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Abstract. Gomory-Chvatal cuts are prominent in integer programming.
The Gomory-Chvatal closure of a polyhedron is the intersection of all
half spaces defined by its Gomory-Chvétal cuts. In this paper, we show
that it is NP-complete to decide whether the Gomory-Chvétal closure
of a rational polyhedron is empty, even when this polyhedron contains
no integer point. This implies that the problem of deciding whether the
Gomory-Chvétal closure of a rational polyhedron P is identical to the
integer hull of P is NP-hard. Similar results are also proved for the
{—1,0,1}-cuts and {0, 1}-cuts, two special types of Gomory-Chvdtal cuts
with coefficients restricted in {—1,0,1} and {0, 1}, respectively.
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1 Introduction

Throughout this paper we will assume a knowledge of elementary integer pro-
gramming definitions and results. One may use the book by Conforti et al. [4]
as a reference.

We consider the integer program: min wz s.t. Ax < b, ©z € Z"™, where
beZmweZ" and A € Z™*™. The polyhedron associated with the linear
programming relaxation of the integer program is denoted by P = {z € R" :
Az < b}. Polyhedra of this form, where b € Z™ and A € Z™*", are called rational
polyhedra. The convex hull of all feasible solutions of the integer program is a
polyhedron called the integer hull and denoted by Pr. An inequality of the form
cx < |d] is called a Gomory-Chvdtal cut of P if cx < d is valid for every x € P,
where ¢ € Z". Gomory-Chvétal cuts were originally proposed by Gomory [9]
as a method for solving integer programming and combinatorial optimization
problems. Chvétal [3] introduced a notion of closure associated with these cuts.
The Gomory-Chudtal closure of Pis P’ ={x € P: cx < |d] Ve € Z™ and d €
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R such that cx < d is valid for P}. Clearly, Py C P’ C P, and, from the theory
of Gomory-Chvétal cuts, the second inclusion is strict when P # Pj.

The separation problem for the Gomory-Chvatal closure of a rational polyhe-
dron (GC-Sep) is the following: Given a rational polyhedron P C R™ and a point
x* € R", either give a Gomory-Chvétal cut of P such that z* violates the cut, or
conclude that * € P’. The optimization problem over the Gomory-Chvétal clo-
sure of a rational polyhedron (GC-Opt) is: Given a rational polyhedron P C R"™
and a vector ¢ € Z", either find a point z* € P’ that optimizes the function
cx, or conclude that the optimal value of ¢z over P’ is unbounded, or conclude
that P’ = (. It follows from a general result of Grotschel, Lovasz and Schrijver
[10] that solving GC-Sep in polynomial time is equivalent to solving GC-Opt in
polynomial time. Eisenbrand [6] proved that GC-Sep is N'P-hard, which implies
the N'P-hardness of GC-Opt.

In this paper, we show a stronger result: Given a rational polyhedron P such
that Py = (), it is N'P-complete to decide whether P’ = ().

A Gomory-Chvétal cut is called a {—1,0,1}-cut (or {0, 1}-cut) if the vector
of variable coefficients ¢ € {—1,0,1}" (or {0,1}"). The {—1,0, 1}-closure (or
{0, 1}-closure) of P is P{_, o,y ={z € P: cx < [d] Ve € {-1,0,1}" and d €
R such that cx < d is valid for P} (or Pfo,l} ={x € P: cx < |d] Ve €
{0,1}™ and d € R such that cz < d is valid for P}). We show that, given a poly-
hedron P such that P; = 0, it is N"P-complete to decide whether P«f—l,o,l} =0
(or Py 1y =0).

We borrowed some ideas from Mahajan and Ralphs [13] to construct polyhe-
dra P in the proof of our N"P-completeness results. In their paper the following
disjunctive infeasibility problem is proved to be N"P-complete: Given a polyhe-
dron P C R™, does there exist 7 € Z™ and my € Z such that {x € P: 7z <
mo or mx > mo + 1} = (7 The polyhedra P used in [13] are simplices, whereas
our constructed polyhedra are convex hulls of n + 2 or n 4 3 vectors in R™. The
well-known partition problem is reduced to the disjunctive infeasibility problem
in Mahajan and Ralphs’ proof, whereas, in our proofs, the single constraint in-
teger programming feasibility problem is reduced to the emptiness problem of
Gomory-Chvatal closure, and the partition problem is reduced to the emptiness
problems of {—1,0, 1}-closure and {0, 1}-closure.

