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Abstract. In the seventies, Balas introduced intersection cuts for a Mixed Integer Linear Program (MILP),
and showed that these cuts can be obtained by a closed form formula from a basis of the standard linear
programming relaxation. In the early nineties, Cook, Kannan and Schrijver introduced the split closure of a
MILP, and showed that the split closure is a polyhedron. In this paper, we show that the split closure can
be obtained using only intersection cuts. We give two different proofs of this result, one geometric and one
algebraic. The result is then used to provide a new proof of the fact that the split closure of a MILP is a
polyhedron. Finally, we extend the result to more general disjunctions.

1. Introduction

In the seventies, Balas [2] showed that cuts for a Mixed Integer Linear Program (MILP)
can be derived from disjunctions applied to the bases of its linear programming relaxa-
tion. In that paper, the basis was an optimal basis to the linear programming relaxation.
The cut was obtained by a closed form formula and was called the intersection cut.

Later in the seventies, Balas [3] generalized his results to polyhedra. He proved that,
given a polyhedron P and a disjunction, a cut for a point x € P that violates the dis-
junction can be obtained by solving a linear program. The idea was further expanded in
the early nineties when Cook, Kannan and Schrijver [6] studied split cuts obtained from
disjunctions with two terms called split disjunctions. The intersection of all split cuts
is called the split closure of a MILP. Cook, Kannan and Schrijver proved that the split
closure of a MILP is a polyhedron. Split cuts are equivalent to Gomory mixed integer
cuts [9] and to mixed integer rounding cuts generated from linear combinations of con-
straints [10, 8]. Relations between these cuts and other families of cuts are surveyed in
[7].

Intersection cuts are a special type of split cuts. The main contribution of this paper is
to show that, conversely, the split closure of a MILP can be obtained using only intersec-
tion cuts, provided infeasible and non-optimal bases are considered. This result was first
shown by Balas and Perregaard [4] for mixed 0-1 linear programs. For such programs,
it suffices to consider 01 disjunctions of the form x; < 0 orx; > 1. We generalize their
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result from 0—1 disjunctions to more general two-term disjunctions. We also consider
the more general setting of MILPs. Two different proofs are provided, one geometric
and one algebraic. A consequence is a new proof of the fact that the split closure of a
MILP is a polyhedron.

Our main result shows that the only interesting split cuts are intersection cuts. This
result has algorithmic implications since intersection cuts can be obtained by a closed
form formula and many of the cutting planes used in practice are split cuts. In particu-
lar, Gomory mixed integer cuts generated from an optimal basis are currently the most
effective in commercial codes [5]. In [1], we exploit the main result of this paper by
fixing the optimal basis and modifying the split disjunctions that generate the Gomory
mixed integer cuts. On several test problems, these cuts drastically reduce the number
of nodes in a branch-and-cut framework.

1.1. Notation

We consider the Mixed Integer Linear Program
(MILP) min{ch : Ax < b, xj integer, j € Ny},

wherec e R",b e R", A e R"*" and Ny C N :={1,2,...,n}. Let LP be the Linear
Programming problem obtained from MILP by dropping the integrality conditions on x ;
for j € N;. Pr and P denote the sets of feasible solutions to MILP and LP respectively.
The set M :={1,2, ... ,m}is used to index the rows of A. Giveni € M, the i'" row of
A is denoted a; . We assume a;, # 0, for alli € M. A basis of A is an n-subset B of M,
such that the vectors {a; };.p are linearly independent. Observe that, if the rank of A is
less than n, A does not have bases.

The relaxations of P obtained by dropping constraints of P play a major role in this
paper. Given S € M, define

P(S):={x eR":a]x <b;,Vi € S}

to be the relaxation of P obtained by keeping the constraints in S only. The rank of the
sub-matrix of A induced by the rows in S is denoted r(S). The rank of A is denoted
simply by r := r(M).

The case where the vectors {a; }; ¢ are linearly independent is especially important.
Given a positive integer k, let

Bf:={(S<M:|S|=kandr(S) =k}

denote the set of k-subsets S of M, such that the vectors {a; }; < are linearly independent
(B;; denotes the set of bases of A). Note that B} is empty if k > r. Given B € B} where
k < r,the set P(B) is a translate of a polyhedral cone. Specifically, P (B) can be written
as P(B) = C + x(B), where x(B) solves the system aZx = b;,Vi € B, and C is the
polyhedral cone C := {x € R" : aEx < 0,Vi € B}. Translates of polyhedral cones
have many properties in common with polyhedral cones. We call them conic polyhedra
in the remainder of this paper.
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The most general two-term disjunction considered in this paper is an expression D
of the form D'x < d'v D?x < d?, where D! € R™>" D? ¢ Rm>" gl ¢ R™
and d? € R™2. The set of points in R” satisfying the disjunction D is denoted by Fp.
The convex hull of P N Fp, denoted by Conv (P N Fp), is called the disjunctive hull
defined by P and D in the remainder of this paper. In addition, given a subset S of the
constraints, the set Conv (P (S) N Fp) is called the disjunctive hull defined by S and D.
In particular, given a set B € B}, the set Conv (P(B) N Fp) is called a basic disjunctive
hull. An important two-term disjunction is the split disjunction D(m, ) of the form
alx <mov x>+ 1, where (, m9) € Z"! and wj=0forall j ¢ Ny.

Let IT"(N;) = {(, mp) € Z"*! - mj =0, j ¢ Ni}. The split closure of a MILP,
denoted by SC, is defined to be the intersection of the disjunctive hulls defined by P and
D (7, mp) over all the disjunctions (i, 7o) in 1" (Ny), i.e.,

SC := Nz, zp)ern(vy)Conv (P N Fpz 7).

Similarly, given S € M, SC(S) is defined to be the intersection of the disjunctive hulls
defined by P(S) and D(m, o) over all disjunctions (i, ) in I1"(Ny). A split cut is a
valid inequality for SC.

Several results presented in this paper about split disjunctions generalize to disjunc-
tions D (7, 71(%, rrg) of the form 7 7x < n(} valx > n&, where 7 € R" and 71(; < n&.
These disjunctions are called general split disjunctions in the remainder of the paper.
Given n(} and 713 satisfying n(} < ng, not all general split disjunctions are valid for
MILP, i.e., MILP may have feasible solutions that violate a disjunction D (r, 713 , 713)
for some 7w € R”. However, for the sake of generality, we state and prove some results
in terms of general split disjunctions. The results obtained for general split disjunctions
imply the corresponding results for split disjunctions.

1.2. Main Contributions

The first contribution of this paper is a result (Corollary 1) stating that the split clo-
sure of MILP can be written as the intersection of the split closures of the sets P(B)
over all sets B € B}, i.e., SC = Npcp:SC(B). We prove this result by proving that
the disjunctive hull defined by P and a general split disjunction D(r, né, 713) can be
written as the intersection of the basic disjunctive hulls, i.e., Conv (P N F D(r.x) ,ﬂg)) =
Npep; Conv (P(B)N Fpp 11 4
of this result. The result implies that the disjunctive hull defined by P and a split dis-
junction D(, ) can be obtained using only intersection cuts (A precise definition of
intersection cut is given in Sect. 2.1). In turn, this implies that the split closure of a MILP
can be obtained using only intersection cuts. Furthermore, the result leads to a new proof
of the fact that the split closure is a polyhedron (Theorem 2).

The second contribution of this paper is Theorem 3 that describes the disjunctive
hull defined by P and a general two-term disjunction D.

The rest of this paper is organized as follows. In Sect. 2, we give an outline of the
main results in the paper. We also give examples showing that some, seemingly natural,
extensions of these results are incorrect. In Sect. 3, we consider conic polyhedra. In

3)). We provide both a geometric and an algebraic proof
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g(n,no) nrx=m,+1 Conv (P (n,m,) U
P,(m.m,) )
(a) A polytope (b) A polytope and a split dis- (c) The disjunctive hull
junction

Fig. 1. Effect of applying a split disjunction to a polytope

particular, given B € B}, we show that the split closure of the conic polyhedron P(B)
is a polyhedron. In Sect. 4, a characterization of the split closure in terms of intersection
cuts is presented, and a geometric argument for the validity of the result is presented. In
Sect. 5, we generalize the results of Sect. 4 to more general two-term disjunctions. The
arguments used in Sect. 5 are mostly algebraic. In fact, Sect. 4 and Sect. 5 can be read
independently.

2. Outline

We start by giving an outline and by presenting examples of the results derived in the
paper. Furthermore, we give counterexamples of some seemingly natural extensions of
these results.

Figure 1(a) gives an example of a polyhedron P (in this case a polytope). In Figure
1(b), a split disjunction D(m, mp) is given with P. As can be seen from Figure 1(b),
P N D(x, mp) contains two disjoint parts Py (i, wg) and P> (i, mg) (either might be
empty). The main reason that split disjunctions are interesting is that the valid inequal-
ities for Py (m, mp) U P>2(m, mp) are valid inequalities for MILP. Since an inequality is
valid for P (r, mo) U P2 (7, o) if and only if it is valid for Conv (P (7, o) U P2 (7, 7p)),
this leads naturally to a study of the facial structure of the polyhedron Conv (P; (7, 7o) U
P> (7, mp)). The shaded area in Figure 1(c) describes Conv (P (r, ) U P2 (7, 70)).

2.1. Split disjunctions, conic polyhedra and intersection cuts

It seems natural to start with the simplest polyhedra. Consider a conic polyhedron P (B)
for B € B}. Due to the linear independence of the vectors {a; };p, this polyhedron is
sufficiently simple. Observe that, in the case where r = n, B defines a basis of A. Figure
2(a) shows a polyhedron in the two-dimensional plane and gives an example of such a
set B. As illustrated in Figure 2(b), P(B) is the set obtained from P by ignoring the
constraints in M \ B.
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P (B, 7, 7,) r'(B) r'(B)

B(r,m) nTx:n 0

T X=T, n'x=rm,

TrX=Ty+1 Xx(B) X =T +1

2 ~ 2
g (T ’no) TTX= 7T0+1 ©(B) Intersection Cut | ®)
P,(B,m,m,)
(a) A basic solution (b) The conic polyhedron (c) Intersection cut

Fig. 2. Deriving a conic polyhedron and an intersection cut

In Sect. 1, we gave an inequality description of the polyhedron P(B). However,
P (B) can also be described in terms of its extreme points and extreme rays as follows.
Let x(B) satisfy afi(B) = b; for all i € B. Furthermore, let L(B) := {x € R" :
azx =0, Vi € B}. L(B) is the null space of the matrix [a; ];ep, and x(B) + L(B) is the
intersection of the hyperplanes af x = b; fori € B.Inthe example of Figure 2, there are
two linearly independent vectors in two dimensions, so L(B) reduces to {0,,} and x(B)
is uniquely defined. If » < n, this is not the case. The extreme rays r'(B) of P(B) can
be obtained as follows. Since the vectors {a; };<p are linearly independent, there exists
a solution 7/ (B) to the system a/ #'(B) = 0, Vk € B\ {i}, and a] r'(B) = —1. Now
P (B) can be written as

P(B) = X(B) + L(B) + Cone ({r'(B)};c). (1)

where Cone ({ri(B)}ieB) ={xeR':x=) Airi(B), A; > 0,i € B} denotes the
polyhedral cone generated by the vectors {r’ (B)}; 5. Observe that the vectors {r' (B)};c
are linearly independent.

We are now in position to derive the intersection cut. Let D(m, rr(%, Jrg) be a gen-
eral split disjunction. Assume all points y in x(B) + L(B) violate the disjunction
D(r, r{d , ng) (Lemma 1 below shows this is the only interesting case). This implies that
the linear function 7w 7 x is constant on X (B) + L (B). Otherwise, the function value can be
made as positive (or negative) as we want by choosing particular points in X (B) + L(B),
which is a contradiction to the assumption that all points in x(B) + L(B) violate the
disjunction D(r, 71(%, 715). Define €! (r, rr(}, B) :=nTx(B) — JT(} and € (r, 713, B) =
ng — 7T %(B) to be the amount by which the points in x(B) + L(B) violate the first and
second terms in the disjunction respectively. Also, fori € B, define

—e'(r,7d, B)/(xTri(B)) if nTr(B) <0,
i (n, 7y, 78, B) := { 2w, 73, B)/(xTri(B)) ifxTr(B) >0, 2)
400 otherwise.

The interpr@tation of the numbers o (7, n&, rrg, B), fori € B, is the following. For
a € Ry, let x'(a, B) := x(B) + ar'(B) denote the half-line starting at x(B) in the
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direction r"_(B). The value «; (7, 716, 7'[3, B) is the smallest value of « € R, if any,
such that x' («, B) satisﬁes the disjunction D (m, 710, ) (see Figure 2(c) for an exam-

ple). If the dlrectlon r'(B) is parallel to the hyperplanes alx = 71(% and alx = 713,

o; (7T, rr(%, 710, B) is defined to be 4-0c0. Given the numbers o;(m, no, 710, B) fori € B,
the intersection cut associated with B and D (r, 710, ) is given by

> pbi —al )i g, w5, B) = 1. 3)

The validity of this inequality for Conv (P(B) N Fp, . 1 2)) was proven by Balas

(7,77, 7T,
[2]. In fact, the intersection cut gives a complete description of the basic disjunctive hull

associated with B and D(r, 71(}, ng).
Lemma 1. Let B € B} and D(x, n&, JTg) be a general split disjunction.
(i) IfnTx ¢]7t01, ng[for some x € x(B) + L(B), then Conv (P(B)N FD(ﬂ,ﬂd,ﬂg)) =
P(B).
(ii) If w'x €lmy, mgl for all x € X(B) + L(B), then Conv (P(B) N Fp; 11 12)) =
{x € P(B): (3)}.

