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Preface

Probability is common sense reduced to calculation

Laplace

This book is an outgrowth of our involvement in teaching an introductory prob-
ability course (“Probabilistic Systems Analysis”) at the Massachusetts Institute
of Technology.

The course is attended by a large number of students with diverse back-
grounds, and a broad range of interests. They span the entire spectrum from
freshmen to beginning graduate students, and from the engineering school to the
school of management. Accordingly, we have tried to strike a balance between
simplicity in exposition and sophistication in analytical reasoning. Our key aim
has been to develop the ability to construct and analyze probabilistic models in
a manner that combines intuitive understanding and mathematical precision.

In this spirit, some of the more mathematically rigorous analysis has been
just sketched or intuitively explained in the text. so that complex proofs do not
stand in the way of an otherwise simple exposition. At the same time, some of
this analysis is developed (at the level of advanced calculus) in theoretical prob-
lems, that are included at the end of the corresponding chapter. Furthermore,
some of the subtler mathematical issues are hinted at in footnotes addressed to
the more attentive reader.

The book covers the fundamentals of probability theory (probabilistic mod-
els, discrete and continuous random variables, multiple random variables, and
limit theorems), which are typically part of a first course on the subject. It
also contains, in Chapters 4-6 a number of more advanced topics, from which an
instructor can choose to match the goals of a particular course. In particular, in
Chapter 4, we develop transforms, a more advanced view of conditioning, sums
of random variables, least squares estimation, and the bivariate normal distribu-
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tion. Furthermore, in Chapters 5 and 6, we provide a fairly detailed introduction
to Bernoulli, Poisson, and Markov processes.

Our M.LI.T. course covers all seven chapters in a single semester, with the ex-
ception of the material on the bivariate normal (Section 4.7), and on continuous-
time Markov chains (Section 6.5). However, in an alternative course, the material
on stochastic processes could be omitted, thereby allowing additional emphasis
on foundational material, or coverage of other topics of the instructor’s choice.

Our most notable omission in coverage is an introduction to statistics.
While we develop all the basic elements of Bayesian statistics, in the form of
Bayes’ rule for discrete and continuous models, and least squares estimation, we
do not enter the subjects of parameter estimation, or non-Bayesian hypothesis
testing.

The problems that supplement the main text are divided in three categories:

(a) Theoretical problems: The theoretical problems (marked by *) constitute
an important component of the text, and ensure that the mathematically
oriented reader will find here a smooth development without major gaps.
Their solutions are given in the text, but an ambitious reader may be able
to solve many of them, especially in earlier chapters, before looking at the
solutions.

(b) Problems in the text: Besides theoretical problems, the text contains several
problems, of various levels of difficulty. These are representative of the
problems that are usually covered in recitation and tutorial sessions at
M.I.T., and are a primary mechanism through which many of our students
learn the material. Our hope is that students elsewhere will attempt to
solve these problems, and then refer to their solutions to calibrate and
enhance their understanding of the material. The solutions are posted on
the book’s www site

http://www.athenasc.com/probbook.html

(c) Supplementary problems: There is a large (and growing) collection of ad-
ditional problems, which is not included in the book, but is made available
at the book’s www site. Many of these problems have been assigned as
homework or exam problems at M.I.T., and we expect that instructors
elsewhere will use them for a similar purpose. While the statements of
these additional problems are publicly accessible, the solutions are made
available from the authors only to course instructors.

We would like to acknowledge our debt to several people who contributed
in various ways to the book. Our writing project began when we assumed re-
sponsibility for a popular probability class at M.I.T. that our colleague Al Drake
had taught for several decades. We were thus fortunate to start with an organi-
zation of the subject that had stood the test of time, a lively presentation of the
various topics in Al’s classic textbook, and a rich set of material that had been
used in recitation sessions and for homework. We are thus indebted to Al Drake



Preface vii

for providing a very favorable set of initial conditions.

We are thankful to the several colleagues who have either taught from the
draft of the book at various universities or have read it, and have provided us
with valuable feedback. In particular, we thank Ibrahim Abou Faycal, Gustavo
de Veciana. Eugene Feinberg, Bob Gray, Muriel Médard, Jason Papastavrou,
Ilya Pollak, David Tse, and Terry Wagner.

The teaching assistants for the M.I.T. class have been very helpful. They
pointed out corrections to various drafts, they developed problems and solutions
suitable for the class, and through their direct interaction with the student body,
they provided a robust mechanism for calibrating the level of the material.

Reaching thousands of bright students at M.I.T. at an early stage in their
studies was a great source of satisfaction for us. We thank them for their valu-
able feedback and for being patient while they were taught from a textbook-in-
progress.

Last but not least, we are grateful to our families for their support through-
out the course of this long project.

Dimitri P. Bertsekas, dimitrib@mit.edu
John N. Tsitsiklis, jnt@mit.edu

Cambridge, Mass., May 2002
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Preface to the Second Edition

This is a substantial revision of the 1st edition, involving a reorganization of old
material and the addition of new material. The length of the book has increased
by about 25 percent. The main changes are the following:

(a) Twonew chapters on statistical inference have been added. one on Bayesian
and one on classical methods. Our philosophy has been to focus on the
main concepts and to facilitate understanding of the main methodologies
through some key examples.

(b) Chapters 3 and 4 have been revised, in part to accommodate the new
material of the inference chapters and in part to streamline the presenta-
tion. Section 4.7 of the 1st edition (bivariate normal distribution) has been
omitted from the new edition, but is available at the book’s website.

(c) A number of new examples and end-of-chapter problems have been added.

The main objective of the new edition is to provide flexibility to instructors
in their choice of material, and in particular to give them the option of including
an introduction to statistical inference. Note that Chapters 6-7, and Chapters 8-
9 are mutually independent, thus allowing for different paths through the book.
Furthermore, Chapter 4 is not needed for Chapters 5-7, and only Sections 4.2-4.3
from Chapter 4 are needed for Chapters 8 and 9. Thus, some possible course
offerings based on this book are:

(a) Probability and introduction to statistical inference: Chapters 1-3, Sections
4.2-4.3, Chapter 5, Chapters 8-9.

(b) Probability and introduction to stochastic processes: Chapters 1-3 and 5-7,
with possibly a few sections from Chapter 4.

We would like to express our thanks to various colleagues who have con-
tributed valuable comments on the material in the 1lst edition and/or the or-
ganization of the material in the new chapters. Ed Coffman, Munther Dahleh,
Vivek Goyal, Anant Sahai, David Tse, George Verghese, Alan Willsky, and John
Wyatt have been very helpful in this regard. Finally, we thank Mengdi Wang
for her help with figures and problems for the new chapters.

Dimitri P. Bertsekas, dimitrib@mit.edu
John N. Tsitsiklis, jnt@mit.edu

Cambridge, Mass., June 2008
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2 Sample Space and Probability Chap. 1

“Probability” is a very useful concept, but can be interpreted in a number of
ways. As an illustration, consider the following.

A patient is admitted to the hospital and a potentially life-saving drug is
administered. The following dialog takes place between the nurse and a
concerned relative.

RELATIVE: Nurse, what is the probability that the drug will work?
NURSE: I hope it works, we’ll know tomorrow.

RELATIVE: Yes, but what is the probability that it will?

NURSE: Each case is different, we have to wait.

RELATIVE: But let’s see, out of a hundred patients that are treated under
similar conditions, how many times would you expect it to work?

NURSE (somewhat annoyed): I told you, every person is different, for some
it works, for some it doesn'’t.

RELATIVE (insisting): Then tell me, if you had to bet whether it will work
or not, which side of the bet would you take?

NURSE (cheering up for a moment): I'd bet it will work.

RELATIVE (somewhat relieved): OK, now, would you be willing to lose two
dollars if it doesn’t work, and gain one dollar if it does?

NURSE (exasperated): What a sick thought! You are wasting my time!

In this conversation, the relative attempts to use the concept of probability
to discuss an uncertain situation. The nurse’s initial response indicates that the
meaning of “probability” is not uniformly shared or understood, and the relative
tries to make it more concrete. The first approach is to define probability in
terms of frequency of occurrence, as a percentage of successes in a moderately
large number of similar situations. Such an interpretation is often natural. For
example, when we say that a perfectly manufactured coin lands on heads “with
probability 50%,” we typically mean “roughly half of the time.” But the nurse
may not be entirely wrong in refusing to discuss in such terms. What if this
was an experimental drug that was administered for the very first time in this
hospital or in the nurse’s experience?

While there are many situations involving uncertainty in which the fre-
quency interpretation is appropriate, there are other situations in which it is
not. Consider. for example, a scholar who asserts that the Iliad and the Odyssey
were composed by the same person, with probability 90%. Such an assertion
conveys some information, but not in terms of frequencies, since the subject is
a one-time event. Rather, it is an expression of the scholar’s subjective be-
lief. One might think that subjective beliefs are not interesting, at least from a
mathematical or scientific point of view. On the other hand, people often have
to make choices in the presence of uncertainty, and a systematic way of making
use of their beliefs is a prerequisite for successful, or at least consistent, decision
making.
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In fact, the choices and actions of a rational person can reveal a lot about
the inner-held subjective probabilities, even if the person does not make conscious
use of probabilistic reasoning. Indeed, the last part of the earlier dialog was an
attempt to infer the nurse’s beliefs in an indirect manner. Since the nurse was
willing to accept a one-for-one bet that the drug would work, we may infer
that the probability of success was judged to be at least 50%. Had the nurse
accepted the last proposed bet (two-for-one), this would have indicated a success
probability of at least 2/3.

Rather than dwelling further on philosophical issues about the appropriate-
ness of probabilistic reasoning, we will simply take it as a given that the theory
of probability is useful in a broad variety of contexts, including some where the
assumed probabilities only reflect subjective beliefs. There is a large body of
successful applications in science, engineering, medicine, management, etc., and
on the basis of this empirical evidence, probability theory is an extremely useful
tool.

Our main objective in this book is to develop the art of describing un-
certainty in terms of probabilistic models, as well as the skill of probabilistic
reasoning. The first step, which is the subject of this chapter, is to describe
the generic structure of such models and their basic properties. The models we
consider assign probabilities to collections (sets) of possible outcomes. For this
reason, we must begin with a short review of set theory.

SETS

Probability makes extensive use of set operations, so let us introduce at the
outset the relevant notation and terminology.

A set is a collection of objects, which are the elements of the set. If S is
a set and z is an element of S, we write £ € S. If z is not an element of S, we
write £ ¢ S. A set can have no elements, in which case it is called the empty
set, denoted by Q.

Sets can be specified in a variety of ways. If S contains a finite number of
elements, say z1,x2,...,Tn, we write it as a list of the elements, in braces:

S ={z1,z2,...,zn}.

For example, the set of possible outcomes of a die roll is {1,2,3,4,5,6}, and the
set of possible outcomes of a coin toss is {H, T}, where H stands for “heads”
and T stands for “tails.”

If S contains infinitely many elements z1, z2,. .., which can be enumerated
in a list (so that there are as many elements as there are positive integers) we
write

S ={z1,22,.. .},

and we say that S is countably infinite. For example, the set of even integers
can be written as {0, 2, —2,4,—4,...}, and is countably infinite.
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Alternatively, we can consider the set of all z that have a certain property
P, and denote it by
{z | z satisfies P}.

(The symbol “|” is to be read as “such that.”) For example, the set of even
integers can be written as {k|k/2 is integer}. Similarly, the set of all scalars z
in the interval [0, 1] can be written as {z |0 < z < 1}. Note that the elements z
of the latter set take a continuous range of values, and cannot be written down
in a list (a proof is sketched in the end-of-chapter problems); such a set is said
to be uncountable.

If every element of a set S is also an element of a set T, we say that S
is a subset of T, and we write S C TorT D S. f SC T and T C S, the
two sets are equal, and we write S = T. It is also expedient to introduce a
universal set, denoted by €2, which contains all objects that could conceivably
be of interest in a particular context. Having specified the context in terms of a
universal set €2, we only consider sets S that are subsets of 2.

Set Operations

The complement of a set S, with respect to the universe 2, is the set {z €
Q|z ¢ S} of all elements of Q2 that do not belong to S, and is denoted by Sc.
Note that Q¢ = Q.

The union of two sets S and T is the set of all elements that belong to S
or T (or both), and is denoted by S UT. The intersection of two sets S and T
is the set of all elements that belong to both S and T, and is denoted by SNT.
Thus,

SUT={z|ze€SorzeT}

and
SNT={z|ze Sand zeT}.

In some cases, we will have to consider the union or the intersection of several,
even infinitely many sets, defined in the obvious way. For example, if for every
positive integer n, we are given a set Sp, then

oo
USn=31U52U~--={z|:1:€Sn for some n},

n=1

and

ﬂSn=Slﬂszﬂ---={z|.7:€Sn for all n}.

n=1

Two sets are said to be disjoint if their intersection is empty. More generally,
several sets are said to be disjoint if no two of them have a common element. A
collection of sets is said to be a partition of a set S if the sets in the collection
are disjoint and their union is S.
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If £ and y are two objects. we use (z.y) to denote the ordered pair of z
and y. The set of scalars (real numbers) is denoted by R: the set of pairs (or
triplets) of scalars, i.e., the two-dimensional plane (or three-dimensional space,
respectively) is denoted by R? (or R3. respectively).

Sets and the associated operations are easy to visualize in terms of Venn
diagrams. as illustrated in Fig. 1.1.

Figure 1.1: Examples of Venn diagrams. (a) The shaded region is SN 7. (b)
The shaded region is SUT. (¢) The shaded region is SNTC. (d) Here, T C S.
The shaded region is the complement of S. (e) The sets S. T. and U are disjoint.
(f) The sets S, T, and U form a partition of the set Q.

The Algebra of Sets

Set operations have several properties, which are elementary consequences of the
definitions. Some examples are:

SuT =TUS. SU(TUU) =(SuT)uUl,
SN(TuU)=(SNT)u(SNU). SUu(TnU)=(SuT)Nn(SU).

(S¢)e = S. SNSe =0.

SuUQ = Q. SN ==_.

Two particularly useful properties are given by De Morgan’s laws which

state that . .
(Usn) =S5 (ﬂsn) =Jss

To establish the first law. suppose that = € (U,S,)¢. Then. z ¢ U,S,, which
implies that for every n, we have z ¢ S,. Thus, z belongs to the complement
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of every S,. and = € N,S55. This shows that (U,S5,)c C N,S5. The converse
inclusion is established by reversing the above argument, and the first law follows.
The argument for the second law is similar.

PROBABILISTIC MODELS

A probabilistic model is a mathematical description of an uncertain situation.
It must be in accordance with a fundamental framework that we discuss in this
section. Its two main ingredients are listed below and are visualized in Fig. 1.2.

Elements of a Probabilistic Model

e The sample space (), which is the set of all possible outcomes of an
experiment.

e The probability law, which assigns to a set A of possible outcomes
(also called an event) a nonnegative number P(A) (called the proba-
bility of A) that encodes our knowledge or belief about the collective
“likelihood” of the elements of A. The probability law must satisfy
certain properties to be introduced shortly.

Probability

& law

P |

-

Experiment =

Sample spac
{Set of possible outcomes)

e

& Events

Figure 1.2: The main ingredients of a probabilistic model.

Sample Spaces and Events

Every probabilistic model involves an underlying process, called the experi-
ment, that will produce exactly one out of several possible outcomes. The set
of all possible outcomes is called the sample space of the experiment, and is
denoted by Q. A subset of the sample space, that is, a collection of possible
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outcomes, is called an event.! There is no restriction on what constitutes an
experiment. For example, it could be a single toss of a coin, or three tosses,
or an infinite sequence of tosses. However, it is important to note that in our
formulation of a probabilistic model. there is only one experiment. So, three
tosses of a coin constitute a single experiment. rather than three experiments.

The sample space of an experiment may consist of a finite or an infinite
number of possible outcomes. Finite sample spaces are conceptually and math-
ematically simpler. Still, sample spaces with an infinite number of elements are
quite common. As an example, consider throwing a dart on a square target and
viewing the point of impact as the outcome.

Choosing an Appropriate Sample Space

Regardless of their number. different elements of the sample space should be
distinct and mutually exclusive, so that when the experiment is carried out
there is a unique outcome. For example, the sample space associated with the
roll of a die cannot contain “1 or 3" as a possible outcome and also “1 or 4”
as another possible outcome. If it did, we would not be able to assign a unique
outcome when the roll is a 1.

A given physical situation may be modeled in several different ways, de-
pending on the kind of questions that we are interested in. Generally, the sample
space chosen for a probabilistic model must be collectively exhaustive, in the
sense that no matter what happens in the experiment, we always obtain an out-
come that has been included in the sample space. In addition, the sample space
should have enough detail to distinguish between all outcomes of interest to the
modeler, while avoiding irrelevant details.

Example 1.1. Consider two alternative games, both involving ten successive coin
tosses:

Game 1: We receive $1 each time a head comes up.

Game 2: We receive 31 for every coin toss. up to and including the first time
a head comes up. Then. we receive $2 for every coin toss. up to the second
time a head comes up. More generally, the dollar amount per toss is doubled
each time a head comes up.

t Any collection of possible outcomes, including the entire sample space 2 and
its complement, the empty set @, may qualify as an event. Strictly speaking, however,
some sets have to be excluded. In particular, when dealing with probabilistic models
involving an uncountably infinite sample space. there are certain unusual subsets for
which one cannot associate meaningful probabilities. This is an intricate technical issue,
involving the mathematics of measure theory. Fortunately, such pathological subsets
do not arise in the problems considered in this text or in practice. and the issue can be
safely ignored.
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In game 1. it is only the total number of heads in the ten-toss sequence that mat-
ters. while in game 2, the order of heads and tails is also important. Thus, in
a probabilistic model for game 1. we can work with a sample space consisting of
eleven possible outcomes, namely, 0.1,...,10. In game 2, a finer grain description
of the experiment is called for. and it is more appropriate to let the sample space
consist of every possible ten-long sequence of heads and tails.

Sequential Models

Many experiments have an inherently sequential character; for example, tossing
a coin three times. observing the value of a stock on five successive days, or
receiving eight successive digits at a communication receiver. It is then often
useful to describe the experiment and the associated sample space by means of
a tree-based sequential description, as in Fig. 1.3.

Sample space se-basod serientiad

for o pair of molls

Stha SET RN
W TR RS e

Rt

Leaves

| & & e
2 3 4
Ist ol

Figure 1.3: Two equivalent descriptions of the sample space of an experiment
involving two rolls of a 4-sided die. The possible outcomes are all the ordered pairs
of the form (i.j). where i is the result of the first roll, and j is the result of the
second. These outcomes can be arranged in a 2-dimensional grid as in the figure
on the left, or they can be described by the tree on the right. which reflects the
sequential character of the experiment. Here, each possible outcome corresponds
to a leaf of the tree and is associated with the unique path from the root to
that leaf. The shaded area on the left is the event {(1,4), (2,4), (3,4), (4,4)}
that the result of the second roll is 4. That same event can be described by the
set of leaves highlighted on the right. Note also that every node of the tree can
be identified with an event, namely. the set of all leaves downstream from that
node. For example, the node labeled by a 1 can be identified with the event
{(1.1),(1,2).(1,3).(1,4)} that the result of the first roll is 1.

Probability Laws

Suppose we have settled on the sample space (2 associated with an experiment.
To complete the probabilistic model, we must now introduce a probability law.
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Intuitively, this specifies the “likelihood™ of any outcome, or of any set of possible
outcomes (an event. as we have called it earlier). More precisely. the probability
law assigns to every event A. a number P(A), called the probability of A.
satisfying the following axioms.

Probability Axioms

1. (Nonnegativity) P(A) > 0, for every event A.

2. (Additivity) If A and B are two disjoint events, then the probability
of their union satisfies

P(AU B) = P(A) + P(B).

More generally, if the sample space has an infinite number of elements
and A, As, ... is a sequence of disjoint events, then the probability of
their union satisfies

P(AJUAU--)=P(A)+P(A2) +---.

3. (Normalization) The probability of the entire sample space € is
equal to 1, that is, P(Q2) = 1.

In order to visualize a probability law. consider a unit of mass which is
“spread” over the sample space. Then, P(A) is simply the total mass that was
assigned collectively to the elements of A. In terms of this analogy, the additivity
axiom becomes quite intuitive: the total mass in a sequence of disjoint events is
the sum of their individual masses.

A more concrete interpretation of probabilities is in terms of relative fre-
quencies: a statement such as P(A) = 2/3 often represents a belief that event A
will occur in about two thirds out of a large number of repetitions of the exper-
iment. Such an interpretation, though not always appropriate, can sometimes
facilitate our intuitive understanding. It will be revisited in Chapter 5. in our
study of limit theorems.

There are many natural properties of a probability law. which have not been
included in the above axioms for the simple reason that they can be derived
from them. For example, note that the normalization and additivity axioms
imply that

1=P(Q)=PQuUO)=P((Q)+P) =1+P().
and this shows that the probability of the empty event is O:
P(©) = 0.
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As another example, consider three disjoint events A;, A2, and A3. We can use
the additivity axiom for two disjoint events repeatedly, to obtain
P(A, UA2U A3) = P(A; U (A2 U 43))
=P(A1) + P(A2U A3)
= P(A1) + P(A2) + P(A3).
Proceeding similarly, we obtain that the probability of the union of finitely many

disjoint events is always equal to the sum of the probabilities of these events.
More such properties will be considered shortly.

Discrete Models

Here is an illustration of how to construct a probability law starting from some
common sense assumptions about a model.

Example 1.2. Consider an experiment involving a single coin toss. There are two
possible outcomes, heads (H) and tails (T'). The sample space is ? = {H, T}, and
the events are

{H.T}, {H}, {T}, ©.

If the coin is fair, i.e., if we believe that heads and tails are “equally likely,” we
should assign equal probabilities to the two possible outcomes and specify that
P({H}) = P({T}) = 0.5. The additivity axiom implies that

P({H,T}) =P({H}) +P({T}) =1,

which is consistent with the normalization axiom. Thus, the probability law is given
by

P({H,T}) =1, P({H})=05. P({T})=05  P(©)=0,

and satisfies all three axioms.
Consider another experiment involving three coin tosses. The outcome will
now be a 3-long string of heads or tails. The sample space is

Q={HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.