The rest of the paper is organized as follows. In section 2, we prove the
NP-completeness of deciding whether the Gomory-Chvatal closure is empty. In
section 3, we prove the N'P-completeness of deciding whether the {—1,0,1}-
closure (or {0, 1}-closure) is empty. Lastly, in section 4, we present conclusions
and open questions.

2 Deciding Emptiness of the Gomory-Chvatal Closure

In this section, we prove two results. First we show that it is AP-complete to
decide whether the Gomory-Chvatal closure of a rational polyhedron P is empty.



Deciding Emptiness of the Gomory-Chvatal Closure 3

We then show that this problem is N"P-complete, even when the polyhedron P
is known to contain no integer point. We first observe that these problems are
in the complexity class N'P.

Lemma 1. Deciding whether the Gomory-Chuvdtal closure of a rational polyhe-
dron is empty belongs to the complexity class N'P.

Proof. Let P = {x € R": Az < b} be a rational polyhedron, where b € Z™, and
A € Z™*™. Chvatal [3] showed that there is only a finite number of inequalities
needed to describe the Gomory-Chvatal closure, namely inequalities uAx < |ub]
where u € R™ is a vector satisfying uA € Z™ and 0 < u < 1. Note that the integer
vectors d = uA in these inequalities have components satisfying — > 1", |a;;| <
dj S Z;il |CL1'J'|. Slmllarly, do = L’U,bJ satisfies — Z;il |b1| S do S Z;il |b1|
Therefore the above inequalities are described by coeflicients whose encoding
size is polynomial in the size of the input. To certify that the Gomory-Chvatal
closure is empty, we appeal to Helly’s theorem: If the Gomory-Chvatal closure
is empty, there exist n+1 of these inequalities whose intersection is empty. A list
of m + 1 such inequalities is a polynomial certificate that the Gomory-Chvatal
closure is empty. ]

Theorem 1. It is N'P-complete to decide whether the Gomory-Chudtal closure
of a rational polyhedron is empty.

Proof. The theorem will be proved by polynomially reducing the following sin-
gle constraint integer programming feasibility problem, which is known to be
NP-complete ([12]), to the problem of deciding whether P’ = ) for a rational
polyhedron P.

Single Constraint Integer Programming Feasibility Problem: Given a finite set
of non-negative integers {a;}?7_; and a non-negative integer b, is there a set of
non-negative integers {x;}5_; satisfying y;_, a;x; = b?

We consider the Single Constraint Integer Programming Feasibility Problem
with s = n—1and n > 3. We assume without loss of generality that the greatest
common divisor of ay,as, - -,a,_1is 1, and 2 < a; < as < -+ < an_1 < b. So
b>n+2. Letr=n+1+ %. So r is a rational number satisfying r» < b and
rb & Z. We will show:

Reduction:

The Single Constraint Integer Programming Feasibility Problem can be poly-
nomially reduced to the problem of deciding whether P’ = () for the polyhe-
dron P C R" that is the convex hull of the following n 4+ 3 vectors: v; =
(%,0,...,0,%), vy = (0,%,0,...,0,%),...,%71 — (0,...,0,%,%), Uy =
(0,---,0, % + %), Unt1 = (a1,a2, -, an—1,—b+ %), Upt2 = (1 = r)ay, (1 —
r)ag, -, (1 —7)an—1, (r—1)b+ 1), and v,43 = (0,---,0, %)

To show that this reduction is correct, we prove the following two claims;
we then observe that converting the vectors vy, vs, -+, v,43 into an inequality
description of P can be done in polynomial time.
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Claim 1. There is a set of non-negative integers {w; }7'_,' satisfying Zl | a;w;
= b only if P' = 0.
Proof. Consider an inequality cx < q, where c=(c1,¢2, +,¢pn), ¢; = —w; for
1

1<i<n-1,¢, = 1andq—max{ 2b, T :—%.Becausel<ai<b

for1<i<n-—1and Zi:l a;w; = b, it is easy to verify that —1 < cv; < —%
for 1 <1i < n — 1. In addition, —1 < cv, < —%, CUpt1 = —%, CUpya = —1,
and cupy3 = —%. So cx < q is valid for P, and the associated Gomory-Chvatal
inequality is cx < |q] (= —1). We can see that v,4o is the only vector in P
that satisfies the inequality cx < |q]|. Counsider the inequality fx < g, where
fr =z, and g = (r — 1)b+ 1. It can be easily checked that every v; satisfies
fxr <g,so fx < gisvalid for P, and fz < |g| (= |rb] — b+ 1) is a Gomory-
Chvétal inequality of P. Since rb & Z., fx < |g| is violated by v, 2. Now we
can conclude that P’ = () and Claim 1 is proved.

