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Abstract

In this note, we consider a theoretical framework for comparing branch-and-bound with classical
lift-and-project hierarchies. We simplify our analysis by streamlining the definition of branch-and-
bound. We introduce “skewed k-trees” which give a hierarchy of relaxations that is incomparable to
that of Sherali-Adams, and we show that it is much better for some instances. We also give an example
where lift-and-project does very well and branch-and-bound does not. Finally, we study the set of
branch-and-bound trees of height at most k and “squeeze” their effectiveness between two well-known
lift-and-project procedures.

1 Introduction

In integer programming, branching and cutting are two basic algorithmic strategies at the heart of current
solvers. For any application or subproblem at hand, deciding whether to branch or to cut can drastically
impact the computing time. Understanding this trade-off has been of interest for a long time and is ad-
dressed, for example, in papers such as [BCDSJ23] and the references therein. In this note, we consider a
new theoretical framework for comparing these two strategies.

Many combinatorial optimization problems can be written in the following way: max{cx : x € Pn{0, 1}"},
where c € R", P := {x € [0,1]" : Ax > b}, with A € R™" b € R™. Define P; := conv(P n{0,1}"). A
fundamental goal in integer programming and combinatorial optimization is to obtain a relaxation Q such
that P, € Q C P, where Q is as “close” to Py as possible; see [CCZ14, Sch98, Sch03, WN99] for more on
integer programming and combinatorial optimization.

One way to obtain such relaxations is via an extended formulation, i.e. a polyhedron Qr := {(x,y) :
A’x+ B’y > b’} C R"™P, where A’ €¢ R”™",B’ € R”?, b’ € R’, such that P; C proj, (Qg) € P. When r, p
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are polynomial in n, we refer to Qr as a compact extended formulation; see [CCZ10] for more on extended
formulations. The procedures of Balas-Ceria-Cornuéjols (BCC) [BCC93] and Lovasz-Schrijver (LS) [LS91]
are two classical methods for generating extended formulations Qg such that P; € proj, (Qg) € P. By
iterating (BCC) or (LS), one obtains hierarchies of extended formulations whose projections onto the x-
space give increasingly tighter approximations of P;, and in fact produce P; after at most n steps. For
k =1,..., n, Sherali-Adams (SA) [SA90] proposed a level-k procedure for generating another hierarchy of
extended formulations; see [Lau03] for a comparison between the (LS) and (SA) hierarchies and [CL01] for
a broader comparison of cut-operators.

Another way of generating extended formulations arises from the branch-and-bound method (BB) [LD60].
Consider a partial enumeration tree 7 where node v represents subproblem P, := P n{x : C,} where C,
denotes the set of branching constraints from the root to node v. The set of leaves of 7 is denoted by
leaves(7). The set | Jyeieaves(7) Pv is contained in P and contains all feasible integer solutions. In other
words, letting 7 (P) := conv (Uveleaves(T) P,), we have P; C T (P) C P. The polytope 7 (P) has an extended
formulation by a theorem of Balas [Bal85] and this formulation is polynomial size if the number of leaves
of T is polynomial.

The potential of extended formulations arising from BB is made evident by the following example. We
hope this example is clear even though several notions have not yet been explicitly defined; the reader
may refer to Section 2 for relevant notation.

Example 1. Let K, be the complete graph on n vertices V and let P = {x € R} : x, + x, <1V u,v € V} be
the corresponding fractional stable set polytope. Observe that the inequality Y,y X, < 1 is valid for P;.

BB is able to obtain an extended formulation Qgg, with O(n?) variables and O(n®) constraints, such that
Ywev X < 1 is valid for Qpp. This is because there is a BB tree T of size O(n) such that T(P) = P;. In
particular, observe that after branching on some variable x,, the side fixing x, = 1 only contains the point
where all other x,, = 0 for u # v; therefore, the inequality Y, .y x, < 1 is valid for any tree T where each
variable is branched on exactly once, and a node of the tree with a constraint x, = 1 for anyv € V is never

branched on; such a tree T has n + 1 leaves, each with an integral subproblem P,. Thus T (P) = P;.

By contrast, SA produces an extended formulation Qsa with exponentially many variables and constraints for
Y ev X < 1 to be valid for Qsa. In particular, the inequality Y,y x, < 1 is not valid for SA"3(P), which

has an exponential size extended formulation. This is because the point ﬁl € SAK(P), forany1 < k<n-2
(see Section 6.1 of [Lau03]).