We assume that each possible outcome has the same probability of 1/8. Let us
construct a probability law that satisfies the three axioms. Consider, as an example.
the event

A = {exactly 2 heads occur} = {HHT, HTH, THH}.
Using additivity, the probability of A is the sum of the probabilities of its elements:

P({HHT, HTH.THH}) = P({HHT}) + P({HTH}) + P({THH})

_1+1+1
~ 8 8 '8

o} w
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Similarly, the probability of any event is equal to 1/8 times the number of possible

outcomes contained in the event. This defines a probability law that satisfies the
three axioms.

By using the additivity axiom and by generalizing the reasoning in the
preceding example, we reach the following conclusion.

Discrete Probability Law

If the sample space consists of a finite number of possible outcomes, then the
probability law is specified by the probabilities of the events that consist of

a single element. In particular, the probability of any event {s1, s2,...,5n}
is the sum of the probabilities of its elements:

P({s1,52,...,82}) = P(s1) + P(s2) + - - + P(sn).

Note that we are using here the simpler notation P(s;) to denote the prob-
ability of the event {s;}, instead of the more precise P({s;}). This convention
will be used throughout the remainder of the book.

In the special case where the probabilities P(s1), ..., P(s,) are all the same

(by necessity equal to 1/n, in view of the normalization axiom), we obtain the
following.

Discrete Uniform Probability Law

If the sample space consists of n possible outcomes which are equally likely

(i.e., all single-element events have the same probability), then the proba-
bility of any event A is given by

P(4) = number of elements of A.

n

Let us provide a few more examples of sample spaces and probability laws.

Example 1.3. Consider the experiment of rolling a pair of 4-sided dice (cf. Fig.
1.4). We assume the dice are fair, and we interpret this assumption to mean that
each of the sixteen possible outcomes [pairs (i, 7), with 7. j = 1, 2.3, 4] has the same
probability of 1/16. To calculate the probability of an event, we must count the
number of elements of the event and divide by 16 (the total number of possible
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outcomes). Here are some event probabilities calculated in this way:
({the sum of the rolls is even}) =

({the sum of the rolls is odd}) =

({the first roll is equal to the second}) 4/16 = 1/4,
P ({the first roll is larger than the second}) =

({at least one roll is equal to 4}) =

bSample space for g

3
2nd rell

2

Event = {atlenst vne rollinaw 4}
Prababilitv = 716

—
- ()
w
Lo

1st Z“iﬁg

'"»

COVEE = {U;f first poll i W”H tor the second
Probabild tym s 16

Figure 1.4: Various events in the experiment of rolling a pair of 4-sided dice,
and their probabilities, calculated according to the discrete uniform law.

Continuous Models

Probabilistic models with continuous sample spaces differ from their discrete
counterparts in that the probabilities of the single-element events may not be
sufficient to characterize the probability law. This is illustrated in the following
examples, which also indicate how to generalize the uniform probability law to
the case of a continuous sample space.

Example 1.4. A wheel of fortune is continuously calibrated from 0 to 1, so the
possible outcomes of an experiment consisting of a single spin are the numbers in
the interval QO = [0,1]. Assuming a fair wheel, it is appropriate to consider all
outcomes equally likely. but what is the probability of the event consisting of a
single element? It cannot be positive, because then, using the additivity axiom, it
would follow that events with a sufficiently large number of elements would have
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probability larger than 1. Therefore, the probability of any event that consists of a
single element must be 0.

In this example, it makes sense to assign probability b — a to any subinter-
val [a,b] of [0,1], and to calculate the probability of a more complicated set by

evaluating its “1ength(”f This assignment satisfies the three probability axioms and
qualifies as a legitimate probability law.

Example 1.5. Romeo and Juliet have a date at a given time, and each will arrive
at the meeting place with a delay between 0 and 1 hour, with all pairs of delays
being equally likely. The first to arrive will wait for 15 minutes and will leave if the
other has not yet arrived. What is the probability that they will meet?

Let us use as sample space the unit square, whose elements are the possible
pairs of delays for the two of them. Our interpretation of “equally likely” pairs of
delays is to let the probability of a subset of §2 be equal to its area. This probability
law satisfies the three probability axioms. The event that Romeo and Juliet will
meet is the shaded region in Fig. 1.5, and its probability is calculated to be 7/16.

Y A

1

Figure 1.5: The event M that Romeo and Juliet will arrive within 15 minutes
of each other (ci. Example 1.5} is

M={(zy) |le-y<1/4,0<z<1,0<y <1},

and is shaded in the figure. The area of M is 1 minus the area of the two unshaded
triangles, or 1 — (3/4) - (3/4) = 7/16. Thus, the probability of meeting is 7/16.

T The “length” of a subset S of [0, 1] is the integral fs dt, which is defined, for
“nice” sets S, in the usual calculus sense. For unusual sets. this integral may not be
well defined mathematically, but such issues belong to a more advanced treatment of
the subject. Incidentally, the legitimacy of using length as a probability law hinges on
the fact that the unit interval has an uncountably infinite number of elements. Indeed.
if the unit interval had a countable number of elements, with each element having
zero probability, the additivity axiom would imply that the whole interval has zero
probability, which would contradict the normalization axiom.
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Properties of Probability Laws

Probability laws have a number of properties, which can be deduced from the
axioms. Some of them are summarized below.

Some Properties of Probability Laws

Consider a probability law, and let A, B, and C be events.
(a) If A C B, then P(A) < P(B).
(b) P(AU B) =P(A) + P(B) — P(AN B).
(c) P(AUB) < P(A) + P(B).

(d) P(AuUBUC)=P(A)+P(Acn B) + P(AcN BcNC).

These properties, and other similar ones, can be visualized and verified
graphically using Venn diagrams, as in Fig. 1.6. Note that property (c) can be
generalized as follows:

P(A1UAU---UA,) <> P(A).
i=1

To see this, we apply property (c) to the sets A; and A2 U---U Aj,, to obtain
P(AiUA U ---UA,) <P(A)+P(A2U--- U Ay).
We also apply property (c) to the sets A2 and Az U ---U Ay, to obtain
P(A2U---UAn) <P(A2) + P(A3U---UAp).

We continue similarly. and finally add.

Models and Reality

The framework of probability theory can be used to analyze uncertainty in a
wide variety of physical contexts. Typically, this involves two distinct stages.

(a) In the first stage, we construct a probabilistic model by specifying a prob-
ability law on a suitably defined sample space. There are no hard rules to
guide this step, other than the requirement that the probability law con-
form to the three axioms. Reasonable people may disagree on which model
best represents reality. In many cases, one may even want to use a some-
what “incorrect” model, if it is simpler than the “correct” one or allows for
tractable calculations. This is consistent with common practice in science
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and engineering, where the choice of a model often involves a tradeoff be-
tween accuracy, simplicity, and tractability. Sometimes, a model is chosen
on the basis of historical data or past outcomes of similar experiments.
using statistical inference methods, which will be discussed in Chapters 8
and 9.

ANB A0 B

A
{a)

Figure 1.6: Visualization and verification of various properties of probability
laws using Venn diagrams. If A C B, then B is the union of the two disjoint
events A and A€ N B; see diagram (a). Therefore, by the additivity axiom, we

have
P(B)=P(A)+ P(A°N B) > P(A),

where the inequality follows from the nonnegativity axiom. and verifies prop-
erty (a).

From diagram (b), we can express the events AU B and B as unions of
disjoint events:

AUB=AU(A°NB), B=(ANnB)U(A°NB).

Using the additivity axiom, we have

P(AUB) =P(A) + P(A°n B). P(B)=P(An B) + P(A° N B).

Subtracting the second equality from the first and rearranging terms. we obtain
P(AUB) =P(A)+ P(B) — P(ANB), verifying property (b). Using also the fact
P(A N B) > 0 (the nonnegativity axiom), we obtain P(AU B) < P(A) + P(B).
verifying property {(c).

From diagram (c), we see that the event A U B U C can be expressed as a
union of three disjoint events:

AUBUC = AU (AN B)U(A°N BN C).

so property (d) follows as a consequence of the additivity axiom.



16 Sample Space and Probability Chap. 1

(b) In the second stage. we work within a fully specified probabilistic model and
derive the probabilities of certain events, or deduce some interesting prop-
erties. While the first stage entails the often open-ended task of connecting
the real world with mathematics, the second one is tightly regulated by the
rules of ordinary logic and the axioms of probability. Difficulties may arise
in the latter if some required calculations are complex, or if a probability
law is specified in an indirect fashion. Even so, there is no room for ambi-
guity: all conceivable questions have precise answers and it is only a matter
of developing the skill to arrive at them.

Probability theory is full of “paradoxes” in which different calculation
methods seem to give different answers to the same question. Invariably though,
these apparent inconsistencies turn out to reflect poorly specified or ambiguous
probabilistic models. An example, Bertrand’s paradox, is shown in Fig. 1.7.

chord
at angle O

i

\ C %mm,,i?/_mu‘ \/
,M”;)<"\-4.—/ midpoint

chord through C B of AB

{a) (b

Figure 1.7: This example. presented by L. F. Bertrand in 1889. illustrates the
need to specify unambiguously a probabilistic model. Consider a circle and an
equilateral triangle inscribed in the circle. What is the probability that the length
of a randomly chosen chord of the circle is greater than the side of the triangle?
The answer here depends on the precise meaning of “randomly chosen.” The two
methods illustrated in parts (a) and (b) of the figure lead to contradictory results.

In (a). we take a radius of the circle, such as AB. and we choose a point
C on that radius. with all points being equally likely. We then draw the chord
through C that is orthogonal to AB. From elementary geometry. AB intersects
the triangle at the midpoint of AB. so the probability that the length of the chord
is greater than the side is 1/2.

In (b), we take a point on the circle, such as the vertex V, we draw the
tangent to the circle through V', and we draw a line through V that forms a random
angle ® with the tangent. with all angles being equally likely. We consider the
chord ohtained by the intersection of this line with the circle. From elementary
geometry. the length of the chord is greater than the side of the triangle if & is
between 7/3 and 2w /3. Since ¢ takes values between 0 and w. the probability
that the length of the chord is greater than the side is 1/3.
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A Brief History of Probability

B.C.E. Games of chance were popular in ancient Greece and Rome, but
no scientific development of the subject took place, possibly because the
number system used by the Greeks did not facilitate algebraic calculations.
The development of probability based on sound scientific analysis had to
await the development of the modern arithmetic system by the Hindus and
the Arabs in the second half of the first millennium, as well as the flood of
scientific ideas generated by the Renaissance.

16th century. Girolamo Cardano, a colorful and controversial Italian
mathematician, publishes the first book describing correct methods for cal-
culating probabilities in games of chance involving dice and cards.

17th century. A correspondence between Fermat and Pascal touches upon
several interesting probability questions and motivates further study in the
field.

18th century. Jacob Bernoulli studies repeated coin tossing and introduces
the first law of large numbers, which lays a foundation for linking theoreti-
cal probability concepts and empirical fact. Several mathematicians. such as
Daniel Bernoulli, Leibnitz, Bayes, and Lagrange, make important contribu-
tions to probability theory and its use in analyzing real-world phenomena.
De Moivre introduces the normal distribution and proves the first form of
the central limit theorem.

19th century. Laplace publishes an influential book that establishes the
importance of probability as a quantitative field and contains many original
contributions, including a more general version of the central limit theo-
rem. Legendre and Gauss apply probability to astronomical predictions,
using the method of least squares, thus pointing the way to a vast range of
applications. Poisson publishes an influential book with many original con-
tributions, including the Poisson distribution. Chebyshev, and his students
Markov and Lyapunov, study limit theorems and raise the standards of
mathematical rigor in the field. Throughout this period, probability theory
is largely viewed as a natural science, its primary goal being the explanation
of physical phenomena. Consistently with this goal, probabilities are mainly
interpreted as limits of relative frequencies in the context of repeatable ex-
periments.

20th century. Relative frequency is abandoned as the conceptual foun-
dation of probability theory in favor of a now universally used axiomatic
system, introduced by Kolmogorov. Similar to other branches of mathe-
matics, the development of probability theory from the axioms relies only
on logical correctness, regardless of its relevance to physical phenomena.
Nonetheless, probability theory is used pervasively in science and engineer-
ing because of its ability to describe and interpret most types of uncertain
phenomena in the real world.
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CONDITIONAL PROBABILITY

Conditional probability provides us with a way to reason about the outcome
of an experiment, based on partial information. Here are some examples of
situations we have in mind:

(a) In an experiment involving two successive rolls of a die, you are told that
the sum of the two rolls is 9. How likely is it that the first roll was a 6?

(b) In a word guessing game, the first letter of the word is a “t”. What is the
likelihood that the second letter is an *h"?

(c) How likely is it that a person has a certain disease given that a medical
test was negative?

(d) A spot shows up on a radar screen. How likely is it to correspond to an
aircraft?

In more precise terms, given an experiment, a corresponding sample space,
and a probability law, suppose that we know that the outcome is within some
given event B. We wish to quantify the likelihood that the outcome also belongs
to some other given event A. We thus seek to construct a new probability law
that takes into account the available knowledge: a probability law that for any
event A. specifies the conditional probability of A given B. denoted by
P(A|B).

We would like the conditional probabilities P(A| B) of different events A
to constitute a legitimate probability law, which satisfies the probability axioms.
The conditional probabilities should also be consistent with our intuition in im-
portant special cases, e.g.. when all possible outcomes of the experiment are
equally likely. For example. suppose that all six possible outcomes of a fair die
roll are equally likely. If we are told that the outcome is even, we are left with
only three possible outcomes. namely, 2. 4, and 6. These three outcomes were
equally likely to start with, and so they should remain equally likely given the
additional knowledge that the outcome was even. Thus, it is reasonable to let

. . 1
P(the outcome is 6 | the outcome is even) = 3

This argument suggests that an appropriate definition of conditional probability
when all outcomes are equally likely, is given by

number of elements of AN B
number of elements of B

P(A|B) =

Generalizing the argument, we introduce the following definition of condi-

tional probability:
P(ANB
P(A|B) = #
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where we assume that P(B) > 0; the conditional probability is undefined if the
conditioning event has zero probability. In words, out of the total probability of
the elements of B, P(A| B) is the fraction that is assigned to possible outcomes
that also belong to A.

Conditional Probabilities Specify a Probability Law

For a fixed event B, it can be verified that the conditional probabilities P(A | B)
form a legitimate probability law that satisfies the three axioms. Indeed, non-
negativity is clear. Furthermore,

_PQnB) P(B)
PEE = Tem “Erm Tt

and the normalization axiom is also satisfied. To verify the additivity axiom, we
write for any two disjoint events A; and A2,

P((A1 U A2) N B)
P(B)
_ P((A1 N B)U (42N B))
P(B)
P(A, N B) + P(4, N B)

P(A,UA;|B) =

P(B) P(B)
= P(4| B) + P(4:| B),

where for the third equality, we used the fact that A, N B and A2 N B are
disjoint sets, and the additivity axiom for the (unconditional) probability law.
The argument for a countable collection of disjoint sets is similar.

Since conditional probabilities constitute a legitimate probability law, all
general properties of probability laws remain valid. For example, a fact such as
P(AUC) < P(A) + P(C) translates to the new fact

P(AUC|B) < P(A| B) + P(C| B).

Let us also note that since we have P(B| B) = P(B)/P(B) = 1, all of the con-
ditional probability is concentrated on B. Thus, we might as well discard all
possible outcomes outside B and treat the conditional probabilities as a proba-
bility law defined on the new universe B.

Let us summarize the conclusions reached so far.
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Properties of Conditional Probability

e The conditional probability of an event A, given an event B with
P(B) > 0, is defined by

P(AN B)

P(AIB)ZW’

and specifies a new (conditional) probability law on the same sample
space 2. In particular, all properties of probability laws remain valid
for conditional probability laws.

e Conditional probabilities can also be viewed as a probability law on a
new universe B, because all of the conditional probability is concen-
trated on B.

e If the possible outcomes are finitely many and equally likely, then

number of elements of AN B

P(A|B) = number of elements of B

Example 1.6. We toss a fair coin three successive times. We wish to find the
conditional probability P(A| B) when A and B are the events

A = {more heads than tails come up}, B = {1st toss is a head}.

The sample space consists of eight sequences.
Q={HHH. HHT. HTH, HTT, THH, THT. TTH, TTT}.

which we assume to be equally likely. The event B consists of the four elements
HHH, HHT. HTH. HTT. so its probability is

_4

=3

The event A N B consists of the three elements HHH. HHT. HT H, so its proba-
bility is

P(B)

P(ANB) = g

Thus, the conditional probability P(A| B) is

P(ANnB) 3/8 3
A|B) = —(——"=———-= -.
P(4[B) P(B) 4/8 4
Because all possible outcomes are equally likely here, we can also compute P(A | B)
using a shortcut. We can bypass the calculation of P(B) and P(ANB), and simply
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divide the number of elements shared by A and B (which is 3) with the number of
elements of B (which is 4) the same result 3/4.

Example 1.7. A fair 4-sided die is rolled twice and we assume that all sixteen
possible outcomes are equally likely. Let X and Y be the result of the 1st and the
2nd roll, respectively. We wish to determine the conditional probability P(A| B),
where

A= {max(X,Y) =m}. B = {min(X,Y) = 2}.

and m takes each of the values 1. 2. 3. 4.

As in the preceding example. we can first determine the probabilities P(ANB)
and P(B)
dividing by 16. Alternatively, we can directly divide the number of elements of
AN B with the number of clements of B: see Fig. 1.8.

All ontcomes egualiv likely
Probabilitv = 1,16

2ud rollY

i
Lol
i %

Isr roll X

Figure 1.8: Sample space of an experiment involving two rolls of a 4-sided die.
(cf. Example 1.7). The conditioning event B = {min(X.Y) = 2} consists of the
5-element shaded set. The set A = {imax(X,Y) = m} shares with B two elements
if m = 3 or m = 4. one element if m = 2, and no element if n = 1. Thus, we have
2/5. fm=3o0orm=4,
P({max(X.Y)=m} | B) = { 1/5. ifm =2,
0. if m=1.

Example 1.8. A conservative design team, call it C. and an innovative design
team, call it N, are asked to separately design a new product within a month. From
past experience we know that:

(a) The probability that team C is successful is 2/3.
(b) The probability that team N is successful is 1/2.

(c) The probability that at least one team is successful is 3/4.
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Assuming that exactly one successful design is produced, what is the probability
that it was designed by team N?

There are four possible outcomes here, corresponding to the four combinations
of success and failure of the two teams:

SS: both succeed, FF: both fail,
S F: C succeeds, N fails, FS: C fails, N succeeds.

We were given that the probabilities of these outcomes satisfy

. P(SS) + P(SF) + P(FS) = g.

|-

P(SS) + P(SF) = =, P(SS)+P(FS) =

Wi N

From these relations, together with the normalization equation
P(SS)+P(SF)+P(FS)+P(FF)=1,

we can obtain the probabilities of individual outcomes:

P(SS)=, P(SF)=3, P(FS)=w, P(FF)= .
The desired conditional probability is
1
P(FS | {SF,FS}) = lfi =7
4 12

Using Conditional Probability for Modeling

When constructing probabilistic models for experiments that have a sequential
character, it is often natural and convenient to first specify conditional prob-
abilities and then use them to determine unconditional probabilities. The rule
P(ANB) = P(B)P(A| B), which is a restatement of the definition of conditional
probability, is often helpful in this process.

Example 1.9. Radar Detection. If an aircraft is present in a certain area, a
radar detects it and generates an alarm signal with probability 0.99. If an aircraft is
not present. the radar generates a (false) alarm, with probability 0.10. We assume
that an aircraft is present with probability 0.05. What is the probability of no
aircraft presence and a false alarm? What is the probability of aircraft presence
and no detection?

A sequential representation of the experiment is appropriate here, as shown
in Fig. 1.9. Let A and B be the events

A = {an aircraft is present},

B = {the radar generates an alarm},
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and consider also their complements

A® = {an aircraft is not present}.

B¢ = {the radar does not generate an alarm}.

The given probabilities are recorded along the corresponding branches of the tree de-
scribing the sample space, as shown in Fig. 1.9. Each possible outcome corresponds
to a leaf of the tree, and its probability is equal to the product of the probabilities
associated with the branches in a path from the root to the corresponding leaf. The
desired probabilities are

P(not present, false alarm) = P(A° N B) = P(A°)P(B| A®) = 0.95-0.10 = 0.095,
P(present, no detection) = P(4A N B°) = P(A)P(B“| A) = 0.05-0.01 = 0.0005.

PlAY =095

Aldviralt not prosent

Figure 1.9: Sequential description of the experiment for the radar detection
problem in Example 1,9.

Extending the preceding example, we have a general rule for calculating
various probabilities in conjunction with a tree-based scquential description of
an experiment. In particular:

(a) We set up the trec so that an event of interest is associated with a leaf.
We view the occurrence of the event as a sequence of steps, namely, the
traversals of the branches along the path from the root to the leaf.

(b) We record the conditional probabilities associated with the branches of the
tree.

(c) We obtain the probability of a leaf by multiplying the probabilities recorded
along the corresponding path of the tree.
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In mathematical terms, we are dealing with an event A which occurs if and
only if each one of several events A1,.... A, has occurred, i.e., A= A1 NAN
--+N A,. The occurrence of A is viewed as an occurrence of A;. followed by the
occurrence of Az, then of As, etc., and it is visualized as a path with n branches,
corresponding to the events Aj,..., A,. The probability of A is given by the
following rule (see also Fig. 1.10).

Multiplication Rule

Assuming that all of the conditioning events have positive probability, we
have

P(N, A;) = P(A1)P(Az | A1)P(As | A1 N Ag) - P(An | NP5 A)).