Claim 2. There is a set of non-negative integers {w; }7—,' satisfying Zl 1 Giw;
=bif P =.
Proof. Let vg = (0,0, +,0,5-+13). So vg € P because vg = av,+(1—a)v, 43

’ 2r
for some 0 < o < 1. Let cx < |q] be a Gomory-Chvatal inequality of P that is
violated by v, where ¢ = (c¢1,¢a,- -+, ¢,) € Z™ and cx < ¢ is valid for P. Then

¢n # 0, otherwise we would have 0 = cvg < ¢, contradicting that cvy > |q].

Let A = Z 1 c;a; — cpb. First, we show that ¢, < —1 by deriving contra-
diction in the following two cases:

Casel.cy >land A> 1. If g <A1, thencyg =52+ ¢ < A-1+% <
lA + % = [cvny1]) < |gJ, which contradicts that cvg > [q]. If 52 > A -1
then cv, —cvg = = > 2(A —-1). If A > 2, then cv, — cvg > 2, so cvg <
cvp —2 < |evn| < |q], a contradiction to that cvg > [gq]. If A =1, then <= > 1.
Otherwise, if & < 1,thencvg = £ +% <1+% < [1+%| = |cvpt1] < g, a
contradiction. Since €= > 1, cv, —cvg > 1, therefore cvg < cv,—1 < |evn ] < g/,
a contradiction again.

Case 2. ¢, > 1and A < 0. Because 7 >n+1> 3, cvg = 3= + ¢ < ¢, <
(1 =r)A+ ¢, = cvpyo. Hence, cvg < |cvnt2] < |gq], a contradiction.

It is easy to see that ¢, = —1. Otherwise, if ¢, < —2, then cv,43 — cvg =
—% > 1, which implies cvg < cvny3 — 1 < [cvny3] < [g], a contradiction.

Now we show that A = 0. If A > 1, then cvy = —%—% <0< A—% = CUp+1,
implying cvg < |cvnt1] < |g], a contradiction. If A < —1, then, because r > 3,
cvg <0< (1—=7r)A—1=cvyte, a contradiction again.

We claim that ¢; < 0 for i =1,2,---,n — 1. Otherwise, if ¢; > 1 for some

1<i<n-—1,then cvgp <0< g — % = cv;, a contradiction.

Now let w; = —¢; for 1 <1 S n — 1. Then Claim 2 is proved.

To complete the proof, it suffices to show that a description of P in the form of
Az < b, where A € Z™*™ and b € Z™, can be obtained in polynomial time from
the vectors vy, vg, - - -, vy 4+3. We can see from the coordinates of v1,vs, - -+, v, and
Up43 that P is a n—dimensional polyhedron. Let ¢ be a counter looping through
n,n+ 1 and n + 2. For every i vectors of vy, vs, -+, vpn4t3, check if they are on a
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unique hyperplane by solving linear equations. If yes, then further check if the
n+3—1i other vectors are all on one side of the hyperplane. If yes again, then the
equation éz = d of the hyperplane with integral ¢ and d whose greatest common
divisor is 1 yields a linear inequality of Az < b. One can easily see that this
process takes polynomial time and the size of A and b is polynomial in the size
Of’Ul,’UQ," s Un+3- O

Theorem 2. Given a rational polyhedron containg no integer point, it is N'P-
complete to decide whether its Gomory-Chvdtal closure is empty.

Proof. We build on Theorem 1 and show that the polytope P that was used in
the reduction contains no integer point.

This is equivalent to showing that P¢ = PN {x € R®: z,, = d} contains no
integer points for every integer d € [-b+ 1, nb+ 1]. Let P; be the convex hull of
V1, V2, ¢+, Up, Upt1 and vy,43, and let Py be the convex hull of vy, va, - - -, vy, U2
and v,13. Since vy = %vnﬂ + %vnﬁ and vg = av, + (1 — @)v,43 for some
0 < a < 1, it is sufficient to show: (a) Pf = PN{z € R": z,, = d} contains no
integer points for every integer d € [-b+1,0]; (b) P = P,N{z € R": z,, = d}
contains no integer points for every integer d € [1,nb+ 1].

