the overall performance of the estimator ¢, an averaging measure for
the loss function is defined. This measure is referred to as the risk

R(y*v:g) = E{mt}|0[£’(y*aﬁ)]7 (3)

where the expectation is taken over all realizations of the observations with
respect to the joint distribution G({x'}|@) computed as Hle G(x'0) as the
observations are i.i.d.

It is clear that the risk R(y*,9) is a function of the unknown parameters
0. The treatment of the risk is different depending on whether the unknown
parameters of the model are assumed to be random or fixed. This key assump-
tion on the model parameters gives rise to two major statistical frameworks:
Bayesian and frequentist. In this paper, we investigate the risk function under
the frequentist framework where parameters are viewed as fixed numbers that
are not known to the modeler, and they have the domain © = R".



3. Admissibility

A popular criterion under the frequentist framework is admissibility, a de-
sirable property of estimators that seeks superior relative risks. We focus on
studying estimators with this property throughout this paper.

An estimator ! strictly dominates another estimator §2 if R(y*,9') <
R(y*,9?%) for all values of the parameters 6, with strict inequality for some
values of 8. An estimator §' is inadmissible, if there exists an estimator
that strictly dominates it. Otherwise, it is admissible. It is a common-sense
rule in decision making to avoid inadmissible estimators. Identifying admissible
estimators and constructing dominating estimators for inadmissible ones are two
important research directions in the theory of point estimation; see [I0]. Our
goal in this paper is to pursue these directions in optimization.

Let O (as a shorthand for @({z'})) be an estimator of 6 as a function of
the observations. As the traditional and most common technique to obtain
an estimator for the optimal solution of , we study the following scheme:
Use 6 in place of 8, and then solve maxyey F(é,y). The optimizer of this
problem is a solution estimator g; of y*. One of the most common and natural

choices for @ is the maximum likelihood estimator (MLE) due to its several
attractive features. For instance, under the assumption that the distribution G

is normal, the MLE for the mean g is the sample mean & = # which is
unbiased, invariant, efficient and consistent. The question of interest is whether
the solution estimator gz obtained from the MLE & is admissible, and if it is
not, how to find a solution estimator that dominates it.

Studying admissibility of a given estimator and designing dominating esti-
mators are hard tasks even under simple distributional settings and problem
structures. The most common statistical setting to study such properties is for
the distribution to be normal and for the loss function to be the squared error;
see [10] Sec. 5. Assume that  ~ A (z|w,I) and T = 1. Consider the squared
error loss function £(u, ft) = || — f1||> which measures the Euclidean distance
between the unknown parameter p and its estimator . Blyth [4] showed that,
under the squared error loss, the MLE is admissible when n = 1 and n = 2.
Stein [I4] stunned the statistical world by showing that & is inadmissible when
n > 3. In particular, James and Stein[7] proved that & is uniformly dominated
by an estimator of the form & = px® 4 (1 — p)& where p = %
arbitrary target vector in R™. Baranchik [I] improved the James-Stein estimator
by modifying the factor p to p™ = min{p, 1}. This estimator is referred to as
the shrinkage estimator, since it shrinks the MLE & towards the target vector
x0.

The above statistical results are established in the space of parameters un-
der a loss function £(u, f2) that measures the distance between the estimator
[t and the parameter pu. For optimization problems, on the other hand, we are
interested in the space of decision variables, where the loss function L£(y*,9)
measures the difference in the objective value between the solution estimator g
and the optimal solution y*. The question of interest is how does a shrinkage

and zV is an



solution estimator gz compare to the MLE solution estimator gz? We inves-
tigate this question for two different classes of convex stochastic problems, one
with a quadratic term in the objective and the other with a quadratic term in
the constraint. To keep the analysis tractable, we assume that the distribution
of the random variables is normal and its covariance matrix is known.

4. Convex Quadratic Objective

In this section we show that a classical shrinkage result in statistics extends
to a certain family of stochastic programs.

Proposition 1. Assume thatx ~ N (p,I), and that L(y*,yp) = (f—p)TQ,(f—
) where Q, = 0 for all p € R™. Then the shrinkage solution estimator ysz
strictly dominates the MLE solution estimator ¥z for any @ = px® + (1 — p)x
where p = CT(“‘\‘I%::;‘IT;’ provided (i) 0 < ¢(.) < inf,ern 2% — 4, and (i)
the function c(.) has nonnegative derivative. In the above definition, tr(Q,) and

/\maX(QM) represent the trace and the maximum eigenvalue of Q),, respectively.