The multiplication rule can be verified by writing

P(ANA:) P(ANAnAs) P(NL, 4)

P(N1, Al) = P(A)

P(4)) P(A; N A2) P! Ay
Event A, YA, 01 4y Fvent Ay g M0 A
\\7 '\q\%&%
A‘\ \k\,\
Ai f 2 //O A§3 \\Z . A o} ,/O Ai; " O
Pidy P, P, LA 1Ay PLAEA, NA MY A )

Figure 1.10: Visualization of the multiplication rule. The intersection event
A= A NAyN---N A, is associated with a particular path on a tree that
describes the experiment. We associate the branches of this path with the events
Afoo... An. and we record next to the branches the corresponding conditional
probabilities.

The final node of the path corresponds to the intersection event A, and
its probability is obtained by multiplying the conditional probabilities recorded
along the branches of the path

P(A1NAaN---NAp)=P(A)P(A2|A)) - P(An | AN AN NAp_1).

Note that any intermediate node along the path also corresponds to some inter-
section event and its probability is obtained by multiplying the corresponding
conditional probabilities up to that node. For example, the event A} N Ay N Aj
corresponds to the node shown in the figure. and its probability is

P(A) N Az N A3) = P(A)P(A2 | A1)P(As]| Ay N Ag).
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and by using the definition of conditional probability to rewrite the right-hand
side above as

P(A1)P(A2]| A))P(A3| A1 NA2) - P(A, | N2 4)).

For the case of just two events, A; and Az, the multiplication rule is simply the
definition of conditional probability.

Example 1.10. Three cards are drawn from an ordinary 52-card deck without
replacement (drawn cards are not placed back in the deck). We wish to find the
probability that none of the three cards is a heart. We assume that at each step,
each one of the remaining cards is equally likely to be picked. By symmetry, this
implies that every triplet of cards is equally likely to be drawn. A cumbersome
approach, which we will not use, is to count the number of all card triplets that
do not include a heart, and divide it with the number of all possible card triplets.
Instead, we use a sequential description of the experiment in conjunction with the
multiplication rule (cf. Fig. 1.11).
Define the events

A; = {the ith card is not a heart}. t=1.2.3.

We will calculate P(A; N A3 N A3z), the probability that none of the three cards is
a heart, using the multiplication rule

P(Al NAsN A3) = P(A])P(AQ I Al)P(A;; | AN AQ)

We have
9

3
P(Al) - 53
since there are 39 cards that are not hearts in the 52-card deck. Given that the
first card is not a heart, we are left with 51 cards. 38 of which are not hearts, and

38
P(42]A) = &

Finally, given that the first two cards drawn are not hearts. there are 37 cards which
are not hearts in the remaining 50-card deck. and

37

P(A3| A1 NA2) = —.
(A3 | Ar N A) %0
These probabilities are recorded along the corresponding branches of the tree de-
scribing the sample space. as shown in Fig. 1.11. The desired probability is now
obtained by multiplying the probabilities recorded along the corresponding path of

the tree:

P(A10A2ﬂA3)=3—9'3—8'3—7
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Not a henr?

37/50

Not a hesrt Henrt

}z,r iy fay « . . .
s 13,750 Figure 1.11: Sequential description
of the experiment in the 3-card se-

Not a heart lection problem of Example 1.10.

A4/52

Note that once the probabilities are recorded along the tree, the probability
of several other events can be similarly calculated. For example,

. 39 13
P h d 2nd i t) =— - —
(1st is not a heart and 2nd is a heart) TR
. 39 38 13
P(lst and 2nd are not hearts, and 3rd is a heart) =55 B3] 50"

Example 1.11. A class consisting of 4 graduate and 12 undergraduate students
is randomly divided into 4 groups of 4. What is the probability that each group
includes a graduate student? We interpret “randomly” to mean that given the
assignment of some students to certain slots, any of the remaining students is equally
likely to be assigned to any of the remaining slots. We then calculate the desired
probability using the multiplication rule, based on the sequential description shown
in Fig. 1.12. Let us denote the four graduate students by 1, 2, 3, 4, and consider
the events

A, = {students 1 and 2 are in different groups},

Az = {students 1, 2, and 3 are in different groups},

As = {students 1. 2, 3, and 4 are in different groups}.

We will calculate P(A3) using the multiplication rule:
P(A3) =P(A1NA2N A3) = P(A)P(A2 ]| A1)P(A3]| A1 N Al).

We have
12

ﬁ )
since there are 12 student slots in groups other than the one of student 1, and there
are 15 student slots overall, excluding student 1. Similarly,

P(A)) =

8
P(A2 ] A) = 12’
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Students 1, 2.3, & 4 are
in different groups
4/13

Students 1, 2, & 3 are
in different groups

8/14

Figure 1.12: Sequential descrip-
tion of the experiment in the stu-

Students 1 & 2 are dent problem of Example 1.11.

in different groups

12/15

since there are 8 student slots in groups other than those of students 1 and 2, and
there are 14 student slots, excluding students 1 and 2. Also,

4
P(A3|A1 DAQ) = 1—3,

since there are 4 student slots in groups other than those of students 1. 2. and 3,
and there are 13 student slots, excluding students 1, 2, and 3. Thus, the desired
probability is

15 14 13’

and is obtained by multiplying the conditional probabilities along the corresponding
path of the tree in Fig. 1.12.

Example 1.12. The Monty Hall Problem. This is a much discussed puzzle,
based on an old American game show. You are told that a prize is equally likely to
be found behind any one of three closed doors in front of you. You point to one of
the doors. A friend opens for you one of the remaining two doors, after making sure
that the prize is not behind it. At this point, you can stick to your initial choice,
or switch to the other unopened door. You win the prize if it lies behind your final
choice of a door. Consider the following strategies:

(a) Stick to your initial choice.
(b) Switch to the other unopened door.

(c) You first point to door 1. If door 2 is opened, you do not switch. If door 3 is
opened, you switch.

Which is the best strategy? To answer the question, let us calculate the probability
of winning under each of the three strategies.

Under the strategy of no switching, your initial choice will determine whether
you win or not, and the probability of winning is 1/3. This is because the prize is
equally likely to be behind each door.

Under the strategy of switching, if the prize is behind the initially chosen
door (probability 1/3). you do not win. If it is not (probability 2/3), and given that
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another door without a prize has been opened for you, you will get to the winning
door once you switch. Thus. the probability of winning is now 2/3, so (b) is a better
strategy than (a).

Consider now strategy (c). Under this strategy, there is insufficient informa-
tion for determining the probability of winning. The answer depends on the way
that your friend chooses which door to open. Let us consider two possibilities.

Suppose that if the prize is behind door 1, your friend always chooses to open
door 2. (If the prize is behind door 2 or 3, your friend has no choice.) If the prize
is behind door 1. your friend opens door 2, you do not switch, and you win. If the
prize is behind door 2, your friend opens door 3, you switch. and you win. If the
prize is behind door 3. your friend opens door 2. you do not switch, and you lose.
Thus, the probability of winning is 2/3. so strategy (c) in this case is as good as
strategy (b).

Suppose now that if the prize is behind door 1. your friend is equally likely to
open either door 2 or 3. If the prize is behind door 1 (probability 1/3). and if your
friend opens door 2 (probability 1/2), you do not switch and you win (probability
1/6). But if your friend opens door 3, you switch and you lose. If the prize is behind
door 2, your friend opens door 3. you switch, and you win (probability 1/3). If the
prize is behind door 3, your friend opens door 2, you do not switch and you lose.
Thus. the probability of winning is 1/6 + 1/3 = 1/2, so strategy (c) in this case is
inferior to strategy (b).

1.4 TOTAL PROBABILITY THEOREM AND BAYES’ RULE

In this section, we explore some applications of conditional probability. We start
with the following theorem. which is often useful for computing the probabilities
of various events. using a “divide-and-conquer” approach.

Total Probability Theorem

Let Ai,...,An be disjoint events that form a partition of the sample space
(each possible outcome is included in exactly one of the events A,,..., An)
and assume that P(A;) > 0, for all . Then, for any event B, we have

P(B) =P(AiNB) +---+ P(A,. N B)
= P(A1)P(B| A1)+ + P(4,)P(B| A).

The theorem is visualized and proved in Fig. 1.13. Intuitively, we are par-
titioning the sample space into a number of scenarios (events) A;. Then, the
probability that B occurs is a weighted average of its conditional probability
under each scenario, where each scenario is weighted according to its (uncondi-
tional) probability. One of the uses of the theorem is to compute the probability
of various events B for which the conditional probabilities P(B | A;) are known or
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easy to derive. The key is to choose appropriately the partition Ay..... A,. and
this choice is often suggested by the problem structure. Here are some examples.

Figure 1.13: Visualization and verification of the total probability theorem. The
events Aj,.... A, form a partition of the sample space. so the event B can be
decomposed into the disjoint union of its intersections A, N B with the sets A,.
e,

B=(AiNB)uU---U(A, NB).
Using the additivity axiom. it follows that
P(B)=P(A1NB)+---+ P(A, N B).
Since, by the definition of conditional probability, we have
P(Ain B) = P(A,)P(B|A).
the preceding equality yields
P(B)=P(A1)P(B| A1)+ -+ P(A,)P(B| An).

For an alternative view. consider an equivalent sequential model. as shown
on the right. The probability of the leaf A; N B is the product P(A;)P(B| A,) of
the probabilities along the path leading to that leaf. The event B consists of the
three highlighted leaves and P(B) is obtained by adding their probabilities.

Example 1.13. You enter a chess tournament where your probability of winning
a game is 0.3 against half the players (call them type 1). 0.4 against a quarter of
the players (call them type 2), and 0.5 against the remaining quarter of the players
(call them type 3). You play a game against a randomly chosen opponent. What
is the probability of winning?

Let A, be the event of playing with an opponent of type i. We have

P(A,) =0.5, P(A2) =0.25. P(A3) = 0.25.
Also. let B be the event of winning. We have
P(B|A,)=023. P(B|A2)=04. P(B| A3) = 0.5.
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Thus, by the total probability theorem, the probability of winning is

P(B) = P(A1)P(B| A1) + P(A2)P(B]| A2) + P(As)P(B| As)
=05-0.3+0.25-0.4+0.25-0.5
= 0.375.

Example 1.14. You roll a fair four-sided die. If the result is 1 or 2, you roll once
more but otherwise, you stop. What is the probability that the sum total of your
rolls is at least 47

Let A; be the event that the result of first roll is 7, and note that P(4,) =1/4
for each i. Let B be the event that the sum total is at least 4. Given the event A;,
the sum total will be at least 4 if the second roll results in 3 or 4, which happens
with probability 1/2. Similarly, given the event A2, the sum total will be at least
4 if the second roll results in 2, 3, or 4, which happens with probability 3/4. Also,
given the event As, you stop and the sum total remains below 4. Therefore,

P(BlA)=3. P(BlA)=3 P(BlA)=0, P(BlA)=1

By the total probability theorem.
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The total probability theorem can be applied repeatedly to calculate proba-
bilities in experiments that have a sequential character, as shown in the following
example.

Example 1.15. Alice is taking a probability class and at the end of each week
she can be either up-to-date or she may have fallen behind. If she is up-to-date in
a given week, the probability that she will be up-to-date (or behind) in the next
week is 0.8 (or 0.2, respectively). If she is behind in a given week, the probability
that she will be up-to-date (or behind) in the next week is 0.4 (or 0.6, respectively).
Alice is (by default) up-to-date when she starts the class. What is the probability
that she is up-to-date after three weeks?

Let U; and B; be the events that Alice is up-to-date or behind, respectively,
after 7 weeks. According to the total probability theorem, the desired probability
P(Us) is given by

P(Ug) = P(U2)P(U3 l Uz) + P(BQ)P(U3 [ Bz) = P(UQ) - 0.8 + P(BQ) -0.4.

The probabilities P(Uz) and P(B2) can also be calculated using the total probability
theorem:

P(Uz) = P(U1)P(Uz | Uy) + P(By)P(Uz | B1) = P(U1) - 0.8 + P(By) - 0.4,

P(B;) = P(U;)P(B: |Uy) + P(B1)P(Bz | By) = P(Uy) - 0.2 + P(By) - 0.6.



Sec. 1.4 Total Probability Theorem and Bayes’ Rule 31

Finally, since Alice starts her class up-to-date, we have
PU,) =0.8, P(B:) =0.2.
We can now combine the preceding three equations to obtain
P(U2)=0.8-0.8+0.2-0.4 =0.72,

P(B2) =0.8-0.2+0.2-0.6 = 0.28,
and by using the above probabilities in the formula for P(Us3):

P(U3)=0.72-0.8+0.28-0.4 = 0.688.

Note that we could have calculated the desired probability P(Us) by con-
structing a tree description of the experiment, then calculating the probability of
every element of U3 using the multiplication rule on the tree, and adding. However.
there are cases where the calculation based on the total probability theorem is more
convenient. For example. suppose we are interested in the probability P(Uszo) that
Alice is up-to-date after 20 weeks. Calculating this probability using the multipli-
cation rule is very cumbersome. because the tree representing the experiment is 20
stages deep and has 2%° leaves. On the other hand, with a computer, a sequential
calculation using the total probability formulas

PU.+1) =P(U;)-0.8+ P(B;)-0.4.

P(Bi+1) = P(U:) - 0.2 + P(B;) - 0.6.
and the initial conditions P(U,) = 0.8. P(B:) = 0.2. is very simple.

Inference and Bayes’ Rule

The total probability theorem is often used in conjunction with the following
celebrated theorem, which relates conditional probabilities of the form P(A | B)
with conditional probabilities of the form P(B|A), in which the order of the
conditioning is reversed.

Bayes’ Rule

Let A;,A2,...,An be disjoint events that form a partition of the sample
space, and assume that P(A;) > 0, for all . Then, for any event B such
that P(B) > 0, we have

P(A;)P(B| A;)
P(B)

P(A:|B) =

_ P(4:)P(B|A:)
~ P(A1)P(B[A1) +--- + P(An)P(B| 4n)
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Figure 1.14: An example of the inference context that is implicit in Bayes’
rule. We observe a shade in a person’s X-ray (this is event B, the “effect”) and
we want to estimate the likelihood of three mutually exclusive and collectively
exhaustive potential causes: cause 1 (event A;) is that there is a malignant tumor,
cause 2 {event Ag) is that there is a nonmalignant tumor, and cause 3 (event
Aj) corresponds to reasons other than a tumor. We assume that we know the
probabilities P(A;) and P(B| A,), i = 1.2.3. Given that we see a shade {event
B occurs). Bayes’ rule gives the posterior probabilities of the various causes as

P(A,)P(B| A;)

P(A: |B) = P(A))P(B]A) + P(A2)P(B] A2) + P(A3)P(B] A3) !

i=1.2,3.

For an alternative view, consider an equivalent sequential model, as shown
on the right. The probability P(A; | B) of a malignant tumor is the probability
of the first highlighted leaf. which is P{(A; N B). divided by the total probability
of the highlighted leaves. which is P(B).

To verify Bayes’ rule. note that by the definition of conditional probability,
we have

This yields the first equality. The second equality follows from the first by using
the total probability theorem to rewrite P(B).

Bayes’ rule is often used for inference. There are a number of “causes”
that may result in a certain “effect.” We observe the effect, and we wish to infer
the cause. The events A;,.... A, are associated with the causes and the event B
represents the effect. The probability P(B| A;) that the effect will be observed
when the cause A; is present amounts to a probabilistic model of the cause-effect
relation (cf. Fig. 1.14). Given that the effect B has been observed, we wish to
evaluate the probability P(A;| D) that the cause A; is present. We refer to
P(A;| B) as the posterior probability of event A; given the information, to
be distinguished from P(A;), which we call the prior probability.
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Example 1.16. Let us return to the radar detection problem of Example 1.9 and
Fig. 1.9. Let
A = {an aircraft is present},

B = {the radar generates an alarm}.

We are given that
P(A) = 0.05, P(B|A) =0.99, P(B|A®%) =0.1.
Applying Bayes’ rule, with A; = A and A2 = A, we obtain

P (aircraft present |alarm) = P(A|B)

_ P(A)P(B| 4)
- P(B)

_ P(A)P(B|A)
~ P(A)P(B| A) + P(A°)P(B| A°)

B 0.05 - 0.99
7 0.05-0.99 +0.95-0.1

2~ 0.3426.

Example 1.17. Let us return to the chess problem of Example 1.13. Here. A, is
the event of getting an opponent of type ¢, and

P(A;) =0.5, P(Az) = 0.25. P(As) = 0.25.
Also, B is the event of winning, and
P(B| A1) =0.3. P(B| Az2) =04, P(B| A3) =0.5.

Suppose that you win. What is the probability P(A,; | B) that you had an opponent
of type 17
Using Bayes’ rule, we have

P(A:)P(B| A))
P(A,)P(B[ A1) + P(A2)P(B | A2) + P(A;)P(B| 43)

_ 0.5-0.3
T 05-034+025.-04+0.25-05

=04.

P(A4,|B) =

Example 1.18. The False-Positive Puzzle. A test for a certain rare disease is
assumed to be correct 95% of the time: if a person has the disease, the test results
are positive with probability 0.95, and if the person does not have the disease,
the test results are negative with probability 0.95. A random person drawn from
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a certain population has probability 0.001 of having the disease. Given that the
person just tested positive, what is the probability of having the disease?

If A is the event that the person has the disease, and B is the event that the
test results are positive, the desired probability. P(A | B), is

P(A)P(B|A)
P(A)P(B| A) + P(A°)P(B| A°)
B 0.001-0.95
~0.001 - 0.95 + 0.999 - 0.05

P(A|B) =

= 0.0187.

Note that even though the test was assumed to be fairly accurate, a person who has
tested positive is still very unlikely (less than 2%) to have the disease. According
to The Economist (February 20th. 1999). 80% of those questioned at a leading
American hospital substantially missed the correct answer to a question of this
type; most of them thought that the probability that the person has the disease
is 0.95!

1.5 INDEPENDENCE

We have introduced the conditional probability P(A | B) to capture the partial
information that event B provides about event A. An interesting and important
special case arises when the occurrence of B provides no such information and
does not alter the probability that A has occurred, i.e.,

P(A| B) = P(A).

When the above equality holds. we say that A is independent of B. Note that
by the definition P(A | B) = P(AN B)/P(B), this is equivalent to

P(AN B) = P(A)P(B).

We adopt this latter relation as the definition of independence because it can be
used even when P(B) = 0, in which case P(A| B) is undefined. The symmetry
of this relation also implies that independence is a symmetric property; that is,
if A is independent of B, then B is independent of A, and we can unambiguously
say that A and B are independent events.

Independence is often easy to grasp intuitively. For example, if the occur-
rence of two events is governed by distinct and noninteracting physical processes,
such events will turn out to be independent. On the other hand, independence
is not easily visualized in terms of the sample space. A common first thought
is that two events are independent if they are disjoint, but in fact the oppo-
site is true: two disjoint events A and B with P(A) > 0 and P(B) > 0 are
never independent, since their intersection AN B is empty and has probability 0.
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For example, an event A and its complement A¢ are not independent [unless
P(A) = 0 or P(A) = 1], since knowledge that A has occurred provides precise

Independence

information about whether A¢ has occurred.

Example 1.19. Consider an experiment involving two successive rolls of a 4-sided
die in which all 16 possible outcomes are equally likely and have probability 1/16.

(a) Are the events

A; = {l1st roll results in i}, B; = {2nd roll results in 3},

independent? We have

P(A; N Bj) = P(the outcome of the two rolls is (i,j)) = %,
P(A) = number of elements of A, 4
'/ total number of possible outcomes = 16’
P(B;) = number of elements of B, _ i '

total number of possible outcomes 16

We observe that P(A; N B,) = P(A;)P(Bj), and the independence of A, and
B;j is verified. Thus, our choice of the discrete uniform probability law implies

the independence of the two rolls.

Are the events
A= {lst roll is a 1}, B = {sum of the two rolls is a 5},

independent? The answer here is not quite obvious. We have

P(ANB) = P(the result of the two rolls is (1,4)) 1—16’

and also

P(A4) = number of elements of A _ i .

total number of possible outcomes 16

The event B consists of the outcomes (1,4), (2,3), (3,2), and (4,1). and

P(B) = number of elements of B _ 4
total number of possible outcomes =~ 16’

Thus, we see that P(A N B) = P(A)P(B), and the events A and B are

independent.

Are the events

A = {maximum of the two rolls is 2}, B = {minimum of the two rolls is 2},
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independent? Intuitively. the answer is “no” because the minimum of the
two rolls conveys some information about the maximum. For example, if the
minimum is 2, the maximum cannot be 1. More precisely, to verify that A
and B are not independent, we calculate

P(AN B) = P(the result of the two rolls is (2,2)) = i,

16
and also
P(A) = number of elements of A _ é
"~ total number of possible outcomes = 16
P(B) = number of elements of B _ 5

total number of possible outcomes 16°

We have P(A)P(B) = 15/(16)2, so that P(An B) # P(A)P(B). and A and
B are not independent.

We finally note that, as mentioned earlier, if A and B are independent, the
occurrence of B does not provide any new information on the probability of A
occurring. It is then intuitive that the non-occurrence of B should also provide
no information on the probability of A. Indeed. it can be verified that if A and
B are independent, the same holds true for A and B¢ (see the end-of-chapter
problems).

Conditional Independence

We noted earlier that the conditional probabilities of events, conditioned on
a particular event. form a legitimate probability law. We can thus talk about
independence of various events with respect to this conditional law. In particular,
given an event C. the events A and B are called conditionally independent
if

P(ANB|C)=P(A|C)P(B|C).

To derive an alternative characterization of conditional independence, we use the
definition of the conditional probability and the multiplication rule, to write

(ANBNC)
P(C)

_ P(C)P(B|C)P(A|BNC)
- P(C)

= P(B|C)P(A|BNC).

P(ANnB|C) = P

We now compare the preceding two expressions. and after eliminating the com-
mon factor P(B|C), assumed nonzero. we see that conditional independence is
the same as the condition

P(A|BNC) = P(A|C).
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In words, this relation states that if C is known to have occurred, the additional
knowledge that B also occurred does not change the probability of A.

Interestingly, independence of two events A and B with respect to the
unconditional probability law. does not imply conditional independence, and
vice versa, as illustrated by the next two examples.

Example 1.20. Consider two independent fair coin tosses, in which all four possible
outcomes are equally likely. Let

H, = {1st toss is a head},
H> = {2nd toss is a head},

D = {the two tosses have different results}.