We first prove (a). Because v1,va, -+, Upn,Unts € {2 € R" : 2z, > 0} and
Upnt1 € {z € R™ : 1z, < 0}, it is easy to verify by calculation that P{, where d
is an integer in [—b + 1, 0], is the convex hull of the n + 1 vectors:

1—2bd b+d—3 1—2bd 1—2bd 1-2
(o + 5r 51 oo b+1 92> 257=p+1¢ » 2pT— b+1“" 1, d),
1—2bd 1—2bd b+d—3 1—2bd 1—2bd
(51190 755192 + 37571 THe T » 3 p g An—1,d);
1—2bd 1—-2bd —2bd, b+d
(51700 o102, b1 dn—2 T b+1“" 1+ g5 b+1’d)’
(rJr 3—2rd r+372rda r+3—2rd ... r3— 2rda d)
2rb+3 Y1 Torp3 92> Torpt3 93 » Torbt3 Yn—1 %),
( 1—2rd a 1—2rd a 1—2rd Qa. - - 1—2rd a d)
2o+ 1—7 L 21— Y2y 2917 43 Y orbrl—rn—1; .

Indeed, the first n vectors above are obtained by intersecting the hyperplane
T, = d with the line segment v;v,4+1, for ¢ = 1,2,---,n, and the last vector is
obtained by intersecting the hyperplane x,, = d with the line segment v,, {3v,11

Since P C {x € R® : =, = d}, we only need to consider the convex

: : n—1. _1-2bd b+d—3 1—
hull of the following n + 1 vectors in R"7%: 55— Kl e s A 7 bHa +
b+d—3 1-2bd btd— r+3—2rd 1—2rd
WPHEIC2 T Wb T WO 1y 5513 ¢ 2o+ 1—r
as, -, an—1) and e; is the i-th unit vector. Let Pld denote the convex hull. Since

r < band d > —b+ 1, it is easy to verify that 0 < 2;{}:& < 251;21@7« <

% < 1. So f’fl C @4, where Q¢ is the convex hull of the n + 1 vectors:

a and

a, where a = (a1,

o = 1=2bd
0= 3p7—p11 9
_ 1-2bd b+d—
A1 = 2b27b+1a+ 207 b+1e
1—2bd b+d—

22 = g0t gt
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— 1-2bd b+d—
Fn—1 BT 5110 T 37 b+16" 1
— T T
n = Topy3 @

To prove (a), it suffices to show the following claim.

Claim 3. There is no integer point in Q¢.

Proof. By contradiction, suppose # € Q¢ N Z"~!. Then there must exist a
vector v = foa, where 0 < Gy < 1, such that |0 — 0 ||ec = maxi<i<n—1|0; — 0| <
bdd— b—1

T b+1 < 5 b+1 < . From the construction of P, it is easy to see that
0 <9 <a; fori =1, 2 --,n — 1. Because the greatest common divisor of
a1,02, -, 0Qp—118 1, there exists no integer point on the line segment connecting

0anda except for the two end points. Therefore, there exists 1 < ig < n—2 such
that (¥;,,0n—1) is not on the line segment connecting (0,0) and (a;,, Gp—1) in

R2. To derive contradiction we show below that ||(s,, Un—1) — (7}, 0;,_1)||cc =
max (|0, — [, [On—1— Ty,_4]) > 2(b£1)'

Let L denote the line segment connecting (0,0) and (a;,,a,—1) in R?. We

know that (v;,, ¥, ;) is on L. Because the integer points between 0 and (a;,, @, 1)
An_1
2

of generality that ﬁ;—l < =L Tt is not hard to see that the shortest dis-
0
tance under || - ||oo between a pomt on L and (¥;,,0,—1) is attained at a point

Digan_1
o ). Since v;, >

. a; .
that are not on L are symmetric across (=, ), we may assume without loss

n— 1a10

on the segment L connecting (== yOn—1) and (T,
% 1(Dig On—1) — )Hoo > L > L. Because an_1 > aj,,

1 = b-1
~ vman 1) 1

(Un 1Qig 6
[[(Digs Dn—1) — (Vs e lo > 5=7- So it follows that the shortest distance

An—1

under || - ||oo between a point on L and (0;,, Un—1) is no less than 2(b 7y~ There-

fore, [|(Diy, Un—1) — (T3, U,—1) oo > ﬁ. Claim 3 is proved.

