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The relationship between the thermodynamic properties of alloys and
their phase equilibria can be utilized for the critical evaluation of binary
systems. We show how limited experimental thermodynamic data can be
used to derive the most likely phase boundaries in systems with conflicting
reports. ‘In cases where no thermodynamic data are available, the known
phase diagrams can be utilized for thermodynamic modeling to derive
parameters for the different phases, which in turn can reproduce the phase
diagram consistently.  Comparisons of these parameters - with known
experimental data often indicate reasonably good agreement. Using these
parameters the phase equilibria in unreported regions of the phase diagram
can be predicted. These features are exemplified in this review using case
studies from the Cu-Cr, Cu-Th, Cu-Ca, Cu-Sr and Cu-Ir systems.
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Introduction

The phase diagram and the thermodynamic - properties  of the
corresponding phases are closely interrelated. [f Gibbs energy changes with
temperature and composition are known for the different phases, then from
the common tangent construction the phases coexisting with each other, and
the corresponding equilibrium compositions can be ascertained.  Thus, if
adequate and reliable thermodynamic data are available, they can be utilized
directly to calculate the phase diagram.

Both phase diagram and - thermodynamic property determinations require
utmost care to ensure that equilibrium is maintained.  inaccuracies and
contradictions abound in the literature. Experimental data are
comparatively more abundant on phase diagrams than on thermodynamic
properties, owing to the earlier development of -interest in the former and
the relative ease in their measurement. Thermodynamic data are useful
more often to confirm or to resolve contradictions between different
reported phase diagrams, than for their direct calculation, Where accurate
data are available, however, they can be utilized to model regions of phase
diagrams which are experimentally difficult to determine, such as at
extremely high or low temperatures. The data can also be used to determine
metastable phase boundaries and extensions of equilibrium phase boundaries
into metastable regions.  Conversely, phase diagrams can be utilized to
derive thermodynamic parameters for the related phases, either as a source
of primary data, or for comparison with experimental thermodynamic results.
These thermodynamic parameters can also be used to calculate unknown
regions of the phase diagram.

Modeling of equilibrium between coexisting phases requires knowledge
of the Gibbs energy for each of the phases. For a phase 8, formed from the
components A and B, the Gibbs energy, G, can be expressed as follows:

68 = [(1-X06,5 + X65B) ¢ RT(KINK+(1-X0InC1-X0] * [aH-TEAS] (D)

where, GAB and GBB are Glbbs energies for components A and B in the B

phase, aH and €S are the enthalpy and excess entropy of formation of the 8
phase from components A and B, R s the gas constant and X is the atomic
fractfon of B. The Gibbs energy expresston within the first pair of brackets
refers to that for a mechanical mixture of A and B, within the second pair to
that due to the configurational entropy, while the term [aH-TEAS] refers to
the excess free energy for the formation of the 3 phase. Thus to define the
Gibbs energy of a phase, knowledge of the excess free energy, Exc, term is
essentfal. - In this review, both AH and EaS terms are represented as
polynomials with composition as follows:
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Some solutlon models in use In the Increasing order of thelr complexity
are:
(1) jdeal Solution: alt ai and bj parameters are equal to zero.

(2) Beguiar Selution: 3| =constant ; all otheraj and by = 0.

(3) Subregular_ Solution: ay = constant, a, = constant ; all other a; and

D)'"‘O.

A more generalized expression for the solutfon (s where one or more
terms of both a; and bj‘s are non-zero. Hereln, it s assumed that the

Kopp-Neumann rule holds, in that the coefficients a; and bj are temperature
independent.

The values for the coefficients a; and b j are normally obtained by fitting

Eqs 2 .and 3 to experimentally determined AH values and to the derived
(from aH and AG values) AS values. Where such data do not exist or are
restricted, we instead use the known phase diagrams as a source. This s
done based on the well-known principle of the equality of chemical potentfals
of phases at equiiibrium.

HA? (% = upB xg) @
ug? %z = ugB xg) )

where, X and X‘3 are the compositions of a and B phases coexisting
with each other at the temperature T.