The proof of Lemma 1 will be given in Sect. 3.

2.2. Split disjunctions and polyhedra

Having completely described the basic disjunctive hulls for general split disjunctions,
a natural question is whether considering the intersection of all these sets is enough
to describe the disjunctive hull associated with the polyhedron. The main result in this
paper gives a positive answer to this question as follows.

Theorem 1. For every (m, 71(%, ng) satisfying 716 < ng,

Conv (PN Fp 1 22) = (] Conv(P(BYN Fpp ot 2)). 4)
BeBf
From a convex analysis perspective, this is an unusual result since it is typically
not allowed to interchange the intersection operator with the convex hull operator. Note
that P = Npepy P(B). Theorem 1 states that Conv (Npep: P(B) N FD(n,nO',ng)) =
NpeprConv (P(B) N FD(n’nc}’ng)).
An immediate consequence of Theorem 1 is the following characterization of the

split closure of a MILP, which implies that the split closure is completely described by
intersection cuts.

Corollary 1.
SC= () SC(B). 5)
BeBy
Another consequence is a new proof of the following fact.

Theorem 2. The split closure of MILP is a polyhedron.
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Cut® |
P B_-
B
Cut TTX=T+1 ut(B”)
(a) A polytope (b) Using only feasible bases (c) Using an infeasible basis

Fig. 3. Infeasible bases are needed in Theorem 1

This was first proved by Cook, Kannan and Schrijver [6]. Our proof is based on
showing that SC(B) is a polyhedron. Theorem 2 then follows from Corollary 1.

When r = n, B} is the set of bases of A. Every basis B € B} corresponds to a unique
basic solution x(B), which may or may not be a feasible solution to LP. If X(B) is a
feasible solution to LP, the basis B is called a feasible basis, otherwise, it is called an
infeasible basis. A natural question is whether infeasible bases are needed for Theorem
1 to be true. The example in Figure 3 demonstrates that infeasible bases are necessary.
In Figure 3, the two intersection cuts derived from the two feasible bases Bl and B? are
both dominated by the cut derived from the infeasible basis B’. In fact, the cut obtained
from B’ is the only necessary cut to describe Conv (P N Fp(x,x,))-

2.3. More general disjunctions

Theorem 1 is proven for split disjunctions but the question of knowing if it generalizes
to other disjunctions is still open. The example in Figure 4 demonstrates that Theorem
1 does not generalize from general split disjunctions to other types of disjunctions with
two terms. In this example, P has 3 constraints alf x < b;j,i = 1,2,3, and two bases
B! and B%. D is a two-term disjunction involving the two hyperplanes (7!)7x = 7[01
and (73T x = 718. In Figure 4(b), the shaded area circumscribed by the cut and the two
parallel lines form the constraints of Conv (P N Fp). In Figure 4(c), the shaded area is
Conv (P(B'YNFp)NConv (P(B*)NFp) = Ngep: Conv (P(B)N Fp). In this example,
Conv (P N Fp) # Npep:Conv (P(B) N Fp).

Observe, however, that Conv (P N Fp) can be generated by considering r-subsets of
the constraints (r = 2). In fact, in the example, only one 2-subset needs to be considered
(the set containing the parallel constraints of P). This does, in fact, hold for general
two-term disjunctions D of the form D'x < d'v D?x < d?, where D' € R™*",
D? e Rm2*n gl ¢ R™ and d° € R™.

Theorem 3. Let D be a general two-term disjunction, and suppose A is not of full
row-rank, i.e., M| = m > r + 1. Define

(i) CT:=(SCM:|S|=r+1andr(S)=r}.
(ii) C:={SCSM:|S|=nand (r(S) =norr(S) =n— 1)}
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B' B? B B2
u 1 u ] N ¥ 1/
1 } }
[ x |
4 P Cut k <
Cut 1 Cut 2
(nl)TX:TC(l) (TEZ)TX=7I(2) (nl)Tx=TCé (TI:Z)TX=TC(2J (nl)sznO' (nz)TX:n(Z)
(a) A polyhedron and a dis- (b) The disjunctive hull (c) Set obtained from bases
junction
Fig. 4. Example of a general two-term disjunction
We have
Conv (PN Fp) = m Conv (P(T) N Fp). (6)
TeCy
Furthermore, if r = n,
Conv (P M Fp) = () Conv(P(T)N Fp). (7)
TeCs

A different counterexample for the generalization of Theorem 1 is given next. The-
orem 1 demonstrates that the split closure of P can be decomposed into split closures
of the sets P(B) for B € ;. Is a similar decomposition result valid for the integer hull
of P? In other words, do we have

Conv (PTy = () Conv(P!(B)),
BeB

where P/(B) := {x € P(B) : x; integer, j € Ny}? The following example shows that
this is not true in 3 dimensions. Consider the polyhedron P defined as the set of x € R3
satisfying the following inequalities.

2x1 — 2xp + 2x3 < 3, ()
—2x1 + 2x7 + 2x3 < 3, )
2x1 + 2x2 +2x3 <5, (10)
—2x1 —2x2 + 2x3 < 1. (11

It can be verified that (x1, xo, x3) = (%, %, %) is the only point that satisfies all inequal-
ities (8) — (11) with equality. It can also be seen that (x1, x2,x3) = (%, %, %) €
Conv (P! (B)) for all four bases B € B;‘. However, the inequality x3 < 0 is valid
for Conv (P!). To see this, observe that the constraints (10) and (11), together with the
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integrality of x3, imply x3 < 1. If x3 = 1, by the integrality of x| and x», the constraints
(8) and (9) imply x1 — x = 0, while the constraints (10) and (11) imply x; + x> = 1.
Since no integral values of x1 and x, satisfy x; — x> = 0 and x; + x2 = 1, P does not
have an integral point with x3 = 1.

3. Conic polyhedra, cutting planes and split disjunctions

In this section we focus on conic polyhedra. In Sect. 3.1 we consider conic polyhedra
of the form

:{xGR”:x=i+ZjEijujandujZOforjeJ}, (12)

where J is an index set, ¥ € R", 7/ € R” for j € J and the vectors {fj } jeg are linearly
independent. Conic polyhedra of the form C above are called simple conic polyhedra. We
may have |J| < n.The focus in Sect. 3.1 is on inequalities that cut off x, i.e., inequalities
8Tx > 8 satisfying 87 ¥ < 8. Inequalities that cut off X are called apex-cuts for C.

In Sect. 3.2 we consider simple conic polyhedra and general split disjunctions
(7, n(} , 7102). For split disjunctions that are violated by X, we derive an intersection cut.
Also, the intersection cut is used to describe the set Conv (C N Fp, &’ng)).

In Sect. 3.3 we prove that, given any subset IT C IT"(N;) of split disjunctions, the
set SC(C, I) := Nz, m9)en Cony (cn Fp(z, 7)) 18 a polyhedron. In words, SC(C, ) is
defined to be the intersection of the disjunctive hulls defined by C and D (7, 7o) over all
the disjunctions (7, 7p) in I1. Since the cardinality of IT can be infinite, it is not trivial
to see that SC(C, II) is a polyhedron. In particular, when IT = 1" (N;), we know that
the split closure of C is a polyhedron, as proved in [6].

In Sect. 3.4 we generalize the results of Sect. 3.3 on simple conic polyhedra C to
conic polyhedra P(B) deﬁned in Sect. 1 and Sect. 2.1, where B € B;. Given a general
split disjunction (7, no, ) that i 1s violated by x(B), we characterize the disjunctive
set obtained from P (B) and (m, 7[0, nO) as the set of points in P(B) that satisfy the
intersection cut. Furthermore, we show that the split closure of P(B) is a polyhedron
forall B € B;.

3.1. Simple conic polyhedra and apex-cuts

We start by considering C, the simple conic polyhedron defined in (12). The hyperplane
associated with an intersection cut has intersection points with the extreme rays of C.
In fact, any apex-cut 8T x > 8y for C has this characterization. For j € J, define

(8o —8Tx)/(8T7ly if 8TF 0,
400 otherwise.

(6, 50) = { (13)

Since 8T x > 8y is an apex-cut for C, 8o > 8T x. As with the intersection cut, Ol;- (8, 80)

denotes the value of « for which the point X 4+ a7/ is on the hyperplane 87 x = 8y. When
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there is no such point, o/, (8 80) = +00. In contrast to the intersection cut, however, we
might havea (8,680 < 0 for some j € J. Let

L. J|. = =]
={(x,n) e R" x R ‘.x:x+2jejrjuj and u > 0y}

be the set obtained from C by including the multipliers on the extreme rays of C in the
description. The “L” in CL is for “Lifted” since C’ is an image of C in a higher dimen-
sional space (see Balas [3]). We have the following relationship between 87 x > 8y and
the scalars cx} (8, 8g) for j € J.

Lemma 2. Let 87 x > 8q be an arbitrary apex-cut for C.
(xeC:8Tx =6y
~ . J ~L
=xeC:IpeRVlsrx,wecC andz.ejrrj/a;(a,so) > 1}.

Proof. We have x € C and §7x > & = X =34 e uit /, where 1 > 0y,
and 87x > §) < «x =X+ ) jes ;I where p > 0y, and Zjej,u](rS Py >
(80 —87%) <= (x,u) e Cland D jest/a (8, 80) = 1. O

Lemma 2 leads to the following notion of dominance between pairs of apex-cuts
for C. Given two apex-cuts (8 HTx > 81 and 8>HTx > 82 for C, we say (8 HTx > 81
dominates (8*)Tx > 62 onC1f1/a (51 H=1 /o (82,8 85) forall j € J. Furthermore
if (8")7x > 8} dominates (6*)"x > 83 on C and (82)Tx > §3 dominates (8')7x > 8}
on C, we say (8))Tx > 81 and (82)Tx > 82 are equzvalent on C. Two apex- cuts
HTx > 81 and (82)Tx > 82 are equ1valent on C if and only if they intersect every ray
at the same p01nt but the hyperplanes ) )Tx = 81 and (8%)Tx = 82 are not necessarily
identical as can be illustrated with a cone C with two rays in R3.

Observe that, if (8 )Tx > 5} dominates (§%)7x > 83 on C, then Lemma 2 implies
{x e C:@HT'x > s} ol S {x € C: (82)Tx > 82} Furtherrnore if 8H)Tx > 81 is
equivalent to (62)7 x > 52 onC,then{x e C: ") 'x >8}} ={xeC: )Tx > 52}

We call an apex-cut §* x > §g positive, if o (8, 80) > Ofor all j € J.In other words,
8Tx > 8 is positive if, for every j € J such that the hyperplane 87 x = §; intersects
the line {x + a7/ : @ € R}, the intersection point X + oz} (8, 80)7/ is on the half-line
contained in C.

Now consider a polyhedron P obtained from C by adding the positive apex-cuts
GHTx >80, HTx =83, ..., 6" x =8}, ie.,

={xeC:@"x>8fork=1,2,...,p}.

Observe that P # () if and only if, for every k € {1,2, ..., p}, there exists j € J
such that o/ (8*, 85) < 400 . This is due to Lemma 2, i.e., by viewing the inequality
HTx > 50 in the space of (x, u) variables. By making the p variables very large, a
point in C can be constructed that satisfy the inequality (§)7x > 5]‘

Lemma 3. Assume P # . Let 8T x > 8y be a positive apex-cut that is valid for P. Then
there exists an inequality (8’ )Tx > 86, which can be obtained as a convex combination
of the apex-cuts (Sk)Tx > 816, k=1,2,..., p, that dominates 8Tx > 8o on C.
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Proof. Consider the LP min{8”x : x € P}. Since P # ¥ and §7x > & is a valid
inequality for P, the LP is feasible and bounded. The dual of the LP gives vectors
u € R" and v € R? such that

(@) @’ %+ 3p_; 850k = o,

(b) it + Y r_, sk =3,

(c) w7/ > 0forall j € J and

) 7> 0,.
Define § := Zle U¢8% and 8¢ = Z,le 81617k. The inequality 87 x > 8 is a non-
negative combination of the inequalities (8')"x > 8, (8%)7x > 63, ..., (8")"x = 8},

and is therefore valid for P. We claim §7x > § dommates 8Tx > 80 on C.

Let j € J be arbitrary. Observe that (a) and (b) give u Ty 4+8)>8pand it + 8 = 6.
This implies alrl 4+ 8TF7 = 8TFJ. Since from (c) we have i’ 7/ > 0, we also have
877/ < 877/ Furthermore, we have it/ X 487 x = 87 x from multiplying it + 8 = & by
%. Substituting the expression i’ ¥ = 87 ¥ — 87 ¥ into the inequality iz’ X 4 8y > 8o, we
get0 < 89— 8Tx <8y —8"x.

Observe that the assumption a; (8,80) = O implies 8T/ > 0. Now we have
0 < (BT7)/(6o —8T%) < (8TF7)/(Bo — 8T %) < (8TF7)/(8p — 87 %). It follows that
1/¢/(8, 80) < 1/e/;(8, 80), so that §" x > 8o dominates 5" x > &9 on C.

Fmally, the mequahty §Tx > & might not be a convex combination of the
inequalities (8')7x > 8}, 6)Tx > 83,..., (87) x > 8}, i.e., we might have v :=
> r_, Uk # 1. First we argue that o # 0,,. If = 0, then (a) and (b) imply 87 X > .
Since 8T x > &y is an apex-cut for C, this cannot be the case, so ¥ # 0,. Now define
8" := §/05 and &) := 8o/v5. The inequality (8')"x > &) is a convex combination
of 8H)Tx > 85, (8)Tx = 85,..., (6" x > 8}, and (8)Tx > §) is equivalent to

§Tx > 8y on C and therefore also dommates 8Tx > 8y on C. |

3.2. Simple conic polyhedra and split disjunctions

The intersection cut (3) given in Sect. 2 was derived using a description of a conic poly-
hedron as intersection of half-spaces a; Tx < b;. Since we do not have a description of C
with half-spaces, we now give an alternatwe derivation using x and the extreme rays 7.
Recall that the intersection cut goes through the intersection points of the disjunction
with the extreme rays of the cone.