Next we prove (b). Because v1,ve, -+, Un, Unt3 € { € R" : x, < 1} and
Unt2 € {x € R" : x, > 1}, we know by calculation that P§, where d is an
integer in [1,nb 4+ 1], is the convex hull of the n + 1 vectors:

(r—1)(1-2bd) (r—1D)bt+1—d  (r—1)(1—2bd) (r—1)(1—2bd)
(2(r71)b2+2b71a1 t T 2T 26— 15261 %27 3r—1)pe26-T143
(r—1)(1-2bd) d
2(r—1)b2+2b—1 Yn—1> )
(r=1)bt+1—d  (r—1)(1—2bd)

(r—1)(1—2bd) (r—1)(1—2bd)
(2(r 07 725—1 % 3r—1)2426-1%2 T 20—+ 20—17 26— 157726143+
2((: i))g?égd)la" 1,d),
7—1)(1—2bd 7—1)(1—2bd 7—1)(1—2bd 7—1)(1—2bd
(2(((r 1)))}%23 )1 at, 2((r 1))%2+2b )1a " 2((r 1))%2+2b )1 On-2, 2((r 1))§72+2b )1 an-1+
r—1)b+1
7,d )
255:3?;25—:3@ ) (DGt Ed)  (r=1)(htd—d) -DG+E-d)
Do T % o Lo g 92 i g % i b g -1 )
(r=1)(g=—d) (r=1)(gz—d) (r=1)(g=—d) (r=1)(g=—d) d
((rfl)bJrlf%al’ ()b t1— & 22 o D)b1— £ 430 (rm)bp1— & dn—1 )-

So we just need to prove that the convex hull of the following n + 1 vectors in
R"~1 denoted by Pg, contains no integer points:
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(r—1)(1-2bd) (r=1)b+1-d (r—1)(1-2bd) (r—1)b+1-d

D)2 20-1¢ T 20— 1)02 42511 3—1)62426-1%¢ T Zr—1)2425—-1€2) " "
(r—1)(1—2bd) + (r—=1)b+1—d (r—1)(3+£—d) (r—1)(&—d)
2(r— b2 26—1¢ T 2r— b2 r2b—1n—1 ol B o)brl— L

The following properties can be verified by calculation, using d < nb+1 and
b>r:
(r—1)(1—2bd) (r—1)(5=—d) (r—1)(3+2—d)
L. 2(r—1)b2+2b—1 < (rfl)bjlfi < (r71)§+§7%
terms strictly decreases as d increases.
2. For d = kb + h, where integers k and h satisfy 0 < k < |r—1] =nand 0 <

(r—=1)(3+2<—d) (r—1)(1—2bd) (r—1)b+1-d
h <, (r71)§+§7,j_r a; < —ka; and sE— =700 + sy < R

fori=1,2,---,n—1.
3. For d = kb, where integer k satisfies 1 < k < [r—1] = n, oD i <
(r—1)(1—2bd) (r—1)(1—2bd) (r—1)b41-d
—(k = 1)a;, —ka; < 2(r—1)b2126—1 Y and 3D F2—1% T 3 Derm—1 <
—(k—=1)a; fori=1,2,---,n— 1.

< 0, and each of the three

(r=D(G+4-d)

By the above property 1, 152d C Q4, where QY is the convex hull of the n + 1

vectors:
_ _(r=1)(1—2bd)
Yo = 2§r71)b2+2b71a’
— (r=1)(1-2bd) (r—1)b+1—d
N = serr2-1¢ T a1l
— _(r=1)(1-2bd) + (r—=1)b+1—d
Y2 = 312214 T 2 —1)b2126-1¢2
_ (r—1)(1—2bd) (r—1)b+1—d
Yn—1 = sp—ega5-1¢ T 2—mprrap—16n—1s
_ (r=1)(5+2&-d)

In = Topr—& @

To prove (b), it suffices to show that QY contains no integer points. Given the
properties 2 and 3 and the fact that H}% < %, the proof is very similar

to that of Claim 3. The theorem is proved. O

3 Deciding Emptiness of the {—1,0, 1}-Closure (or
{0,1}-Closure) of a Rational Polyhedron with No
Integer Point

In this section, we first prove N'P-completeness of deciding emptiness of the
{—1,0, 1}-closure of a rational polyhedron containing no integer point, and then
prove the same for the {0, 1}-closure as a corollary.