Combining Egs 1 to 4 for component A, we obtain :

Na Pa
T2 - - Tz (e dt2 - xS0 b,
1=0 §=0
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Likewise, combining Egs ! to 3 and S for component B, we obtain:

Na Pa
E {01100 2-2%,1 Tk a2 - T 20 D0 2-26, 1 T x ) b2
=0 J=0

NB PB
-slet 1xxp "2 -2t TexgiayB « 7315 100xg 1 2250 Lex i B
=0 §=0

=65 - 657 ¢ RT In(Xg/xy) @

Equations 6 and 7 can be solved for the unknown coefficients a; and bj

from the requisite number of tie-line data points, and from the known values
of the lattice stability parameters.

in what follows, four examples of the application of the above
approaches in modeling phase diagrams will be presented. These are:

Case A - The utilization of thermodynamic data to resolve a controversy
(Cu-Cr phase diagram),

Case B - A demonstration that modeling parameters obtained from phase
diagrams fn £qs 6 and 7 are often realistic, and compare well with measured
values, (Cu-Th and Cu-Ca systems),

~ A demonstration that the parameters are not - only
self-consistent in that they reproduce the original phase diagram
satisfactorily, but also that they can be utilized to predict unknown phase
reactions, (Cu-Sr system),

Case D - An fllustration of how the parameters derived from known
regions of the phase diagram can be utilized in calculating efther other parts
of the diagram, which are difficult to determine experimentally, or
metastable phase boundarfes, (Cu-ir system).
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Case A

The Cu-Cr equilibrium diagram fs indicated in the literature (1, 2) as
having a large miscibility gap in the liquid above 1467°C, The conclusion is,
however, based on limited data, obtained on specimens that had large
impurity contents (3, 4). A preliminary calculation  of the Hquidus by
Kuznetsov, Fedorov and Rodnyanskaya (5) showed the occurrence of a flat
(nearly horfzontal) liquidus, and not a miscibility gap. The calculattons
were based on interaction parameters for the liquid that were derived from
phase equilibria data at 1150 to 1330°C between the liquid and the {Cr)
phase.. Activity measurements between 1402 and 1616°C by Timberg and
Toguri (6), Indicated the presence of (Cr) phase in equilibrium with the liquid
at 1550°C for compositions above 42 at.% Cr. These observations fatled to
document the occurrence of a miscibility gap in the ltquid.

In our calcutation (7), we utilized the thermodynamic data of Timberg
et al. (6), and optimized these with the solubility data given by
Kuznetsov et al. {(5). These gave an expressfon for the Interaction
parameter of the liquid that Incorporated not only a temperature dependence
(5), but also a composition dependence. The following approach was used.

The composition dependence of Cr on the Interaction parameter of the
1tquid, ch‘ , was derived from the partial molar excess Gibbs energy values

rorcr, EaB,!, obtained from the activity data of Timberg et al. (6). This
had the following relationship:

¢y = 6070%¢, + 33100 W/mol) ®

The values of Oc,.l were also calculated from the composition of the

liquid in equilibrium with the (Cr) phase, based on the following relation that
assumes the solid solution as Raoltian.

Ocet =166 0« RT I Cxe I N7 =% 2 (9

where, AG! ™ (0= -16930'+ 795 T (J/mol) Is the Gibbs energy of fusion
of Cr (2). The QCr‘ values were modified to correspond to a fixed
composition, namely the eutectic point at  Xon = 0.0156, based on the

composition dependence given In Eq8. The resultant expressfon for QCrI
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as a function of both temperature and composition was obtained as:

c! = 81200 + 6070 X, -27.9T  (J/moD) (10)

The interaction parameter values for Cu in the liguid, OCUI ., were
dertved from the above expression for OCrl by the application of

the Globs-Duhem relation for the temperature dependent part. - The
composition dependence of g, was obtained from the EaBe,,! values of

Timberg et al. {6). The combined T and X dependence was as follows:

Qgy! = 79500+ 6070 X, -27.9T  (J/mob) (an

The resultant integral expression for @1 derived from Egs. 10 and 11
was;

ol = 81200 + 4400 Xer = 2797 (J/mol) (t2)

Based on the above expression for ol and assuming a stmple Henrian
selution for (Cr), the resultant liquidus as well as fts metastable miscibility
gap at lower temperatures were calculated and are presented in Fig. 1. The
Gibbs energies of fusion for Cu and Cr in these calculations were obtained
from literature (2).