Proof. We show the result for £° = 0. The argument for other choices of x®
follows through a translation of the origin. Fix g € R™. Our goal is to prove
that Rp(y*,9z) < Rr(y*,yz). Since both estimators are functions of &, we
replace the simultaneous expectation E{z:y9 in the risk calculation with
Ez|u, which is the expectation over the sample mean vector & that has normal
distribution A(pt, =1). We write that

R(Y", 9z)
=Egpu (2 —p)"Qu(® — p)]
- el s ezl
o |10~ e - W e - w)
MIETQM(@ _ “)} ,

A(l2l?)

= R(y*a'gi) +Eim |: xTQua_{l - QEEW |:

c(llz]]?) |~
Tl )
when 2° = 0, and the third equality holds since Eg, [(Z — p)TQu(Z — p)] =
R(y*,yz). Next, we compute the last bracket in the above relation. Define &_;
to be the subvector of & without the ith coordinate, and let ¢/(.) denote the

where the second equality follows from the definition of £ = (1 —



derivative of ¢(.). We write that

o [ U270, (0 - )]

1 n —
:TZEiW ||||||2 Z‘Tﬂqﬂ Ti — i)
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=1
1 Tl izl . (=)
:TE[ gl (@)~ 2 Qe + 2T Qs

In the above relations, the second equality follows from splitting the expectation
operator for variable Z;. The third equality follows from Stein’s identity (see
Lemma 1.5.15 in [10]) based on integration by parts which states that for a nor-
mal random variable v ~ N(7,0?) we have that E, |, [h(v)(v—7)] = 0?Ey)-[1/(v)]
for any differentiable function h(v) with integrable derivative. This identity to-
gether with the fact that the variance of Z; is equal to % yields the third equality.
The last two equalities follow by merging back the expectation operator and us-
ing the matrix form of the element-wise multiplications. Using this identity in
the previous relation, we obtain

c(ll2|*)

=Ry d0) + Ba | i ((lel) + 0T 26T (@) )| - 2 | T

c(ll=]1%) 2 _
SRY" Uz) + Eay EEIE ((e(l2]1%) + 4) Amax (@) — 2tr(Qy))

< R(y*7 yf)’
where the first inequality holds because % < Amax(Qu), 'QLZ > 0 and

d(||2||?) > 0 by assumption (ii), and the second inequality follows from assump-
tion (i). O

The result of Propositionprovides a generalization of Theorem 5.5.9 in [10]
from three aspects: (i) matrix @, can be dependent on the unknown parameters,
(ii) matrix @, can have zero eigenvalues, and (iii) it holds for any number of



observations T. These extensions are particularly helpful in the optimization
context when the objective function is approximated by its second order Taylor
expansion around g, which makes the Hessian matrix dependent on g, and when
the objective is convex but not strictly convex. We further note that the result
of Proposition [I] can be extended through a suitable orthogonal transformation
to the case where & ~ N (p,X) and ¥ > 0.

Example [1] shows an instance where the loss structure defined in Proposi-
tion[I]holds, and hence the shrinkage estimator improves on the MLE estimator.

Example 1. Consider an instance of where f(x,y) = 2Ty — SyT Ay and
Y = R, where A is a positive-definite matrix in R™*™, and 7 is a positive
number. We obtain that F(u,y) = uTy — FyT Ay, and therefore the parametric
optimization model reduces to

TiZTA 4
max pty — Syt Ay. (4)

Since this is a concave maximization problem, y* is unique and computed as
y* = %A‘lu. Let o be an estimator of u as a function of the observations
{z'}. The above relation implies that, for any such estimator i, one can define
an optimal solution estimator ¥, = %Ailﬂ. Plugging the values of y* and

Y in the loss function: we obtair} thaut1 £(y*,??ﬂ) = }-(u,:l{*) — Fp,9p) =
(WA = 2uTA T o+ fTAT ) = S (u— )TA™H (e — ).