Let (7, 71(%, ng) € Rt2 satisfy n(} < 7102,and supposenT)E e]n(}, ng[.Givenj elJ,
define

—el(n, 7 )/(71 TriyifnTrl <0,

aj(m, mg, m3) = { (x, 710)/(71' 7y itnTF >0, (14)
400 otherwise,
where €! (71 710) =xlx— and 62(]'[ rro) = ng—n x.As mentioned in Sect. 2.1,

aj(m, 7{0 , 710) forj € J denotes the smallest Value of @ > 0 such that X + a7/ satisfies
the disjunction D(r, 710, no) (or & (m, 710, ) = +oo if this does not happen). The
intersection cut associated with C and D(r, 710 , 710) is given by

GG, 7d, w3 x = 8o, md, 7). (15)
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where the vector § (7, n(;, ng) is one of possibly many solutions to the system
8Trl = 1/aj(n, m}, nd), VjeJ (16)

and 8¢ (7T, ”0’ ) is defined by 8¢ (7, 710, 710) (8 (rm, ”0’ ))Tx + 1. Note that, since
7, jel,are llnearly independent and the disjunction D (r, nol, ) glves an intersec-
tion cut, the equatlons (16) have a non-zero solution. The inequality (3 (m, 7707 ))Tx >
8o (, JTO, no) has the property that, for all j € J satlsfylng alr ;é 0, the point
X +a;(r, 7101, )rf is on the hyperplane (§(m, n(}, ))Tx = §o(m, 710,710) i.e., the
hyperplane of the intersection cut goes through all the 1ntersect10n points of the dlSqulC-
tion and the cone. Furthermore, we have (§(r, 71(}, n&))T)E < 8o(m, n(}, ng), i.e., the
hyperplane cuts off x. Also observe that, for a general split disjunction (s, 71(%, ng) and
an extreme ray j € J, we have the identity

& (. m. my) = o (8(, my, 73). So (. 7y, wR)), (17)

where the scalars oz} (8 (rm, 715, JTg), So(m, né, ng)) are as defined in Sect. 3.1. Given C

and D(rm, nol, ng), when |J| < n, the intersection cut is not unique, i.e., the equations
(16) have more than just one solution. There can be many intersection cuts that intersect
the half-lines of the cone at the same points.

The intersection cut is an apex-cut for C. Because of Lemma 2, we have

xeC:(5 ={xeC:3ueR st (x,n) e CL, Zjejul,/&j(n, ng, 7d) = 1},

where CL was defined in Sect. 3.1. The next lemma characterizes Conv (CNF D@, ng))
for general split disjunctions D (r, 7(0 4 )

Lemma 4. Let (7, r{o, ) € R"™2 be an arbitrary general split disjunction, where

1 2
T, < T

(i) If % ¢y, 751 then Conv (C N Fpy o1 12)) = C
(i) If rTx e]rro,yro[ then Conv (C N Fp 2)) = {x e C: (15))

(nrr JTT,

Proof. (i) Assume x € FD(nn 72 Wlog suppose n7x < n . Clearly Conv (C N
F

D(nn T
y € C be arbitrary. We may write y = X + Z]EJ T, /', where sj >0forje J.If
Y € Fpiral 2 then y € CNF, and we are done. If not 77y elr}, 73[.
Define J* :={j € J: nT#/ > 0ands; > 0}. Since 7Ty elnd, niland 7 7% < g,
we must have J© 2 (). Let 75 =3 e8! # Op,andlet 27 i= 37 45,77 So
nlzt = Zleﬁsj (nTF/) > 0. Choose A €]0, 1] to satisfy 77 (¥ +z~ + 1z%) > =2.
Definey! :=%+z"+1z" € Candy :=X+z e€C.Theny =x+z +zt =a1y' +
(1 —1)y2. By the ch01ce of A, y! satisfies the disjunction D(n nd, ng). Furthermore,
smce 7TT(x +z7) < Jto y? satisfies the disjunction D(r, 710, ) Therefore we have
yleCnF, 2))andy eCNF, 2)), sothatyeConv(CﬂFD(ﬁﬂ 7))

2)) C C since C is convex, so we only need to show the other direction. Let

(.7 md)

(m, 71 JTT, (n,no T
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(i) The validity of the intersection cut was proved by Balas [2]. We therefore know
that (15) is valid for Conv(C N F D ﬂz)) Since C is convex, we have the inclu-

sion Conv (C N Fp 2)) C {x € : (15)}. Let y € {x € C : (15)} be arbi-

we are done, so suppose 7!y e]no,no[ We may write

(JTJT JTT,
trary. If y € FD(nn' )
y=x+ Z cySjr’, where s; > 0 for j € J. Observe that Lemma 2 applied on the
intersection cut (15) implies that Y jes S Joj(m, 7[0, ) > 1.

First assume Y ;. ;s;/@; (7, 7, 73) = 1. Define the set J70 := {j € J : nTF7/ #
0} and define the non-negative scalars A; := s;/a; (7, TL’O , 710) for j € J70. Clearly
> jes#orj = L. Also, let Z := Zjej\#o s;j7/. We have y = X + Z]EJ s/rf =
X+Z+) ;e #0 5,7/ . Thiscanbere-writtenasy = 3¢ 20 Aj (X +Z2+a; (7, nd, wFd).
Now y = 3} icj%0 A jXI(m, 7w}, 7g) is a convex combination of the vectors
(x4 (m, n&, n&)}jej, which are defined as x/ (, n&, ng) =x+z+a;(m, rr(}, n&)?j for
Jj € J. Since all the vectors {)Ef (7, 7101, ]Tg)} jeJ satisfy the disjunction D(m, né, 7'[3),
this shows y € Conv (C N FD(mn&’ng)).

Now suppose } ;. s;/a;(m, nd, m3) > 1. Let z be the point on the line between
y and x that satisfies (15) with equality. We have y = x + M(z - x) for some p > 1.

Also, we know z can be expressed as z = A!z! +12z%, where 7!, 2> € C N FD(n,no 72

M a2 >0and ' +22 = 1. Then y = A1 (X + ! — %) + A2(E + w2 — X)) €
Conv(CﬂFD z))smcex—l—u(z —x)eCﬂFD fori =1, 2. O

(.7} 7 (.7 md)

3.3. Polyhedrality of the split closure of a simple conic polyhedron

We now prove that the split closure of a simple conic polyhedron is a polyhedron.
Given aset [1 C IT1"(Ny) of split disjunctions, define SC(C, 1) := Nz, 79)en1 Cony (ela
Fp(r, 7). We will prove that SC(C, IT) is a polyhedron. Wlog assume IT satisfies 77 & €
]né, ng[ for all (;r, o) € I1 (Lemma 4).

Observe that every intersection cut is characterized by its intersection points with
the extreme rays of C. Furthermore, any two intersection cuts that intersect every ray
at the same point are equivalent. Therefore, we only need to show that the number of
possible intersection points with each extreme ray is finite.

Throughout this section we assume ¥ € Q" and 7/ € Z" for all j € J. This is
equivalent to assuming that the simple conic polyhedron C is rational. Let (7, ) € IT
be an arbitrary split disjunction. For simplicity, let § (i, mg) and §o(m, mp) describe
the intersection cut (8(r, mo))Tx > 8o(w, mo) associated with C and D(r, mp), and
let aj(m, mo), j € J, be the coefﬁcients (14) in the intersection cut. Furthermore, let
el(n, 7o) and €2 (m, o) denote the amounts by which x violates the first and second
terms of the disjunction D(r, mp), respectively.

The following is a key lemma, which gives an expression for &; (i, 7o) for a dis-
junction D (7, 7o) and an extreme ray j € J.

Lemma 5. Let (7, m0) € Il and j € J satisfy a;j(mw, mg) < +00. Then there exist
integers p(m, mo), w;(mw, o) and g such that
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(i) aj(mw, mo) < 1.

(ii) & (r,m0) = FLTTLS

TRCEDL where 0 < p;(m, mo) < g and w(m, mp) > 0.

Proof. (i) Since 7/ and 7 are integers and w77/ # 0, we musthave |7 77/| > 1. Because
every split disjunction is such that 713 — 71(; = 1, we have ¢! (, mo), 62(7'[, o) €]0, 1.
Therefore, (14) implies & (7, mp) < 1.

(i) Since X is rational, we may write ¥ = (&, 22 | %), where p; € Z and
qgi € Nfori = 1,2,...,n. Define dy := Hg’zl’i#kqi fork = 1,2,...,n, and let
g = Hl’f:lqi > 0.1fx 77 < 0,let p;(, mo) := ZLI diprg—gmoand w (7T, 7o) =
—nTF/ > 0. Finally, if 777/ > 0, let pj(m,mo) == g + gmo — Y _p_, dk pk7i and

w;(, o) := w7/ > 0. With these choices, (14) implies &; (7, 7o) = % We

also have 0 < p;(m, mp) < g because el(m, my), €2(, mo) €10, 1[. O

In Lemma 5, we observe that the integer g is independent of the disjunction D (i, 1)
and the extreme ray j € J. The following lemma, which will be used to prove that
SC(C, I) is a polyhedron, bounds the number of intersection points the split disjunc-
tions in IT can have with half-lines of the form {x + ard T a > a*}, where j € J and
a* > 0 is arbitrary.

Lemma 6. For any j € J and o™ > 0, the split disjunctions (1, 7o) € I only have a
finite number of intersection points X +a j (1, wo)r/ with the half-line {x+ar/ : « > a*}.

Proof. We only have to prove that the number of possible values for ; (7, 7o) satisfying
aj(m, mo) > o™ is finite. Therefore let j € J and (7, mo) € I be arbitrary. Wlog assume

a;(m, mp) < oo, and that o™ = g’::*, where p*, w* € Z,0 < p* < g and w* > 0.
From Lemma 5 we have that 0 < o* < aj(m, mp) = % < 1. Now, there is
only a finite number of possible values for p ; (7, ), namely the values 1, 2, ... , (g—1).
Also, forevery p € {1,2,...,(g—1)}, acorresponding value w must satisfy 1 > glw >
g’%, which means f <w< ”Ifi*. ]

We now prove that SC(C, TT) is a polyhedron. The proof is by induction on | J|. First
consider the case of |J| = 1 (basic step).

Lemma 7. Suppose |J| = 1. Then there exists (n*, my) € Il such that SC(C,TI) =
{x € C: (@S*, mg)Tx = so(*, 7).

Proof. We may assume that J = {1}. Wehave C = {x e R" : x = X + a7, a > 0}.
First suppose there exists (7*, ) € IT such that (xHIF! = 0. This implies that the
intersection cut associated with (7 *, 710* ) cuts off the entire ray C.

Now suppose 7T 7! = Oforall (1, mo) € I1. Define o} := sup{a; (7, 7o) : (77, 7p) €
I1}. Then we have SC(C, II) = {x e R" : x = X + a7, a > a}'}. Hence the only ques-
tion is whether the supremum is achieved by some (r, 7o) € II.

Let (', my) € I be arbitrary, and let p" := p(n’, 7)) and w' = w(r’, my) be as in
Lemma 5. For every integer p satisfying 0 < p < g there are only a finite number of

integers w > 0 for which ng > namely integers w > 0 satisfying w < ’%‘,’. Since

P
u,/g,
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there are also only a finite number of integers p satisfying 0 < p < g, there are only a
finite number of possible integers p and w such that 0 < p < g and w > 0 for which

/
£~ £ Hence the supremum is achieved. O
wg ~ w'g

We now discuss the induction hypothesis. Given j € J, let
éj =X + Cone ({fk}kef\{j})’

and let SC(C/, I) := N, mp)en Cony (CIn Fp(z.7y))- The induction hypothesis is that
there exists a finite set I1/ C IT of split disjunctions such that

SC(C/, M) = {x € C/ : (8, m0)) T x = 80(r, mo) for all (r, 7o) € 17},

Le., SC(C/, ) is the set of points in C/ satisfying the intersection cuts associated with
C/ and split disjunctions (i, 7o) in I1/. Furthermore, for (7, 7o) € I1/, 8(;, 7p) is a
solution to the system

§TF* = 1Jag(m, mo), Vk € J\ {j}, (18)

and 8o (7, 7o) 1= (8(rr, mp))T X + 1. Let (1, mp) € I/ be arbitrary. Since the equations
in (18) are a subset of those in (16), we can choose §(r, mg) to be a solution to (16)
such that it automatically satisfies (18). In other words, we can choose an intersection
cut associated with C/ and (s, w9) which is also an intersection cut associated with C
and (7, rp). We now prove that SC(C, M isa polyhedron.

Lemma 8. SC(C, I) is a polyhedron.

Proof. For each j € J, define a;f := min{a; (7, 7o) : (7, m0) € [1/} > 0. The scalar
ozjf is such that x + ajfj is the intersection point on the half-line x + afl, a > 0, which
is closest to x over all disjunctions (7, 7o) in /. .