The calculation demonstrates clearly that the liquid fn this system
develops a miscibility gap that lles just below the stable liquidus. This
accounts for the large flat portion of the liquidus in the mid-composition.
region. This also explains the several observatfons of the liquid miscibility
gap by early investigators, in that small amounts of impuritfes may be
sufficient to stabilize the gap. The difference between our calculated
liquidus and the assessed liquidus from the experimental data (5 & 6), Is a
consequence of the inherent approximations used in deriving ol However, the
general conclusfon regarding the proximity of the miscibility gap to the
liquidus s expected to be still valid.

This fllustrates an example of the use of thermodynamic data to
resolve controversies in phase diagram results.
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Figure 1 - The Copper-Chromium Phase Diagram.
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The calculated curves (7) show the stable liquidus and the
metastable miscibility gap of the lfquid. The accepted lfquidus
s drawn to conform with experimental resuits (5 and 6).
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Figure 2 - The Copper-Thorfum Phase Dtagram
The liquidus data above 70 at.% Th and the eutectold trans-
formation at ~700°C are based on modeling analysis (9).
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CaseB

The Cu-Th equilibrium diagram is shown in Fig. 2. The enthalpies of
formation, aH®, for all the four compounds have been determined
experimentally (8), but the same for the liquid fs not known. Because both
(Cu) and (Th) phases display virtually zero solubility, they are assumed to be
line phases, and their molar free energies are represented by the lattice
stability parameter values for the solid -> 1iquid transitions of Cu and Th,
respectively, (including the BTh -> aTh transition), see Table! (2).

For the initial analysis (9), iquidus boundaries in equilibrium with (Cu)
and (Th), between 108487 and 935°C, and between 1758 and 1000°C,
respectively, were uttlized to derive the parameters for the iquld, applying
Eqs 6 and 7. The simultaneous Hnear equations, set up from the equilibrium
between these phases at several temperatures, were solved by the
conventional multiple least squares, regressfon . analyslts (and the
Gauss-Jordan reductlon algorithm). The comparison of the derived aH® and
4G values for the compounds with those of Batley and Smith (8), however,
showed large discrepency. Apparently, the interpolated liquidus coexisting
with{Th), as proposed by Schiltz, Stevens and Carison (10) in the absence of
experimental data, was not correct, and gave Inaccurate interaction
parameters for the 1iquid phase.

A modified approach was attempted next. Since the (Cu) and (Th)
phases have negligible solubility fields, the limiting slopes for the Hquidus In
both the instances are given according to van't Hoff's relatfon:

aT/% = - R M2/ a0 7 (3)

in this equatfon, AT/ X,l {s the limiting slope of the ltquidus for
the solute X, T/™ fs the meiting point and aH® ™ 1 15 the entnalpy of
fusfon of the solvent §. The value of AT/XCUI as calculated from Eq 13,
based on Ty,M= 2031 K, aHpS™ I'= 13807 J/mol (11) and R=8314

