
Lecture 15

Sequential colimits

Note: This chapter currently contains only the statements of the definitions
and theorems, but no proofs. I hope to make a complete version available soon.

15.1 The universal property of sequential colimits

Type sequences are diagrams of the following form.

A0 A1 A2 · · · .f0 f1 f2

Their formal specification is as follows.

Definition 15.1.1. An (increasing) type sequence A consists of

A : N → U
f :

�
(n:N)An → An+1.

In this section we will introduce the sequential colimit of a type sequence.
The sequential colimit includes each of the types An, but we also identify
each x : An with its value fn(x) : An+1. Imagine that the type sequence
A0 → A1 → A2 → · · · defines a big telescope, with A0 sliding into A1, which
slides into A2, and so forth.

As usual, the sequential colimit is characterized by its universal property.

Definition 15.1.2. (i) A (sequential) cocone on a type sequence A with
vertex B consists of

h :
�

(n:N)An → B
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H :
�

(n:N)fn ∼ fn+1 ◦Hn.

We write cocone(B) for the type of cones with vertex X.

(ii) Given a cone (h,H) with vertex B on a type sequence A we define the
map

cocone map(h,H) : (B → C) → cocone(B)

given by f �→ (f ◦ h,λn.λx. apf (Hn(x))).

(iii) We say that a cone (h,H) with vertexB is colimiting if cocone map(h,H)
is an equivalence for any type C.

Theorem 15.1.3. Consider a cocone (h,H) with vertex B for a type sequence
A. The following are equivalent:

(i) The cocone (h,H) is colimiting.

(ii) The cocone (h,H) is inductive in the sense that for every type family
P : B → U , the map

��
(b:B)P (b)

�
→ �

(h:
�

(n:N)
�

(x:An) P (hn(x)))�
(n:N)

�
(x:An)

trP (Hn(x), hn(x)) = hn+1(fn(x))

given by

s �→ (λn. s ◦ hn,λn.λx. apds(Hn(x)))

has a section.

(iii) The map in (ii) is an equivalence.

15.2 The construction of sequential colimits

We construct sequential colimits using pushouts.

Definition 15.2.1. Let A ≡ (A, f) be a type sequence. We define the type
A∞ as a pushout

Ã+ Ã Ã

Ã A∞.

[id,σA]

[id,id] inr

inl
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Definition 15.2.2. The type A∞ comes equipped with a cocone structure
consisting of

seq in :
�

(n:N)An → A∞

seq glue :
�

(n:N)
�

(x:An)
inn(x) = inn+1(fn(x)).

Construction. We define

seq in(n, x) :≡ inr(n, x)

seq glue(n, x) :≡ glue(inl(n, x))−1 � glue(inr(n, x)).

Theorem 15.2.3. Consider a type sequence A, and write Ã :≡ �
(n:N)An.

Moreover, consider the map
σA : Ã → Ã

defined by σA(n, a) :≡ (n+ 1, fn(a)). Furthermore, consider a cocone (h,H)
with vertex B. The following are equivalent:

(i) The cocone (h,H) with vertex B is colimiting.

(ii) The defining square

Ã+ Ã Ã

Ã A∞,

[id,σA]

[id,id] λ(n,x). hn(x)

λ(n,x). hn(x)

of A∞ is a pushout square.

15.3 Descent for sequential colimits

Definition 15.3.1. The type of descent data on a type sequence A ≡ (A, f)
is defined to be

Desc(A) :≡ �
(B:

�
(n:N) An→U)

�
(n:N)

�
(x:An)

Bn(x) � Bn+1(fn(x)).

Definition 15.3.2. We define a map

desc fam : (A∞ → U) → Desc(A)

by B �→ (λn.λx.B(seq in(n, x)),λn.λx. trB(seq glue(n, x))).
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Theorem 15.3.3. The map

desc fam : (A∞ → U) → Desc(A)

is an equivalence.

Definition 15.3.4. A cartesian transformation of type sequences from A
to B is a pair (h,H) consisting of

h :
�

(n:N)An → Bn

H :
�

(n:N)gn ◦ hn ∼ hn+1 ◦ fn,

such that each of the squares in the diagram

A0 A1 A2 · · ·

B0 B1 B2 · · ·
h0

f0

h1

f1

h2

f2

g0 g1 g2

is a pullback square. We define

cart(A,B) :≡ �
(h:

�
(n:N) An→Bn)�
(H:

�
(n:N) gn◦hn∼hn+1◦fn)

�
(n:N)is pullback(hn, fn, Hn),

and we write

Cart(B) :≡ �
(A:Seq)cart(A,B).

Definition 15.3.5. We define a map

cart map(B) :
��

(X�:U)X
� → X

�
→ Cart(B).

which associates to any morphism h : X � → X a cartesian transformation of
type sequences into B.

Theorem 15.3.6. The operation cart map(B) is an equivalence.

15.4 The flattening lemma for sequential colimits

The flattening lemma for sequential colimits essentially states that sequential
colimits commute with Σ.
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Lemma 15.4.1. Consider

B :
�

(n:N)An → U
g :

�
(n:N)

�
(x:An)

Bn(x) � Bn+1(fn(x)).

and suppose P : A∞ → U is the unique family equipped with

e :
�

(n:N)Bn(x) � P (seq in(n, x))

and homotopies Hn(x) witnessing that the square

Bn(x) Bn+1(fn(x))

P (seq in(n, x)) P (seq in(n+ 1, fn(x)))

gn(x)

en(x) en+1(fn(x))

trP (seq glue(n,x))

commutes. Then
�

(t:A∞) P (t) satisfies the universal property of the sequential
colimit of the type sequence

�
(x:A0)

B0(x)
�

(x:A1)
B1(x)

�
(x:A2)

B2(x) · · · .
totalf0 (g0) totalf1 (g1) totalf2 (g2)

In the following theorem we rephrase the flattening lemma in using cartesian
transformations of type sequences.

Theorem 15.4.2. Consider a commuting diagram of the form

A0 A1 A2 · · ·

X

B0 B1 B2 · · ·

Y

If each of the vertical squares is a pullback square, and Y is the sequential
colimit of the type sequence Bn, then X is the sequential colimit of the type
sequence An.
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Corollary 15.4.3. Consider a commuting diagram of the form

A0 A1 A2 · · ·

X

B0 B1 B2 · · ·

Y

If each of the vertical squares is a pullback square, then the square

A∞ X

B∞ Y

is a pullback square.

Exercises

15.1 Show that the sequential colimit of a type sequence

A0 A1 A2 · · ·f0 f1 f2

is equivalent to the sequential colimit of its shifted type sequence

A1 A2 A3 · · · .f1 f2 f3

15.2 Consider a type sequence

A0 A1 A2 · · ·f0 f1 f2

and suppose that fn ∼ constan+1 for some an :
�

(n:N)An. Show that the
sequential colimit is contractible.

15.3 Define the ∞-sphere S∞ as the sequential colimit of

S0 S1 S2 · · ·f0 f1 f2

where f0 : S0 → S1 is defined by f0(02) ≡ inl(�) and f0(12) ≡ inr(�), and
fn+1 : Sn+1 → Sn+2 is defined as Σ(fn). Use Exercise 15.2 to show that
S∞ is contractible.
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15.4 Consider a type sequence

A0 A1 A2 · · ·f0 f1 f2

in which fn : An → An+1 is weakly constant in the sense that

�
(x,y:An)

fn(x) = fn(y)

Show that A∞ is a mere proposition.