Theorem 3. Given a rational polyhedron containing no integer point, it is N'P-
complete to decide whether its {—1,0,1}-closure is empty.

Proof. We will prove the theorem by polynomially reducing the following parti-
tion problem, which is known to be A'P-complete [7], to the problem of deciding

whether P«ffl,o,l} = () for a polyhedron P with no integer points.
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Partition Problem: Given a finite set of positive integers S = {a;};_;, is there a
subset K C S such that )., a; = ZieS\K a;?

Let b = 23, ;2. a;. We assume without loss of generality that a; < b for
i=1,2,---, s and that the greatest common divisor of a1, as, - - -, as is 1. We also
assume without loss of generality that s > 8 (because the Partition Problem with
fixed s can be formulated as an integer program with only s binary variables,
which can be solved in polynomial time [11]).

First, we prove that b can be assumed to be greater than or equal to s + 3.
Note that a Partition Problem with b < s+ 3 can be polynomially converted to
another Partition Problem with S = SU{> ,c;c @i +1,> c;csai + 1} Let
s' =15'|. So s = s+ 2. It is easy to see that the Partition Problem with S has
a feasible partition if and only if the Partition Problem with S’ has a feasible
partition. Let &' = b+ (3 ,.;,a; +1). Then t/ = %ZKKS a; +1> % +1=
s+54+(5-4)>(s+2)+3=5+3.

Now we consider the Partition Problem with s =n—1,n>9 and b > n+ 2.
Let r =n+1+4 %. So 7 is a rational number satisfying r < b and rb & Z.
We only need to show that the Partition Problem can be polynomially re-
duced to the problem of deciding whether P«ffl,o,l} = () for the same poly-
hedron P as constructed in the proof of Theorem 2, i.e., the convex hull of
the n + 3 vectors: v1 = (55,0, +,0,57), v2 = (0,95,0,--,0,55), -+, Vp_1 =
(0""’0’%’%% vy = (0,--+,0,3 + ﬂ)a Upt1 = (a1,a2, ", an—1, —b + 1%))
Vnte = (1-r)ay, (1-r)ag, -+, (1-7)an_1, (r—1)b+1), and v,43 = (0,- -, 0, 5-).
It suffices to prove the following two claims.

N [=

Claim 1. There is a subset K C S such that },_, a; = ZieS\K a; only if
P«ffl,o,l} =0.

Proof. Consider an inequality cx < ¢, where ¢ = (c1,¢2,+ -+, ¢n), ¢; = —1
fori e K,¢; =0fori e S\K, ¢, = —1, and ¢ = —%. One can easily verify:
-1 <ey < —% forl1<i<n-1,cv, = —% - 2—3;, and because ) ;. a; = b,
CUp41 = —% and cv,42 = —1. Hence, cx < ¢ is valid for P. Since ¢; = —1 or
0, the inequality cx < |¢q] (= —1) is a {—1,0,1}-cut of P. From the value of
cv; for 1 < ¢ < n+ 2, we see that v, 4o is the only vector in P that satisfies
the inequality cx < [g]. Since b € Zy and b = ), a;, there exists some
j € K satisfying ra; ¢ Z,. Consider the inequality fz < g, where fo = —x;
and g = (r — 1)a;. Apparently, g > 0 and ¢ ¢ Z,. In addition, fv; < 0 for
1<i<n+1and fo,42 = g > 0. It is obvious that the inequality fz < |g]
(= |(r —1)a;]) is a {—1,0,1}-cut of P and that v,o violates this inequality.
Therefore, P«f—l,o,l} = () and Claim 1 is proved.

Claim 2. There is a subset K C S such that », . a; = ZieS\K a; if
P«ffl,o,l} =0.

Proof. Let vg = (0,0,---,0, 5= + ) € P. Since P«ffl,o,l} = 0, vp violates an
inequality cx < |q|, where ¢ = (¢1,¢2,- -+, ¢n) € {—1,0,1}" and cz < ¢ is valid
for P. It is easy to see that ¢, # 0. Otherwise, 0 = cvg < ¢, which contradicts
that v violates cx < |q].
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Now we show that >~ .. cia; = cpb. If ¢, = 1, then cvg = % + % In this
case,if >, .., cia; > ¢,b+1, then % <cvppr S GifY S o0, ciai < cpb—1,

then n + 1 < r < cupqa < ¢. Hence, cvg < 1 < ¢, contradicting cvg > |q]. If
¢, = —1, then cvg = —% - % In this case, if ZlSiSn% c;a; > cpb+ 1, then
% < cvpy1 < g if Zlgignfl cia; <cpb—1,thenn—1<r—2 < cvpq2 < q. So,
cvg < 0 < g, a contradiction to cvg > |q].