Let IT := U, I1/, and let SC(C, I) := Nz ro)el Cony (C N Fp(x,z,)) denote the
approximation to SC(C, IT) obtained by considering the finite set of split disjunctions
in IT. _

Consider a split disjunction (', 7)) € IT\ IT. We will show that, if &; (7', 7)) <
oz;f for some j € J, then the intersection cut (§(r’, n(’)))Tx > 8o (', my) is valid for
SC(C, II). This will mean that it is only necessary to consider split disjunctions in IT\ IT
satisfying aj (7, o) > ozj.‘ forall j € J. Since, forevery extreme ray j € J and split dis-
junction (7, mp) € IT\ I1, there is only a finite number of possible values for o (77, ()
satisfying « (7, o) > aj (Lemma 6), and since intersection cuts that intersect every

extreme ray of C at the same points are equivalent, this shows that it is sufficient to
consider a finite number of disjunctions in IT \ I to get SC(C_’, IT) from SC(C_‘ JID. It
then follows that SC(C, IT) is a polyhedron.

Therefore assume (7', 77y) € IT \ [Tand j € J satisfies aj(r’, my) < oz;’.‘. Because
S (r’, n(/)))Tx > 8o(n’, my) is an intersection cut associated with_C_‘ and (', mp), it is
a positive apex-cut for C and C/. Since C/ C C, we have SC(C/, IT) € SC(C, I),
which implies (8(rr/, 7)) x > 8o(n’, 7}) is valid for SC(C/, IT). By Lemma 3 there
exists an inequality (8')7x > 8, that dominates (8(r’, n(/)))Tx > 8o(n', ) on C/ and
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can be expressed as a convex combination of the inequalities (5 (7, 7o) x > 8o(m, mp)
for (7, mg) € T1/. Assume §' = Z(ﬂm)em 8(m, w0)A(x,my) and &y = Z(ﬂm)em
80 (7, ) A (3, 70)» Where Z(” 70)elli Ar,mg) = 1 and Agz ) = 0 for all (, mp) € I1/.

To finish the proof, it suffices to show that (§ N> 8/ also dominates (8 (7’ no))Tx >
So(r’, ) on C. Because (8')7x > 8 dominates (5(n N Tx > 8o(n’, ) on C/,
by the notation introduced in (13) we know l/ozl &, 50) < 1/01[ S/, ”0) So(r’, 710))
fori € J\ {j}. We only need to verify 1/04}(8’, 5) < l/a}(S(n’, ), So (', 7).

By definition of 8o(x, 710), 8o(t, 70) — (8(, 70))" X =1 for all (7, o) € I/,
By (16) and the choice of &, we have 8o(x, 79) — (8(x, mo)) % > o’ (8, o)) T #.
This implies Z(mm)eﬂj Mz, mo) B0 (7T, m0) — (8(, o)) %) = o] 2 mo)ell Ao
(8, 7)) T /. Furthermore, we have the identities

@ 8 — ()T = Xz royer Mororo) (Bo(T, m0) — (. 79))7 ) and
®) G)TF =3 (1 morenti ey G, 70) 7.

From (a), (b) and (13) it follows that a* < o/ &, 86) The choice of a* and (17)
imply o) L@@, ), S, ) < a , SO thatoz (8(7r 7y, So (', ) < oz (8, 8.
Hence 1/al/ &, 30) < l/ozj ) (n_, 710), So(mr’ ,no)), which shows (8")Tx > 80 dommates
(', 7p) T x = 8o(x’, ) on C. O

3.4. Conic polyhedra and split disjunctions

In this section we generalize the results of Sect. 3.2 and Sect. 3.3 to conic polyhedra
of the form P(B) of Sect. 2.1, where B € B}. Throughout this section B denotes an
element of 3. We mention in Sect. 2.1 that P(B) can be written as P(B) = x(B) +
L(B) + Cone ({r' (B)};.p). Observe that the set P’(B) := X(B) + Cone ({r'(B)};cp)
is a simple conic polyhedron.

We start by providing a link between the sets Conv (P(B) N Fp,

Conv (P'(B) N Fy,

2)) and

(m, n /1
(.7} ﬂz)) for a general split disjunction D (r, 7d, 73):

Lemma9. Let (7, 716, 7[3) be a general split disjunction, where né < ng.

(i) If the linear function 7T x is not constant on the affine space x(B) + L(B), then

Conv (P(B)N FD(UJ(;JT&)) = P(B).

(ii) If the linear function w”x is constant on the affine space x(B) + L(B), then
Conv (P(B) N F, 2)) = L(B) + Conv (P'(B) N F,

(n,no b1 (7171 ST ))

Proof. (i)Letx!, x?> € x(B)+L(B)satisfywTx! % 77 x?,andlet! := x' —x? € L(B).
We have 771 # 0. Let x’ be a pointin P(B) satisfyingrr x' e]no, 710[ The line x’ + !,
o € R, is contained in P (B). Since xTl # 0, the point x’ can be expressed as a convex
combination of two points on this line that satisfy the disjunction D (7, n(} , ng).

(ii) Now suppose 7 ” x is constant on X(B) + L(B). This implies 771 = 0 for all
| € L(B). Given a positive integer k, define A¥ = {r € RF . x> O, Z?:l Aj =1}
We have
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y € L(B) + Conv (P'(B) N Fpad xd)

¢

3x" € Conv (P'(B) N Fpyy 1 72)).1 € L(B) 1y =x' +1
Si3

. k .
k k R .
Iz 1Lre A WY € PBYN Fpp 2 1 €L(B):y = ijl(xf +D)hj
¢
. k .
210 e AL S PBY N Fpg gty iy =D ¥/

¢
yeConv(P(B)ﬂFD(nn n)) |

Combining Lemma 9 with Lemma 4 in Sect. 3.2 gives Lemma 1 in Sect. 2.1.

Corollary 2. Lemma I holds.

Proof. (i) If w7 x is not constant on X(B) + L(B), we are done (Lemma 9(i)). So
we assume 7 x is constant on ¥(B) + L(B). Let x’ € x(B) + L(B) satisfy x’ €
Fpend xd): Since x’ € Fp . nd.ml) We know x(B) + L(B) C I, 2)-In partic-
ular x(B) € FD(n’n(}ﬂz) Now, since P’(B) is a simple conic polyhedron, Lemma 4(i)
gives Conv (P’ (B)N FD(n 7 ﬂz)) = P’(B).Combining this fact with Lemma 9(ii) gives
Conv (P(B) N F z)) = P(B).

(ii) Suppose & Tx e]no, [ for every x € x(B) + L(B). Then 7T x is constant on
¥(B)4+ L(B),and 771 =0 holds for all [l € L(B). In fact, if L(B) = {0}, the result
is obvious; otherwise, L(B) is a linear space, and we must have 771 = 0 to avoid that
x + «al satisfies the disjunction for some o € R.

Now suppose (8(r, m9))7 1 # 0 for some [ € L(B). Letx’ € P(B) N FD(U ab.72)

be arbitrary, and let I’ € L(B) satisfy (8(rr, m9))7l’ < 0. The point x’ + «l’ is in
P(B) N FD(n 7l m2) and violates the inequality (4 (7, 7o) x > 8o(w, mg) fora > 0
sufficiently large. Hence (4 (i, 7o) Tl =0foralll € L(B).

Since P’(B) is a simple conic polyhedron, Lemma 4(ii) gives Conv (P’(B) N
FD(n,n(},n(%)) = {x € P/(B) : (15)}. Combining this with Lemma 9(ii) gives the identity
Conv (P(B)ﬂFD(n’ﬂé’ng)) = L(B)+{x € P/(B) : (15)}. Finally, since (8 (=, mo) Tl =
Oforalll € L(B),we get{x € P'(B) : (15)}+ L(B) ={x € P'(B)+ L(B) : (15)} =
{x € P(B) : (15)}. O

(7171 LT,

(nrr T,

By combining Lemma 8 and Lemma 9 we can prove

Corollary 3. SC(B) is a polyhedron.

Proof. Let IT},(Ny) := {(m, mg) € IT"(Ny) : 7 Tx €lng, mo + 1[, Vx € X(B) + L(B)}
denote the set of violated split disjunctions for P (B). The split closure of P(B) is given
by SC(B) = ﬂ(n,ﬂo)enr‘v/(N,)Conv (P(B) N Fp(r,ny))- Using Lemma 9 gives SC(B) =
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L(B) + N, 7o)l (N)) Conv (P'(B) N Fp(r,xy))- Since P'(B) is a simple conic poly-
hedron, Lemma 8 implies that N, mo)elT, ;) Conv (P'(B)N Fp(x,70)) 1 a polyhedron.
O

Given B’ € Bj, where 0 < k < r, and a general split disjunction D(rx, Jré, né)
satisfying 77y €eln}, n2[, Vy € ¥(B’) + L(B’), an intersection cut can be derived
from B’ and D(m, 7y, ). A question is how the intersection cut derlved from B’ and
D(r, JT(}, ) relates to intersection cuts derived from D (7, 7'[(%, ) and sets B € B.
The next lemma shows that the intersection cut derlved from B’ and D(m, n(}, T ) is
equivalent to any intersection cut derived from D (s, 7[0, ) andany B € B} satlsfylng
B’ C B, i.e., the size of B’ is not important.

Lemma 10. Let B € B}, where 0 < k < r, satisfy aly e]n(%,rrg[for all y €
X(B") + L(B") and Conv(P(B") N FD(mT 7Tz)) ={x € P(B) : 8Tx > &y). Then
Conv (P(B) N Fp, 2)) = {x € P(B) : 8Tx > &} for any B € B} satisfying
B> B.

(nrr JTT,

Proof. Let B’ and B be as stated. Wlog we assume that B and B’ only differ in one
element, i.e., B = B’ U {q}, where ¢ € M \ B’. Using the notation in Sect. 2 1, we can
choose r/ (B) =r/(B')for j € B’ and x(B) = x(B’). This implies a;(m, 710,710, B) =
a;(m, 710, 710, B’) for j € B/, i.e., the intersection cut associated with B only differs
from the intersection cut assomated with B’ in the coefficient corresponding to ¢. For
simplicity, let «j = «;(m, n&,ng, B) for j € B and a;. = aj(n,né,ng, B’) for
j€B.

By assumption {x € P(B") : §"x > 8o} = Conv(P(B") N Fp, 1 .
P(B) C P(B’), so Conv(P(B) N FD(n 7 ﬂz)) C Conv (P(B") N Fp
implies that the inequality 87 x > & is valid for Conv (P(B) N F D
Conv (P(B)N Fp, 2)) C{x e P(B):8Tx > §).

(n,né,no

For the other direction suppose y € {x € P(B) : 8" x > 8y}. Since P(B) € P(B’)
and y € P(B), we have y € P(B'). Also, since 87y > 8y and y € P(B’), we have y €
Conv (P(B")N F, 2)) This implies that y satisfies the intersection cut associated
with B” and D(m, T[O, no), i.e., the inequality » ; _p/(b; — a; Ty) /et; > 1 holds. Finally,

usingthefactsaTy <bg,aj = a/4 for j € B’ andary > Ogives ZIGB(b —al'y)/a; > 1,

2)) Now
(r.7 ﬂz)) This
z)) Therefore,

(7171 JTT,

(7171 \TT,

i.e., y satisfies the intersection Cut associated with B and D(r, 710, ) From Lemma
1 it follows that y € Conv (P(B) N Fpx 7 ng)) |

4. Split closure characterization

In this section we give a geometric argument for the validity of Theorem 1. As mentioned
in Sect. 2 this leads to a characterization of the split closure in terms of intersection cuts
(Corollary 1).

Throughout thls sectlon D(m, ”0’ ) denotes a general split disjunction, where
7 € R" and 710 < JTO The followmg notation will be convenient. Define P; :=
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PN{xeR":m x<n}andP2—Pﬂ{xeR”' x>n2}tobethetwosub—
sets of P that satisfy the dlS]llIlCthIl D(n JTO, ) Furthermore, given B € B* define
Pi(B):=PB)N{x eR" : 7nTx < no}and P2(B) =PB)N{xeR":xlx > 712}
The following inclusion is easy to prove.

Lemma 11.

Conv (P1U Py) € ﬂ Conv (P1(B) U P2(B)). (19)
BeB;

Proof. Let B € B¥. Clearly P; U P, € P{(B) U P»(B). Convexifying both sides gives
Conv (P1 U Py) € Conv (P1(B) U P2(B)). Since this holds for all B € B, the result
follows. |

The remainder of this section is divided into two parts. The focus is on proving the
other inclusion Conv (P; U P) D ﬂBeB* Conv (P1(B) U P>(B)). In Sect. 4.1 we con-
sider the main case that P, P; and P, are all full-dimensional. In Sect. 4.2 all remaining
cases are considered.

4.1. Main case: P1, P, and P full-dimensional

In this section we assume that the sets P, P; and P, are full-dimensional. We will show
that every facet defining inequality for Conv (P U P) is valid for NgeprConv (P (B)U
P>(B)). This will show the direction Conv (P; U P>) D NBeBr Conv (P1(B) U Py(B)).
Let 87x < 8y be an arbitrary facet defining inequality for Conv (P; U P,). Because
Npep:Conv (P1(B) U P2(B)) € P, we can assume that 8Tx < 8 is not valid for P.

To show 87 x < 8 is valid for NpeyConv (P1(B)U P2(B)), it suffices to prove that
there exists B € B} such that 8T x < 8¢ is valid for Conv (Py(B) U P>(B)). In particular,
we prove the stronger fact that there exists B e B} such that Conv (P, (B)U P,(B)) =
{x € P(B) : 8Tx < 8y}, i.e., 8T x < 8¢ can be obtained as an intersection cut. Lemma
10 implies that it suffices to find B in B, where 0 < k < r, such that Conv (P1(B)U
P,(B)) = {x € P(B) : 8Tx < &}.