The events H, and H» are (unconditionally) independent. But

1 1
P(H:|D)=5.  P(H:|D)=3  P(HiNH:|D)=0,

so that P(H, N H2 | D) # P(H, | D)P(H2| D), and H;, H2 are not conditionally
independent.

This example can be generalized. For any probabilistic model, let A and B be
independent events, and let C be an event such that P(C) > 0, P(A|C) > 0, and
P(B|C) > 0, while AN BN C is empty. Then, A and B cannot be conditionally
independent (given C) since P(AN B|C) = 0 while P(A|C)P(B|C) > 0.

Example 1.21. There are two coins, a blue and a red one. We choose one of
the two at random, each being chosen with probability 1/2, and proceed with two
independent tosses. The coins are biased: with the blue coin, the probability of
heads in any given toss is 0.99, whereas for the red coin it is 0.01.

Let B be the event that the blue coin was selected. Let also H; be the event
that the ith toss resulted in heads. Given the choice of a coin, the events H; and
H: are independent. because of our assumption of independent tosses. Thus,

P(H, N Hy | B) = P(H, | B)P(H2| B) = 0.99 - 0.99.

On the other hand, the events H; and H2 are not independent. Intuitively, if we
are told that the first toss resulted in heads, this leads us to suspect that the blue
coin was selected, in which case, we expect the second toss to also result in heads.
Mathematically, we use the total probability theorem to obtain

P(H\) = P(B)P(H, | B) + P(B°)P(H, | BY) = % £0.99 + é .0.01 = %
as should be expected from symmetry considerations. Similarly, we have P(H3) =
1/2. Now notice that

P(H, N Hy) = P(B)P(H) N Hz| B) + P(B°)P(H, N H, | BY)

1 1
=-=-0.99:0. =-0.01-0.01 =
5 99 99+2

N | —
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Thus, P(H, N Hz) # P(H,1)P(H2), and the events H; and H» are dependent, even
though they are conditionally independent given B.

We now summarize.

Independence

e Two events A and B are said to be independent if
P(AN B) = P(A)P(B).
If in addition, P(B) > 0, independence is equivalent to the condition
P(A|B) = P(A).

e If A and B are independent, so are A and B¢.

e Two events A and B are said to be conditionally independent,
given another event C with P(C) > 0, if

P(ANB|C)=P(A|C)P(B|C).
If in addition, P(B N C) > 0, conditional independence is equivalent
to the condition

P(A|BNC)=P(4]|C).

e Independence does not imply conditional independence, and vice versa.

Independence of a Collection of Events

The definition of independence can be extended to multiple events.

Definition of Independence of Several Events

We say that the events A;, Ao, ..., A, are independent if

P (0 A,-) = HP(Ai), for every subset S of {1,2,...,n}.

i€S i€S
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For the case of three events, A;, A2, and A3, independence amounts to
satisfying the four conditions

P(A; N A2) = P(A1) P(A2),
P(A1 N A3) = P(A1) P(A3),
P(A2 N A3) = P(A2) P(A3),

P(Al N Az N A3) = P(A]) P(Az) P(Ag).

The first three conditions simply assert that any two events are independent,
a property known as pairwise independence. But the fourth condition is
also important and does not follow from the first three. Conversely, the fourth
condition does not imply the first three; see the two examples that follow.

Example 1.22. Pairwise Independence does not Imply Independence.
Consider two independent fair coin tosses, and the following events:

H, = {1st toss is a head},
Hz = {2nd toss is a head},

D = {the two tosses have different results}.

The events H, and Ha are independent, by definition. To see that H; and D are

independent, we note that

P(HHND) 1/4
P(H,)  1/2

Similarly, H2 and D are independent. On the other hand, we have

P(HiNH,nD)=0% = 2.1 = (1) P(a2)P(D),

P(D|Hy) = % - P(D).

and these three events are not independent.

Example 1.23. The Equality P(A; N A2 N A3) = P(A1) P(A2) P(A3) is not
Enough for Independence. Consider two independent rolls of a fair six-sided
die, and the following events:

A = {1st roll is 1, 2, or 3},
B = {1st roll is 3, 4, or 5},

C = {the sum of the two rolls is 9}.

We have ) 1 1
P(ANB)=¢#5 5= P(A)P(B),
P(ANC) = 32 # 5 56 = P(P(O),
P(BNC) = % % % - ;—6 — P(B)P(C).
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Thus the three events A, B. and C are not independent. and indeed no two of these
events are independent. On the other hand, we have

P(ANBNC) = % =25 % — P(A)P(B)P(C).

The intuition behind the independence of a collection of events is anal-
ogous to the case of two events. Independence means that the occurrence or
non-occurrence of any number of the events from that collection carries no
information on the remaining events or their complements. For example, if the
events A;, A2, Az. A4 are independent, one obtains relations such as

P(A1 U Ay | A3 N Ag) = P(A; U Ay)

or
P(A1 U AS| A5 N As) = P(A) U A3);

see the end-of-chapter problems.
Reliability

In probabilistic models of complex systems involving several components, it is
often convenient to assume that the behaviors of the components are uncoupled
(independent). This typically simplifies the calculations and the analysis, as
illustrated in the following example.

Example 1.24. Network Connectivity. A computer network connects two
nodes A and B through intermediate nodes C, D, E, F, as shown in Fig. 1.15(a).
For every pair of directly connected nodes. say ¢ and j, there is a given probability
pi; that the link from i to j is up. We assume that link failures are independent
of each other. What is the probability that there is a path connecting A and B in
which all links are up?

—| L2 3+

Series connection

JEIE

Paratlel connection

T ()

Figure 1.15: {a) Network for Example 1.24. The number next to each link
indicates the probability that the link is up. (b) Series and parallel connections
of three components in a reliability problem.
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This is a typical problem of assessing the reliability of a system consisting of
components that can fail independently. Such a system can often be divided into
subsystems, where each subsystem consists in turn of several components that are
connected either in series or in parallel; see Fig. 1.15(b).

Let a subsystem consist of components 1,2,...,m, and let p; be the prob-
ability that component i is up (“succeeds”). Then, a series subsystem succeeds
if all of its components are up, so its probability of success is the product of the
probabilities of success of the corresponding components, i.e..

P(series subsystem succeeds) = pip2 - * Pm-

A parallel subsystem succeeds if any one of its components succeeds, so its prob-
ability of failure is the product of the probabilities of failure of the corresponding
components, i.e.,

P (parallel subsystem succeeds) = 1 — P(parallel subsystem fails)
=1-(1-p1)(1=p2) (1 —pm).
Returning now to the network of Fig. 1.15(a), we can calculate the probabil-
ity of success (a path from A to B is available) sequentially, using the preceding
formulas, and starting from the end. Let us use the notation X — Y to denote the
event that there is a (possibly indirect) connection from node X to node Y. Then.
P(C—-B)=1-(1-P(C - Eand E — B))(1-P(C — F and F — B))
=1-(1—-pcepes)(l — pcrprB)
1—(1-0.8:0.9)(1 -0.95-0.85)
= 0.946,

P(A — C and C — B) = P(4 — C)P(C — B) = 0.9-0.946 = 0.851.
P(A— Dand D — B) = P(4 —» D)P(D — B) = 0.75-0.95 = 0.712,

and finally we obtain the desired probability

P(A—B)=1-(1-P(A—Cand C— B))(1-P(4— D and D — B))
=1-(1-0.851)(1 —0.712)
= 0.957.

Independent Trials and the Binomial Probabilities

If an experiment involves a sequence of independent but identical stages, we say
that we have a sequence of independent trials. In the special case where there
are only two possible results at each stage, we say that we have a sequence of
independent Bernoulli trials. The two possible results can be anything, e.g.,
“it rains” or “it doesn’t rain,” but we will often think in terms of coin tosses and
refer to the two results as “heads” (H) and “tails” (T).



42 Sample Space and Probability Chap. 1

Consider an experiment that consists of n independent tosses of a coin, in
which the probability of heads is p, where p is some number between 0 and 1. In
this context, independence means that the events A,, A2,.... A, are indepen-
dent, where A; = {ith toss is a head}.

We can visualize independent Bernoulli trials by means of a sequential
description, as shown in Fig. 1.16 for the case where n = 3. The conditional
probability of any toss being a head, conditioned on the results of any preced-
ing tosses, is p because of independence. Thus, by multiplying the conditional
probabilities along the corresponding path of the tree, we see that any particular
outcome (3-long sequence of heads and tails) that involves k heads and 3 — &
tails has probability p*{1 — p)3—*. This formula extends to the case of a general
number n of tosses. We obtain that the probability of any particular n-long
sequence that contains k heads and n — k tails is p*{1 — p)»—*_ for all k from 0
to n.

HHH Probsgt

HHT Prob=pil-p
HTH Prob=3%1 25
HTT Probespl- 5}2‘53
THH Probs=pii- s
FTHT Probsgpil= g
TTH Prob=pli-p?

TTT Probs{l-pH

Figure 1.16: Sequential description of an experiment involving three indepen-
dent tosses of a coin. Along the branches of the tree. we record the corresponding
conditional probabilities, and by the multiplication rule, the probability of ob-
taining a particular 3-toss sequence is calculated by multiplying the probabilities
recorded along the corresponding path of the tree.

Let us now consider the probability
p(k) = P(k heads come up in an n-toss sequence),

which will play an important role later. We showed above that the probability
of any given sequence that contains k heads is p*(1 — p)}*—*, so we have

p(k) = (’;)pk(l _pyek,
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where we use the notation

n
( k) = number of distinct n-toss sequences that contain k£ heads.

The numbers (}) (read as “n choose k") are known as the binomial coeffi-
cients, while the probabilities p(k) are known as the binomial probabilities.
Using a counting argument, to be given in Section 1.6, we can show that

n n!
<k)—mn—_—k—)!, k—O,l,...,n,

where for any positive integer ¢ we have
i!'=1-2---(i-1) -1,

and, by convention, 0! = 1. An alternative verification is sketched in the end-of-
chapter problems. Note that the binomial probabilities p(k) must add to 1, thus
showing the binomial formula

Example 1.25. Grade of Service. An internet service provider has installed c
modems to serve the needs of a population of n dialup customers. It is estimated
that at a given time, each customer will need a connection with probability p,
independent of the others. What is the probability that there are more customers
needing a connection than there are modems?

Here we are interested in the probability that more than ¢ customers simul-
taneously need a connection. It is equal to

> plk),

k=c+1

where

p(k) = (:)p"(l -p"

are the binomial probabilities. For instance, if n = 100, p = 0.1, and ¢ = 15, the
probability of interest turns out to be 0.0399.

This example is typical of problems of sizing a facility to serve the needs
of a homogeneous population, consisting of independently acting customers. The
problem is to select the facility size to guarantee a certain probability (sometimes
called grade of service) that no user is left unserved.
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1.6 COUNTING

The calculation of probabilities often involves counting the number of outcomes
in various events. We have already seen two contexts where such counting arises.

(a) When the sample space €2 has a finite number of equally likely outcomes,
so that the discrete uniform probability law applies. Then, the probability
of any event A is given by

number of elements of A

P =
(4) number of elements of N’

and involves counting the elements of A and of §2.

(b) When we want to calculate the probability of an event A with a finite
number of equally likely outcomes, each of which has an already known
probability p. Then the probability of A is given by

P(A) = p - (number of elements of A),

and involves counting the number of elements of A. An example of this type
is the calculation of the probability of k heads in n coin tosses (the binomial
probabilities). We saw in the preceding section that the probability of each
distinct sequence involving k heads is easily obtained, but the calculation
of the number of all such sequences, to be presented shortly, requires some
thought.

While counting is in principle straightforward, it is frequently challenging;
the art of counting constitutes a large portion of the field of combinatorics. In
this section, we present the basic principle of counting and apply it to a number
of situations that are often encountered in probabilistic models.

The Counting Principle

The counting principle is based on a divide-and-conquer approach, whereby the
counting is broken down into stages through the use of a tree. For example,
consider an experiment that consists of two consecutive stages. The possible
results at the first stage are aj,as,...,an,; the possible results at the second
stage are b;,b2,...,b,. Then, the possible results of the two-stage experiment
are all possible ordered pairs (a;i,b;), i =1,...,m, 7 =1,...,n. Note that the
number of such ordered pairs is equal to mn. This observation can be generalized
as follows (see also Fig. 1.17).
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Leaves

choices  choices | choices i choices

g, . P 3

, . T
Stage 1 Stage 2 Stage 3 Stage |

Figure 1.17: [llustration of the basic counting principle. The counting is carried
out in 7 stages (r = 4 in the figure). The first stage has n; possible results. For
every possible result at the first ¢ — 1 stages, there are n, possible results at the
1ith stage. The number of leaves is nyns---n,. This is the desired count.

The Counting Principle
Consider a process that consists of r stages. Suppose that:
(a) There are my possible results at the first stage.

(b) For every possible result at the first stage, there are ny possible results
at the second stage.

(c) More generally, for any sequence of possible results at the first i — 1
stages, there are n; possible results at the ith stage. Then, the total
number of possible results of the r-stage process is

Mg - - Mg

Example 1.26. The Number of Telephone Numbers. A local telephone
number is a 7-digit sequence, but the first digit has to be different from 0 or 1.
How many distinct telephone numbers are there? We can visualize the choice of a
sequence as a sequential process, where we select one digit at a time. We have a
total of 7 stages, and a choice of one out of 10 elements at each stage, except for
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the first stage where we only have 8 choices. Therefore, the answer is

8-10-10---10 = 8- 10°.
f R

6 times

Example 1.27. The Number of Subsets of an n-Element Set. Consider
an n-element set {s1, s2,...,5n}. How many subsets does it have (including itself
and the empty set)? We can visualize the choice of a subset as a sequential process
where we examine one element at a time and decide whether to include it in the set
or not. We have a total of n stages, and a binary choice at each stage. Therefore
the number of subsets is

2-2...2=2",

——

n times

It should be noted that the Counting Principle remains valid even if each
first-stage result leads to a different set of potential second-stage results, etc. The
only requirement is that the number of possible second-stage results is constant,
regardless of the first-stage result.

In what follows, we will focus primarily on two types of counting arguments
that involve the selection of k objects out of a collection of n objects. If the order
of selection matters, the selection is called a permutation, and otherwise, it is
called a combination. We will then discuss a more general type of counting,
involving a partition of a collection of n objects into multiple subsets.

k-permutations

We start with n distinct objects, and let k£ be some positive integer, with k < n.
We wish to count the number of different ways that we can pick k£ out of these
n objects and arrange them in a sequence, i.e., the number of distinct k-object
sequences. We can choose any of the n objects to be the first one. Having chosen
the first, there are only n — 1 possible choices for the second; given the choice of
the first two, there only remain n — 2 available objects for the third stage, etc.
When we are ready to select the last (the kth) object, we have already chosen
k — 1 objects, which leaves us with n — (k — 1) choices for the last one. By the
Counting Principle, the number of possible sequences, called k-permutations,
N nn—=1)(n—k+1)(n—k)---2-1

nn-1)---(n—-k+1) = n—k)--2-1

n!
T (n—k)
In the special case where k = n, the number of possible sequences, simply called
permutations, is
nn—1)(n—2)---2-1=nl
(Let kK = n in the formula for the number of k-permutations, and recall the
convention 0! = 1.)
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Example 1.28. Let us count the number of words that consist of four distinct
letters. This is the problem of counting the number of 4-permutations of the 26
letters in the alphabet. The desired number is

L ! !
ﬁ=%=26.25.g4.23=358,800.

The count for permutations can be combined with the Counting Principle
to solve more complicated counting problems.

Example 1.29. You have n; classical music CDs, n, rock music CDs, and ns3
country music CDs. In how many different ways can you arrange them so that the
CDs of the same type are contiguous?

We break down the problem in two stages, where we first select the order of
the CD types, and then the order of the CDs of each type. There are 3! ordered se-
quences of the types of CDs (such as classical/rock/country, rock/country/classical,
etc.), and there are n;! (or n2!. or n3!) permutations of the classical (or rock. or
country, respectively) CDs. Thus for each of the 3! CD type sequences, there are
ni!n2! na! arrangements of CDs. and the desired total number is 3! n;! n2! n3!.

Suppose now that you offer to give k; out of the n, CDs of each type i to a
friend, where k; < n;, ¢ = 1.2. 3. What is the number of all possible arrangements
of the CDs that you are left with? The solution is similar, except that the number of
(ni — k:)-permutations of CDs of type ¢ replaces n;! in the estimate, so the number
of possible arrangements is

Combinations

There are n people and we are interested in forming a committee of k. How
many different committees are possible? More abstractly, this is the same as the
problem of counting the number of k-element subsets of a given n-element set.
Notice that forming a combination is different than forming a k-permutation.
because in a combination there is no ordering of the selected elements.
For example, whereas the 2-permutations of the letters A, B, C, and D are

AB. BA, AC, CA, AD, DA, BC. CB, BD. DB, CD, DC,
the combinations of two out of these four letters are

AB, AC, AD, BC, BD. CD.

In the preceding example, the combinations are obtained from the per-
mutations by grouping together “duplicates”; for example, AB and BA are not
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viewed as distinct, and are both associated with the combination AB. This rea-
soning can be generalized: each combination is associated with k! “duplicate”
k-permutations, so the number n!/(n — k)! of k-permutations is equal to the
number of combinations times k!. Hence, the number of possible combinations,

is equal to
n!

k!'(n — k)

Let us now relate the above expression to the binomial coefficient, which
was denoted by (Z) and was defined in the preceding section as the number of
n-toss sequences with k heads. We note that specifying an n-toss sequence with
k heads is the same as selecting k elements (those that correspond to heads) out
of the n-element set of tosses, i.e., a combination of k out of n objects. Hence,
the binomial coefficient is also given by the same formula and we have

(&) = -

Example 1.30. The number of combinations of two out of the four letters A, B.
C, and D is found by letting n =4 and k = 2. It is

4 4!
= — =6
(3) =z =e

consistent with the listing given earlier.

It is worth observing that counting arguments sometimes lead to formulas
that are rather difficult to derive algebraically. One example is the binomial

formula .
E : Y k(1 — m\n—k —

k=0

discussed in Section 1.5. In the special case where p = 1/2, this formula becomes

)+

k=0

and admits the following simple interpretation. Since (:) is the number of k-

element subsets of a given n-element subset. the sum over k of (}) counts the
number of subsets of all possible cardinalities. It is therefore equal to the number
of all subsets of an n-element set. which is 27,

Example 1.31. We have a group of n persons. Consider clubs that consist of a
special person from the group (the club leader) and a number (possibly zero) of
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additional club members. Let us count the number of possible clubs of this type in
two different ways, thereby obtaining an algebraic identity.

There are n choices for club leader. Once the leader is chosen, we are left
with a set of n — 1 available persons, and we are free to choose any of the 2"~!
subsets. Thus the number of possible clubs is n2"~!.

Alternatively, for fixed k, we can form a k-person club by first selecting k out

of the n available persons [there are (}) choices]. We can then select one of the

members to be the leader (there are k choices). By adding over all possible club
sizes k, we obtain the number of possible clubs as Z:=1 k(:), thereby showing the

identity
n - n—1
E k(k) =n2""".

k=1
Partitions

Recall that a combination is a choice of k elements out of an n-element set
without regard to order. Thus, a combination can be viewed as a partition of
the set in two: one part contains k elements and the other contains the remaining
n — k. We now generalize by considering partitions into more than two subsets.

We are given an n-element set and nonnegative integers nj,ng,....n,.
whose sum is equal to n. We consider partitions of the set into r disjoint subsets.
with the ith subset containing exactly n; elements. Let us count in how many
ways this can be done.

We form the subsets one at a time. We have (:1) ways of forming the

first subset. Having formed the first subset, we are left with n — n; elements.
We need to choose n2 of them in order to form the second subset, and we have

(";:1) choices, etc. Using the Counting Principle for this r-stage process, the

total number of choices is

n n—n; n—my —n2 n—mp—: - —MNr-1
ni na n3 n, ’

which is equal to

n! (n —np)! (n—ny = —ny_1)!
nil(n —np)! n2!(n—n; —ng)! n—ny1—- - —nr—1 —n)n

We note that several terms cancel and we are left with

n!

nilng!---n.t

This is called the multinomial coefficient and is usually denoted by

n
ni.ng,....Nr
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Example 1.32. Anagrams. How many different words (letter sequences) can be
obtained by rearranging the letters in the word TATTOO? There are six positions
to be filled by the available letters. Each rearrangement corresponds to a partition
of the set of the six positions into a group of size 3 (the positions that get the letter
T), a group of size 1 (the position that gets the letter A), and a group of size 2 (the
positions that get the letter O). Thus, the desired number is

6/ 1.2.3.4.5.6 _

112131 1-1-2-1-2-3_60'

It is instructive to derive this answer using an alternative argument. (This
argument can also be used to rederive the multinomial coefficient formula: see
the end-of-chapter problems.) Let us write TATTOO in the form T;AT2T30,0:
pretending for a moment that we are dealing with 6 distinguishable objects. These
6 objects can be rearranged in 6! different ways. However, any of the 3! possible
permutations of T;, T2, and T3, as well as any of the 2! possible permutations of
O; and O2, lead to the same word. Thus, when the subscripts are removed, there
are only 6!/(3!2!) different words.

Example 1.33. A class consisting of 4 graduate and 12 undergraduate students
is randomly divided into four groups of 4. What is the probability that each group
includes a graduate student? This is the same as Example 1.11 in Section 1.3, but
we will now obtain the answer using a counting argument.

We first determine the nature of the sample space. A typical outcome is a
particular way of partitioning the 16 students into four groups of 4. We take the
term “randomly” to mean that every possible partition is equally likely, so that the
probability question can be reduced to one of counting.

According to our earlier discussion, there are

16 16!
4,4,4,4) 41444

different partitions, and this is the size of the sample space.
Let us now focus on the event that each group contains a graduate student.
Generating an outcome with this property can be accomplished in two stages:

(a) Take the four graduate students and distribute them to the four groups; there
are four choices for the group of the first graduate student, three choices for
the second, two for the third. Thus, there is a total of 4! choices for this stage.