It is true that ¢, = —1. Otherwise, cvg = 2—170 —|—% and cvp42 = 1 < g,

contradicting that vg violates cx < |¢].

We now claim that ¢; < 0 for 1 <4 < n — 1. Otherwise, suppose c¢; = 1 for
some 1 < j < n—1. Then cv; = 0. Since cvg = —% — % and 0 = cv; < g,
a contradiction similar to the early ones can be derived. Therefore, Claim 2 is
proved.

Using the same approach as shown in the end of the proof of Theorem 2,
it is straight to polynomially obtain a description of P in the form of Az < b,
where A € Z™*" and b € Z™, from the vectors v1,vs, - -+, vy43. The theorem is
proved. (I

Corollary 1. Given a rational polyhedron containing no integer point, it is N'P-
complete to decide whether its {0, 1}-closure is empty.

Proof. The proof is similar to that of Theorem 3, hence we omit the details and
only point out the differences.

The Partition Problem is polynomially reduced to the problem of deciding
whether Pfo,l} = () for the polyhedron P C R"™ that is the convex hull of the

. — 1 1 _ 1 1 _

n + 3 vectors: vy = (_%505"'505_%)5 U2 = (Oa_%aoa"'505_%)5"'5’07171 =
1 1 _ 1 3 —

(Oa"'aoa_%a_%); Un = (Oa"'aoa_§_ ﬂ); Un+1 = (_a’la_a’Qa"'a_a’nflab_

%)a Uny2 = ((r = Day, (r — Dag, -+, (r — Day—1,(1 = 7)b — 1), and vy43 =
(Oa o '505 _%)

Claim 1. There is a subset K C S such that ), a; = ZieS\K a; only if
Pfo,l} =0.

The proof of Claim 1 is similar to that of Claim 1 in the proof of Theorem 3
except that ¢; =1 for i € K, ¢; =0 for i € S\K, ¢, =1, and fz = x;.

Claim 2. There is a subset K C S such that ), a; = ZieS\K a; if Pfo,l} =
0.

The proof of Claim 2 is similar to but simpler than that of Claim 2 in the proof
of Theorem 3. Here are two differences: First, we let v9 = (0,0, ---,0, —% - %)
Second, to show by contradiction that Zl<i<n71 c;a; = cpb, we only consider
the case that ¢, = 1, and a contradiction can be derived due to cvg < 0 < g. O

4 Conclusions

In this paper, we proved that the problem of deciding whether the Gomory-
Chvétal closure of a rational polyhedron P is empty is NP-complete, even when
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P is known to contain no integer point. Similar results are also proved for the
{-1,0, 1}-closure and {0, 1}-closure of polyhedron.

There are several questions to which we have not found an answer yet. First,
what if our attention is restricted to the polyhedra in the unit cube (denoted by
[0,1]™)? Namely,

(i) Is it N'P-complete to decide whether P’ = () for P C [0, 1]"?
(i) Is it N'P-complete to decide whether P{_, ;,, =0 for P C [0,1]"?
(ili) Is it N'P-complete to decide whether P{; ;, =0 for P C [0, 1]"?

An interesting class of rational polyhedra is those for which P’ = P;. A well-
known example in this family is due to Edmonds [5] for 1-matchings of undirected
graphs G = (V,E): P = {z € RIFl . 2(6(v)) < 1Yo €V, 2. > 0 Ve €
E}, where 6(v) is the set of edges incident on node v. Edmonds proposed a
polynomial-time algorithm for solving GC-Opt for 1-matchings, and Padberg
and Rao [14] devised a polynomial-time separation algorithm for b-matching
polytopes, implying polynomial-time solvability of GC-Sep for 1-matchings. The
question of deciding whether P’ = Py for a rational polytope P is not known to
be in NP and Theorem 2 implies that it is A"P-hard. But it is an open question
whether the separation problem for the Gomory-Chvétal closure of polyhedra P
that satisfy P’ = Py is polynomially solvable, and similarly for the associated
optimization problem.

