Western PA ARML

January 26, 2020

Circles
JV Practice 1/26/20
Matthew Shi

1

Warm-up Questions
1. A square of area 40 is inscribed in a semicircle as shown:

Find the radius of the semicircle.
2. The number of inches in the perimeter of an equilateral triangle equals the number of square
inches in the area of its circumscribed circle. What is the radius, in inches, of the circle?
3. Two distinct lines pass through the center of three concentric circles of radii 3, 2, and 1. The
8
area of the shaded region in the diagram is 13
of the area of the unshaded region. What is the
radian measure of the acute angle formed by the two lines? (Note: π radians is 180 degrees.)

4. Let C1 and C2 be circles of radius 1 that are in the same plane and tangent to each other.
How many circles of radius 3 are in this plane and tangent to both C1 and C2 ?
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Problems
1. Each of the small circles in the figure has radius one. The innermost circle is tangent to the
six circles that surround it, and each of those circles is tangent to the large circle and to its
small-circle neighbors. Find the area of the shaded region.

2. A square has sides of length 10, and a circle centered at one of its vertices has radius 10.
What is the area of the union of the regions enclosed by the square and the circle?
3. An annulus is the region between two concentric circles. The concentric circles in the figure
have radii b and c, with c < b. Let OX be a radius of the larger circle, let XZ be tangent
to the smaller circle at Z, and let OY be the radius of the larger circle that contains Z. Let
a = XZ, d = Y Z, and e = XY . What is the area of the annulus, in terms of a, b, c, d, e?

4. Spot’s doghouse has a regular hexagonal base that measures one yard on each side. He is
tethered to a vertex with a two-yard rope. What is the area, in square yards, of the region
outside of the doghouse that Spot can reach?
5. A triangle with side lengths in the ratio 3 : 4 : 5 is inscribed in a circle with radius 3. What
is the area of the triangle?
6. Circles A, B, and C each have radius 1. Circles A and B share one point of tangency. Circle
C has a point of tangency with the midpoint of AB. What is the area inside circle C but
outside circle A and circle B?
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7. Let AB be a diameter of a circle and let C be a point on AB with 2 · AC = BC. Let D and
E be points on the circle such that DC ⊥ AB and DE is a second diameter. What is the
ratio of the area of 4DCE to the area of 4ABD?

8. A semicircle of diameter 1 sits at the top of a semicircle of diameter 2, as shown. The shaded
area inside the smaller semicircle and outside the larger semicircle is called a lune. Determine
the area of this lune.

9. Three semicircles of radius 1 are constructed on diameter AB of a semicircle of radius 2. The
centers of the small semicircles divide AB into four line segments of equal length, as shown.
What is the area of the shaded region that lies within the large semicircle but outside the
smaller semicircles?
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10. A circle of radius 1 is internally tangent to two circles of radius 2 at points A and B, where
AB is a diameter of the smaller circle. What is the area of the region, shaded in the picture,
that is outside the smaller circle and inside each of the two larger circles?

11. A round table has radius 4. Six rectangular place mats are placed on the table. Each place
mat has width 1 and length x as shown. They are positioned so that each mat has two corners
on the edge of the table, these two corners being end points of the same side of length x.
Further, the mats are positioned so that the inner corners each touch an inner corner of an
adjacent mat. What is x?

12. Two circles intersect at points A and B. The minor arcs AB measure 30◦ on one circle and
60◦ on the other circle. What is the ratio of the area of the larger circle to the area of the
smaller circle?
13. A circle of radius 2 is centered at A. An equilateral triangle with side 4 has a vertex at A.
What is the difference between the area of the region that lies inside the circle but outside
the triangle and the area of the region that lies inside the triangle but outside the circle?
14. Four circles, no two of which are congruent, have centers at A, B, C, and D, and points P
and Q lie on all four circles. The radius of circle A is 85 times the radius of circle B, and
the radius of circle C is 58 times the radius of circle D. Furthermore, AB = CD = 39 and
P Q = 48. Let R be the midpoint of P Q. What is AR + BR + CR + DR?

4