J/mol. K 15 -24.8 K/at.® Cu, as compared to -12 ¢ 2 K/at.% Cu, obtained
from the lquidus proposed by Schiltz et al. (10). The corresponding value of
AT/%qp! for T ™ = 1358 K, aHeS > 1= 13054 J/mol 1s -11.8K/at% Th,

which is slightly lower than that obtained from the experimental iquidus
(1+0). Therefore, the (Cu) liquidus was modified to be compatible with the
van't Hoff limiting slope, by imposing an additfonal small negative curvature
to the existing liquidus. This resulted in slight alteratfons in the
compositions of the liquidus used in the calculation. As for the Th-end of the
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liquidus, only the data point at 1000°C eutectic temperature was used from
Schiltz et al. (10). Two other liquidus data in the dilute range (<1 at.%
Cu), that were estimated to be consistent with the limiting slopes according
to Eq 13, were also used, along with other liquidus data from the Cu end, to
model the enthalpy and entropy of the binary liquid. - Approximation of the
ltquid by a subregular solution model was found to be adequate to reproduce
the phase diagram satisractorily. The resultant expression for the Eag!
was as follows (9):

EaG! = X(1-X) (-94200 + 50050 X) (J/moh) (14)

where, X 1s the atomic fraction of Th,

The Gtobs energy of the CugTh phase, expressed in the form (A « BT),
was estimated next from the least squares fit of the phase equilibria data of
this phase with the liquid at temperatures 935, 1055 and 1020°C,
corresponding to liquid compositions 7, ,‘ 429 and 18 at.% Th,
respectively. For these calculations, CugTh was assumed to be a line
compound.  In a similar manner, Gibbs energies for Cu3.6Th, Cu2Th and
CuTh, were estimated from least squares fitting of the lfquidus data at

following temperatures.

CuzgTh: 1020, 1052 and 980°C,
CupTh : 980, 1015 and 880°C,
CuTh, : 880, 1007 and 1000°C.

The Gibbs energy expressions for these phases, relative to pure lquid Cu
and pure liquid Th as standard states are presented in Tablef. For comparison
with the measured data of Bailey et al. (8), the calculated aH values were
normalized relative to pure solid Cu and pure solid Th (a Th) as standard
states. As shown in Table If, the calculated AH values agree to within 2 to
207 of the measured values at 973 K, except for that of Cuz ¢Th. The reason

for the large discrepency in the latter case ‘is not clear.

The 1iquidus caiculated at selected temperatures, based on the modeling
parameters in Table 1, is shown by "+* marks in Fig 2. Since the results fall
on the experimental boundaries, our modeling appears to be self-consistent.
Also shown in Fig. 2 is the calculated liquidus in equilibrium with both (aTh)
and (BTh).  The liquid composition at the (BTh) -> (aTh) transition
temperature assumed to be at 1363°C (2) is approximately 83.8 at.% Th.

255



Lattice stanility parameters (a)
OGLCU = 0
OGLSF = 0
06t = -13054 + 9613 T

+

0G(BT). = -13807 + 6.80T ¢ 1255
oglaTh), = 17405 + 900 T
(%6eTh—>BTh = 3600 -2207T + 120

-

lntegral Molar Gibhs Energies (b)

6L = X(1-XX-94200 + 50050 X ) + RT[X InX + (1=X) In(1=X)]

where X is atomic fraction of Th.

Gt Gm = .-22065+ 5207
GCU&GTh = -18600-1.04T
Gt:uz'rh = 40075+ 124257

6T, = -39400+ 149557

where ‘mol for the compounds refer to an atom as the elementary
entity.

Standard States: pure liquid Cu and pure liquid Th.

* All units are in J/mol.

(a) From Hultgren et al. (2). (b) From phase diagram (9).
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Parameters  CugTh  CuzgTh CupTh CuTh,  Reference
~56 1368+ 20.88 + 26.36 ¢ 26.78 ¢ (8)
0.04 0.08 017 0.21
~-a6 12.60 14.84 2264 17.85 (9)
-aH 10.46 + 17.24 + 25.98 ¢ 2724+ (8)
0.50 0.67 1.46 0.21
-aH 8.40 4.60 25.57 23.45 (€D}