This example illustrates the fact that extended formulations derived from BB can outperform those gener-
ated by the SA hierarchy. The goal of this work is to better understand how BB compares to lift-and-project
on other families of discrete optimization problems. Specifically, we seek to identify when one approach
(BB or lift-and-project) provides a tight compact extended formulation while the other does not.

We note that Singh and Talwar [ST10] studied the Gomory-Chvatal (GC) operator [Gom10, Chv73] in the
same spirit: they showed that GC significantly outperforms SA for the maximum matching problem in k-
uniform hypergraphs; however, GC performs as poorly as SA for max cut, unique label cover, and k-CSP,,.
They concluded that the “positive result gives strong motivation for studying GC cuts as an algorithmic
technique.” This note shows that a similar conclusion can be made for studying BB trees.

In Section 2, we introduce branch-and-bound formally, in the form used in this note. The polytope 7 (P) is
derived from the corresponding enumeration tree. We also discuss the different variants of lift-and-project



that we will use as a comparison, and we prove technical results that will be used later.

In Section 3, we identify two combinatorial optinization problems, namely the maximum clique problem on
sparse graphs and the uniform knapsack problem with small capacity, and show that branch-and-bound is
effective in solving these problems, while lift-and-project methods are not. Moreover, we present a family
of trees that unifies these two examples.

In Section 4, we give an example where lift-and project does very well while branch-and-bound does
poorly. Specifically, we exhibit a polytope P such that lift-and-project generates P; in two rounds, while
there is a point x € P \ P; such that x € 7(P) for every branch-and-bound tree 7 with at most 2("~1)/¢
leaves.

In Section 5, we consider the set of BB trees with height at most k. We show that this family of trees pro-
duces a bound at least as strong as any sequential convexification of k variables as per the BCC procedure,
but no stronger than k iterations of the canonical lift-and-project procedure. In other words, we show that
the bound obtained from this family of BB trees is squeezed between two classical lift-and-project bounds.

2 Extended Formulations

We begin by formally defining branch-and-bound in the form we study here; this comes almost directly
from the interpretation of branch-and-bound in Section 2 of [DDM23], but here we only consider trees
constructed via variable disjunctions (as opposed to general disjunctions). We then introduce the lift-and-
project operators of interest in this note.

2.1 Relaxations Based on Branch-and-Bound

We simplify our analysis of branch-and-bound by removing two conditions typically assumed of branch-
and-bound: (i) the requirement that the partitioning into two subproblems (which correspond to the child
nodes of the given node) is done in such a way that the optimal LP solution of the parent node is not
included in either subproblem, and (ii) branching is not done on pruned nodes. By removing these con-
ditions, we can talk about a BB tree independent of the underlying polytope — it is just a binary tree (i.e.
each node has 0 or 2 child nodes). The root-node has an empty set of branching constraints. If a node has
two child nodes, these are obtained by applying a disjunction x; = 0 V x; = 1 for some j € [n], where each
child node adds one of these constraints to its set of branching constraints together with all the branching
constraints of the parent node. Finally, note that since a BB tree is a binary tree, the total number of nodes
of a BB tree with N leaf-nodes is 2N — 1.

Definition 1. Consider a branch-and-bound tree T where nodev of T is labeled by C,, the set of constraints
xj = 0 or x; = 1 that are added along the path from the root node tov.

« We denote the number of nodes of T by |T|. This is what is termed the size of this tree.
« For anyv € leaves(T), we denote ] :={j : {x;=0}e C}and ]} :={j : {x; =1} € C}.

« We say that the height of a nodev € T is the number of its branching constraints; formally, h(v) = |G|
foranyv € T. The height of T is h(T) := max,cy h(v). Observe that h(root) = 0, and thus h(T') < n.



Consider a polytope P :={x € [0,1]" : Ax > b} with A € R™", b € R™.

« The atom of a node v € T is the feasible region defined by P and the branching constraints at node v;
formally, the atom of node v is the set P, := P n{x : C,}.

« We let T (P) denote the convex hull of the union of the atoms corresponding to the leaves of T when

applied to polytope P, i.e.,
T(P) = conv< U P,,) )

veleaves(T)
« Forx* € P\ Pj, we say that T separates x* if x* ¢ T (P).