Let F :={x € Conv(P; U P,) : §Tx = 8o} be the facet of Conv (P; U P) defined
by 8§Tx < 8o. Furthermore, let | := F N Py and F, := F N P,. The assumptions that
P; and P, are non-empty and § Tx < 8y is not valid for P imply F1 # @ and F> # (0.
We now give some basic properties of the sets F, F1 and F, that we derived from the
general split disjunction D(r, 71(%, ng).

Lemma 12. (i) F = Conv (F1 U F»).

(ii) Fork € {1,2} we have Fy C {x e R* : nTx = JTO} i.e., Fy is contained in the

hyperplane n7x = n(])‘.

Proof. (i) is trivial, so we only prove (ii). Wlog let k = 1. Assume there exists x! € F)
satisfying alx! < n&. Note that 87 x! = §y. Since 87 x < § is not valid for P, there
exists x2 € P\ (P U P») such that 87 x2 > §y. Let z(A) := x'A + (1 — A)x2, where
A € [0, 1]. Observe that 87 z(1) > 8y and z(1) € P for all » €]0, 1]. By choosing
A sufficiently close to zero, we have 77z(L) < né and 87z(A) > 8. For such a A,
z(1) € Py and 8T z(1) > 8. This contradicts the validity of §7x < & for Pj. O
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Let k € {1, 2} be arbitrary. Observe that, since 8’ x < & is valid for P; and F;, =
{x € P : 8Tx = 8o}, Fy is a face of Pg. Let di be the dimension of the face Fj of
Py. We have F;, = P, ﬂAﬁ (Fx), where Aff (Fy) denotes the affine hull of Fy. The set
B satisfying Conv (P1(B) U P»(B)) = {x € P(B) : 8Tx < 8y} that we are about to
construct is obtained from constraints of P that can be used to describe Aff (F;) and
Aff (F»). The following crucial lemma provides the constraints for the set B.

Lemma 13. For k € {1, 2}, there exists By € B} —d—1 such that

(i) Aff(Fy) = {x € R" : aTx = b;, Vi e B, nTx = TL’O} i.e., Aff (Fy) is the
intersection of the hyperplanes alx = 710 anda x = b; fori € By.
(ii) There exist ug > 0 and u; > 0 for i € B such that8 =i + Y.

8o = quTO + ZieBl u;b;.
(iii) There exist vy > 0 and v; > 0 fori € By such that§ = )

_ 5 he — a2
8o = ZieBz v;b; — vomy.

ieB, Uidi. and

ieB, Vidi. — V0T and

Proof. Wlog let k = 1. Consider the linear program (PLP)

max 87 x
st.alx < b, VieM, () (20)
nlx <nd, (uo) (21

the problem of maximizing 8T x over P;. Since 8T x < 8§y is valid for Py, and Fj is the
set of points in Py satisfying 87 x = 8y, F] is the set of optimal solutions to (P L P). The
dual of (P L P) is the problem (DL P) given by

min  ul b+ miug

Z a;u; +mug =6, (x) (22)
ieM

u >0y, (23)

ug > 0. 24)

Let x be an optimal basic feasible solution to (PL P), and let (i, up) be a corre-
sponding optimal basic feasible solution to (DL P). Since the optimal objective value
to (DLP) is 8o, we have 8y = bT it + mito.

If ig = 0, then ) ; )y aiit; = 8 and ), ), biit; = 8o, which implies that 8Tx < &
is valid for P since u > 0,, which contradicts our assumption. Hence we must have
uo > 0, which means that u is basic.

Let By := {i € M : u; basic}. Since the variables {i;}
vectors {a;. }l eh Y {m} are linearly independent.

Let M" :={i € M : q; Tx = b;,¥x € F;} denote the constraints of P satisfied
at equahty by all points in F 1. We will prove by contradiction that if i € M \ M
then #; = 0. Suppose there exists k € M \ M|~ satisfying u; > 0. Consider an inner
point x of F, i.e., x satisfies n7x! = 7}, al x! = b; fori € M and a! x! < b; for
i€ M\M{.Sinced =) ;. ai‘ﬁ,’—{-nuo,wehaveéTxl =D iem aleﬁ,-—l—nTxlﬁo <

ie, Y {uo) are all basic, the
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ZieM biu; —i—né iiy = 8¢, which contradicts 87 x = 8y forall x € F;. Therefore we have
uj =0foralli e M\ M.

By choosing a maximal subset By of M|~ such that B 2 BinM  and the vectors
{m} U {ai }iep, are linearly independent, (i) and (ii) are satisfied. This proves (ii). The
proof of (iii) is similar to the proof of (ii). O

Let B; and B; be as in Lemma 13, and define B := B; U B,. We will show that
the vectors {a; }; . are linearly independent (Lemma 16) and Conv (P (B)U Py(B)) =
{x € P(B) : 8Tx < 8y} (Lemma 19). This will ﬁnish the proof of Theorem 1 for the
main case. For k = 1, 2, define AF := {x € R" : a; Tx = b;,Vi € By} to be the affine
space defined by By. First, we prove the followmg lemma that describes how pomts
in A' and A? are positioned relative to the hyperplanes 77x = 716, alx = 710 and
§Tx = §.

Lemma 14. For x! € A! and x* € A2,

(i) Tx <7T3 — §Tx! < &,
7lx! = 7101 — 8Tx! =8y and

alxl > n& — §Tx! > &

(ii) 7Tx* > 1} = §Tx? < &,
nlx?=n} < §7x> =5y and

nTx? <n} < §Tx% > 4.

Proof. By symmetry we only need to prove (i). Let x! € A', and let {i;};. p,andug > 0

be as in Lemma 13. Since afx = b; forall x € Al, ZieBl ﬁiazx is a constant on A!
that is equal to ¢ := ZieBl u;b;. We conclude from Lemma 13 that §) = ¢ + ﬁonol and
8Tx =c+ionTx forallx € AL

Now we have 87x! < 8y <= aonTx'+¢c <8 <= nTx! < n}. Also, we
have 87x! =8y & upnTx'+c =8 & nlx! =n}. O

Now, we show that, if By and B; are as in Lemma 13, then the vectors {a; };cp,uB,
are linearly independent. We will show r(B1 U By) = |B1| + | B2|. Observe that this is
equivalent to showing that the set L(B1) N L(B») is of dimension n — | B1| — | B2 |, where
L(By) :={x e R" : q; x =0,Vi € By} fork =1, 2 are as defined in Sect. 2.1.

Lemma 15. The set L(B1)NL(By)N{x € R" : n7x = 0} is of dimensionn—|B1|—|Ba|.

Proof. Let Aff(F1) = L1 + y' and Aff(F;) = L, + y?, where y! € Aff(F}), y> €
Aff (F»), and L1 and L, are the linear spaces parallel to Aff (F|) and Aff (F>) respec-
tively. Observe that L(B1) N L(By) N {x € R" : xlx = 0} = L1 N L,. Hence we need
to show dim(L{ N Ly) =n — |B{| — |B2].

Let {x/ }" C F1 U F; be affinely independent and chosen such that the first d; + 1

points are in F1, i.e. Aﬁ‘({xf}lerl = Aff (F1). Necessarily, the remaining (n —d; — 1)

points are in F, i.e., {x’ }/ —a+2 S F,. Define S := Aﬁ({xf}”_d1+2) y2. We have
dim(S7) = n — d; — 2. Furthermore, since 1 C L, and dim(S;) = n —d; — 2, we have
dr) >n—dy —2.0bservethatn — |By| — |By| =dr) — (n —d; —2) > 0.
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First suppose dp — (n —d; —2) = 0. Then Ly = Sj. SmceAﬁf({xf}d‘H) —yl =1L,
the vectors in L are linearly independent from those in L, = S, so thatL1 NLy, ={0,}.
Therefore, dim(L1 N Ly) =0=d, — (n —dy —2) =n — |By| — | Bz|.

Now suppose d» — (n — d; — 2) > 0. Letd; := do — (n — dy — 2). Choose

dj vectors {zf'}?zz1 from L, \ S7 such that they, together with S;, span L,. Define

Sy = Span({zj}(]j-zzl). By construction, we have Ly = S1 + $2 and S1 N S = {0,}.
Furthermore we have S; N L| = {0,}. From this it follows that L; N L, = S, so that
dim(L1 N Ly) =dy =n—|B| — |Ba]. a

By combining Lemma 14 and Lemma 15 we get

Lemma 16. Let By and By be as in Lemma 13. Then

(i) BiN By =9,
(ii) The vectors {a;.};cp,up, are linearly independent.

Proof. Lemma 14(i) implies that every solution to the system aZx =0,i € By satisfy-

ing 77 # 0 is either in the set {x € R” : 77x < 0,87 x < 0} or in the set {x € R" :
7Tx > 0,87 x > 0}. Furthermore, Lemma 14(ii) implies every solution to the system
al'x =0,i € B satisfying 77X # 0 is either in the set {x e R" : 77x > 0,87x < 0}
orintheset {x e R" : 77x < 0,8"x > 0}.

From this we see that every solution to the system alfx =0, i € B1U By must satisfy
nTx = 0. This implies L(B1) N L(By) = L(B)) N L(B>) N {x € R" : #Tx = 0}. By
applying Lemma 15 we get that L(B1) N L(By) is of dimension n — |B{| — | B2|. Since
the description of L(B1) N L(B>) involves | B1| + | B2| constraints, this implies both (i)
and (ii). |

In the remainde_r of this section we show Conv (P;(B) U P»(B)) = {x € P(B) :
8Tx < 8o}, where B := By U B,. The following lemma shows the first inclusion.

Lemma 17. Let B arid B; be as in Lemma 13, and let B := B; U By. Then §Tx < &
is valid for Conv (P1(B) U P>(B)).

Proof. We will show that 87 x < 8¢ is valid for both P (B;) and P»(B>). Since P (B) -
P1(By) and P>(B) C P»(By), this implies that 87 x < 8 is valid for Conv (P;(B) U
P>(B)). Wilog we only show that §Tx < 8o is valid for Py (By).

Recall that Py(B1) = {x € R" : g; Ty <bj,i e Bi,nlx < 710}. We now derive a
representation of Py (Bj) in terms of extreme points and extreme rays. Let X be a solution
tothesystem " x = 7} andal x = b; foralli € By.Also, for j € By,let7/ beasolution
to the system afx =0,Vi € B1\{j}, aj?x = —land 77 x = 0. Finally, let 7™ be a solu-
tion to the system afx =0,Vi € Bj,andnTx = —1. We have P;(B1) = x +L” (Bp)+
Cone ({F-i}jeBl U {r™}), where L™ (By) := {x e R" : g, x =0, Vz e B, nTx =0)}.

Observe that ¥ + L™ (B;) € A! (where A! := {x € R" : a; Tx = b;,Vi € By} as
defined earlier). Furthermore 77x = n& forevery x € x + L™ (B 1), which implies that
8Tx = 8y for all x € ¥ + L™ (B;) (Lemma 14(i)). By using the scalars from Lemma
13(ii), we get 877/ = —ii; < Oforall j € By and 877" = —itip < 0. Since all the
extreme rays 7/ of P;(B;) are such that 77/ < 0 and 87 X = 8¢, we have that 87 x < &y
is valid for P;(By). O
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Lemma 17 proves Conv (P;(B) U P»(B)) C {x € P(B) : §"x < &y}, where
B = Bj U By, i.e., that §Tx < 8 is valid for Conv (P;(B) U P>(B)). Combining this
result with Lemma 10 and Lemma 11 finishes the proof of Theorem 1 for the main
case. The remainder of this section is devoted to provmg Conv (P1(B) U P»(B)) 2
{x e P(B):8Tx < 8}.To simplify notation, let x := x(B) and7/ :=r/(B)for j € B
(see Sect. 2.1). First we prove some basic properties of P(B).

Lemma 18. Ler B = By U By, where By and By are as in Lemma 13.

(i) n7x elnl, ndl forallx € A' N A? = X + L(B).
(ii) wTFl > Oforall] € Bi.
(iii) 7TF/ <O0forall j € By.

Proof. (i) The proof is by contradiction. Let y € X + L(B) and wlog assume 77y < 715 .

Since y € A', Lemma 14(i), implies 87 y < 8. However, since y € A> and n”7y <
né < JTg, Lemma 14(ii) implies § r y > 8, which is a contradiction.

(ii)—(iii) We only prove (ii). We know P(B;) = A! + Cone ({f-/}jeBI). Let j € By,
and assume 777/ < 0 for a contradiction. We have ¥ + ai/ € A? and ¥ + o/ €
P(B) C P(B)) forevery a > 0. Let @ > 0 satisfy w7 (¥ + &/) = m}. Lemma 14(ii)

gives 87 (X + ar/) > 8. This contradicts the validity of 87 x < 8 for P (B). m|

_ Lemma 18(i) states that an intersection cut can be derived from D (7, JT(}, 7102) and
B (Lemma 1). Lemma 18(ii) states that rays associated with elements of By point in
the direction of satisfaction of the term 77 x > rrg of the disjunction D(rx, n(}, rrg),
and Lemma 18(iii) states that rays associated with elements of B; point in the opposite
direction.

To simplify notation, let &; := o (7, 710 , JTO, B) denote the coefficient in the inter-
section cut associated with B and D(m, 710, ) for j € B. We are now able to prove
Conv (P1(B)U P,(B)) ={x € P(B) : §Tx < 50}

Lemma 19. Let B = B; U By, where By and By are as in Lemma 13. Then

(i) a; = (80 — 87 %)/8T I for j € B satisfying 877/ # .

(ii) Conv (P1(B) U P»(B)) = {x € P(B) : 8T x < ).
Proof. (i) Let j € B satisfy 7 r’ # 0. Wlog assume il > 0,50 j € 81 (Lemma
18(ii)). Choose @; such that 7 Tx +a; rf) = 710 Since X + a; 7/ € A2, we have
8T(x+a;7/) = 8 (Lemma 14(ii)). Solvmg for @; gives (i). Notice that since 8Tx > 8o
(Lemma 18(i) and Lemma 14), we have 77/ < 0.