* All units are in J/mol.
Standard States : Pure solid Cu and pure solid Th.
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Figure 3 - The Copper-Caicium Phase Diagram.
The accepted boundaries are based on experimental data (12).
Cu andCa show negligible, mutual solid solubility. Calculated
results show both stable and metastable boundaries (13).
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The Cu-Ca equilibrium diagram s shown in Fig. 3 (12,13). The (Cu)
Hquidus between 1084.87 and 917°C, and the (Ca) Hquidus between 840
and 4829C, respectively, were utilized to derive the parameters for
the 11quid, applying Egs 6 and 7, as described for the Cu-Th system. - A total
of- 35 data polnts were used to derlve two coefficients for a; and one for bj

that could reproduce the phase diagram satfsfactorily. The resultant
expression for the excess Glbbs energy of the liquid, EAG], 1s as follows:

EAG! = X(1-X)(-26480 + 12550X - 1228 T)  (J/moD) (15)

where, X is the atomic fraction of Ca. The valldity of Eq 1S was checked
agatnst the only reported experimental data for the Gibbs energy of the liqutd
of Cu-26 at.% Ca at 1150 K (14). This value, when normalfzed retative to
pure 1iquid Cu and pure l1quid Ca as standard states used in our computation,
agreed to within 5% of the value calculated from £q 15 (-12100 J/mol vs.
-12700 J/mol, respectively).

These two cases show that the modeling parameters obtained from the
phase diagram can be in good agreement with experimentally determined
thermodynamic data.

Case C

The recently assessed Cu-Sr equilibrium dfagram Is shown-In Fig. 4 (15).
The phase boundarles shown by solld lines are based on the works of Bruzzone
(12).  No thermodynamic data exist elther for the two stoichiometric
compounds, CugSr and CuSr, or for the liquld. The two terminal phases

based on Cu and Sr, respectively, have negligible solubility fields, so
that their thermodynamic properties are described adequately by those for
the respective elements. Following the same procedure as outlined
previously for the Cu-Th and Cu-Ca systems, interaction parameters for the
liquid were modeled from the phase equilibria between the liguidus and the
two terminal solid solution phases. The Gibbs energy expressions for Cugsr

and CuSr were also modeled from the phase diagram, and the combined results
are presented in Table 1ll. Self-consistency for the parameters so derived
was checked by calculating the liquidus values at selected temperatures, and
are shown by "+ symbols in Fig. 4. In addition, the relative stability of
CusSrand CuSr, with respect to (Cu) and (St} phases at lower temperatures

was examined, by considering the relative changes with temperature of Gibbs
energies of the four phases. The calculations indicated that the Cu55r phase

decomposes at about - -28%C into (Cu) and CuSr phases. The resultant
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Figure 4 - The Copper-Strontium Phase Diagram.
The eutectoid transformation at -28°C and the liquid compo-
sition at ~82.8 at.% Sr are derived from modeling analysis(15).
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Figure 5 - The Copper-Iridium Phase Diagram.

The liquidus and solldus above the peritectic temperature,
and the metastable miscibility gap boundaries are derived
from thermodynamic calculation (17).
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Jable U1, Thermodynamic Properties of Phases in Cu-Sr System

Lattice stability paramefers (a)
OGLCU = 0

OGLS(- = 0

Og(CW, = -13054 + 9613 T

0g(BSt) . = -8276 + 7.95T
0685 = -9075 + 892 T
(O6® B = 799 - 097T)

Integral Molar Gibhs Epergies (b)
Gt = X(1-X)(=20780 + 7.55 T) + RT[X InX + (1-X) In(1-X))
where X is atomic fraction of Sr.

6%gSF = -18995+ 11.70 T
GO = -34350+ 30.10T

where mol for CusSr and CuSr refers to an atom as the elementary
entity.

Standard States: pure liquid Cu and pure liquid Sr.

*All units are in J/mol.

(a) From Hultgren et al. (2). (b) From phase diagram (15).
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eutectoid transformation {s Indicated in Fig. 4 by a dotted line, giving an
example of the additional information that the modeling generated.