Theorem 1 (Balas [Bal85], see Theorem 5.1 of [CCZ10]). There is an extended formulation for T (P) with
O(IT |(n + 1)) variables and O(|T |m) constraints.

2.2 Lift-and-Project

In this section we review three classical lift-and-project operators and we present technical lemmas that
will be useful in subsequent sections.

First we introduce the canonical lift-and-project operator; see Section 5.4 of [CCZ14].

L(P) = () conv((Pn{x : x; =0} U(PNnix : x = 1}))

i€[n]

Let L°(P) := P and L¥(P) := L (L*(P)) for any k > 1.
We will use the following technical results.

Lemma 1. L*(P) n{x : xj=a}= Lk(§xeP : xj = a}) forany j € [n], k € [n], a €10, 1}.

Proof. First, we prove the lemma for k = 1. Also, we assume a = 0 as the argument for a = 1 follows very
easily.

First, we show the easier containment, L(P N {x : x; = 0}) € L(P) n{x : x; = 0}. Clearly L(P n{x : x; =
0}) € {x : x; = 0} and it is also easy to see that L(P n{x : x; = 0}) C L(P) by monotonicity.

Now we show L(P) n{x : x; = 0} C L(Pn{x : x; = 0}). Let x € L(P) n{x : x; = 0}. It suffices
to prove the claim that ¥ € conv((Pn{x : x; = 0,; = 0) U(Pn{x : x; = 0,x; = 1})) for each
i. The claim is true for i = j since ¥ € L(P) n{x : x; = 0} implies ¥ € Pn{x : x; = 0}. Now
consider i # j. The claim is true when %; = 0 or x; = 1 because x € L(P) implies ¥ € P and therefore
Xe€Pn{x :xj=0,x=0torx € Pn{x : x; =0,x; = 1}. So we may assume 0 < X; < 1. Since x € L(P),
there is some x* € {x € P : x; = 0} and x! € {x € P : x; = 1} such that ¥ € conv(x?, x!). Moreover, it must

hold that xj(-) = x} = 0, since otherwise x; > 0. This proves the claim.

The general case follows by induction. O



Lemma 2 (Lemma 3.1 of [DGM15]). Consider (a,b) € R" x R with a # 0 and let s', ..., s" be affinely
independent points in {x € R" : ax = b}. Consider b’ > b and let R be a bounded and non-empty subset
of {x € R" : ax > b’}. Then, there exists a point x € (\,cg conW(s', ..., s", r) satisfying the strict inequality
ax > b.

The second lift-and-project operator that we consider in this note is based on sequential convexification,
introduced in Section 2 of [BCC93]. For J C [n], Theorem 2.2 of [BCC93] gives a method to find an extended
formulation for the polytope P; = conv({x € P : x; € {0,1}V j € J). Let k € [n]. In this study, we will
consider the following natural operator

BP)= (] P

Jeln]:lJI=k
Note that L(P) = B!(P) and L¥(P) C B¥(P) for any k > 1 (this also follows from Theorem 5).

Third, we consider the Sherali-Adams hierarchy for a polytope P := {x € R" : Ax > b} contained in
the 0,1 hypercube. The kth level of the hierarchy is obtained by generating the nonlinear system (Ax —
b) [ Lies xi [ 1;e;(1—x;) > Oforall disjoint index sets I, J C {1, ..., n}such that 1 < |I|+]]| < k, then linearizing
this system by substituting x; for x]2 and substituting y; for [ [;¢; x; for allnonempty I C {1,..., n}. Set yp = 1
and call Ry the polytope defined by these linear inequalities. The projection of Ry onto the x-space is the
kth level polytope SAF(P) in the Sherali-Adams hierarchy. We have P; = SA"(P) C SA"'(P) C ... C
SA(P)CP.

Remark 1. It is well-known and easy to see that SA*(P) C L¥(P) for any k > 1 and polytope P C [0,1]"; see
Lemma 10.8 and Theorem 10.11 of [CCZ14].

3 Skewed k-Trees and Polynomial Number of Feasible Solutions

When P C [0, 1]" is such that, for some k € Z, fixing k variables results in an infeasible problem, branch-
and-bound always provides a polynomial-size extended formulation, whereas lift-and-project relaxations
such as Sherali-Adams may have exponential size extended formulations. In this section, we present two
problems that branch-and-bound is able to solve in polynomial time, while Sherali-Adams requires an
exponential size extended formulation.