(b) Take the remaining 12 undergraduate students and distribute them to the
four groups (3 students in each). This can be done in

12 ) 12
3,3,3,3/  3!3/313]

By the Counting Principle, the event of interest can occur in

different ways.

412!

3!3!3!3!
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different ways. The probability of this event is

4!12!
3!3!3!3!
16!
414!4!4!

After some cancellations, we find that this is equal to

12-8-4
15-14-13’

consistent with the answer obtained in Example 1.11.

Here is a summary of all the counting results we have developed.

Summary of Counting Results

e Permutations of n objects: n!.
e k-permutations of n objects: n!/(n — k)!.

nl
T K'(n—-k)!
e Partitions of n objects into r groups, with the ith group having n;

objects:
n n!
n1,N2,...,Nr ni'na!- - n.!

e Combinations of k out of n objects: (:)

SUMMARY AND DISCUSSION

A probability problem can usually be broken down into a few basic steps:

(a) The description of the sample space, that is, the set of possible outcomes
of a given experiment.

(b) The (possibly indirect) specification of the probability law (the probability
of each event).

(c) The calculation of probabilities and conditional probabilities of various
events of interest.

The probabilities of events must satisfy the nonnegativity, additivity, and nor-
malization axioms. In the important special case where the set of possible out-
comes is finite, one can just specify the probability of each outcome and obtain
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the probability of any event by adding the probabilities of the elements of the
event.

Given a probability law, we are often interested in conditional probabilities,
which allow us to reason based on partial information about the outcome of
the experiment. We can view conditional probabilities as probability laws of a
special type, under which only outcomes contained in the conditioning event can
have positive conditional probability. Conditional probabilities can be derived
from the (unconditional) probability law using the definition P(A|B) = P(AN
B)/P(B). However, the reverse process is often convenient, that is, first specify
some conditional probabilities that are natural for the real situation that we wish
to model, and then use them to derive the (unconditional) probability law.

We have illustrated through examples three methods for calculating prob-
abilities:

(a) The counting method. This method applies to the case where the num-
ber of possible outcomes is finite, and all outcomes are equally likely. To
calculate the probability of an event, we count the number of elements of
the event and divide by the number of elements of the sample space.

(b) The sequential method. This method applies when the experiment has a
sequential character, and suitable conditional probabilities are specified or
calculated along the branches of the corresponding tree (perhaps using the
counting method). The probabilities of various events are then obtained
by multiplying conditional probabilities along the corresponding paths of
the tree, using the multiplication rule.

(c) The divide-and-conquer method. Here, the probabilities P(B) of vari-
ous events B are obtained from conditional probabilities P(B | A;), where
the A; are suitable events that form a partition of the sample space and
have known probabilities P(A;). The probabilities P(B) are then obtained
by using the total probability theorem.

Finally, we have focused on a few side topics that reinforce our main themes.
We have discussed the use of Bayes’ rule in inference, which is an important
application context. We have also discussed some basic principles of counting
and combinatorics, which are helpful in applying the counting method.
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PROBLEMS

SECTION 1.1. Sets

Problem 1. Consider rolling a six-sided die. Let A be the set of outcomes where the
roll is an even number. Let B be the set of outcomes where the roll is greater than 3.
Calculate and compare the sets on both sides of De Morgan’s laws

(AUB)'=A°nB°. (ANB)" =A°UB"

Problem 2. Let A and B be two sets.
(a) Show that

A° = (A"NB)U (A" N B, B = (AN B )U(A°N B°).

(b) Show that
(ANB) ' =(A°NB)U(A°NB)U(AN B°).

(c) Consider rolling a fair six-sided die. Let A be the set of outcomes where the roll
is an odd number. Let B be the set of outcomes where the roll is less than 4.
Calculate the sets on both sides of the equality in part (b), and verify that the
equality holds.

Problem 3.* Prove the identity
AU (M%) Bn) =M1 (AU By).

Solution. If z belongs to the set on the left, there are two possibilities. Either z € A,
in which case z belongs to all of the sets A U B,,. and therefore belongs to the set on
the right. Alternatively. z belongs to all of the sets B, in which case. it belongs to all
of the sets A U B,. and therefore again belongs to the set on the right.

Conversely. if T belongs to the set on the right. then it belongs to A U B, for all
n. If T belongs to A. then it belongs to the set on the left. Otherwise. £ must belong
to every set B, and again belongs to the set on the left.

Problem 4.* Cantor’s diagonalization argument. Show that the unit interval
[0, 1] is uncountable. i.e., its elements cannot be arranged in a sequence.

Solution. Any number z in [0. 1] can be represented in terms of its decimal expansion.
e.g., 1/3 = 0.3333--.. Note that most numbers have a unique decimal expansion,
but there are a few exceptions. For example, 1/2 can be represented as 0.5000- - - or
as 0.49999.-. It can be shown that this is the only kind of exception, i.e.. decimal
expansions that end with an infinite string of zeroes or an infinite string of nines.
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Suppose, to obtain a contradiction, that the elements of [0, 1] can be arranged
in a sequence r,,T2,z3,..., so that every element of [0,1] appears in the sequence.
Consider the decimal expansion of z,:

1 2 3
Tn = 0.ana,0, ",

where each digit a?, belongs to {0,1,...,9}. Consider now a number y constructed as
follows. The nth digit of y can be 1 or 2, and is chosen so that it is different from the
nth digit of z.. Note that y has a unique decimal expansion since it does not end with
an infinite sequence of zeroes or nines. The number y differs from each z,, since it has
a different nth digit. Therefore, the sequence z1, z2, ... does not exhaust the elements
of [0, 1], contrary to what was assumed. The contradiction establishes that the set [0, 1]
is uncountable.

SECTION 1.2. Probabilistic Models

Problem 5. Out of the students in a class, 60% are geniuses, 70% love chocolate,
and 40% fall into both categories. Determine the probability that a randomly selected
student is neither a genius nor a chocolate lover.

Problem 6. A six-sided die is loaded in a way that each even face is twice as likely
as each odd face. All even faces are equally likely, as are all odd faces. Construct a
probabilistic model for a single roll of this die and find the probability that the outcome
is less than 4.

Problem 7. A four-sided die is rolled repeatedly, until the first time (if ever) that an
even number is obtained. What is the sample space for this experiment?

Problem 8. You enter a special kind of chess tournament, in which you play one game
with each of three opponents, but you get to choose the order in which you play your
opponents, knowing the probability of a win against each. You win the tournament if
you win two games in a row, and you want to maximize the probability of winning.
Show that it is optimal to play the weakest opponent second, and that the order of
playing the other two opponents does not matter.

Problem 9. A partition of the sample space 2 is a collection of disjoint events
S1,...,Sn such that Q = U}, S;.

(@) Show that for any event A, we have
P(A) = Z P(ANS:).
i=1

(b) Use part (a) to show that for any events A, B, and C, we have
P(A) =P(ANB)+P(ANC)+P(ANB°NC°) -P(ANBNC).

Problem 10. Show the formula
P((ANB°)U(A°N B)) = P(A) + P(B) - 2P(AN B),
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which gives the probability that exactly one of the events A and B will occur. [Compare
with the formula P(A U B) = P(A) + P(B) — P(A N B), which gives the probability
that at least one of the events A and B will occur.]
Problem 11.* Bonferroni’s inequality.
(a) Prove that for any two events A and B, we have
P(ANnB) >P(A)+P(B) - 1.
(b) Generalize to the case of n events A, A2, ..., A,, by showing that
P(AiNA2N---NA,) >P(A1)+P(A2) + -+ P(An) — (n - 1).
Solution. We have P(AU B) = P(A) + P(B) —= P(ANB) and P(AU B) < 1. which
implies part (a). For part (b), we use De Morgan’s law to obtain
1-P(AiN---NA) =P((A1 N+ N A)°)
=P(ATU-.--UA})
< P(A5) + -+ + P(AS)
= (1-P(A)) 4+ + (1 -P(An))
=n-P(A)) —---—P(An).

Problem 12.* The inclusion-exclusion formula. Show the following generaliza-
tions of the formula

P(AU B) = P(A) + P(B) — P(AN B).
(a) Let A, B, and C be events. Then,
P(AUBUC) = P(A4)+P(B)+P(C)—P(ANB)—P(BNC)~P(ANC)+P(ANBNC).

(b) Let Ay, A2,...,A, be events. Let S; = {i|1 <7< n}, S2 ={(i1,i2)|1 <141 <
i2 < n}, and more generally, let S,, be the set of all m-tuples (i1,...,%m) of
indices that satisfy 1 < 17; <113 < -:: < %, < n. Then.

P(Uisid) = ) P(A)— ) P4y NAy)
1€5) {11,i2)€Sy

+ > P(Ag NApNAg) =+ (-1)" TP (Mo Ak).
(211.19.13)€S3

Solution. (a) We use the formulas P(X UY) = P(X)+ P(Y) - P(XNY) and
(AUB)NC =(ANC)u(BNC). We have

P(AUBUC)=P(AUB)+P(C)-P((AuB)NC)
=P(AUB)+P(C)-P((ANC)U(BNC))
=P(AUB)+P(C)-P(ANC)-P(BNC)+P(ANBNC)
=P(A) +P(B)-P(ANB)+P(C)-P(ANC)-P(BNC)

+P(ANBNC)
=P(A)+P(B)+P(C)—P(ANB)—P(BNC)-P(ANC)
+P(ANBNC).
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(b) Use induction and verify the main induction step by emulating the derivation of
part (a). For a different approach, see the problems at the end of Chapter 2.

Problem 13.* Continuity property of probabilities.

(a) Let Ay, A2,... be an infinite sequence of events, which is “monotonically increas-
ing,” meaning that A, C An,4 for every n. Let A = U32;A,. Show that
P(A) = limn—o P(An). Hint: Express the event A as a union of countably
many disjoint sets.

(b) Suppose now that the events are “monotonically decreasing,” i.e., An+1 C An
for every n. Let A = N;Z;An. Show that P(A) = limp_—o P(An). Hint: Apply
the result of part (a) to the complements of the events.

(c) Consider a probabilistic model whose sample space is the real line. Show that

P (o, 00)) = nli_.rr;o P(Jo, n)), and lim P([n, oc)) =0.

n—o0

Solution. (a) Let By = A; and, for n > 2, B, = A, N A{_,. The events B, are
disjoint, and we have U;;_, Bx = An, and U=, Bx = A. We apply the additivity axiom
to obtain

P(A) =) P(Bx) =n1Lr1;ZP(Bk) = lim P(UP_,Bx) = lim P(A,).
k=1

n—oo n—oc

(b) Let C, = Af, and C = A°. Since An4+1 C An, we obtain C,, C Cr41, and the events
C, are increasing. Furthermore, C = A° = (N32,4,)¢ = U32, 45, = USZ,Cr. Using
the result from part (a) for the sequence C,, we obtain

1-P(A) = P(4°) = P(C) = lim P(Cx) = lim (1 - P(44)),

n—oc n— 00

from which we conclude that P(A) = limn— P(Ax).

(c) For the first equality, use the result from part (a) with A, = [0,n] and A = [0, 00).
For the second, use the result from part (b) with A, = [n,oc) and A = N3, 4, = 0.

SECTION 1.3. Conditional Probability
Problem 14. We roll two fair 6-sided dice. Each one of the 36 possible outcomes is
assumed to be equally likely.

(a) Find the probability that doubles are rolled.

(b) Given that the roll results in a sum of 4 or less, find the conditional probability
that doubles are rolled.

(c) Find the probability that at least one die roll is a 6.
(d) Given that the two dice land on different numbers, find the conditional probability

that at least one die roll is a 6.

Problem 15. A coin is tossed twice. Alice claims that the event of two heads is at
least as likely if we know that the first toss is a head than if we know that at least one
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of the tosses is a head. Is she right? Does it make a difference if the coin is fair or
unfair? How can we generalize Alice’s reasoning?

Problem 16. We are given three coins: one has heads in both faces, the second has
tails in both faces, and the third has a head in one face and a tail in the other. We
choose a coin at random, toss it, and the result is heads. What is the probability that
the opposite face is tails?

Problem 17. A batch of one hundred items is inspected by testing four randomly
selected items. If one of the four is defective, the batch is rejected. What is the
probability that the batch is accepted if it contains five defectives?

Problem 18. Let A and B be events. Show that P(AN B | B) = P(A| B), assuming
that P(B) > 0.

SECTION 1.4. Total Probability Theorem and Bayes’ Rule

Problem 19. Alice searches for her term paper in her filing cabinet. which has several
drawers. She knows that she left her term paper in drawer j with probability p; > 0.
The drawers are so messy that even if she correctly guesses that the term paper is in
drawer i. the probability that she finds it is only d;. Alice searches in a particular
drawer. say drawer ¢. but the search is unsuccessful. Conditioned on this event, show
that the probability that her paper is in drawer j, is given by
pi(1 —d:)

D; if .
. if j # 1. | —pids

Tord if j = .

Problem 20. How an inferior player with a superior strategy can gain an
advantage. Boris is about to play a two-game chess match with an opponent, and
wants to find the strategy that maximizes his winning chances. Each game ends with
either a win by one of the players, or a draw. If the score is tied at the end of the two
games, the match goes into sudden-death mode, and the players continue to play until
the first time one of them wins a game (and the match). Boris has two playing styles.
timid and bold, and he can choose one of the two at will in each game. no matter what
style he chose in previous games. With timid play. he draws with probability ps > 0,
and he loses with probability 1 — ps. With bold play. he wins with probability p,,, and
he loses with probability 1 — p,,. Boris will always play bold during sudden death, but
may switch style between games 1 and 2.

(a) Find the probability that Boris wins the match for each of the following strategies:
(i) Play bold in both games 1 and 2.
(ii) Play timid in both games 1 and 2.
(iii) Play timid whenever he is ahead in the score. and play bold otherwise.

(b) Assume that p,, < 1/2, so Boris is the worse player, regardless of the playing
style he adopts. Show that with the strategy in (iii) above. and depending on
the values of p,, and ps. Boris may have a better than a 50-50 chance to win the
match. How do you explain this advantage?

Problem 21. Two players take turns removing a ball from a jar that initially contains
m white and n black balls. The first player to remove a white ball wins. Develop a
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recursive formula that allows the convenient computation of the probability that the
starting player wins.

Problem 22. Each of k jars contains m white and n black balls. A ball is randomly
chosen from jar 1 and transferred to jar 2, then a ball is randomly chosen from jar 2
and transferred to jar 3, etc. Finally, a ball is randomly chosen from jar k. Show that
the probability that the last ball is white is the same as the probability that the first
ball is white, i.e., it is m/(m + n).

Problem 23. We have two jars, each initially containing an equal number of balls.
We perform four successive ball exchanges. In each exchange, we pick simultaneously
and at random a ball from each jar and move it to the other jar. What is the probability
that at the end of the four exchanges all the balls will be in the jar where they started?

Problem 24. The prisoner’s dilemma. The release of two out of three prisoners
has been announced. but their identity is kept secret. One of the prisoners considers
asking a friendly guard to tell him who is the prisoner other than himself that will be
released, but hesitates based on the following rationale: at the prisoner’s present state
of knowledge, the probability of being released is 2/3, but after he knows the answer,
the probability of being released will become 1/2, since there will be two prisoners
(including himself) whose fate is unknown and exactly one of the two will be released.
What is wrong with this line of reasoning?

Problem 25. A two-envelopes puzzle. You are handed two envelopes. and you
know that each contains a positive integer dollar amount and that the two amounts are
different. The values of these two amounts are modeled as constants that are unknown.
Without knowing what the amounts are, you select at random one of the two envelopes,
and after looking at the amount inside, you may switch envelopes if you wish. A friend
claims that the following strategy will increase above 1/2 your probability of ending
up with the envelope with the larger amount: toss a coin repeatedly. let X be equal to
1/2 plus the number of tosses required to obtain heads for the first time, and switch
if the amount in the envelope you selected is less than the value of X. Is your friend
correct?

Problem 26. The paradox of induction. Consider a statement whose truth is
unknown. If we see many examples that are compatible with it, we are tempted to
view the statement as more probable. Such reasoning is often referred to as induc-
tive inference (in a philosophical, rather than mathematical sense). Consider now the
statement that “all cows are white.” An equivalent statement is that “everything that
is not white is not a cow.” We then observe several black crows. Our observations are
clearly compatible with the statement. but do they make the hypothesis “all cows are
white” more likely?

To analyze such a situation, we consider a probabilistic model. Let us assume
that there are two possible states of the world, which we model as complementary

events:
A : all cows are white,

A€ : 50% of all cows are white.

Let p be the prior probability P(A) that all cows are white. We make an observation
of a cow or a crow, with probability ¢ and 1 — q, respectively, independent of whether
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event A occurs or not. Assume that 0 < p < 1,0 < ¢ < 1, and that all crows are black.
(a) Given the event B = {a black crow was observed}, what is P(A| B)?
(b) Given the event C = {a white cow was observed}, what is P(A|C)?
Problem 27. Alice and Bob have 2n + 1 coins, each coin with probability of heads
equal to 1/2. Bob tosses n+1 coins, while Alice tosses the remaining n coins. Assuming

independent coin tosses, show that the probability that after all coins have been tossed,
Bob will have gotten more heads than Alice is 1/2.

Problem 28.* Conditional version of the total probability theorem. Let
Ci,...,Cn be disjoint events that form a partition of the state space. Let also A and
B be events such that P(B N C;) > 0 for all <. Show that

P(A|B) =) P(Ci|B)P(A|BNC.).

i=1

Solution. We have R
P(ANB) = ZP((AO B)NC:),

i=1

and by using the multiplication rule,
P(((AnB)NC:) = P(B)P(Ci | B)P(A| BN Cy).
Combining these two equations, dividing by P(B), and using the formula P(A| B) =

P(A N B)/P(B), we obtain the desired result.

Problem 29.* Let A and B be events with P(4) > 0 and P(B) > 0. We say that
an event B suggests an event A if P(A|B) > P(A), and does not suggest event A if
P(A| B) < P(A).

(a) Show that B suggests A if and only if A suggests B.

(b) Assume that P(B€) > 0. Show that B suggests A if and only if B does not
suggest A.

(c) We know that a treasure is located in one of two places, with probabilities 3 and
1 — 3, respectively, where 0 < 3 < 1. We search the first place and if the treasure
is there, we find it with probability p > 0. Show that the event of not finding the
treasure in the first place suggests that the treasure is in the second place.

Solution. (a) We have P(A|B) = P(AN B)/P(B), so B suggests A if and only if
P(An B) > P(A)P(B), which is equivalent to A suggesting B, by symmetry.

(b) Since P(B) + P(B) = 1, we have
P(B)P(A) + P(B°)P(A) =P(A) = P(B)P(A|B) + P(B°)P(A| BY),
which implies that

P(B°)(P(A) — P(A| B)) = P(B)(P(A| B) - P(A)).
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Thus, P(A| B) > P(A) (B suggests A) if and only if P(A) > P{A| B€) (B does not
suggest A).

(c) Let A and B be the events

A = {the treasure is in the second place},

B = {we don't find the treasure in the first place}.
Using the total probability theorem. we have
P(B) = P(A")P(B|A%) + P(A)P(B|A) = 4(1 - p) + (1 = 8),
S0

P(ANB) _ 1-3 _1-p
P(B) pB(-p+(1-58) 1-06p

It follows that event B suggests event A.

P(A|B) = >1-0=P(A).

SECTION 1.5. Independence

Problem 80. A hunter has two hunting dogs. One day, on the trail of some animal,
the hunter comes to a place where the road diverges into two paths. He knows that
each dog. independent of the other. will choose the correct path with probability p.
The hunter decides to let each dog choose a path, and if they agree, take that one, and
if they disagree, to randomly pick a path. Is his strategy better than just letting one
of the two dogs decide on a path?

Problem 31. Communication through a noisy channel. A source transmits a
message (a string of symbols) through a noisy communication channel. Each symbol is
0 or 1 with probability p and 1 — p, respectively, and is received incorrectly with prob-
ability €p and ¢€;, respectively (see Fig. 1.18). Errors in different symbol transmissions
are independent.

Figure 1.18: Error probabilities in a binary communication channel.

(a) What is the probability that the kth symbol is received correctly?
(b) What is the probability that the string of symbols 1011 is received correctly?

(c) In an effort to improve reliability, each symbol is transmitted three times and
the received string is decoded by majority rule. In other words, a 0 (or 1) is
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transmitted as 000 (or 111, respectively), and it is decoded at the receiver as a 0
(or 1) if and only if the received three-symbol string contains at least two 0Os (or
1s, respectively). What is the probability that a 0 is correctly decoded?

(d) For what values of ¢ is there an improvement in the probability of correct de-
coding of a 0 when the scheme of part (¢) is used?

(e) Suppose that the scheme of part (c) is used. What is the probability that a
symbol was 0 given that the received string is 1017

Problem 32. The king's sibling. The king has only one sibling. What is the proba-
bility that the sibling is male? Assume that every birth results in a boy with probability
1/2, independent of other births. Be careful to state any additional assumptions you
have to make in order to arrive at an answer.

Problem 33. Using a biased coin to make an unbiased decision. Alice and Bob
want to choose between the opera and the movies by tossing a fair coin. Unfortunately.
the only available coin is biased (though the bias is not known exactly). How can they
use the biased coin to make a decision so that either option (opera or the movies) is
equally likely to be chosen?

Problem 34. An electrical system consists of identical comnponents. each of which
is operational with probability p, independent of other components. The components
are connected in three subsystems, as shown in Fig. 1.19. The system is operational
if there is a path that starts at point A. ends at point B. and consists of operational
components. What is the probability of this happening?

Figure 1.19: A system of identical components that counsists of the three sub-
systems 1. 2, and 3. The system is operational if there is a path that starts at
point A, ends at point B, and consists of operational components.

Problem 356. Reliability of a k-out-of-n system. A svstem consists of n identical
components, each of which is operational with probability p. independent of other
components. The system is operational if at least k out of the n components are
operational. What is the probability that the system is operational?

Problem 36. A power utility can supply electricity to a city from n different power
plants. Power plant 7 {ails with probability p,, independent of the others.
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(a) Suppose that any one plant can produce enough electricity to supply the entire
city. What is the probability that the city will experience a black-out?