(ii) We already proved Conv (Py (B)U Py(B)) C {x € P(B):8Tx < 8o} (Lemma
17) Now suppose that y € P(B) satisfies 87y < 8. Since y € P(B), we may write
y = x' + Z]eBr s7, where s]y > 0 for j € B denotes the slack in the ;'
straint, i.e., s =b; — a y,and x" € X + L(B). Multiplying with § on both sides and
deducting 80 glyes 8Ty —80 =Y cp STr/sj + 8Tx’ — 8. Since 87y < 8y, we have
0> ZJ:EB (STffs;—i— 8T x' — 8y. Dividing with 87 x’ — 89 > 0 on both sides gives )
s]y.(an/)/(so —8Txy > 1.

Observe that Lemma 18(i) and the fact that ¥ + L(B) = A' N A? is affine implies
the linear function 77 x is constant on X + LEB). Now, using Lemma 14, this implies
the linear function 87 x is constant on ¥ 4+ L(B). Therefore 87 x’ = 8T x.

jeB
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Now using (i) we get > . jeB Sj T j = 1. Hence y satisfies the intersection cut associ-

ated with B and the disjunction D(, ”0 , T ), which implies y € Conv (P (B)UP>(B)).
O

4.2. Reduction to the main case

In this section, we consider the remaining cases, i.e., when P or P or P, is not full-
dimensional. We distinguish between three cases, namely 1) One of the sets is empty 2)
P is full-dimensional and 3) P is not full-dimensional. First we prove Theorem 1 when
P is empty.

Lemma 20. Theorem 1 holds when P is empty.

Proof. 1f P is empty, Conv (P N Fpy . 1 2)) = (). We know DBEB;fP(B) = P. Since

(7,7

P(B) is convex, Npep: Conv (P(B) N Fu(n,ng,ngﬂ C Npep: P(B) = 0. O

From now on we consider the cases in which P is not empty. Next we consider the
case where one of the sets P; and P» is empty. Wlog assume P; is empty.

Lemma 21. Theorem 1 holds when P, is empty.

Proof. Since P, =@, Conv(PiUPy) =Py =PN{x:nlx <nl}.Hencen"x <}
is valid for Conv (P} U P>). Furthermore, it is the only inequality needed to describe
Cony (P1 U P,) besides the constraints of P. We just need to show that it can be obtained
from a set B € B¥. Consider the linear program z := max{z’x : x € P}. We have
7 < ng. By the linear programming duality theorem, there exists B € I3; that satis-
fiesm =) ;cpyiai,z =) ;cpVyibi andy; > Ofori € B. Any x € P(B) satisfies
xlx = Y icB y,-afx < Y icp Yibi. = z. Therefore, P(B) N {x : 7lx > ng} = (J and
Conv (P1(B) U P,(B)) = P1(B) for this particular B. |

Next we consider the case where P is full-dimensional.

Lemma 22. Theorem 1 holds when P is full-dimensional.

Proof. Because of Lemma 21, we can assume Py and P, are not empty Choose € > 0
suchthatnO +e < 710 —eletPf =PN{xeR" 7 Tx < n +e€}and Py :=
PN{x e R": 71 Ty > Ty 2 —¢). Slmllarly, givenaset B € B* let Pj(B) =PB)N{x €
R":7lx <m} +e} and P5(B):=PB)N{x eR" : nTx > 75 —€}.

Now we prove P and P; are full-dimensional by showing that P{ and P; have
interior points. Let y; € Py # @, let y; be an interior point of P and let y(A) :=
Ayl 4+ (1 — 1)y?, where A € [0, 1]. Because y; is an interior point of P, y(}) is in
the interior of P for all A € [0, 1[. Choose A €]0, 1[ sufficiently close to one such
that 7Ty(A) < né + €. We have y(1) is an interior point of Py . This shows Pf is a
full-dimensional polyhedron. A similar proof applies to Py .
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Since Pf and P; are full-dimensional closed sets in R”, we have.

() Conv(Pi(B)U Py(B))
BeB;
= ﬂ lim._ o+ Conv (Pf (B) U P;5 (B))
BeB;
=lim._ o+ ﬂ Conv (P{ (B) U P5(B))
BeB:
= lim._,o+Conv (P{ U P5)
= Conv (P U P,). =

In the remainder of this section assume P # @ and P is not full-dimensional. Let
dp = dim(Aff(P)) < n denote the dimension of P and let M= :={i € M : al?x =
b;i, Vx € P} denote the constraints of P satisfied with equality by all points in P. Since
dim(P) = dp, there exists B~ € BZ_dP such that Aff (P) = {x € R" : g/ x =b;,i €
B=}. Let L denote the linear space parallel to Aff (P), i.e., L := Aff(P) — x¥, where
xPePp.

The idea of the proof is to add a linear space L to P in such a way that P’ := P + L
is full-dimensional. The space L is described in the following lemma.

Lemma 23. Let L™ := {x € R" : n7x = 0}. We may write
T=(L"NL)+ L,
where dim(L™ N L) =dp — 1, dim(L) =n —dp, LN L ={0,}and L + L = R".

Proof. Clearly dim(L™ N L) =dp — 1 ordim(L*™ N L) =dp. If dim(L* NL) =dp
we have w € Span({a; };cp=). This implies the function nT x is constant on P, which
means that one (or both) of the sets P and P, is empty. Since we have assumed this not
to be the case, we have dim(L™ N L) =dp — 1.

Let {b'}/—] be a basis for L™ chosen such that {bi}?il_l C L™ N L. Define L :=
Span({b’ }?;;P). By construction L™ = (L"NL)+L,dim(L) = n—dp and LNL = {0, }.

To prove L + L = R", observe that L™ = (L™NL)+ L C L + L. We cannot have
x € L™ forall x € L, since that would imply that 777 x is constant on P. O

Observe that the fact L + L = R” implies that P’ := P + L is full-dimensional (we
have Aff (P’) = Aff(P) + L = x¥ + L + L = R"). Also observe that the set L has been
constructed as a subspace of L™ and therefore that 771 = 0 for all/ € L. We now relate
the sets P and P’ and the sets Conv (P N F, 2)) and Conv (P’ N F, l ﬂz))

(7171 \TT,

Lemma24. (i) P’ NAff(P) = .

(ii) Conv(P'NF, (.7 nz)) = Conv(P NF, (.7 nz)) + L.
Proof. (ii) follows easily from the facts that P’ = P + Land 7Tl =0foralll € L,
so we only prove (i). Since P C P’ and P C Aff(P), we have P C P’ NAff(P). Let



482 K. Andersen, G. Cornuéjols, Y. Li

j € P'NAff(P).Since y € P/, wehave y = z +1, where z € P and [ € L. Also, since
y € Aff (P) we have y = x? 41, where l € L. This implies (y — xPy=@z-xP)+1.
Since (5 — x), (z — x¥) € L, we have (j — x¥) — (z — xP) € L N L. Hence
(3 —xP)y = (z—=xP)=0,,0r, y = z € P, which proves that P’ N Aff(P) C P. O

We now give a description of P’ with constraints. The description is based on the
constraints of P, and an affine mapping A : R" — R" with the following properties.

Lemma 25. There exist D € R"*" and d € R" such that the affine mapping A r(x) =
Dx + d and the corresponding linear mapping Zf(x) := Dx satisfy

(i) Af(x) =0, forall x € Aff (P), i.e., Af maps Aff (P) to the set {0,}.
(ii) Zf(x) =0, forallx € L, i.e., Zf maps L to the set {0,}.
(i) Forx,l e R", 1= As(x) <= [ € Land (x —1I) € Aff(P).
(iv) Forx,l e R" [ = lif(x) = leLand(x—1) € L.

Proof. Since L is a vector space, there exist linearly independent vectors {b*},.;, where
[ :={1,2,...,dp},suchthat L = {{ € R" : (b")T] = 0, Vk € I}. Notice that the
vectors {b*};; define a basis for L1, and that the vectors {a; };p- define a basis for
L+ Since L+ L = R" and L N L = {0,}, it follows that L+ + L+ = R", so that the
vectors {b};c; U {a; };cp= are linearly independent. Now we have:

leLand (x —I) € Aff(P) < (25)
l_e[_,andclf()c—l_):l),~,‘*7’iEB= = (26)
al (x =) =b;,¥i € B~ and 0T =0,Vk € | (27)
[=Dx+d, (28)

where D is the inverse matrix of [a,;|15k]T. Observe that (28) expresses I as a linear
function of x. Next it is an easy exercise to verify the correctness of (i)-(iv). O

We now have the following description of P’ with constraints

Lemma 26. Let A r be as in Lemma 25. Then
P={xeR':alx <b+alA;(x),Yie M\ M~}.

Proof. We have x € P’ <= 3l € Lsuchthata! (x —1) < b;,¥i € M\ M=, and
al (x = 1) = b;,Vi € B= <= (by Lemma 25(iii)) 3 € L such that a] (x — [) <
bi,Vie M\ M=,and] = Ay(x) &= alx <b;+al As(x),Vie M\ M~. O

Lemma 26 shows that P’ has one constraint for each element of M \ M=. Let r’
denote the rank of the corresponding coefficient matrix, i.e., r’ is the size of a maximal
subset B’ of M \ M~ such that the vectors {alr I, — D)}iE g are linearly independent
(I, denotes the n-by-n identity matrix). Furthermore let B}, denote the set of all such
subsets.

Itis easy to see that, if the vectors {az (I, — D)} ;ep’ are linearly independent, then so
are the vectors {a; };c /. Specifically, if the vectors {a; }; - are linearly dependent, then
one of them can be expressed as a linear combination of the rest. However, that would
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mean that the corresponding vector in {af(l,, — D)} ;ep’ 1s a linear combination of the

remaining vectors in {af (I, — D)} ;ep’» Which contradicts their linear independence.
We know that P is not full-dimensional, but that P’ is full-dimensional, where
P’ := P+L and L isthe linear space described by Lemma 23. Slmllarly, P(B) NAff(P)
is not full-dimensional for any B’ € B}, but we can also add L to it to get a full- dlmen-
sional conic polyhedron. Given a set B’ € B'},, define P/(B’) := {x € R" : g, Tx <

b; + aZA 7(x),Vi € B'}. P'(B’) denotes the conic polyhedron for P’ ass001ated with
B’. We now relate the set P’(B’) to P(B') for B’ € B'},.

Lemma 27. Let B’ € B'}:. Then
P'(B') = P(B") NAff(P) + L

Proof. Using Lemma 25(iii) we get x € P'(B') <= al(x —1) < b;,Vi € B,
az(x—l_) =b;,Vi € B=,] € Land] = Af(x) = x = y+l_,wherey €
P(B)YNAff(P),l e Land] = As(x) <= x € P(B))NAff(P) + L. O

Next we show that it is possible to find a representation of the conic polyhedron
P’(B’) such that the extreme point X is in Aff (P), and the extreme rays {(rk} rep are all
in L.

Lemma 28. Ler B’ € B/f,. There exist vectors x € Aff (P) and {’"k}keB/ C L such that
P'(B') = % + L'(B') + Cone ({r*};cp),

where L'(B') := {x ¢ R" :a X —aTLf(x) Vi € B} ie, L'(B") == {x € R" :
Z(x — Dx) =0,Yi € B'}. The vector X satisfies ai‘x = b; foralli € B'U B=.
Furthermore given k € B', the vector r* satisfies

(i) alrk =0,Vi € (B'U B7) \ {k} and
(ii) al r* = —1.

Proof. Since P’(B’) is a conic polyhedron we may write (see Sect. 2.1)
P'(B)) =7+ L'(B') + Cone ({s*}xcp)

where the vectors y and {s"‘}ke p are as follows. The vector y satisfies aZﬁ =b; +
TAf(y) for all i € B'. Given k € B/, the vector s satisfies a!'s* = al L;(s%),Vi €
B\ {k} andak sk =al Lp(sF) — 1.
Define [ := A £(3), and define the vector x :=y — 1. From Lemma 25(iii) we have
X € Aff(P) and [ € L. Since X € Aff(P) Lemma 25(i) implies A ;(X) = 0,. Further-
more, fori € B’, we have afi = a[y — afl_ =b; + afﬁf(y) — azl_ = b;. Also, since
x € Aff(P), we have agi = b; for all i € B~. Finally, since Af(i) = 0,, we have
azi =b; + afgf(i), Vi € B’. Hence we can use X as an extreme point for P’'(B’),
X € Aff(P)anda! X = b; foralli € B'U B=.
We now define the vectors r¥ for k € B’. Letk € B be arbitrary, and consider the
vector s* defined above. Let [ := I:f(sk) and define r* as ¥ := s — [. From Lemma
25(iv) we have rk € L. Moreover, since r¥ € L, Lemma 25(ii) implies L f(rk ) =0,.
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Also, fori € B’\ {k}, we have afrk = afsk —azl_zaz(f,f(sk) - =0, anda,{rk =
akTsk —akl =a; (Lf(sk) —0)—1=—1.Sincerk e LwehaveaTrk =0,Vi € B~.
Finally, since L (%) = 0,,, al ¥ = L (r*), Vi € B’ \ {k} and akr =al Ly(r*) — 1.
Hence we can use 7 as an extreme ray for P'(B’), r* € L and r¥ satisfies (i) and (ii). O

The choice of extreme point and extreme rays in Lemma 28 implies the following
facts about the set P(B’ U B) and the conic polyhedron P(B’).