3.1 Uniform Knapsack with Small Capacity

Theorem 2. For any polytope P C [0,1]" such that } e, xi < k — € is valid for P for some € € (0, 1), there

is a branch-and-bound tree T with T (P) = P; and size at most O(n*). Furthermore, there exists a polytope
P C [0,1]" such that Y;e(, Xi < 2 = % is valid for P, yet SAU"a=2/Q=DI(P) % P;, where q > 3 is an integer.

Proof. We begin by proving the positive result on branch-and-bound. Consider any branch-and-bound
tree 7. Let v € leaves(T). If |J}| = k, then for x € {x : C,}, it holds that Dien] Xj > Zjejul xj=k>k—e
which implies x ¢ P, and therefore P n {x : C,} = @. Therefore T has no leaf with |J!| > k. This implies
that the number of leaves of 7 is at most (Z) + (kfl) +..+ (8) = O(n%). Since T is a binary tree, it follows



that the total number of nodes of 7 is no greater than twice the number of leaves, which is again O(n).
At termination, all the leaves v have atoms P, that are empty or integral polytopes. Therefore 7 (P) = P;.

Now, we prove the lower bound on Sherali-Adams. Let g be any integer at least 3 and let P = {x € [0,1]" :
2 jefn] 9% < 2(q — 1} Note that Y e, 6 <2 — % is clearly valid for P, and in particular we can write P =

fx €[0,1]" + Y i < 2(%1)}. Theorem 5 of [KMN11] shows that the point 1 - #&;ﬁ)/q € SA!(P).

Therefore, when t < ng—j + q%l, it holds that ;) xi < 1 is not valid for SA’(P), proving the desired
result. O

3.2 Max Clique on Sparse Graphs

One measure of graph density that has shown to be relevant in practical applications is the notion of
degeneracy.

Definition 2 ([LW70]). A graph G is d-degenerate if each of its induced subgraphs G’ C G has minimum
degree at most d. The degeneracy of G is the smallest d such that G is d-degenerate. Moreover, it is a simple
fact that the size k of a maximum clique in G satisfies k < d + 1.

Observe that the degeneracy of a forest is 1, of a cycle is 2, of a planar graph is at most 5, and of a K, is
n — 1; this demonstrates how degeneracy can be a reasonable measure of density. The parameterization
by degeneracy is inspired by [WB20, NBW22]. In particular, Table 2 of [WB20] shows that, for many real-
world graphs, the degeneracy is several orders of magnitude smaller than the number of nodes, indicating
that further study of algorithms on such graphs is worthwhile. We show that branch-and-bound is more
effective for finding cliques on such graphs than Sherali-Adams.

Theorem 3. Let G = (V,E) be a graph on n vertices with degeneracy d. Let P = {x € R} : x, + x, <
1V uv ¢ E} be the fractional clique polytope for G. There is a branch-and-bound tree T with T (P) = P; and
size at most O(24(n — d)). On the other hand, SA"/(@+D=31(p) = p;.

Proof. First, we will need the following observation of [LW70]: a graph with degeneracy d admits a vertex
ordering (vy, vy, ..., vy) in which each vertex v; has at most d neighbors to its right (i.e. [N(v;) N {vis1, .., Un}| <
d, where N(v) is the open-neighborhood of v). Let (vy, ..., v,) be such an ordering, and let N"(v;) = N(v;) n
{vit+1, ..., v} be the right-neighborhood of v;.

Next we prove the result on branch-and-bound. At the root node, branch on x,,, creating the x,, = 1 and
Xy, = 0 branches. In the x,, = 1 branch, at most d variables are free, not fixed to 0 by the constraint
Xy, + %, < 1forvw ¢ E. So the x,, = 1 subtree can be completed with at most 0(2%) leaves. Then, in the
Xy, = 0 branch, branch on x,, next. Iteratively for i < n — d, in the x,, = 0 branch, branch on x,,, next,
creating the x,,, = 1 and x,,, = 0 branches. The subtree of the x,,,, = 1 branch again has at most O(2%)
leaves. Finally, when i = n — d, the subtree of the x,_, = 0 branch also has at most 0(2%) leaves, yielding
an overall upper bound of O(2¢(n — d)) for the size of the tree.