(b) Suppose that two power plants are necessary to keep the city from a black-out.
Find the probability that the city will experience a black-out.

Problem 37. A cellular phone system services a population of n, “voice users™ (those
who occasionally need a voice connection) and nz “data users” (those who occasionally
need a data connection). We estimate that at a given time, each user will need to be
connected to the system with probability p; (for voice users) or p; (for data users),
independent of other users. The data rate for a voice user is r; bits/sec and for a data
user is r2 bits/sec. The cellular system has a total capacity of ¢ bits/sec. What is the
probability that more users want to use the system than the system can accommodate?

Problem 38. The problem of points. Telis and Wendy play a round of golf (18
holes) for a $10 stake, and their probabilities of winning on any one hole are p and
1 — p, respectively, independent of their results in other holes. At the end of 10 holes,
with the score 4 to 6 in favor of Wendy, Telis receives an urgent call and has to report
back to work. They decide to split the stake in proportion to their probabilities of
winning had they completed the round, as follows. If pr and pw are the conditional
probabilities that Telis and Wendy, respectively, are ahead in the score after 18 holes
given the 4-6 score after 10 holes, then Telis should get a fraction pr/(pr + pw) of the
stake, and Wendy should get the remaining pw /(pr + pw). How much money should
Telis get? Note: This is an example of the, so-called, problem of points, which played
an important historical role in the development of probability theory. The problem
was posed by Chevalier de Méré in the 17th century to Pascal, who introduced the
idea that the stake of an interrupted game should be divided in proportion to the
players’ conditional probabilities of winning given the state of the game at the time of
interruption. Pascal worked out some special cases and through a correspondence with
Fermat, stimulated much thinking and several probability-related investigations.

Problem 39. A particular class has had a history of low attendance. The annoyed
professor decides that she will not lecture unless at least k of the n students enrolled
in the class are present. Each student will independently show up with probability
pg if the weather is good, and with probability p, if the weather is bad. Given the
probability of bad weather on a given day, obtain an expression for the probability that
the professor will teach her class on that day.

Problem 40. Consider a coin that comes up heads with probability p and tails with
probability 1 —p. Let g» be the probability that after n independent tosses, there have
been an even number of heads. Derive a recursion that relates g, to gn—1, and solve
this recursion to establish the formula

gn = (1+(1-2p)")/2.

Problem 41. Consider a game show with an infinite pool of contestants, where
at each round 7, contestant ¢ obtains a number by spinning a continuously calibrated
wheel. The contestant with the smallest number thus far survives. Successive wheel
spins are independent and we assume that there are no ties. Let N be the round at
which contestant 1 is eliminated. For any positive integer n, find P(N = n).
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Problem 42.* Gambler’s ruin. A gambler makes a sequence of independent bets.
In each bet, he wins $1 with probability p, and loses $1 with probability 1 — p. Initially,
the gambler has $k, and plays until he either accumulates $n or has no money left.
What is the probability that the gambler will end up with $n?

Solution. Let us denote by A the event that he ends up with $n, and by F' the event
that he wins the first bet. Denote also by wi the probability of event A, if he starts
with 8k. We apply the total probability theorem to obtain

wi = P(A| F)P(F) + P(A| F*)P(F°) = pP(A| F) + qP(A| FS). 0<k<n,

where ¢ = 1 — p. By the independence of past and future bets, having won the first bet
is the same as if he were just starting now but with $(k+1), so that P(A| F) = wk41
and similarly P(A| F°) = wi-1. Thus, we have wy = pwi41 + qwi—1, which can be
written as

Wkt1 — Wk = T(Wk — Wk-1), 0<k<n,

where r = g/p. We will solve for wi in terms of p and ¢ using iteration, and the
boundary values wp = 0 and w, = 1.
We have wiy) — wx = 7*(w; — wp), and since wy = 0,

k k—1 k k
Wkl =Wk +T W1 = Wg—1+T wm+rwm=w +rwr + -+ 1w

The sum in the right-hand side can be calculated separately for the two cases where
r=1(orp=gq)andr #1 (or p# q). We have

1-7r

1-rk .
’U.sz{ wy, lfp#q
kw,. ifp=q.

Since w, = 1, we can solve for wy and therefore for wy:

(1 —-7r

T if p # q,
wy = 1

e if p=gq,

so that .

(1 -1 .

T fPFG
W = {

k .

\n fp=e

Problem 43.* Let A and B be independent events. Use the definition of indepen-
dence to prove the following:

(a) The events A and B are independent.
(b) The events A° and B° are independent.

Solution. (a) The event A is the union of the disjoint events AN B and AN B. Using
the additivity axiom and the independence of A and B, we obtain

P(A) = P(AN B) + P(AN B) = P(A)P(B) + P(AN B°).
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It follows that
P(AN B°) =P(A)(1-P(B)) =P(A4)P(B°).
so A and B¢ are independent.

(b) Apply the result of part (a) twice: first on A and B. then on B and A.

Problem 44.* Let A. B. and C be independent events, with P(C) > 0. Prove that
A and B are conditionally independent given C.

Solution. We have
P(ANBNCQC)

P(C)

_ P(AP(B)P(C)
B P(C)

= P(A)P(B)
=P(A|C)P(B|C),

P(ANB|C) =

so A and B are conditionally independent given C. In the preceding calculation, the
first equality uses the definition of conditional probabilities; the second uses the as-
sumed independence; the fourth uses the independence of A from C, and of B from C.

Problem 45.* Assume that the events A;, A2, A3, Ay are independent and that
P(A3z N As) > 0. Show that
P(A1U Az | Az N Ay) = P(A1 U Ag).

Solution. We have

P(A1 N AsN A1) _ P(A1)P(A3)P(Ayq)

P(A1|A3N Ay) = P(AsNAy) P(A3)P(A4)

= P(4)).

We similarly obtain P(A2 | A3 N A4) = P(A2) and P(A1 N A2 | Az N Ay) = P(A; N A2),
and finally,

P(A1UA2|AsNAs) =P(A1| A3 NAy) + P(A2| AsNAg) —P(A1 N A2 | A3 N Ay)
= P(A,) + P(42) — P(A; N A2)

Problem 46.* Laplace’s rule of succession. Consider m + 1 boxes with the kth
box containing k red balls and m — k white balls, where k ranges from 0 to m. We
choose a box at random (all boxes are equally likely) and then choose a ball at random
from that box, n successive times (the ball drawn is replaced each time, and a new ball
is selected independently). Suppose a red ball was drawn each of the n times. What
is the probability that if we draw a ball one more time it will be red? Estimate this
probability for large m.

Solution. We want to find the conditional probability P(E | R.), where E is the event
of a red ball drawn at time n + 1, and R, is the event of a red ball drawn each of the n
preceding times. Intuitively, the consistent draw of a red ball indicates that a box with
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a high percentage of red balls was chosen, so we expect that P(E | R,) is closer to 1
than to 0. In fact, Laplace used this example to calculate the probability that the sun
will rise tomorrow given that it has risen for the preceding 5,000 years. (It is not clear
how serious Laplace was about this calculation, but the story is part of the folklore of
probability theory.)

We have
P(ENR,)

P(E'Rn)= P(Rn) )

and by using the total probability theorem, we obtain

m k™ 1 m EAn
P(R,) = ZP(kth box chosen) (E) = Z (;) ,
k=0 k=0
1 m k n+1
P(Ean) =P(Ras1) = m_+1 2 (E) .

For large m, we can view P(R,) as a piecewise constant approximation to an integral:

1 ~=/k\" 1 ™ 1 m"t! 1
P n = —-————— (_) N — nd — . ~ ]
(Ra) m+1§ m (m+1)m"/0 T (m+1m® n+1 n+1
Similarly,
1
P(ENR,) =P(R, ~—,
(B Rn) = P(Rn1) & ——
so that )
n—+
P(E|R,) = .
(B Rn) n+2

Thus, for large m, drawing a red ball one more time is almost certain when n is large.
Problem 47.* Binomial coefficient formula and the Pascal triangle.

(a) Use the definition of (:) as the number of distinct n-toss sequences with k
heads, to derive the recursion suggested by the so called Pascal triangle, given in
Fig. 1.20.

(b) Use the recursion derived in part (a) and induction, to establish the formula

n n!
(k) T K (n—k)

Solution. (a) Note that n-toss sequences that contain k heads (for 0 < k < n) can be
obtained in two ways:

(1) By starting with an (n — 1)-toss sequence that contains k heads and adding a tail

at the end. There are (";l different sequences of this type.

(2) By starting with an (n — 1)-toss sequence that contains k — 1 heads and adding

a head at the end. There are (::;) different sequences of this type.
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Figure 1.20: Sequential calculation method of the binomial coefficients using the

Pascal triangle. Each term (2) in the triangular array on the left is computed

and placed in the triangular array on the right by adding its two neighbors in the
row above it (except for the boundary terms with k£ = 0 or k = n, which are equal
to 1).

Thus,

n-—1 n-—1 )
(n>= (k—1>+( k >’ lfk_l’Q’_“,n_l.
k

L. if k =0,n.

This is the formula corresponding to the Pascal triangle calculation, given in Fig. 1.20.

(b) We now use the recursion from part (a), to demonstrate the formula

ny n!
k)] k'(n-k)
1

by induction on n. Indeed, we have from the definition ((1)) = (1) =1,so0forn =1 the
above formula is seen to hold as long as we use the convention 0! = 1. If the formula

holds for each index up to n — 1, we have for k =1,2,..., n—1,
ny (n-1 n n—1
k)] \k-1 k
_ (n—=1)! (n-1)!
S k=Din—-1-k+1)!  kl(n-1-k)
_k n! +n—k. n!
T n k'(n-—k) n k' (n —k)!
n!
Tk (n—=k)!’

and the induction is complete.

Problem 48.* The Borel-Cantelli lemma. Consider an infinite sequence of trials.
The probability of success at the ith trial is some positive number p;. Let N be the
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event that there is no success, and let I be the event that there is an infinite number
of successes.

(a) Assume that the trials are independent and that Z:l p. = oo. Show that
P(N)=0and P(I) = 1.

(b) Assume that ) >~ p, < co. Show that P(I) = 0.

Solution. (a) The event N is a subset of the event that there were no successes in the
first n trials, so that

P(N) < [J(1-p0).

i=1

Taking logarithms,
log P(N) < ) log(1~p) < ) (~pi).
i=1 i=1

Taking the limit as n tends to infinity, we obtain log P(N) = —o0. or P(NV) = 0.

Let now L, be the event that there is a finite number of successes and that the
last success occurs at the nth trial. We use the already established result P(N) = 0,
and apply it to the sequence of trials after trial n, to obtain P(L,) = 0. The event I¢
(finite number of successes) is the union of the disjoint events L,, n > 1. and N, so
that

P(I°)=P(N)+ ) _P(La) =0,

n=1
and P(I) = 1.

(b) Let S; be the event that the ith trial is a success. Fix some number n and for every
1 > n, let F; be the event that the first success after time n occurs at time ¢. Note
that F; C S;. Finally, let A, be the event that there is at least one success after time
n. Note that I C A,, because an infinite number of successes implies that there are
successes subsequent to time n. Furthermore, the event A, is the union of the disjoint
events F;, ¢ > n. Therefore,

P(I)gP(An)=P< U Fi) = > PFE)S ) P@E)= ) p
i=n+1l i=n+1 t=n+1 1=n+1l

We take the limit of both sides as n — oo. Because of the assumption Zf:l pr < 00,
the right-hand side converges to zero. This implies that P(I) = 0.

SECTION 1.6. Counting

Problem 49. De Méré’s puzzle. A six-sided die is rolled three times independently.
Which is more likely: a sum of 11 or a sum of 12?7 (This question was posed by the
French nobleman de Méré to his friend Pascal in the 17th century.)

Problem 50. The birthday problem. Consider n people who are attending a
party. We assume that every person has an equal probability of being born on any day
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during the year. independent of everyone else, and ignore the additional complication
presented by leap years (i.e., assume that nobody is born on February 29). What is
the probability that each person has a distinct birthday?

Problem 51. An urn contains m red and n white balls.

(a) We draw two balls randomly and simultaneously. Describe the sample space and
calculate the probability that the selected balls are of different color, by using
two approaches: a counting approach based on the discrete uniform law, and a
sequential approach based on the multiplication rule.

(b) We roll a fair 3-sided die whose faces are labeled 1,2,3, and if k comes up. we
remove k balls from the urn at random and put them aside. Describe the sample
space and calculate the probability that all of the balls drawn are red. using a
divide-and-conquer approach and the total probability theorem.

Problem 52. We deal from a well-shufled 52-card deck. Calculate the probability
that the 13th card is the first king to be dealt.

Problem 53. Ninety students, including Joe and Jane, are to be split into three
classes of equal size, and this is to be done at random. What is the probability that
Joe and Jane end up in the same class?

Problem 54. Twenty distinct cars park in the same parking lot every day. Ten of
these cars are US-made. while the other ten are foreign-made. The parking lot has
exactly twenty spaces. all in a row. so the cars park side by side. However. the drivers
have varying schedules. so the position any car might take on a certain day is random.

(a) In how many different ways can the cars line up?

(b) What is the probability that on a given day, the cars will park in such a way
that they alternate (no two US-made are adjacent and no two foreign-made are
adjacent)?

Problem 55. Eight rooks are placed in distinct squares of an 8 x 8 chessboard, with
all possible placements being equally likely. Find the probability that all the rooks are
safe from one another, i.e.. that there is no row or column with more than one rook.

Problem 56. An academic department offers 8 lower level courses: {Li,L2,....Lg}
and 10 higher level courses: {H,.Ha..... Hio}. A valid curriculum consists of 4 lower
level courses. and 3 higher level courses.

(a) How many different curricula are possible?

(b) Suppose that {H,....,Hs} have L, as a prerequisite, and {Hs,... Hi0} have L.
and L3 as prerequisites. i.e.. any curricula which involve, say, one of {H1, ..., Hs}
must also include L;. How many different curricula are there?

Problem 57. How many 6-word sentences can be made using each of the 26 letters
of the alphabet exactly once? A word is defined as a nonempty (possibly jibberish)
sequence of letters.



Problems 69

Problem 58. We draw the top 7 cards from a well-shufled standard 52-card deck.
Find the probability that:

(a) The 7 cards include exactly 3 aces.
(b) The 7 cards include exactly 2 kings.

(c) The probability that the 7 cards include exactly 3 aces. or exactly 2 kings, or
both.

Problem 59. A parking lot contains 100 cars, k of which happen to be lemons. We
select m of these cars at random and take them for a test drive. Find the probability
that n of the cars tested turn out to be lemons.

Problem 60. A well-shuffled 52-card deck is dealt to 4 players. Find the probability
that each of the players gets an ace.

Problem 61.* Hypergeometric probabilities. An urn contains n balls, out of
which m are red. We select k of the balls at random. without replacement (i.e., selected
balls are not put back into the urn before the next selection). What is the probability
that 7 of the selected balls are red?

Solution. The sample space consists of the (:) different ways that we can select k out
of the available balls. For the event of interest to occur. we have to select i out of the
m red balls, which can be done in (’:‘) ways, and also select k — i out of the n —m balls

n—-m

P ) ways. Therefore, the desired probability
(1) (=7)
1 k-1
G
k
for i > 0 satisfying i < m, ¢ < k, and k — i < n — m. For all other 7, the probability is
zero.

that are not red, which can be done in (
is

Problem 62.* Correcting the number of permutations for indistinguishable
objects. When permuting n objects, some of which are indistinguishable, different
permutations may lead to indistinguishable object sequences, so the number of distin-
guishable object sequences is less than n!. For example, there are six permutations of
the letters A, B, and C:

ABC. ACB, BAC, BCA, CAB, CBA,

but only three distinguishable sequences that can be formed using the letters A, D,

and D:
ADD, DAD. DDA.

(a) Suppose that k& out of the n objects are indistinguishable. Show that the number
of distinguishable object sequences is n!/k!.

(b) Suppose that we have r types of indistinguishable objects, and for each i, k;
objects of type i. Show that the number of distinguishable object sequences is

n!
ki kol - ko
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Solution. (a) Each one of the n! permutations corresponds to k! duplicates which are
obtained by permuting the k indistinguishable objects. Thus, the n! permutations can
be grouped into n!/k! groups of k! indistinguishable permutations that result in the
same object sequence. Therefore, the number of distinguishable object sequences is
n!/k!. For example, the three letters A, D, and D give the 3! = 6 permutations

ADD, ADD, DAD, DDA, DAD, DDA,

obtained by replacing B and C by D in the permutations of A, B, and C given earlier.
However, these 6 permutations can be divided into the n!/k! = 3!/2! = 3 groups

{ADD, ADD}, {DAD,DAD}, {DDA,DDA},

each having k! = 2! = 2 indistinguishable permutations.

(b) One solution is to extend the argument in (a) above: for each object type i, there are
k;! indistinguishable permutations of the k; objects. Hence, each permutation belongs
to a group of kj! k3! - - k,! indistinguishable permutations, all of which yield the same
object sequence.

An alternative argument goes as follows. Choosing a distinguishable object se-
quence is the same as starting with n slots and for each ¢, choosing the k; slots to be
occupied by objects of type i. This is the same as partitioning the set {1,...,n} into
groups of size ki,..., k-, and the number of such partitions is given by the multinomial
coefficient.
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BASIC CONCEPTS

In many probabilistic models. the outcomes are numerical. e.g.. when they corre-
spond to instrument readings or stock prices. In other experiments. the outcomes
are not numerical. but they may be associated with some numerical values of
interest. For example. if the experiment is the selection of students from a given
population. we may wish to consider their grade point average. When dealing
with such numerical values. it is often useful to assign probabilities to them.
This is done through the notion of a random variable, the focus of the present
chapter.

Given an experiment and the corresponding set of possible outcomnes (the
sample space), a random variable associates a particular number with each out-
come: see Fig. 2.1. We refer to this number as the numerical value or simply
the value of the random variable. Mathematically, a random variable is a
real-valued function of the experimental outcome.

Random varkeble N

Sample sones o

Henedom variabie:

i@ ]
A maninoim rod
Ey
el 13 ¥ 3 ¢
i Real srmmber Hine
& L
1 2 3 3

Sarnple s

FRRRELH ol peills

Figure 2.1: {a) Visualization of a random variable. It is a function that assigns
a numerical value to each possible outcome of the experiment. {(b) An example
of a random variable. The experiment consists of two rolls of a 4-sided die, and
the random variable is the maximum of the two rolls. 1f the outcome of the
experiment is (4. 2). the value of this random variable is 4.

Here are some examples of random variables:

(a) In an experiment involving a sequence of 5 tosses of a coin. the number of
heads in the sequence is a random variable. However, the 3-long sequence
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of heads and tails is not considered a random variable because it does not
have an explicit numerical value.

(b) In an experiment involving two rolls of a die. the following are examples of
random variables:

(i) The sum of the two rolls.
(ii) The number of sixes in the two rolls.
(iii) The second roll raised to the fifth power.

(c) In an experiment involving the transmission of a message, the time needed
to transmit the message. the number of symbols received in error. and the
delay with which the message is received are all random variables.

There are several basic concepts associated with random variables. which
are summarized below. These concepts will be discussed in detail in the present
chapter.

Main Concepts Related to Random Variables
Starting with a probabilistic model of an experiment:

e A random variable is a real-valued function of the outcome of the
experiment.

e A function of a random variable defines another random variable.

e We can associate with each random variable certain “averages” of in-
terest, such as the mean and the variance.

e A random variable can be conditioned on an event or on another
random variable.

There is a notion of independence of a random variable from an
event or from another random variable.

A random variable is called discrete if its range (the set of values that it
can take) is either finite or countably infinite. For example. the random variables
mentioned in (a) and (b) above can take at most a finite number of numerical
values, and are therefore discrete.

A random variable that can take an uncountably infinite number of values
is not discrete. For an example. consider the experiment of choosing a point
a from the interval [—1.1]. The random variable that associates the numerical
value a? to the outcome a is not discrete. On the other hand. the random variable
that associates with a the numerical value

1. ifa>0.
sgn(a)={ 0. ifa=0,

-1. ifa<O.
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is discrete.
In this chapter. we focus exclusively on discrete random variables, even
though we will typically omit the qualifier “discrete.”

Concepts Related to Discrete Random Variables
Starting with a probabilistic model of an experiment:

e A discrete random variable is a real-valued function of the outcome
of the experiment that can take a finite or countably infinite number
of values.

e A discrete random variable has an associated probability mass func-
tion (PMF), which gives the probability of each numerical value that
the random variable can take.

e A function of a discrete random variable defines another discrete
random variable, whose PMF can be obtained from the PMF of the
original random variable.

We will discuss each of the above concepts and the associated methodology
in the following sections. In addition. we will provide examples of some important
and frequently encountered random variables. In Chapter 3, we will discuss
general (not necessarily discrete) random variables.

Even though this chapter may appear to be covering a lot of new ground,
this is not really the case. The general line of development is to simply take
the concepts from Chapter 1 (probabilities, conditioning, independence, etc.)
and apply them to random variables rather than events, together with some
convenient new notation. The only genuinely new concepts relate to means and
variances.

PROBABILITY MASS FUNCTIONS

The most important way to characterize a random variable is through the prob-
abilities of the values that it can take. For a discrete random variable X, these
are captured by the probability mass function (PMF for short) of X, denoted
px. In particular. if x is any possible value of X. the probability mass of z.
denoted px (). is the probability of the event {X = z} consisting of all outcomes
that give rise to a value of X equal to z:

px(r) = P({X =r}).

For example. let the experiment consist of two independent tosses of a fair coin,
and let X be the number of heads obtained. Then the PMF of X is
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1/4, ifz=0o0rz =2,
px(z)=¢1/2, ifz=1,
0, otherwise.

In what follows, we will often omit the braces from the event/set notation
when no ambiguity can arise. In particular, we will usually write P(X = z) in
place of the more correct notation P({X = z}), and we will write P(X € S)
for the probability that X takes a value within a set S. We will also adhere
to the following convention throughout: we will use upper case characters
to denote random variables, and lower case characters to denote real
numbers such as the numerical values of a random variable.