CaseD

The Cu-ir equilibrium diagram has been determined experimentally only
inpart (16), while most of the liquidus and the ir-rich solidus that extend to
very high temperatures are not known. In our modeling (17), the interaction
parameters for the (Cu) and (ir) phases were assumed to be identical,
since they both have the fcc structure. These were determined from the
known phase equilibria data existing between 700° and the peritectic
temperature at 1138°C, see Fig. 5. Next, the phase equilibria at 11389,
where the liquid of 4 at.% ir coexists with (Cu) of about 8 at.% and (Ir) of 97
at.% Ir, were utilized to derive the interaction parameter for the ltquld. in
the present tnstance, the fcc phase was approximated by a subrequiar
solution, whtle the liquid was modeled to a reguiar solution due to the lack
of sufficlent data. The results are shown In Table V. Using these
parameters, the 11quidus and the Ir-rich solidus were calculated. The latter
shows a retrograde behavior, and compares well with the limited
experimental solidus data available up to 1600°C. The thermodynamic
consistency between the calculated liquidus and solidus was checked by
comparing the partition coefficient, K, estimated from Fig 5 at dliute ranges
near the Ir-end, with the calcutated value obtatned from the van't - Hoff's
relation given below :

X7 Xey' = 1 laH STV R AT/ b ae)

The value of K as obtained from Fig. 5 Is approximately  0.28 + 0.01
and compares very well with the theoretical value of 0.29 + 0.02 obtained
from Eq 16, using the initial slope of the ltquidus (1667°C / at.% Cu) from
Fig. 5. Thus, our calculated liquidus and solidus boundaries for (ir) appear to
be consistent both thermodynamically, and with the limited experimental
data available. The corresponding values of K -derived from the proposed
(interpolated) lquidus of Raub and Roeschel (16) are, respectively,
0.25 and 0.62 ¢ 0.03. This indicates a discrepency with the van't Hoff's
relation.

The calculated liquidus In Fig. 5 shows an inflection point, which
indicates the likelthood of a miscibility gap developing at  lower
temperatures. The metastable gap of the l1quid, as well as that for the fcc
phase, were calculated by suppressing the stabHity .of the coexisting
equilibrium phases and are shown superimposed on the stable boundaries in
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I ic p in Cu-Ir_System*

Lattice stability parameters (a)
OGLCU = 0
OGL"_ = 0

oG(Cu)Cu = -13054 + 96137

oG(!r)”. = =26137 + 96097

Integral tolar Excess Gibbs Energies (b)

6l = X(1-X)X26990)
67 = X(1-XX32980 + 10360 X)

where X s atomic fraction of Ir.

Standard States: pure liquid Cu and pure liquid Ir.

* ANl units are in J/mol.
(a) From Hultgren et al. (2). (b} From phase diagram (17).

F1g. 5. The symmetric gap for the liquld is a consequence of the regutar
solution approxtmation. A much higher miscibility gap for the fcc phase
suggests, that it is more difficult to form a metastable, single phase fcc
soltd solution: between Cu and Ir, and requires a -much higher temperature
(>~2100°C) than that (>~1300°9C) for a metastable single phase liquid

solution. It is interesting to note, that the location of the miscibility gap
has direct bearing on the slope of the corresponding stable boundary of the
same phase. Thus, as the peak of the miscibility gap for the liquid moves
closer to the liquidus, the slope of the latter becomes progressively
shallower, and ultimately becomes essentially horizontal, as the gap touches
it, as in the case of Cu-Cr system in Fig. 1 (7).

Thus the above example shows how undetermined phase boundaries, including

the metastable ones, could be estimated from the modeling of known regions
of the phase diagram.
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m nc)

Using examples drawn from our evaluations of various copper binary
alloy systems we have demonstrated several important uses  of
thermodynamic modeling  in the evaluation of binary phase diagrams. The
cases presented herein showed that some controversies can be resoived, and
experimentally unattainable portions of the diagram could be calculated.
Furthermore, in some cases the thermodynamic parameters derived from the
phase diagram are in good agreement with experimentally determined ones.
it is believed that the straight forward techniques described herein should be
applicable to many systems when sufficient information is available. This
would enhance the evaluations in that the phase diagram data could be
checked for consistency with fundamental thermodynamic relations.
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