We will now show that SA"/(@+D=31(P) = P;. Observe that G has a stable set of size at least 247+ We can
construct such a stable set, call it S, greedily: start with S = {v;}, then choose the minimum index variable
vj such that v; ¢ |J,es N"(v) and add it so that S = S U {v;}. Observe that after choosing k variables, at
most kd + k variables are ruled out (i.e. |S U J,es N"(0)| < k + kd). Therefore, for k < 7, there is still a



variable that can be added to S. Now, let S be a maximum stable set in G of size at least ﬁ Section 6.1 of

[Lau03] shows that 751 € SA'(P), and therefore ml € SA/(d+D=31(p) Therefore, the inequality
Y5 %, < 1 is not valid for SA/(@+D=31(P), while it is clearly valid for P;. O]

Remark 2. The 2¢ term in Theorem 3 can be reduced to 1.62¢ using insights similar to [NBW22] pp.525: In a
xj = 1 offshoot (i.e., where the only variable fixed to 1 is x;), consider the vertices of v;’s right-neighborhood
and their induced subgraph G;. If G; is complete, then any binary point is feasible, the polyhedron is integral,
and no further branching is required. Otherwise, if G; is not complete, then there is a missing edge uv and
branch on either one of its endpoints, say v. The x, = 1 branch will force x, = 0. This leads to the recursion
T(n) = 1+ T(n —2) + T(n — 1), which gives the bound 0(1.62%(n — d)).

3.3 Skewed k-trees

The capability of branch-and-bound exhibited in the two previous examples can be understood by consid-
ering a specific family of trees.

Definition 3. Let k € Zs, and 7 be a permutation of [n]. We construct a skewed k-tree T™F as follows.

Let Ty consist of only the root, i.e. a single node v with C, = @. Then, fori = n(1),..,7n(n), do the fol-
lowing. For any v € leaves(Ti—1), if |J}| < k: branch on variable i at v. In other words, leaves(T;) =
(leaves(Ti_l) UERIARS k}) u {vo,v1 : Cpa = CyU{x; = a},a €40, 1}}, and set T™F = T,,.

Oo(k)

It is easy to verify that, for any permutation 7, the skewed k-tree 7™ has size n and satisfies the

following properties

1. for any v € leaves(7 ™), either |J!| = k or J° U J! = [n], and
2. for each subset J C [n] of k” < k variables, there is exactly one v € leaves(7 ™F) such that J! = J.

Remark 3. For any permutation , the sequence of skewed k-trees {T™* : k = 1,...,n} corresponds to a
hierarchy of relaxations. Let P C [0, 1]", then observe Tk (P) c Tmk(P) forany k < k' and T™"(P) = Py.

4 Limits of Branch-and-Bound

In this section, we rule out general statements on the relative strength of branch-and-bound. For example,
perhaps we would like to say something like the following. If lift-and-project does really well (e.g. L(P) =
Pp), then every point x € P\ P; is separated by at least one small branch-and-bound tree. Below, we show
that statements of this form are not true.

Theorem 4. Let n be any nonnegative integer such that n — 1 is divisible by 6. There is a polytope P C [0,1]"
and a point x € P\ Py such that no branch-and-bound tree of size < 2""V/6 separates x, while lift-and-project
retrieves the integer hull P; in two rounds.

This theorem shows that there exists P C [0, 1]" such that

p=1*P)c () TP
TeT;(n_l)/ﬁ



where T4 denotes the set of branch-and-bound trees with at most k leaves. The proof builds on Theorem
2.2 of [BCDSJ23] and Lemma 3.1 of [DGM15]] (see Lemma 2 above).

Proof. We begin by defining the polytope P of interest. Let P n{x € R" : x, = 0} = {x € [0,1]" : x, = 0},
and Pn{x € R" : x, = 1} = {(x,x,) e R xR : x € Q, x, = 1}, where Q is the fractional stable set
polytope defined below, intersected with the halfspace {x € R""! : Die[n—1] Xi > ’%1 + %} Letm = ’%1,
we define G = (V,E) to be the disjoint union of m triangles, in particular, V = Uie[m]{ia,ib,ic} and
E = Ujemiilia, ib}, {ib, ic}, {ia, ic}}; so we define Q = {x € RI™" : x, +x, < 1V{u,0} €E, Y ey X, > m+ 3},
and it should be clear that Q n {0,1}"! = .