Note that
ZPX(I) =

where in the summation above, x ranges over all the possible numerical values of
X. This follows from the additivity and normalization axioms: as z ranges over
all possible values of X, the events {X = x} are disjoint and form a partition of
the sample space. By a similar argument, for any set S of possible values of X,
we have

P(X €8) = pr

€S
For example, if X is the number of heads obtained in two independent tosses of
a fair coin, as above, the probability of at least one head is

2
P(X>0)=) px(z)=

=1

Calculating the PMF of X is conceptually straightforward, and is illus-
trated in Fig. 2.2.

Calculation of the PMF of a Random Variable X
For each possible value x of X:
1. Collect all the possible outcomes that give rise to the event {X = z}.

2. Add their probabilities to obtain px ().

The Bernoulli Random Variable

Consider the toss of a coin, which comes up a head with probability p, and a tail
with probability 1 — p. The Bernoulli random variable takes the two values 1
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Sample space

Q

Event { X=ur}

Random variahle:

pyle N e maximum roll
7
16
3 4 v

Suraple space:

pairs of rolls

Figure 2.2: (a) lllustration of the method to calculate the PMF of a random
variable X. For each possible value z. we collect all the outcomes that give rise
to X = r and add their probabilities to obtain px{z). (b) Calculation of the
PMF px of the random variable X = maximum roll in two independent rolls
of a fair 4-sided die. There are four possible values x, namely. 1, 2. 3, 4. To
calculate px (z) for a given x, we add the probabilities of the outcomes that give
rise to z. For example. there are three outcomes that give rise to z = 2, namely.
(1.2).(2.2).(2.1). Each of these outcomes has probability 1/16.sopx (2} = 3/16,
as indicated in the figure.

and 0. depending on whether the outcome is a head or a tail:

1. if a head,
X = {0. if a tail.

Its PMF is
‘ ~_ |p if k=1.
px (k) = {l-p, if k = 0.
For all its simplicity. the Bernoulli random variable is very important. In
practice, it is used to model generic probabilistic situations with just two out-
comes, such as:
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et px(k)

#  Binomial PMF, n=9 =12 . Binomial PMF,

4 5

Figure 2.3: The PMF of a binomial random variable. If p = 1/2, the PMF is
symmetric around n/2. Otherwise, the PAIF is skewed towards 0 if p < 1/2. and
towards n if p > 1/2.

7= large, po= small
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(a) The state of a telephone at a given time that can be either free or busy.
(b) A person who can be either healthy or sick with a certain disease.

(¢) The preference of a person who can be either for or against a certain po-
litical candidate.

Furthermore, by combining multiple Bernoulli random variables, one can con-
struct more complicated random variables, such as the binomial random variable,
which is discussed next.

The Binomial Random Variable

A coin is tossed n times. At each toss, the coin comes up a head with probability
p, and a tail with probability 1 — p, independent of prior tosses. Let X be the
number of heads in the n-toss sequence. We refer to X as a binomial random
variable with parameters n and p. The PMF of X consists of the binomial
probabilities that were calculated in Section 1.5:

px(k)=P(X =k) = (Z)pk(l—p)"‘k, k=0,1,...,n.

(Note that here and elsewhere, we simplify notation and use k, instead of z,
to denote the values of integer-valued random variables.) The normalization
property, specialized to the hinomial random variable, is written as

EH: (Z)p"(l —-prh =1

k=0
Some special cases of the binomial PMF are sketched in Fig. 2.3.

The Geometric Random Variable

Suppose that we repeatedly and independently toss a coin with probability of
a head equal to p, where 0 < p < 1. The geometric random variable is the
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i PX{, kY

P

1T

0 1 2 k

Figure 2.4: The PMF

px(k)=(1-p)'p, k=12,

of a geometric random variable. It decreases as a geometric progression with
parameter 1 — p.

number X of tosses needed for a head to come up for the first time. Its PMF is
given by
px (k) = (1 — p)k-1p, k=1,2,...,

since (1 — p)*~1p is the probability of the sequence consisting of k — 1 successive
tails followed by a head; see Fig. 2.4. This is a legitimate PMF because

> px(k) =
k=1

Naturally, the use of coin tosses here is just to provide insight. More
generally, we can interpret the geometric random variable in terms of repeated
independent trials until the first “success.” Each trial has probability of success p
and the number of trials until (and including) the first success is modeled by the
geometric random variable. The meaning of “success” is context-dependent. For
example, it could mean passing a test in a given try, finding a missing item in a
given search, or finding the tax help information line free in a given attempt, etc.

1
_ ke — — E _ e )

oo
k=

1

The Poisson Random Variable
A Poisson random variable has a PMIF given by
px(k) =e *— k=0,1,2,...,

where A is a positive parameter characterizing the PMF, see Fig. 2.5. This is a
legitimate PMF because

oo k 2 3

Ze"\)\—:e“)‘ (1+,\+’\—+A—+-~) =e e = L.
k! 2t 3!

k=0
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Figure 2.5: The PMF e~*\*/k! of a Poisson random variable for different values
of A. Note that if A < 1. then the PMF is mionotonically decreasing with k, while
if A > 1. the PMF first increases and then decreases (this is shown in the end-of-
chapter problems).

To get a feel for the Poisson random variable. think of a binomial random
variable with very small p and very large n. For example. let X be the number
of typos in a book with a total of n words. Then X is binomial, but since the
probability p that any one word is misspelled is very small. X can also be well-
modeled with a Poisson PMF (let p he the probability of heads in tossing a coin.
and associate misspelled words with coin tosses that result in heads). There are
many similar examgles, such as the number of cars involved in accidents in a
city on a given day.

More precisely. the Poisson PNF with parameter A is a good approximation
for a binomial PMF with parameters n and p. i.e..

Ak n!

~ o pE(L—p)n=k. k=0.1.....n.

TR T Hm -k

provided A = np. n is very large. and p is very small. In this case. using the
Poisson PMF may result in simpler models and calculations. For example. let
n = 100 and p = 0.01. Then the probability of k = 5 successes in n = 100 trials
is calculated using the binomial PMF as

100!

m . 0.015(1 - 0.01)9‘3 = 0.00290.

Using the Poisson PMF with A = np = 100 - 0.01 = 1. this probability is
approximated by

1
e~} 5= 0.00306.

We provide a formal justification of the Poisson approximation property
in the end-of-chapter problems and also in Chapter 6. where we will further
interpret it. extend it. and use it in the context of the Poisson process.

1 The first experimental verification of the connection between the binomial and
the Poisson random variables reputedly occurred in the late 19th century. by matching
the Poisson PMF to the number of horse kick accidents in the Polish cavalry over a
period of several years.
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FUNCTIONS OF RANDOM VARIABLES

Given a random variable X, one may generate other random variables by ap-
plying various transformations on X. As an example, let the random variable
X be today's temperature in degrees Celsius, and consider the transformation
Y = 1.8X + 32. which gives the temperature in degrees Fahrenheit. In this
example, Y is a linear function of X, of the form

Y = g(X) =aX +b,

where a and b are scalars. We may also consider nonlinear functions of the

general form
Y = g(X).

For example. if we wish to display temperatures on a logarithmic scale, we would
want to use the function g(X) = log X.

If Y = g(X) is a function of a random variable X, then Y is also a random
variable, since it provides a numerical value for each possible outcome. This is
because every outcome in the sample space defines a numerical value z for X
and hence also the numerical value y = g(z) for Y. If X is discrete with PMF
px. then Y is also discrete, and its PMF py can be calculated using the PMF
of X. In particular, to ohtain py (y) for any y, we add the probabilities of all
values of z such that g(z) = y:

pr()= Y. px()

{z|g(z)=y}

Example 2.1. Let Y = |X| and let us apply the preceding formula for the PMF
py to the case where

1/9. if z is an integer in the range [—4, 4],
px(z) = -
0. otherwise:

see Fig. 2.6 for an illustration. The possible values of Y are y = 0.1.2.3.4. To
compute py (y) for some given value y from this range. we must add px(z) over
all values x such that |z| = y. In particular. there is only one value of X that
corresponds to y = 0. namely z = 0. Thus.

1

py(0) = px(0) = g

Also. there are two values of X that correspond to each y = 1. 2. 3. 4. so for example,

pr(1) =px(=D) +px(1) = 5.

Thus, the PMF of Y is

2/9. ify=1.234,

py(y)=¢1/9. ify=0.
0. otherwise.
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b opyio) vl
X Y=1XI

Figure 2.6: The PMFs of X and Y = |X| in Example 2.1.

For another related example. let Z = X2. To obtain the PMF of Z. we
can view it either as the square of the random variable X or as the square of the
random variable Y = | X|. By applying the formula pz(z z{rlrg_z} px(x) or

the formula pz(z) = z(wyg_r} py (y). we obtain

2/9. if z=1.4.9.16.
pz(z)=¢ 1/9. ifz=
0. otherwise.

2.4 EXPECTATION, MEAN, AND VARIANCE

The PMF of a randomn variable X provides us with several numbers. the proba-
bilities of all the possible values of X. It is often desirable. however. to suminarize
this information in a single representative number. This is accomplished by the
expectation of X. which is a weighted (in proportion to probabilities) average
of the possible values of X.

As motivation. suppose vou spin a whecl of fortune many times. At each
spin. onec of the numbers my.mp..... T, comes up with corresponding proba-
bility p1.p2.....pn. and this is your monetary reward from that spin. What is
the amount of money that you “expect” to get "per spin”? The terms “expect”
and “per spin” are a little ambiguous. but here is a reasonable interpretation.

Suppose that you spin the wheel k tiines. and that k; is the number of times
that the outcome is m;. Then. the total amount reccived is myky + mokgs + - - +
mnkn. The amount received per spin is

miky + maky + -+ myky
k

Al’ ==

If the number of spins &k is very large. and if we are willing to interpret proba-
bilities as relative frequencies. it is reasonable to auticipate that in; comes up a
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fraction of times that is roughly equal to p;:

k.
-~ p;, 1=1,...,n

k

Thus, the amount of money per spin that you “expect” to receive is

miky + moka + -+ + mypk
M= & == & mp1 + map2 + -+ + MnPn.

Motivated by this example, we introduce the following definition.t

Expectation

We define the expected value (also called the expectation or the mean)
of a random variable X, with PMF px, by

E[X]| = prx(x).

Example 2.2. Consider two independent coin tosses, each with a 3/4 probability
of a head, and let X be the number of heads obtained. This is a binomial random
variable with parameters n = 2 and p = 3/4. Its PMF is

(1/4)*, if k=0,
px(k)={ 2-(1/4)-(3/4), ifk=1,
(3/4)%, if k=2,

so the mean is

1\? 1 3 3\2 24 3
-0-(= 1-(2.2.2 AZ) = £ =22
Bix =0 (3) +1-(25-3)+2 (3) =53

t When dealing with random variables that take a countably infinite number
of values, one has to deal with the possibility that the infinite sum ZI Tpx(T) is
not well-defined. More concretely, we will say that the expectation is well-defined if
ZI |z|px (z) < oo. In this case, it is known that the infinite sum )__ zpx () converges
to a finite value that is independent of the order in which the various terms are summed.

For an example where the expectation is not well-defined, consider a random
variable X that takes the value 2 with probability 27%, for k = 1,2,.... For a more
subtle example, consider a random variable X that takes the values 2% and —2* with
probability 27%, for k = 2,3,.... The expectation is again undefined, even though the
PMF is symmetric around zero and one might be tempted to say that E[X] is zero.

Throughout this book, in the absence of an indication to the contrary, we implic-
itly assume that the expected value of the random variables of interest is well-defined.
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It is useful to view the mean of X as a “representative” value of X, which
lies somewhere in the middle of its range. We can make this statement more
precise, by viewing the mean as the center of gravity of the PMF, in the sense
explained in Fig. 2.7. In particular, if the PMF is symmetric around a certain
point, that point must be equal to the mean.

i P
\

Center of gravity
¢ = nean = B{X]

Figure 2.7: Interpretation of the mean as a center of gravity. Given a bar with
a weight px (z) placed at each point z with px{(z) > 0, the center of gravity ¢ is
the point at which the sum of the torques from the weights to its left is equal to
the sum of the torques from the weights to its right:

Z(w —c)px(z) = 0.

x

Thus, ¢ = ZI zpx(z), i.e., the center of gravity is equal to the mean E[X].

Variance, Moments, and the Expected Value Rule

Besides the mean, there are several other quantities that we can associate with
a random variable and its PMF. For example, we define the 2nd moment
of the random variable X as the expected value of the random variable X2.
More generally, we define the nth moment as E[X "], the expected value of the
random variable X7. With this terminology, the 1st moment of X is just the
mean.

The most important quantity associated with a random variable X, other
than the mean, is its variance, which is denoted by var(X) and is defined as

the expected value of the random variable (X — E[X])Q, ie.,
var(X) = E [(X - E[X])Q] .

Since (X — E[X ])2 can only take nonnegative values, the variance is always
nonnegative.

The variance provides a measure of dispersion of X around its mean. An-
other measure of dispersion is the standard deviation of X, which is defined
as the square root of the variance and is denoted by ox:

ox = /var(X).
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The standard deviation is often easier to interpret because it has the same units
as X. For example, if X measures length in meters, the units of variance are
square meters, while the units of the standard deviation are meters.

One way to calculate var(X), is to use the definition of expected value,
after calculating the PMF of the random variable (X — E[X ])2 This latter
random variable is a function of X, and its PNF can be obtained in the manner
discussed in the preceding section.

Example 2.3. Consider the random variable X of Example 2.1. which has the

PMF
1/9. if z is an integer in the range [—4. 4].

px(z) = {

The mean E[X] is equal to 0. This can be seen from the symmetry of the PMF of
X around 0, and can also be verified from the definition:

E[X] = prx(x) = é z z=0.

r=-4

0, otherwise.

Let Z = (X - E[X])2 = X2. Asin Example 2.1, we have

2/9, ifz=1,4.9.16,
pz(z) =¢1/9. fz2=0,
0. otherwise.
The variance of X is then obtained by
1 2 2 2 2 60
X) =E[Z] = —0. - .z Lz .z e
var(X) = E[Z] Zzpz(z) 0 5+1-5+4:54+9.5+16-5 =3

2

It turns out that there is an easier method to calculate var(X). which uses

the PMF of X but does not require the PMF of (X — E[X]). This method
is based on the following rule.

Expected Value Rule for Functions of Random Variables

Let X be a random variable with PMF pyx, and let g(X) be a function of
X. Then, the expected value of the random variable g( X) is given by

E[g(X)] =) _g(x)px ().

To verify this rule, we let Y = g(X) and use the formula

py(y)= Y px(z)

{z ] g9(z)=y}
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derived in the preceding section. We have
E[g(X)] = E[Y]

= v (v)
=Yy Y px(

¥y {z|g(z)=y}

= Z Z ypx ()

y {zl|g(z)=y}

=Y Y g@px(@)

y {z|g(z)=y}

= g(z)px(z)

Using the expected value rule, we can write the variance of X as
2 2
var(X) = B [(X - E[X]) | = > - EX)*px(@).

Similarly, the nth moment is given by
E(X"] =) zpx(z)

and there is no need to calculate the PMF of X*~.

Example 2.3 (continued). For the random variable X with PMF

1/9. if z is an integer in the range [—4.4].
px(z) = .
0. otherwise,

e hee var(X) = E[(X E[X])]

Z z — E[X]) *px(z)
= % Z z? (since E[X] = 0)
r=-4

=é(16+9+4+1+0+1+4+9+16)
_ 60
_ %

which is consistent with the result obtained earlier.

85
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As we have already noted, the variance is always nonnegative, but could it
be zero? Since every term in the formula Y, (z — E[X ])2px (z) for the variance
is nonnegative, the sum is zero if and only if (1' — E[X])2px(z) = 0 for every z.
This condition implies that for any z with px(z) > 0, we must have z = E[X]
and the random variable X is not really “random”: its value is equal to the mean
E[X]. with probability 1.

Variance

The variance var(X) of a random variable X is defined by
2
var(X) = E (X - E[x])?],

and can be calculated as

var(X) = Z(x - E[X])sz(x).

T

It is always nonnegative. Its square root is denoted by ox and is called the
standard deviation.

Properties of Mean and Variance

We will now use the expected value rule in order to derive some important
properties of the mean and the variance. We start with a random variable X
and define a new random variable Y, of the form

Y =aX + 0.

where a and b are given scalars. Let us derive the mean and the variance of the
linear function Y. We have

E[Y]| = Z(aa: +b)px(z) = aprx(:r) + prx(x) = aE[X] +b.

Furthermore,
var(Y) = Z(ax +b—E[aX + b])sz(:r)

T

= Z(ax +b-aE[X] - b)2PX($)

= a? Z(I — E[X])2px(:£)

= a2 var(X).
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Mean and Variance of a Linear Function of a Random Variable

Let X be a random variable and let
Y =aX +0b.
where a and b are given scalars. Then,

E[Y]| = aE[X] + b, var(Y) = a2 var(X).

Let us also give a convenient alternative formula for the variance of a
random variable X.

Variance in Terms of Moments Expression

var(X) = E[X?] - (E[X])".

This expression is verified as follows:

var(X) = Z(w - E[X])2px (z)

T

= 5" («2 ~ 22E[x] + (E[X])*)px ()
=3 a?px(2) - 2E[X] Y apx(2) + (BIX])* S px(x)

= E[x2] - 2(E[X])" + (E[X])"
= E[x?] - (E[X])*.

We finally illustrate by example a common pitfall: unless g(X) is a linear
function, it is not generally true that E[g(X )] is equal to g(E[X ])

Example 2.4. Average Speed Versus Average Time. If the weather is good
(which happens with probability 0.6). Alice walks the 2 miles to class at a speed
of V = 5 miles per hour, and otherwise rides her motorcycle at a speed of V = 30
miles per hour. What is the mean of the time T to get to class?

A correct way to solve the problem is to first derive the PMF of T.

0.6. if t =2/5 hours.
pr(t) = e
0.4, ift = 2/30 hours.

and then calculate its mean by

2 2 4
E —_— . ¢ — . 6 —_— = — .
[] ] 0.6 +04 3 15 hours
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However, it is wrong to calculate the mean of the speed V,
E[V] =0.6-54 0.4 - 30 = 15 miles per hour,

and then claim that the mean of the time T is

2

W = ']3 hours.
To summarize, in this example we have
2 2
= — d ET|=E|= —_—.
=y end E[] [v] * BV]

Mean and Variance of Some Common Random Variables

Chap. 2

We will now derive formulas for the mean and the variance of a few important
random variables. These formulas will be used repeatedly in a variety of contexts

throughout the text.

Example 2.5. Mean and Variance of the Bernoulli. Consider the experi-
ment of tossing a coin, which comes up a head with probability p and a tail with
probability 1 — p. and the Bernoulli random variable X with PMF

_{p if k= 1.
px(k)_{l—p. if k= 0.

The mean. second moment. and variance of X are given by the following calcula-

tions:
EX]=1-p+0-(1-p)=p.

E(X’=1°.-p+0-(1-p) =p,
var(X) = E[X?] - (E[X])* = p-p* = p(1 —p).

Example 2.6. Discrete Uniform Random Variable. What is the mean and
variance associated with a roll of a fair six-sided die? If we view the result of the
roll as a random variable X, its PMF is

1/6, ifk=1.2,3,4,5.6,
0, otherwise.

px (k) = {

Since the PMF is symmetric around 3.5. we conclude that E[X]| = 3.5. Regarding
the variance, we have

var(X) = E[X?] - (E[X])”
= é(f’- +2% 4+ 3%+ 47 +5° +6°) - (3.5)7,
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h z’x;

1

h—n+l
® & @

e h

Figure 2.8: PMF of the discrete random variable that is uniformly dis-
tributed between two integers a and b. Its mean and variance are

a+b var(X)=(b_a)(b_a+2).

X] = .
ElX] 2 12

which yields var(X) = 35/12.

The above random variable is a special case of a discrete uniformly dis-
tributed random variable (or discrete uniform for short). which by definition.
takes one out of a range of contiguous integer values. with equal probability. More
precisely. a discrete uniform random variable has a PMF of the form

1
— . ifk=a. 1o.... b.
px(k)={b—a+l nhs@ar
0. otherwise.

where a and b are two integers with a < b: see Fig. 2.8,

The mean is

a+b
E[X] = 5

as can be seen by inspection, since the PMF is symmetric around (a + b)/2. To
calculate the variance of X. we first consider the simpler case where a = 1 and
b = n. It can be verified by induction on n that

E[X?] = %Zi& - %(n+ 1)(2n + 1).
k=1

We leave the verification of this as an exercise for the reader. The variance can now
be obtained in terms of the first and second moments

var(X) = E[x?| - (E[x])’
= é(n+ 1) : :
1
= ﬁ(n +1){4n+2 - 3n - 3)
n® —1

12



90 Discrete Random Variables Chap. 2

For the case of general integers a and b, we note that a random variable which
is uniformly distributed over the interval [a,b] has the same variance as one which
is uniformly distributed over [1,b — a + 1], since the PMF of the second is just a
shifted version of the PMF of the first. Therefore, the desired variance is given by
the above formula with n = b — a + 1, which yields

var(X) = (b—a-;-21)2_1 — (b_a)(l;;a+2)'

Example 2.7. The Mean of the Poisson. The mean of the Poisson PMF

k
px(k)=e_)‘%, k=0,1,2,...,
can be calculated is follows:
Y
E[X] = ;ke o
= e (the k = 0 term is zero)
k=1 )
> /\k—l
= A e
2 Gy
=/\Ze_A% (let m=k-1)
m=0 ’
=\

The last equality is obtained by noting that

oC

Z e_A% = pr(m) =1
m=0

m=0

is the normalization property for the Poisson PMF.

A similar calculation shows that the variance of a Poisson random variable
is also A: see Example 2.20 in Section 2.7. We will derive this fact in a number of
different ways in later chapters.

Decision Making Using Expected Values

Expected values often provide a convenient vehicle for optimizing the choice
between several candidate decisions that result in random rewards. If we view
the expected reward of a decision as its “average payoff over a large number of
trials,” it is reasonable to choose a decision with maximum expected reward.
The following is an example.
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Example 2.8. The Quiz Problem. This example, when generalized appro-
priately, is a prototypical formulation of the problem of optimal sequencing of a
collection of tasks with uncertain rewards.