A special case of the quadratic model appears in Markowitz’ portfolio
selection problem maxycgn {uTy - 5yT Ey} where g and ¥ represent the mean
vector and the covariance matrix of the asset returns, respectively. This uncon-
strained model is standard under the assumptions that (i) a riskless asset is
available, and (ii) both long and short positions are allowed; see [9]. As a result,
shrinkage can be applied to improve the MLE solution estimator. The signifi-
cant impact of improving the portfolio weights through shrinkage has attracted
a great deal of attention in finance during the past three decades; see [6] for a
comprehensive investigation.

To our knowledge, the shrinkage phenomenon has not been exploited in the
optimization context beyond portfolio selection. Proposition [1| generalizes this
shrinkage idea to a broader class of optimization problems.

5. Convex Quadratic Constraint

In this section, we study a class of convex quadratic stochastic problems
with a linear objective and a single quadratic constraint and we show that,
surprisingly, the MLE estimator is not dominated by any other estimators. The
constraint set is of the form (y —y°)TA(y — y°) < b where 4 = 0, y° € R” and
b € R. Without loss of generality and to simplify the analysis, we use a linear
transformation to reduce the constraint set to a unit ball of the form ||y||? < 1.
Example |2| shows how complicated the loss function can become over such a
simple constraint set.



(a) The surface curve (b) The contour lines

Figure 1: The loss function of Example [2| (Color available online)

Example 2. Consider an instance of where & ~ N(u,I), f(z,y) = 2Ty
and ) = {y € R"|||y||? < 1}. This represents the quadratic problem of max-
imizing a linear function with random coefficients over the unit ball in R™. It
follows that F(u,y) = pTy. Since the program is convex, we compute the
unique optimal solution as y* = ﬁ Let 1 be an estimator of p as a func-

tion of the observations {z'}. We obtain the corresponding solution estimator

Yp = a7 We then compute L(y*, ga) = F(u,y") — F(p, 9a) = |lpll — ﬁ
It is clear that the optimal solution of this problem is determined by the di-
rection of the coefficient vector, whereas the optimal value is determined by
its magnitude. To distinguish these impacts, we rewrite the loss function as

* T
L(y*,yu) = ||pl| (1 - W) = ||p||(1 — cos(@)) where ¢ represents the angle
between the vectors p and fi.

Figure (1] illustrates £(y*,y;) of Example [2| and its contour lines for an
instance in R?, where (11, 12) = (0, 1). This loss function is not of a conventional
quadratic form. Since it is not location-invariant (Brown [5]), the admissibility
results in the statistical literature do not apply for such a function. Next, we
investigate the admissibility of the MLE for this function through the notion of
directional statistics [12].

Proposition 2. Assume thatx ~ N(p,I) and L(y*,y;) = ||p]| (1 - m)

Then, the MLE solution estimator ¥z is admissible among all estimators 9.

Proof. In the proof, we use Theorem 2.1 in [2] which is rephrased as follows. For
the loss function £(p, f1) = ||t — p||> where ||p]] is fixed at k, the estimator o =

kl%l is admissible among all estimators whose norm is k. We now return to the

2
. * o\ _ M _ el || & _ p
proof. First, note that L£(y*,9a) = ||pl| (1 ||u|||mu) =3 Humw ||u||H :

Assume by contradiction that gz is inadmissible. Therefore, there exists another
estimator g, for some fi (which is a function of {«'}) that strictly dominates



vyz. It follows from the above relation and the definition of inadmissibility

N 2 _ 2
that Eaey) [H,’h - H%HH } < Efet}u U e - ﬁH } for all p € R™\ {0},
2

_ _ 2

= T x P i1 n
and Bt [Hﬂll Tal i~ v } for some f1 € R™
0}. Define P = e R™\ {0 = ||@||} to be a subset of parameters
{0} I 4 I p

whose norm is equal to ||@||. Restricting attention to the family of parameters

} < Bz U

gy

2
2o e = LA 2 —
ol ~ Tial ‘ = Tl ‘ 1212 “H for all g €
P. Using this relation in the inadmissibility definition given above, we obtain