First, we show L2(P) = P;. By definition and Lemma 1, L?(P) € conv((L(P) n {x : x, = 0} U (L(P) n {x :
xp=1}))=conv(L{x €P : x,=0)UL({x € P : x, = 1})). We will show L({x € P : x, = 1}) = @, which
along with the fact that {x € P : x, = 0} = P;, will prove the claim. To see that L{x € P : x, = 1}) = @,
observe that xj; + x; + x;c < 1is valid for both Q n{x : x;, = 0} and Q n {x : x;, = 1}, therefore, each of
the m such inequalities is valid for L(Q), implying that ) .y x, < m is valid for L(Q). This, along with the
fact that ), x, > m + 1 is clearly valid for L(Q) proves the desired claim.

2
Observe that if there is a leaf z of 7 such that {x : x, = 0} is not in C, and there is some i € [m] such

that no variable in {ia, ib, ic} is fixed by a branching constraint of z, then there is a point x € Pn{x : C.}
with ) ey %, > m+ % (for example, the point setting x;, = x;5 = x;c = 1/2 and x4, xjp, Xj. to some integer,
feasible value for all j # i, and x, = 1). Let w € T be a node of minimum height that includes {x : x, = 1}
as a branching constraint (i.e. w = arg min{h(w) : {x : x, = 1} € C,,}). It is clear that its sibling, call it w’,
is a node of minimum height that includes the constraint {x : x, = 0}. Now we will consider two cases:
in the first, suppose x, is fixed in a branching constraint in the first m/2 levels of the tree, i.e. hi(w) < 7.

Therefore, at most m/2 variables in V have been fixed in C,,. Since T € ']T;m 12> the subtree rooted at w must

Now we will show that there is some x € P\ P; such that x € T(P) forany 7 € Tg(n,l) /s (note that ”T_l =,

have < 2™/2 — 1 leaves, and so there is a leaf w”’ of the subtree with less than m/2 branching constraints
on the path from w to w” (i.e. |Cr \ C,,] < % — 1), which implies that at most m — 1 variables in V have
been branched on and therefore there is some i € [m] such that no variable in {{ia,ib},{ib,ic},{ia,ic}} is
fixed in C,,~. Therefore, there is a point x € P n C,,~ such that ),y x, > m + ; and x, = 1. Now, consider
the cases where h(w’) > 7 + 1, or x, is never branched on in 7. Since 7 € Tgm 1»» there must be a leaf 2z of
T of height at most Z; notice x, is not fixed by any constraint in C,,. Clearly, there is a point x € Pn C,/
such that Y, ¢y x, > m +  and x, = 1. Therefore, for any 7 € "Jl"gm/z, there is some x” € 7 (P) with x, = 1.
Finally, to show that there is some x € ﬂTET;m/z T (P), we apply Lemma 2 with a = e,, b = 0,b” = 1
and s, ..., s" being the points 0, e, ..., e" ", for example (there are several choices of n affinely independent

points in {0, 1}"1), R = Uy epe B x7 where x” is defined as above, and r = x” . Lemma 2 guarantees that
om

such an x exists and x, > 0, and therefore x € P \ P;. O

5 Trees with Bounded Height

In this section, we introduce, and analyze, an operator that captures the strength of branch-and-bound
trees with bounded height.

Definition 4. We denote ’]fﬁ ={T : h(T') < k} as the set of BB trees with height at most k.



Definition 5. We define the height k branch-and-bound operator as follows
T*(Py= () T(P)

h
TeT}

The main result of this section is that the operator T¥(-) can be “squeezed” between two natural lift-and-
project operators: the Balas-Ceria-Cornuéjols sequential convexification and the canonical lift-and-project.
This is formalized by the following theorem.

Theorem 5. For any polytope P C [0,1]",
LK(P) ¢ T*(P) c BX(P)

for all k € [n], and there are polytopes P C [0,1]" for which these inclusions are strict. Moreover, for any n
such that n — 1 is divisible by 6, there is a polytope P C [0,1]" such that P; = L*(P) ¢ T("=D/5(p).

We prove the above theorem in three separate parts.