Lemma 29. Let B' € B'Y, and let the vectors X € Aff(P) and {r*};cp C L be as in
Lemma 28.
(i) The vectors {a; };cp'up= are linearly independent, i.e., P(B’ U B) is a conic poly-
hedron.
(ii) P(B’ ) = X + L(B') + Cone ({rk}ycp), where L(B') is given by L(B') = {x €
R" : a; Tx =0,Vi € B'}.
(iii) P(B") ﬂAﬁ‘(P) = X + L(B' U B=) + Cone ({r*};cp), where L(B' U B=) =
LN L(B).

Proof. (ii) and (iii) follow from the properties of the vectors x and {rk}ke B’» SO we only
prove (i). Let k € B’ U B=, and assume a;. = Zie(B’UB:)\{k} wuia;., where u; € R for
i € (B'UB™)\ {k}. From multiplying this equality by X and using the fact that aZi = b;
foralli e B'U B, we have by = ) _;cpup=) ) Hibi- Forany i € B"\ {k} we have
0= a,{rz = ZiE(B/UF)\{k} u,-a{r; = —p;. Hence u; = Oforalli € B'\ {k}. Assume
by contradiction that k € B’. Then ay, = ) ;.= pia;. and by = Y, p= pib;. This
implies k € M=, which contradicts B € M \ M~. Therefore we can assume k € B~.

The equality a;. = Zie B=\{k} Midi. contradicts the fact that B= € B* —dp (B~ is defined
before Lemma 23). O

Lemma 29(ii)-(iii) gives that both sets P(B’) and P(B’) N Aff(P) can be gener-
ated from the vectors X and {r*};. g of Lemma 28. The following lemma describes the
disjunctive hull associated with a set B’ € B’} and D(r, nd, ng).

Lemma 30. Let B' € B'}..

(i) nTx €lnd, n3[,Vx e X + L'(B") <= nTx €ln}, 73l Vx € ¥ + L(B'U BY),
i.e., an intersection cut can be derived from P(B’'UB7) ifand only if an intersection
cut can be derived from P'(B’). B
(ii) Conv (P'(B")N FD(n,n(},ng)) = Conv(P(B'UB™) N FD(n,zr(},ng)) NAff(P)+ L.

Proof. (i) We first prove that x + L(B'U B=) C x + L'(B’)

yex+ L(B'UBY) = (Lemma 28)

aly=1b;,VYi e BSUB
y € Aff(P)and a]y = b;,Vi € B’
Ar(y) =0, anda] y =b; +al Ap(y),Vi e B'
yex+L'(B)

(Lemma 25(7))

TR

This shows 7 7x €lnl, n3[,Vx € ¥+ L'(B") = nTx €lnl, n[,Vx € ¥+ L(B'UB~).
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For the other direction, suppose y € X + L'(B’) and 7Ty ¢]r}, n3[. We will show
that this implies there exists z € ¥ + L(B’ U B<) satisfying 77z gé]né, Jrg[. Define
[ := A (y). From Lemma 25(iii), we have [ € L and z := y — [ € Aff(P). This implies
azz =b;,Vi € BSUB,ie,z € i+ L(B'UB7).Since 771 = 0 (Lemma 23), we
havenTz=nT(y—-0)==nTy ¢]n6, ng[. This finishes the proof of (i).

(i1) We may assume r y e]n(} , né[ for all y € x+L’(B’), since otherwise statement
(ii) reduces to P'(B’) = P(B") NAff(P) + L (Lemma 27).

From Lemma 28 and 29 it follows that the intersection cut associated with P (B’UB~)
and D(rm, 710, ) is given by

Dk —alx) e =1 (29)

keB’

for points x € Aff (P), where

—el/(nTrk) ifxTrk <0,
ar =1 €2/xTr%) ifnTrk > 0, (30)
+00 otherwise,
fork e B',e' :=nTx — 71(} and €2 := ng — 7T % (see the definition in (2)). Similarly
the intersection cut associated with P’(B’) and D(rr, n(}, ng) is given by

D (b +af Ap(x) —alx)fe = 1. (31)
keB’

Now suppose x € Conv (P'(B’) N FD(MT nz)) Since x € P/(B’), Lemma 27

shows that we may write x = y +1, where y € P(B') NAff(P), I:= Af(x) and/ € L.
From the fact that x satisfies the intersection cut (31) associated with P’(B’), we have
ZkeB’(bk +a; Af(x) —a; Tx)/ay > 1. Because | = Af(x) x satisfies D ;o p/ (b +
all —al'x)/oax > 1, it follows that >, (b — al y)/ax > 1, i.e., y satisfies the
mtersectlon cut (29) associated with P(B’ N BT). .
Finally suppose x € Conv(P(B’ U BT) N FD(n,n(},ng)) N Aff(P) 4+ L. Write
x =y +1, where y € Conv(P(B'UB=) N Fp, 11 2)) NAff(P) and [ € L. Since
y=x—1¢€ Conv(P(B'UB=)N Fp szl 72) NAfF(P) and/ € L,wehavel = A ;(x).
From the fact that y satisfies the intersection cut (29) associated with P(B’ U B<) and
D(m, JTO, ) it follows that x satisfies the intersection cut (31) associated with P’'(B’)
and D(m, rrO, ) |

We are now able to finish the proof of Theorem 1.

Lemma 31. Theorem 1 holds when P, Py and P> are non-empty and not full-dimen-
sional.

Proof. Let B’ € B/;k, be arbitrary. We first prove that Conv (P(B) N FD(n’ng’ng)) C

Conv (P(B’UB™) N Fy 2)). We distinguish two cases:

1
(JT,J'[O \ T
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(@) IfxTy e]no,no[forally €x+ L(B'"UB™):
An intersection cut 87 x > 8y can be derived from B’ U B= and D(n 710, ) The
inequality §Tx > 80 is also an intersection cut for B and D(rm, 710, JTO) for _any
B € B satisfying B 2 B’ U B= (Lemma 10). Furthermore we have Conv (P(B) N
F 2)) C Conv(P(B'UB™)N Fpr. ! nz))

D(n’n JTT,
b) IfxTy e]no, [forsomey €x+ L(B'"UBY):
Conv (P(B' U B=) N Fpgnd ) = P(B'U B7). Also P(B'U B™) 2 P(B) 2

Conv (P(B) N Fp 2)) forall B € B satisfying B D B’ U B=.

(nrr JTT,

Therefore for any B’ € B’ there exists B e B} s.t. Conv (P(B)N Fy
Conv(P(B’ U BT) N FD(ﬂn -
mB’eB’* Conv (P(B’' U BY) NFp. . nz)) ) ﬂBeB*Conv(P(B) NFp,

Since B* is a subset of B}, we have the inclusion

(7,7, 712)) <

2)) Hence we can choose B* € B} such that

(7171 T ))

mB/eB/* Conv(P(B'UBT)N FD(ﬂ 7 ﬂz)) ) DBEB*Conv (P(B)NFp

(m, 71 TG ))
Using the fact that P’ is full-dimensional, Lemma 22 gives the identity
Conv (P’ N FD(mn&’ﬂg)) = OB/EB/j,Conv(P’(B’) NFp e, ! nz)) Also Lemma 24(ii)
states Conv (P'NFp i, 11 72)) = Conv (POF . n2))+L This implies that Conv (PN
Fpualap) + L = N, Conv (P'(B') NFp 11
that L + Aff(P) N (Nep+, Conv (P(B' U B=) NFy,
F

D(nn \TT,

NF

D(nn \TT,

2)) Using Lemma 30(ii) gives
(.7 nz))) =L+ Conv (P N
z)) Since ﬂB/eB/* Conv (P(B"U BT) NFp, 11 3)) 2 NpeprConv (P(B)

(n,no,n

2)) and Npep; Conv (P(B) NFp o1 22)) S P S Aff(P) we have L+

(7,7, 7,
Conv (PﬂFD(n 7 nz)) ) L+mBeB* Conv (P(B) ﬂFD(n 7 nz)) This implies Conv (PN
FD(n,ng,ngQ 2 OBEBfCOI’lV (P(B) NFp,. ! ﬂz)) (by mtersectlng with Aff (P) on both

sides). Lemma 11 shows the other directlon |

5. Disjunctive hulls derived from polyhedra and two-term disjunctions

We now consider two-term disjunctions D of the form Dlx < d'v D%x < d2, where
D! e Rmixn p2 ¢ Rmaxn_ gl ¢ RMi and d2 € R™2. The set of points x € R” that
satisfy D is denoted Fp. In this section, we will prove a decomposition result for the
set Conv (P N Fp) (Theorem 3). The result states that Conv (P N Fp) can be written
as the intersection of sets Conv (P(T) N Fp) over sets T € C}, where C7 is a family
of (r + 1)-subsets of the constraints and r is the rank of the constraint matrix A. Fur-
thermore, when r = n, we show that it suffices to consider r-subsets of the constraints.
Finally, we demonstrate how this result can be strengthened to obtain Theorem 1 for the
split disjunctions D (7, 716, 7102).
We start by proving the following decomposition result on two-term disjunctions.

Theorem 4. Let S C M. If S satisfies |S| > r(S) + 2, then
Conv (P(S) N Fp) =Njes Conv (P(S\ {i}) N Fp). (32)

Furthermore, (32) remains true if r(S) =n and |S| =n + 1. |
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The following inclusion is obvious since Conv (P (S)NFp) € Conv (P(S \ {i}) N Fp).
Lemma 32. Let S C M be non-empty.

Conv (P(S) N Fp) € Nies Conv (P(S\ {i}) N Fp). (33)

]
However, the proof of the other inclusion involves the idea introduced by Balas [3] of lift-
ing the set Conv (P (S)N Fp) into a higher dimensional space. Specifically, Conv (P (S)N
Fp) can be described as the projection of the set, described by the constraints (34) — (40),
onto the space of x-variables (see [3]).

x=x!+x2, (34)

alx! < bl Vi € S, (35)
alx? < bia?, Vi €S, (36)
A=, (37)
D'x! <d'a!, (38)
D*x* < d*)\, (39)
Al a2 >o0. (40)

The description (34)—(40) can be projected into (x, xb ol )-space by using constraints
(34) and (37). By doing this, we obtain the following characterization of Conv (P (S) N
Fp).

—Albi —I—a{x1 <0, Viels,
Albi —a{xl < b; —afx, Vi € S,
A<,
—1d'+ D'yl <0,,,
A'd? — D?x! < d* — D?x,
- <o.
The problem of deciding whether a given vector x € R” belongs to the set Conv (P (S)

NFp) can be decided by solving the following Phase I linear program called Prp(x, S),
where the variables are x!, A! and s.

max —s§
b +alx! <0, viesS, () D
Mbi—alx' <bj—alx, vieS, () 42)
A<, (wo) (43)
—1d' 4+ D' = 51, <O, w®) (44)
Aa? — D' =51, < d® — Dx, ") (45)
- <o. (t0) (46)

—s < 0. (t1) 47)
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Observe that Py p(x, S) is feasible if and only if x € P(S). Furthermore Py p(x, S)
is always bounded above by zero. Finally note that x € Conv (P(S) N Fp) if and only
if Ppp(x, S) is feasible and bounded, and there exists an optimal solution in which the
variable s has the value zero.

Note that, in the remainder of this section, we will make extensive use of the dual
Dyp(x,S) of Prp(x,S). The name of the dual variable associated with each constraint
in Prp(x, S) is given next to the constraints in (41) — (47). To prove the other direction
of (32), we use the problem Py p(x,S) and its dual Dy p(x, S). Specifically we use
these problems on sets S € M satisfying | S| > 2 and points x € P(S). Observe that the
condition x € N;esConv (P(S\ {i}) N Fp), where |S| > 2, implies x € P(S).

Throughout this section X denotes some element of P (S). Let (&', A1, §) denote an
optimal basic feasible solution to Pz p(x, S), and let (i, v, i°, ©°, wo, 7o, 71) denote a
corresponding optimal basic feasible solution to Dy p(x, §). Observe that the solutions
to PLp(x,S) and Dy p(x, S) depend on the values of x and S, i.e., when we write i;,
say, we mean u; (X, S), where the values of x and S should be clear from the context.

We now formulate the dual Dy p(x, S) of Prp(x, S). The formulation uses the fol-
lowing quantities. Given u > 0, and scalars u; > O for i € S, define ol (S, u, u%) =
D iesuiai+ (DHTu and BY(S, u, u®) := Y iesuibi + @HTuO, Observe that the
inequality (' (S, u, u®)Tx < B1(S, u, u®) is valid for the set {x € P(S) : D'x < d'}.
Similarly, given 0 > Om, and scalars v; > O for i € S, defining the quantities
a2(S, v, %) = Y iesViai + (DHTv0 and B%(S, v, 1°) := Y iesVibi + d*T0, gives
the inequality (a(S, v, v9)Tx < B2(S, v, v?), which is valid for {x € P(S) : D?x <
dz}. With these quantities the dual Dy p(x, S) of Prp(x, §) can be formulated as follows.

min ,BZ(S, v, vo) — (otz(S, v, vo))T)E + wo

s.t. a' (S, u, u®) — a?(S, v, %) =0, (xh  48)
B*(S,v,0%) = B'(S,u, u®) +wo — 10 =0, A 9
1+ 1000+ 0 =1, (s)  (50)

u® > 0, (51)

00 > 0,y (52)

wo, fo, 11 > 0, (53)

ui, v; >0, Vi € S. 54)

By our previous observation, Py p(x, S) is feasible if and only if x € P(S). We now
characterize the optimal solution (it, v, i, ¥°, wo, fo, 1) to Dy p (X, S) for sets S € M
and points x € P(S). First we consider the variables uY and v°.