R 2 _ 2
that E(gey, [\ Il g = | ] < Egayjp [Hnm,zl, ~u| ] for all p € P,

in P, we can write that ‘

) 2 _ 2
and E(p) [H||,,L||”g|| _gH ] < Egarya [H”““ﬁn _,:LH } This inequality
implies that the estimator || ﬁ||ﬁ strictly dominates ||ﬁ\|”%|| over the family

of parameters p € P and under the loss ||z — p||*. This is a contradiction to
Theorem 2.1 in [2] given above as both ||ﬁ\|ﬁ and ||ﬁ||ﬁ have norms equal

to [[fl]. O

The drastic difference in the admissibility results of the MLE solution es-
timator between the quadratic problems in Section [4] and those in this section
can be surprising for an optimizer. Indeed, properties such as optimality con-
ditions for a convex program whether the convexity is in the objective or in the
constraints are translated without a fundamental change, a feature that does
not hold for the admissibility property. To reinforce this remark, we revisit the
problem in Example [2 by considering its Lagrangian relaxation where we move
the quadratic constraint to the objective, and show that the shrinkage does
improve the MLE solution estimator for this formulation.

The Lagrangian function is expressed as Fy(u,y) = pTy — AyTy + A where
y € R" and A € R;. Because of strong duality, it is easy to verify that the
Lagrangian problem maxyern Fax(pt,y) for \* = @ has the same optimal
solution y* and optimal value z* as the original problem. We can view this
model as an unconstrained formulation of the unit-ball problem.

Now consider a special case of the parameter estimation problem where the
length of p is known, say ||p|| = k, and it is only the direction of g that needs
to be estimated. As mentioned in Example [2] the optimal solution of the unit-
ball problem is determined only by the direction of p, and hence the length
restriction does not affect the form of the problem. On the other hand, this
restriction can be embedded in the Lagrangian model above by setting A* = %
Note that for this restricted case, the optimal solution and optimal value of the
two models are still the same.

Proposition 3. Assume that x ~ N (u,I) and that ||p|| = k > 0.

(i) For problem maxyer {nTy||ly||* < 1}, the MLE solution estimator §z
is admissible.



(i) For problem maxycgrn Fx- (1, y) with )\i = 05,2 the shrinkage solution esti-
clz=z 11 where 0 < ¢(.) < 2(n — 2)

aESCE

and () > 0, strictly dominates the MLE solution estimator gz for n > 3.

mator Yz with shrinkage factor p =

Proof. (i) The result follows from the discussion in the proof of Proposition
that the MLE solution estimator is also admissible when ||| is fixed.

(11) The model maxyegrn Fx- (1, y) is of the form (4) given in Example [1f with
an additional constant. The result follows from Proposition [I] and its

following discussion.
O

We conclude this section by noting that, although the results in this section
concern quadratic programs, they can provide insight for problems with more
general structures. For instance, if the loss function of the stochastic program
can be expressed explicitly, the admissibility of estimators around sufficiently
small neighborhoods of the mean may be studied via Proposition [I| by using a
second order Taylor expansion. Similarly, if the loss function of the stochas-
tic program cannot be obtained in closed-form, its convex relaxations may be
studied under the constrained quadratic programs of Proposition [2}

6. Computational Results

In this section, we present computational results for two formulations of the
unit-ball problem of Example The first formulation is maxyecp» {pTy | ||y||> <

—_

with loss function £'(y*,gz) = ||pl] (1 - m), and the second formu-

lation is maxycgrn {uTy — ”LQHyTy+ @} with loss function £%(y*,9u) =
m [|ft—p||?. Supporting the theoretical results developed in Sections [4|and
our computational experiments show that for the first (constrained) formulation
the shrinkage estimator has often a higher risk than the MLE solution estimator.
In contrast for the second (unconstrained) formulation, the shrinkage estimator
always yields a lower risk than the MLE solution estimator.

We set n = 20. We consider random variables x; ~ N (p;,0?) for i € [n]
where p; is unknown. In the frequentist framework, there is no prior on the
unknown parameters. However, to perform out-of-sample experiments via sim-
ulation, we generate the unknown parameters from a distribution. We choose
pi ~ N(\ 62) for i € [n]. There are two main factors that affect the risk. The
first factor is the direction of vector g which is reflected in the loss function;
see Example [2| To obtain a wide range of directions, we set A = 0 so that for
each component the chances of being on either sides of the origin are equal.
The second factor is the concentration of the distribution around the mean. To
obtain different ranges for this concentration, we consider two sets of experi-
ments for different values of the ratio g. In the first set of experiments we fix
6 =1 and o = 10, and in the second we fix 6 = 10 and ¢ = 10. For both
experiments, we randomly generate 20 instances, that is 20 randomly generated



values for vector p according to its assumed distribution, and one observation
vector &, that is T' = 1. For each instance, we generate K = 10000 values
for the observation vector . For each &, we compute the two loss functions
LY(y*,9z) and L2(y*, 9z). Then, we compute the approximate risks R!(y*, 9z)
and R?(y*,9yz) by taking the average of the loss functions over all values of &.