Lemma 3. TX(P) ¢ BX(P) for all k € [n].

Proof. We will start by showing that T¥(P) C B¥(P) for any k € [n]. In particular, we will show that for any
T of height k that branches only on variables {ii, ..., it} (i.e. each of the 2¥ leaves of T fixes the variables
{i1, ..., ix} to one of the 2¥ possible settings). Let z be an extreme point of 7 (P), so z is in the atom of a leaf
v € leaves(7T). Therefore, z € {x : C,} C{x : x; €{0,1}V j € {iy, ..., ix}} C P, _;,, where the last inclusion
is by definition of the latter set.

Now, we will give an example in R* where the inclusion T*(P) ¢ B¥(P) is strict. Let
1.1 1
P = conv({(0,0,0),(1,0,0),(0,1,1),(1,1,1),(0,0,).(;,0.1).(1, ;. DY

and observe that P; = {x : ax = b} n[0,1]" for a = (0,—1,1) and b = 0. Let 7 € T? be a tree with leaves
v}, 02,03, 0 where Cji = {x; = 0,x3 = 0},Cpe = {x1 = 0,x3 =1}, Cps = {x; = 1, %, = 0},Cps = {x; = 1,0 =
1} and observe that 7(P) = P;, and therefore T?(P) = P;. We will now show that B?(P) # P;. Note that
(0,0, %) € Py, (%,O, 1) € Pp3, and (1, % 1) € Py3, and of course P; C P;j for all i, j € [3]. Therefore, we
see that there is a point x € B(P) =, jer3] Pij with ax > 0 by applying Lemma 2 with a, b as defined
above, b’ = % and R = {(0,0, 1),(%,0,1),(1, % 1)}, and s, ..., s® being any three affinely independent points
of PI. L]

Lemma 4. L*¥(P) C T*(P) for all k € [n].

Proof. We will prove the lemma by induction on k. First, observe that the definitions imply L(P) = T(P)
(since x € conv({x € P : x; € {0,1}}) for some j if and only if x € 7 (P) for some 7 of height 1). Now,
assuming that L¥(P) C T*(P), we will show that L**1(P) € TF1(P).

Note L¥1(P) = (jen] conv(L¥({x € P : xj = 0h U L¥({x € P : xj = 1})) by definition of LK+1(.) and
Lemma 1. Therefore, by the induction hypothesis, L**'(P) C (Mie[n] conv(T*({x e P : xj=0p)u Tr({x €
P : xj = 1})). We will proceed by showing

ﬂ conv (Tk({x €P:x;=0hU TF(@xeP : Xj = 1})) c Tk,
Jeln]



Let x € e[y conv (Tk({x €P:x;=0hHU Tk({x e P : Xj = 1})), we will show that x € T(P) for any
T € "JTZ ;- Let j € [n] be the variable branched on at the root of 7, and let 7° be the subtree rooted
at the child of the root corresponding to branch x; = 0 (and let 7' be defined similarly). Observe that
77! € ']TZ. We know that x € conv(x/°, x/1), for some x% € TK({x e P : xj = a}) for a € {0,1}. By
definition of T*(") and the fact that 7° € T, we know that x/° € 7°({x € P : x; = 0}) (and similarly

x't e T({x € P : x; = 1})). Therefore, x/*, x! € T (P), which clearly implies x € 7 (P) as desired. O

Proof of Theorem 5. Theorem 4 implies that, for any n such that n — 1 is divisible by 6, there is a polytope
P C [0,1]" such that P; = L*(P) ¢ T D/6(P). Theorem 5 now follows by combining this result with
Lemmas 3 and 4. O

While at first glance, the Balas-Ceria-Cornuéjols operator and the canonical lift-and-project operator do
not seem to differ significantly, Theorem 5 shows that applying the intersection “as you go” as opposed to
applying it at the end of the disjunctive procedure can in fact have quite a significant impact.

Remark 4. Theorem 5 gives a necessary condition for branch-and-bound to be advantagous compared to lift-
and-project. In particular, if the best compact formulation constructed by branch-and-bound Qpp comes from
a “short, balanced” tree (i.e. a tree in ']TZ), Sherali-Adams is also able to construct a compact formulation Qsa
such that max{cx : (x,y) € Qsa} < max{cx : (x,y) € Ops}-
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