(iv) Is there a polynomial algorithm to find a point in P; or show that P =
() when we know that P’ = P;?

(v) Is there a polynomial algorithm to optimize over Py when we know that
P'=P?

We believe that the answers to the last two questions are positive. As evi-
dence, we observe that the problem of deciding whether P; = () when we know
that P’ = Py is in the complexity class NP N co-NP. We already observed
(Lemma 1) that the problem is in AN"P. To prove that it is in co-N"P, it suffices
to exhibit a point x € Z™ that satisfies Az < b. It is well known that, if such a
point exists, there is one whose encoding is polynomial in the size of the input
[1]. Therefore a polynomial co-NP certificate exists for P’ = () when P’ = Pj.
On the other hand no obvious co-NP certificate is known for P’ = () in general.

As an example, consider the maximum weight stable set problem in a graph
G = (V,E), max{wz : x € P} where P = {z € RY : a; + ; < 1 for ij € E}.
We note that this problem is NP-hard in general, but that it can be solved
in polynomial time when P’ = P;. Indeed, Campelo and Cornuéjols [2] showed
that P’ is entirely described by the inequalities defining P together with the
odd circuit inequalities ZiGC z; < |C|271 for vertex sets C' of odd cardinality
that induce a circuit of G. The graphs for which these inequalities completely
describe the stable set polytope Pr are called t-perfect graphs. These graphs
are discussed in Chapter 68 of Schrijver’s book [15]. Theorem 68.1 states that
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a maximum-weight stable set in a t-perfect graph can be found in polynomial
time. This follows from the equivalence of optimization and separation [10] and
the fact that the separation of odd circuit inequalities can be done in polynomial
time by reduction to shortest path problems [8].

Acknowledgement: We thank Michele Conforti for pointing out to us that the
problem of deciding whether P; = ) is in NP N co-AN'P when we know that
P’ = Pr.

References

1. Borosh, 1., Treybig, L.B.: Bounds on Positive Integral Solutions to Linear Diophan-
tine Equations. Proceedings of the American Mathematical Society, 55, 299-304
(1976)

2. Campelo, M., Cornuéjols, G.: Stable Sets, Corner Polyhedra and the Chvétal Clo-
sure. Operations Research Letters 37, 375-378 (2009)

3. Chvatal, V.: Edmonds Polytope and a Hierarchy of Combinatorial Problems. Dis-
crete Mathematics 4, 305-337 (1973)

4. Conforti, M., Cornuéjols, G., Zambelli, G.: Integer Programming. Springer, Switzer-
land (2014)

5. Edmonds, J.: Maximum Matching and a Polyhedron with 0,1-Vertices. Journal of
Research of the National Bureau of Standards B 69, 125-130 (1965)

6. Eisenbrand, F.: On the Membership Problem for the Elementary Closure of a Poly-
hedron. Combinatorica 19, 297-300 (1999)

7. Garey, M.R., Johnson, D.S.: Computers and Intractability: A Guide to the Theory
of NP-Completeness. W.H. Freeman, San Francisco (1979)

8. Gerards, A.M.H., Schrijver, A.: Matrices with the Edmonds-Johnson Property.
Combinatorica 6, 365-379 (1986)

9. Gomory, R.E.: Outline of an Algorithm for Integer Solutions to Linear Programs.
Bulletin of the American Mathematical Society 64, 275-278 (1958)

10. Grotschel, M., Lovész, L., Schrijver, A.: The Ellipsoid Method and Its Conse-
quences in Combinatorial Optimization. Combinatorica 1, 169-197 (1981)

11. Lenstra, Jr., H-W.: Integer Programming with a Fixed Number of Variables. Math-
ematics of Operations Research 8, 538-548 (1983)

12. Lueker, G.S.: Two NP-complete Problems in Non-negative Integer Programming.
Report No. 178, Department of Computer Science, Princeton University, Princeton,
N.J., (1975)

13. Mahajan, A., Ralphs, T.: On the Complexity of Selecting Disjunctions in Integer
Programming. STAM Journal on Optimization 20, 2181-2198 (2010)

14. Padberg, M.W., Rao, M.R.: Odd Minimum Cut-Sets and b-Matchings. Mathemat-
ics of Operations Research 7, 67-80 (1982)

15. Schrijver, A.: Combinatorial Optimization: Polyhedra and Efficiency. Springer,
Berlin (2003).