We present the computational results for g = % in Table|laland for g = %
in Table [0l The second column of each table contains the risk value of the
MLE solution estimator for the constrained unit-ball formulation, i.e., Ry =
RYy*,9z) = Ezu[L' (¥*, 9z)]. The third column contains the risk value of the
shrinkage estimator for the same formulation, i.e., Ry = R'(y*,9z) where
z=px+ (1 -px, p = min{l,ﬁ} and 2° = 121, This choice of
target vector is common in statistical models and it is sometimes referred to as
the grand average since it computes the average of the MLE components. The
fourth column shows the percentage of the gap closure achieved by the risk of

the shrinkage estimator compared to that of the MLE solution estimator. This
1 1
Reom—Rsu - Gimilarly, the fifth, sixth and seventh

columns represent the risk value ofs‘lg/lhe MLE solution estimator, the risk value
of the shrinkage estimator, and the gap closure for the Lagrangian formulation,
respectively.

Table 1| shows that the MLE solution estimator has a consistently better risk
than the shrinkage estimator for our choice of parameters in the constrained
formulation, but the reverse is true in the Lagrangian version of the problem.
This support the theoretical results of Propositions [2] and [3

quantity is computed as Al =

# [ Riv Réw AT Ry Riy A7 # | Rin  Rin AT Ry Riw A7

1 [352 371 -5% | 258.07 26.60 90% 1 [12.56 13.84 -10% | 20.11 12.88 36%
2 | 352 371 -5% | 260.23 27.09 90% 2 | 13.42 1611 -20% | 26.78 13.71 49%
3 313 326 -4% | 297.15 30.63 90% 3 | 13.21 1242 6% | 23.78 11.85 50%
4 249 257 -3% | 37748 3744 90% 4 1290 14.40 -12% | 21.29 13.20 38%
5 | 355 3.67 -3% | 257.90 26.38 90% 5 | 12.85 13.89 -8% | 21.01 12.90 39%
6 |3.58 376 -5% | 254.46 26.60 90% 6 | 12,02 10.17 15% | 17.63 10.18 42%
7 | 414 439 -6% | 219.01 23.72 89% 7 1263 1335 -6% | 19.99 1256 37%
8 | 422 448 6% | 212.05 22.79 89% 8 | 13.31 14.95 -12% | 24.82 13.28 47%
9 431 459 -T% | 206.84 22.07 89% 9 | 1297 1441 -11% | 22,57 13.14 42%
10 | 3.67 387 -5% | 247.00 25.48 90% 10 | 12.93 12.64 2% | 21.73 12.03 45%
11 | 3.57  3.75  -5% | 254.25 26.16 90% 11 | 13.07 14.98 -15% | 23.03 13.44 42%
12 | 462 494 -7% | 192.36 2120 89% 12 | 12.34 1255  -2% | 18.84 12.01 36%
13 | 413 430 -4% | 216.63 2292 89% 13| 13.18 13.92 6% | 23.70 12.81 46%
14 | 405 430 -6% | 220.55 23.16 89% 14 | 12.87 1440 -12% | 21.35 13.14 38%
15 | 448 476 -6% | 199.42 21.63 89% 15 | 13.28 16.69 -26% | 33.70 13.76 59%
16 | 3.60 3.77 -5% | 254.66 26.88 89% 16 | 12.00 12.82 -7% | 17.59 12.30 30%
17 | 397  4.03 -1% | 229.00 24.01 90% 17 | 13.31 1548 -16% | 25.16 13.55 46%
18 | 4.33 461 -7% | 206.35 2242 89% 18 | 12.69 14.10 -11% | 20.33 13.00 36%
19 | 460 4.93 -7% | 192.00 21.12 89% 19 | 1348 14.58  -8% | 27.64 1298 53%
20 | 453 4.85 -T% | 195.84 21.42 89% 20 | 12.95 14.36 -11% | 22.03 13.12 40%

(a) The first set of experiments (b) The second set of experiments

Table 1: Risk comparison for different estimators
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