Lemma 33. Let S € M be non-empty. Suppose x € P(S) \ Conv (P(S) N Fp). Then
% # 0y, and v° # Oy,

Proof. Let S and X be as stated, and suppose firstly that 10 = 0, By the definition
of (S, v, v°) and B%(S, v, v°), the inequality (a*(S, 1, 0,,))"x < B2(S, ¥, 0p,) is
valid for P(S). However the optimal objective value to Dy p(x, S) is negative (since X ¢
Conv (P(S)N Fp)), and wy > 0, so we must have 8(S, v, 0,) — (@?(S, 0, 0, )T % <
0, a contradiction.
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Now suppose itg = Oy,,. The inequality (a'(S, i, 0,,,))"x < BY(S, i, 0p,) is
valid for P(S), but B(S,it, 0p,) — (@'(S,i,0,)T%x < B%(S,0,0°) + wy —
(@S, v, ")) % < 0, (from (48) and (49) above). This contradicts ¥ € P(S). O

Observe that Lemma 33 implies that at least two of the variables in (O, v9) are basic
when x € P(S) \ Conv (P(S) N Fp).

Define B, := {i € S : u; basic} and B, := {i € S : v; basic} to be the set of basic
u’s and v’s respectively. The next lemma describes properties of the variables u; and v;
fori € S when x belongs to N7 Conv (P(S\ {i}) N Fp), but not to Conv (P(S)N Fp),
where T is some subset of S of size at least two.

Lemma 34. Suppose x € NijerConv (P(S\ {i}) N Fp) and x ¢ Conv (P(S) N Fp),
where T € S € M and |T| > 2. Let B,(T) := B, N T and B,(T) := B, NT, i.e,
B, (T) and By (T) denote the basic u’s and v’s in the set T respectively. Then

(i) Foreachi € T, either u; or v; has a positive value, i.e., u; > 0 or v; > 0 for all
ieT.
(ii) B,(T)NBy(T) =@ and B,(T)U B,(T) = T, i.e., exactly one of the variables u;
and v; is basic foralli € T.
(iii) The vectors {[az, —b;1};cr are linearly independent.
(iv) |Bu(T)U By(T)| =1|T| <r(T)+ 1, i.e., the size of T is bounded by r(T) + 1.

Proof. Let S, T and x be as stated. We will prove (i) first. Suppose by contradiction
i;; = 0and vy = 0 for some i’ € T. Since X ¢ Conv (P(S) N Fp), the linear program
P p(x, S) is infeasible, and hence its dual Dy p(x, S) is unbounded. Because i;; = 0
and v = 0, the linear program D), ,(x, S\ {i’}), obtained from Dy p (X, §) by eliminat-
ing u;s, vy and the normalization constraint (50), is also unbounded. Consequently, the
dual of D} ,(x, S\ {i'}), the problem P; ,(x, S\ {i'}), is infeasible. But P, ,,(x, S\ {i'})
can be obtained from Py p(x, S) by eliminating the variable s and the constraints corre-
sponding to i" in (41) and (42), and we see that P; ,,(x, S\ {i’}) is feasible if and only if
X isin Conv (P(S\ {i’}) N Fp). The fact that x € Conv (P (S \ {i’}) N Fp) implies the
feasibility of P ,(x, S\ {i}), which is a contradiction. Hence it; > 0 or 9; > 0 for all
i € T, which gives B,(T) U B,(T) = T. This proves (i). To prove (ii), we show that at
most one of u; and v; can be basic.

The feasible set for Dy p(x, S) can be written in the form {y € RY - Zy = 20, y >
0,/}, where Z and z° are of suitable dimensions. Leti € T be arbitrary. The column of Z
corresponding to u; is given by [af, —b;,0]". Similarly the column of Z corresponding
to v; is given by [—az ,b;, 0]”. Hence the columns of Z corresponding to #; and v;
are linearly dependent. Since the columns of Z corresponding to basic variables must
be linearly independent, it follows that at most one of u; and v; can be basic. This also
shows that the vectors {[az, —b;1};er are linearly independent. This completes the proof
of (i), (ii) and (iii).

Finally, since the vectors {[—af , bi1};cr are linearly independent, there must exist a
set T’ C T of cardinality either |T'| or |T| — 1 such that the vectors {a; }; 7 are linearly
independent. It follows that | B, (T) U B,(T)| = |T| < r(T) + 1. Therefore (iv) is also
proved. O

With the above lemmas we can prove the missing direction in Theorem 4.
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Lemma 35. Let S € M, and suppose that either |S| > r(S) + 2 or r(S) = n and
|S| =n+ 1. Then

Conv (P(S) N Fp) 2 Njes Conv (P(S\ {i}) N Fp). (55)

Proof. Let x € NjesConv(P(S \ {i}) N Fp) and suppose by contradiction
X ¢ Conv(P(S) N Fp). If |S] = r(S) + 2, Lemma 34(iv) with T = § implies that
S < r(S) + 1, a contradiction. If |[S| = n + 1, since the number of basic variables
is bounded by the number of equality constraints in Dy p(x, S), the number of basic
variables in the solution (iZ, 7, %, 8%, Wy, 7y, 1) is at most n + 2. The number of basic
variables among the variables u; and v; fori € S is |S| = n 4+ 1 (Lemma 34 with
T := S). However, according to Lemma 33, at least two of the variables in @, 130) are
basic, which gives a total of n 4 3 basic variables, a contradiction. O

We now strengthen Theorem 4 for the case where |S| > r(S) + 2. Let 1(S) be
the set of constraints i € § whose removal from § leaves the rank unchanged, i.e.,
I(S):={ieS:r(S)=r(S\{i})}. Wehave

Theorem 5. Let S C M satisfy |S| > r(S) + 2. Then
Conv (P(S) N Fp) =N;cj(s) Conv (P(S\ {i}) N Fp). (56)

Like in Theorem 4, and with the a similar proof, the inclusion “C" of Theorem
5 is easy to prove. To prove the remaining inclusion, we observe that the condition
IS| > r(S) + 1 and the assumption a; # 0,,Vi € M, imply |I(S)| > 2. Therefore,
ﬂiei(S)Conv (P(S\ {i}) N Fp) € P(S), so that the problem Py p(x, S) is feasible and
bounded for a point x € N; ;) Conv (P(S\ {i}) N Fp). The following lemma gives a
formal statement and proof of the remaining inclusion.

Lemma 36. Let S C M satisfy |S| > r(S) + 2. Then
Conv (P(S) N Fp) 2 N;cj(sy Conv (P(S\ {i}) N Fp). (57)

Proof. Let x € ﬂief(S)Conv(P(S \ {i}) N Fp) and assume by contradiction x ¢
Conv (P(S) N Fp). Observe that it suffices to prove that the vectors {[a{, —bil}ies
are linearly independent, since that contradicts |S| > r(S) + 2. Assume for a contra-
diction that the vectors {[az, —b;]};es are linearly dependent, and let k € § satisfy
[a,g, —bi] = ZieS\{k} m[af, —b;], where {ui}ies\{k} are not all zero. This means
ax. € Span({a; }ics\xy)» which implies r(S) = r(S\ {k}), i.e.. k € 1(S).

We have shown that, if [a,{, —br] = Zies\{k} Wi [af, —b;], where k € S and
{ii}ies\xy are not all zero, then k € 1(S). Note that this implies p; = 0 for all i €
S\ 1(S). To see this, assume for a contradiction that y; # 0 for some [ € S\ I(S).
Then we may write [a] , —b;] = dies\i) wilal', —b;1, where u) = % fori € S\ {k, [}
and /L;{ = % As observed above, this implies / € I (S), a contradiction. It follows that
w; =0foralli € S\ I(S).

We therefore have [a,{, —br] = Ziei(S)\{k} /,L,‘[(lZ, —b;land k € I_(S). However,
according to Lemma 34(iii) with T := 1(S), the vectors {[af, —bil};c i(s) are linearly
independent, a contradiction. O
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If we apply Theorem 5 iteratively to sets S satisfying |S| > r(S) + 2, and Theorem 4
for sets S satisfying | S| = n + 1, we obtain Theorem 3 in Sect. 2. The example in Figure
4 in Sect. 2 demonstrates that the assumption |S| > r(S) + 2 is necessary for (57) to be
true.

In the following we prove that (57) remains valid for |S| = r(S ) —|— 1 for the spe-
cial case of a general split disjunction D(r, 716, th), where 710 < ”0 The problem
Pr p(x, S) for the disjunction D(r, n&, ng), which will be called PS 7 p (%, S) in the fol-
lowing, is obtained from the problem Pr p (X, S) by replacing (44) and (45) with

Al +2Tx! =5 <o, ) (58)

! ) Zyalxl -5 < ”0 +7Tx. (vO) 59)

The dual of PLSP (x, S) is the problem Dfp()_c, S) as follows.

min Ziesvi (b; — aZ)E) +wo+ 0 x — ng)
s.t. Ziesa,'_(u,' —v) + 7 w® + %) =0, b (60)
D b —ui) —mgu® =73’ + wo — 10 = 0, ah 6D
ul +00+ 1 =1, (s)  (62)
u®, v, wo, 10,11 > 0, (63)
wi,v; >0,  Vies. (64)

The optimal solution (it, v, #°, 8°, Wy, 7o, 1) to D3 » (%, S), for the case where | S| =
r(S) + 1, is characterized in the following lemma (also see Lemma 2 in [4]). The state-
ments of this lemma are very similar to the statements made in Lemma 34. However,
the assumptions are different than in Lemma 34. Also, we now prove that the vectors
{ai }iep,up, are linearly independent, and this does not follow from the statement of
Lemma 34 that the vectors {[a;., —b;]};cp,up, are linearly independent.

Lemma 37. Suppose that x € Nici(s)yConv (P(S \ {ih n FD(nn nz)) and
x ¢ Conv(P(S)N FD(M nz)) Then B, N By, = @, r(S) = n, |B, U By| = n,
and the vectors {a; };cp,up, are linearly independent.

Proof. The feasible set for Di p(x,8) can be written in the form {y € R" : Z y =
20, y > 0y}, where Z and z¢ are of suitable dimensions. We first argue that the variables

wo, ty and 71 take the value 0. Since x ¢ Conv (P(S)N Fp, 7 nz)) the optimal objective

value of PLSP (x, S) and Dfp(i, S)is —§ < 0, i.e., s is basic. By complementarlty slack-
ness, we deduce that f; = 0. From Lemma 33 it follows that both u° and v° are basic.
The column in Z corresponding tou®is [77, —710, 117 and the column corresponding
to v¥is [, 710, 117 Subtracting the column corresponding to v* from the column
corresponding to u° gives a constant times e, 41, i.e., a constant times the (n + 1)” unit
vector in R”*2. Since the column corresponding to both wq and —fq is e,41, and since
basic columns are linearly independent, wg and fy must be non-basic. Therefore, both
wo and ?q take the value 0.
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For all i € S, not both v; and u; can be in the basis, since their corresponding
columns in Z are multiples of each other. Hence B, N B, = (. Furthermore, since
@@, v, i, 99, Wy, fy, 1) is a basic solution to Dip()?, S), the following system has a
unique solution.

> aiui— Y aivi + 7@ +°) =0, (65)
i€eBy, i€By,
> bivi— Y biui —wgu’ — %75 =0 (66)
i€By ieBy,
u® +2° =1 (67)

The system (65)—(67) is of the form Z B y = zg . The number of rows of ZZ (and zg )
is n 4 2 and the number of columns is |B, U B,| + 2. All columns of Z? are linearly
independent. Therefore we must have | B, U B,| = n, since otherwise multiple solutions
would exist.

Now we show that the vectors {a; };cp,up, are linearly independent. Then r(S) =
n is also proved. Assume by contradiction that the vectors {a; };cp,up, are linearly
dependent Then there exists a non-zero solution (1*, v*) to the system ), B, di.lU
ZleB a; v’ = 0,. Define scalars u;(§) := u; + 8u fori € B, and v;(§) := vl +
sv¥ for i e B,, where § € R. By solving (65)— (67) for the two remaining variables,
we get that (u(8), v(8), u®(8), v°(8)) satisfies (65)—(67) if and only if u°(8) = 1 —
v0(8) and v0(8) = (wjito + w30 — TG+ 8(Xjep, bivi — Xjep, biu}))/ (G — 7))
Since the numbers {u}};cp, U {v};cp, are not all zero there must exist §* € R such
that («(8%), v(8%), u®(8*), v°(8%)) is a different solution to (65)-(67) than (i, , i, o),
which is a contradiction. O

From the above lemma we have the desired extension of Theorem 4 for split dis-
junctions.

Lemma 38. Suppose S C M satisfies |S| = r(S) + 1. Then
Conv (P(S) N Fpy. 7 7Tz)) =Nicics)Conv (P(S\{i) N Fp,. 7 nz)) (68)

Proof. By a similar argument to the proof of Lemma 11, it is easy to show the inclu-
sion Conv (P(S) N FD(n,né,ng)) € Nicis)Conv (P(S\ {ih N FD(n,né,né))' We prove
the remaining inclusion by contradiction. Suppose we have X € N; g Conv (P(S '\
{ih N FD(n,ng,ng)) and x ¢ Conv (P(S)N Fpr, 7 712)) By Lemma 37, B, N B, = 0,
r(S) = n, |B, U By| = n, and the vectors {a,,}leBuUBv are linearly 1ndependent. Let
{i} = S\(B,UB,). Wehave thati ¢ I(S), since otherwise Lemma 34(i) with T := I(S)
would imply u; > 0 or v; > 0, which contradicts i ¢ B, U B,. Buti € §\ I(S) implies
that i is in every basis of S, which contradicts i ¢ B, U B,,. O

From Theorem 5 and Lemma 38, we get Theorem 1 of Sect. 2.
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