Consider a quiz game where a person is given two questions and must decide
which one to answer first. Question 1 will be answered correctly with probability
0.8, and the person will then receive as prize $100, while question 2 will be answered
correctly with probability 0.5, and the person will then receive as prize $200. If the
first question attempted is answered incorrectly, the quiz terminates, i.e., the person
is not allowed to attempt the second question. If the first question is answered
correctly, the person is allowed to attempt the second question. Which question
should be answered first to maximize the expected value of the total prize money
received?

The answer is not obvious because there is a tradeoff: attempting first the
more valuable but also more difficult question 2 carries the risk of never getting a
chance to attempt the easier question 1. Let us view the total prize money received
as a random variable X, and calculate the expected value E[X] under the two
possible question orders (cf. Fig. 2.9):

$100 $ 200

$ 300 $300
Question 1 Question 2
answered firar answered first

Figure 2.9: Sequential description of the sample space of the quiz problem
for the two cases where we answer question 1 or question 2 first,

(a) Answer question 1 first: Then the PMF of X is (cf. the left side of Fig. 2.9)
px(0) = 0.2, px(100) = 0.8-0.5, px(300) =0.8-0.5,
and we have

E[X]=0.8-0.5-100 + 0.8 - 0.5 - 300 = $160.

(b) Answer question 2 first: Then the PMF of X is (cf. the right side of Fig. 2.9)
px(0)=0.5,  px(200)=0.5-02.  px(300)=0.5-0.8,
and we have

E[X] =05-0.2-200 + 0.5 0.8 - 300 = $140.
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Thus, it is preferable to attempt the easier question 1 first.

Let us now generalize the analysis. Denote by p; and p2 the probabilities
of correctly answering questions 1 and 2, respectively, and by v1 and v, the corre-
sponding prizes. If question 1 is answered first, we have

E[X]| = p1(1 — p2)v1 + p1p2(v1 + v2) = prv1 + p1pave,
while if question 2 is answered first, we have

E[X] = p2(1 — p1)va + p2p1(v2 + v1) = pa2v2 + p2p1v1.
It is thus optimal to answer question 1 first if and only if

P1V1 + P1P2v2 = Pav2 + P2pP1V1.

or equivalently, if
Pi1u1 > pP2v2

l1-p ~ 1-p2

Therefore, it is optimal to order the questions in decreasing value of the expression
pv/(1 — p). which provides a convenient index of quality for a question with prob-
ability of correct answer p and value v. Interestingly, this rule generalizes to the
case of more than two questions (see the end-of-chapter problems).

2.5 JOINT PMFS OF MULTIPLE RANDOM VARIABLES

Probabilistic models often involve several random variables. For example, in
a medical diagnosis context, the results of several tests may be significant, or
in a networking context. the workloads of several routers may be of interest.
All of these random variables are associated with the same experiment, sample
space, and probability law, and their values may relate in interesting ways. This
motivates us to consider probabilities of events involving simultaneously several
random variables. In this section, we will extend the concepts of PMF and
expectation developed so far to multiple random variables. Later on, we will
also develop notions of conditioning and independence that closely parallel the
ideas discussed in Chapter 1.

Consider two discrete random variables X and Y associated with the same
experiment. The probabilities of the values that X and Y can take are captured
by the joint PMF of X and Y, denoted px,y. In particular. if (z,y) is a pair
of possible values of X and Y, the probability mass of (z.y) is the probability
of theevent {X =z. Y = y}:

pxy(z.y) =P(X =z.Y =y).

Here and elsewhere. we use the abbreviated notation P(X = z,Y = y) instead
of the more precise notations P({X =z} N{Y =y}) or P(X =z and Y =y).
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The joint PMF determines the probability of any event that can be specified
in terms of the random variables X and Y. For example if A is the set of all
pairs (z,y) that have a certain property, then

P((X.Y)eA)= > pxy(z.y)
(r.y)€EA

In fact, we can calculate the PMFs of X and Y by using the formulas

px(z) =) pxy(zy),  pv(®) =) pxvy(z.v)

The formula for px (z) can be verified using the calculation
px(z) = P(X = z)
=) P(X=z.Y =y)
Yy

= ZpX.Y(‘T$ Y,

where the second equality follows by noting that the event {X = r} is the union
of the disjoint events {X = z.Y = y} as y ranges over all the different values of
Y. The formula for py (y) is verified similarly. We sometimes refer to px and
py as the marginal PMFs, to distinguish them from the joint PMEF.

We can calculate the marginal PMFs from the joint PMF by using the
tabular method. Here. the joint PMF of X and Y is arranged in a two-
dimensional table, and the marginal PMF of X or Y at a given value is obtained
by adding the table entries along a corresponding column or row. respectively.
This method is illustrated by the following example and Fig. 2.10.

Example 2.9. Consider two random variables. X and Y, described by the joint
PMF shown in Fig. 2.10. The marginal PMF's are calculated by adding the table
entries along the columns (for the marginal PMF of X) and along the rows (for the
marginal PMF of Y'), as indicated.

Functions of Multiple Random Variables

When there are multiple random variables of interest, it is possible to generate
new random variables by considering functions involving several of these random
variables. In particular, a function Z = g(X.Y) of the random variables X and
Y defines another random variable. Its PMF can be calculated from the joint
PMF px.y according to

pz(z) = Z px.y(z.y)

{(z.y) | g(z.y)=2}
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Joint PAME pyylry)

in tabnlar form

40 ¢ liaofuos fyee 00
o 1120 7720
Lo amon 1A/ /9 / )
3 L2020 5720 ) D e Row snms:
= e PMF pyiy)

2 120 12720 3720 11720 L

37200 67200 8/20 3/20

Column surs:
marginal PAMEF pole)

Figure 2.10: Illustration of the tabular method for calculating the marginal
PMFs from the joint PMF in Example 2.9. The joint PMF is represented by the
table, where the number in each square (z,y) gives the value of px y(z,¥). To
calculate the marginal PMF px (z) for a given value of z, we add the numbers in
the column correspending to z. For example px (2) = 6/20. Similarly, to calculate
the marginal PMF py (y) for a given value of y, we add the numbers in the row
corresponding to y. For example py (2) = 7/20.

Furthermore. the expected value rule for functions naturally extends and takes
the form

E[o(X,Y)] =>_ ) (@ v)px.y(z.y).
z oy

The verification of this is very similar to the earlier case of a function of a single
random variable. In the special case where g is linear and of the form aX +bY +c¢,
where a, b, and ¢ are given scalars, we have

ElaX +bY +¢| = aE[X] + bE[Y] + ¢
Example 2.9 (continued). Consider again the random variables X and Y whose
joint PMF is given in Fig. 2.10, and a new random variable Z defined by
Z=X+2Y.

The PMF of Z can be calculated using the formula

pz(z) = Z px.v(z,y),

{(z.y) | z+2y=2z}
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and we have, using the PMF given in Fig. 2.10,

1 1 2 2 4
pz(3) = 20" pz(4) = 20” pz(5) = 20" pz(6) = 20" pz(7) = 20"

3 3 2 1 1
Pz(8) = 55, Pz(9) = 55, pz(10) = 7. pz(11) = 5, pz(12) = 5
The expected value of Z can be obtained from its PMF:
E[Z] =) zpz(z)
1 1 2 2 4
= 3 Pp— 4 o —_— o —_— PR— 7 o —_—
R T IR R T Ty
3 3 2 1 1
+8-%+9-%+IO-2—0+11-%+12-2—0
= 7.55.
Alternatively, we can obtain E[Z] using the formula
E[Z] = E[X] +2E[Y].
From the marginal PMFs, given in Fig. 2.10, we have
3 6 8 3 51
3 7 7 3 50
E =1. — . — . — L= =
=1 55+2 55+3 5+4 55 =5
% 51 50
E|[Z] o5 t2 55 = 755

More than Two Random Variables

95

The joint PMF of three random variables X, Y, and Z is defined in analogy with

the above as
pxyvz(r.y,2)=P(X =z,Y =y, Z = 2).
for all possible triplets of numerical values (z,y, z).

PMF's are analogously obtained by equations such as

pX,Y(‘Tv y) = ZPX.Y,Z(‘Tt Y; Z),

k4

and

px(x) = Z pr,y.z(-’r, Y 2).
v z

Corresponding marginal
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The expected value rule for functions is given by
E[¢(X.Y.Z)] =) > > g(z.y 2)px.v.z(z, 9, 2),
T Y 2z

and if g is linear and has the form aX + dY + ¢Z + d, then
ElaX + bY + cZ + d] = aE[X] + bE[Y] + cE[Z] + d.

Furthermore, there are obvious generalizations of the above to more than three
random variables. For example, for any random variables X, Xo,..., X, and
any scalars a;,as...., . an, we have

Ela1 X1 + a2X2 + -+ + anXn]| = a1 E[X1] + a2E[X?2] + - - - + an E[X4].

Example 2.10. Mean of the Binomial. Your probability class has 300 students
and each student has probability 1/3 of getting an A, independent of any other
student. What is the mean of X. the number of students that get an A? Let

{ 1. if the ith student gets an A,
Xl = .
0. otherwise.

Thus X1.Xa..... Xn are Bernoulli random variables with common mean p = 1/3.

Their sum
X=X1+Xo+---+ X,

is the number of students that get an A. Since X is the number of “successes” in n
independent trials, it is a binomial random variable with parameters n and p.
Using the linearity of X as a function of the X, we have

300

300
E[X]| = ZE[X = Z% =300 = = 100.

If we repeat this calculation for a general number of students n and probability of
A equal to p, we obtain

E[X]| = ZE[X’] = Zp = np.

Example 2.11. The Hat Problem. Suppose that n people throw their hats in
a box and then each picks one hat at random. (Each hat can be picked by only
one person, and each assignment of hats to persons is equally likely.) What is the
expected value of X, the number of people that get back their own hat?

For the ith person. we introduce a random variable X; that takes the value
1 if the person selects his/her own hat. and takes the value O otherwise. Since
P(X;: =1) =1/n and P(X; =0) =1 — 1/n, the mean of X; is

E[xi]=1-l+0-(1-l)=l.
n n n
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We now have
X=X +Xo+4+ -+ X,.
so that

E[X] =E[X,]+E[X2]+---+E[Xa] =n"- 1.1

N

Summary of Facts About Joint PMFs
Let X and Y be random variables associated with the same experiment.

e The joint PMF px.y of X and Y is defined by
pxy(z,y) =P(X =1z,Y =y).

e The marginal PMFs of X and Y can be obtained from the joint
PMF, using the formulas

px(x) =) _pxy(@y), pry) =) pxv(z.y).
Y T

e A function g(X,Y) of X and Y defines another random variable, and

E[g(X’Y)] = Zzg(x’ y)px,y(l‘, y)-
Ty

If g is linear, of the form aX + bY + ¢, we have

E[laX + bY + ¢| = aE[X] + bE[Y] + ¢

e The above have natural extensions to the case where more than two
random variables are involved.

2.6 CONDITIONING

Similar to our discussion in Chapter 1. conditional probabilities can be used to
capture the information conveyed by various events about the different possible
values of a random variable. We are thus motivated to introduce conditional
PMFs, given the occurrence of a certain event or given the value of another ran-
dom variable. In this section, we develop this idea and we discuss the properties
of conditional PMF's. In reality though, there is not much that is new, only an
elaboration of concepts that are familiar from Chapter 1. together with some
new notation.
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Conditioning a Random Variable on an Event

The conditional PMF of a random variable X, conditioned on a particular
event A with P(A4) > 0, is defined by

P({X =z} N A)
P(4)

Pxja(@) =P(X =z|A) =

Note that the events {X = z} N A are disjoint for different values of z, their
union is A, and, therefore,

P(4)=) P({X =z}nA).

Combining the above two formulas, we see that
Zp)ﬂA(I) = 17

so px|a is a legitimate PMF.

The conditional PMF is calculated similar to its unconditional counterpart:
to obtain px|4(z), we add the probabilities of the outcomes that give rise to
X = z and belong to the conditioning event A, and then normalize by dividing
with P(A).

Example 2.12. Let X be the roll of a fair six-sided die and let A be the event that
the roll is an even number. Then, by applying the preceding formula, we obtain

pxja(k) = P(X = k|roll is even)
_ P(X =k and X is even)

P(roll is even)

_{1/3, if k =2, 4,6,
— L0, otherwise.

Example 2.13. A student will take a certain test repeatedly, up to a maximum
of n times, each time with a probability p of passing, independent of the number
of previous attempts. What is the PMF of the number of attempts, given that the
student passes the test?

Let A be the event that the student passes the test (with at most n attempts).
We introduce the random variable X, which is the number of attempts that would
be needed if an unlimited number of attempts were allowed. Then, X is a geometric
random variable with parameter p, and A = {X < n}. We have

P(4) =) (1-p)""'p,

m=1
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Vo b Pvalk)
p
P(A)

i1 71 2 £ 1.2 ri] 71 8

Figure 2.11: Visualization and calculation of the conditional PMF pyx 4(k) in
Example 2.13. We start with the PMF of X, we set to zero the PMF values for all
k that do not belong to the conditioning event A. and we normalize the remaining
values by dividing with P(A).

and

0. otherwise.

as illustrated in Fig. 2.11.

Figure 2.12 provides a more abstract visualization of the construction of
the conditional PMF.

Event {X=5}

= o

4 b

Sample space

0]

Figure 2.12: Visvalization and calculation of the conditional PMF p x4 (z). For
each z, we add the probabilities of the outcomes in the intersection {X =z} N A4,
and normalize by dividing with P(A).

Conditioning one Random Variable on Another
Let X and Y be two random variables associated with the same experiment. If

we know that the value of Y is some particular y [with py (y) > 0], this provides
partial knowledge about the value of X. This knowledge is captured by the
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conditional PMF pyy of X given Y, which is defined by specializing the
definition of px|4 to events A of the form {Y = y}:

Pxn’(l"ly) =P(X=z|Y=y)
Using the definition of conditional probabilities. we have

. _P(X=zY=y pxylzy
leY(l' l 7/) - P(y — U) - py(y) )

Let us fix some y with py(y) > 0. and consider px|y(r|y) as a function
of x. This function is a valid PNF for X: it assigns nonnegative values to cach
possible . and these values add to 1. Furthermore. this function of z has the
same shape as py.y(r.y) except that it is divided by py (y). which enforces the
normalization property

> pxiy(rly) =1

Figure 2.13 provides a visualization of the conditional PNF.

Conditional PMF

pyiyte| 3)

/f’,
Slive view l l
of conditional PMF

Conditional PME
pyiyie )

3

Cemditional PMT
A pxiyle|l)
. oy ; ; u A
Joint PME py o leoyl I
r

Figure 2.13: Visualization of the conditional PNF py |y (z|y). For each y, we
view the joint PMF along the slice Y = y and renormalize so that

ZDX@Y(IH/) =1L
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The conditional PMF is often convenient for the calculation of the joint
PMF, using a sequential approach and the formula

px.y(z,y) = py(y)px)y (z|y),

or its counterpart
px.y(z,y) = px(z)py|x (¥ | T).

This method is entirely similar to the use of the multiplication rule from Chap-
ter 1. The following example provides an illustration.

Example 2.14. Professor May B. Right often has her facts wrong, and answers
each of her students’ questions incorrectly with probability 1/4, independent of
other questions. In each lecture, May is asked 0, 1, or 2 questions with equal
probability 1/3. Let X and Y be the number of questions May is asked and the
number of questions she answers wrong in a given lecture, respectively. To construct
the joint PMF px.y (z,y), we need to calculate the probability P(X = z,Y = y)
for all combinations of values of £ and y. This can be done by using a sequential
description of the experiment and the multiplication rule, as shown in Fig. 2.14.
For example. for the case where one question is asked and is answered wrong, we

have
1 1 1

31°12

The joint PMF can be represented by a two-dimensional table, as shown in Fig.
2.14. It can be used to calculate the probability of any event of interest. For
instance, we have

px.v(1,1) = px (z)py | x(y|z) =

P(at least one wrong answer) = px.y(1,1) + px.v(2,1) + px.v(2,2)
4 6 1

The conditional PMF can also be used to calculate the marginal PMFs. In
particular, we have by using the definitions,

px(z) =Y pxy(z,y)=> pr@pxy(z|y).
Yy Yy

This formula provides a divide-and-conquer method for calculating marginal
PMFs. It is in essence identical to the total probability theorem given in Chap-
ter 1, but cast in different notation. The following example provides an illustra-
tion.

Example 2.15. Consider a transmitter that is sending messages over a computer
network. Let us define the following two random variables:

X : the travel time of a given message, Y : the length of the given message.

We know the PMF of the travel time of a message that has a given length, and we
know the PMF of the message length. We want to find the (unconditional) PMF
of the travel time of a message.
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Prob:1/ds

Prob: 6/48

Proby: 9748

21 0 0 |18

Prob: 4748

I 0 A an /48

374>~ Prob: 12/45

B LIGAR 12 /451108
Prob: 16748 - -
O i 2 @
- + |
Jont PMF pe iy
X Number of Y« Number of ’ PX.Y Hl
questions asked

instabalar-form

ioms answered

x:'z'(:)n;{
Figure 2.14: Calculation of the joint PMF px y(z,y) in Example 2.14.

We assume that the length of a message can take two possible values: y = 10°
bytes with probability 5/6, and y = 10* bytes with probability 1/6, so that

() = 5/6, ify= 102
Py =16, ify = 10"

We assume that the travel time X of the message depends on its length Y and the
congestion in the network at the time of transmission. In particular, the travel time
is 107%Y seconds with probability 1/2, 1073Y seconds with probability 1/3, and
107%Y seconds with probability 1/6. Thus, we have

1/2, ifz=10"2 1/2, ifz=1,
pxy(z]10%) =< 1/3, ifz =101, pxiy(z10%) =< 1/3, ifz = 10,
1/6, ifz=1, 1/6, if z = 100.

To find the PMF of X, we use the total probability formula

px(z) =Y v (¥pxiv(z|y).

We obtain
—2y_35 1 -y 9.1 5 1 11
1 1 1 1
pX(]O)_E'Sa px(loo)—g‘gv
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We finally note that one can define conditional PMF's involving more than
two random variables, such as px .y z(z.y|z) or pxy.z(z|y.z). The concepts
and methods described above generalize easily.

Summary of Facts About Conditional PMF's
Let X and Y be random variables associated with the same experiment.

e Conditional PMFs are similar to ordinary PMFs, but pertain to a
universe where the conditioning event is known to have occurred.

e The conditional PMF of X given an event A with P(A) > 0, is defined
by
pxja(z) =P(X =z|A)

> pxja(z) =1.

o If A),..., A, are disjoint events that form a partition of the sample
space, with P(A;) > 0 for all i, then

ZP $)Px|a,(T).

(This is a special case of the total probability theorem.) Furthermore,
for any event B, with P(A; N B) > 0 for all ¢, we have

and satisfies

PX|B ZP i| B) PX|A nB(T).

e The conditional PMF of X given Y = y is related to the joint PMF
by
px,y(z,y) =y (¥)Px)v(z|y)-

e The conditional PMF of X given Y can be used to calculate the
marginal PMF of X through the formula

px(z) =Y py(pxiy(z|y).

e There are natural extensions of the above involving more than two
random variables.
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Conditional Expectation

A conditional PNF can be thought of as an ordinary PMF over a new universe
determined by the conditioning event. In the same spirit. a conditional expec-
tation is the same as an ordinary expectation, except that it refers to the new
universe. and all probabilities and PMF's are replaced by their conditional coun-
terparts. (Conditional variances can also be treated similarly.) We list the main
definitions and relevant facts below.

Summary of Facts About Conditional Expectations
Let X and Y be random variables associated with the same experiment.

e The conditional expectation of X given an event A with P(A) > 0, is
defined by

E[X|A] = ZSE;DX[A
For a function g(X), we have
E[g(X)|4] = Zg(x )Pxja(@).
e The conditional expectation of X given a value y of Y is defined by
EX|Y =y]= prxw(l? |y).

o If A;,.... A, be disjoint events that form a partition of the sample
space, with P(A;) > 0 for all 7, then

E[X] = ZP ) E[X | Ai.
Furthermore, for any event B with P(A4; N B) > 0 for all 7, we have

E[X |B] = ZP (A: | BE[X | A; N B].

=1

e We have
E[X] =) pr(»EX|Y =y].

The last three equalities above apply in different situations. but are essen-
tially equivalent. and will be referred to collectively as the total expectation
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theorem. They all follow from the total probability theorem. and express the
fact that “the unconditional average can be obtained by averaging the condi-
tional averages.” They can be used to calculate the unconditional expectation
E[X] from the conditional PMF or expectation, using a divide-and-conquer ap-
proach. To verify the first of the three equalities. we write

ZP p:z:IA J3|A)

we multiply both sides by z. and we sum over z:

E[(X] = ZJJPX(C‘?)
= Z ZP pxlA L | A; )
= ZP(A» Y xpoia, (] A)
=1 r
= ZP(Ai)E[X | Ai].
i=1
The remaining two equalities are verified similarly.

Example 2.16. Messages transmitted by a computer in Boston through a data
network are destined for New York with probability 0.5, for Chicago with probability
0.3, and for San Francisco with probability 0.2. The transit time X of a message
is random. Its mean is 0.05 seconds if it is destined for New York, 0.1 seconds if it
is destined for Chicago, and 0.3 seconds if it is destined for San Francisco. Then.
E[X] is easily calculated using the total expectation theorem as

E[X] =0.5-0.05+0.3-0.1+0.2- 0.3 = 0.115 seconds.

Example 2.17. Mean and Variance of the Geometric. You write a software
program over and over, and each time there is probability p that it works correctly.
independent of previous attempts. What is the mean and variance of X, the number
of tries until the program works correctly?

We recognize X as a geometric random variable with PMF

px(k)=(1-p)*'p, k=12,....

The mean and variance of X are given by

EX]=) k1-p)""'p  var(X)=) (k—E[X)’1-p)"p,
k=1 k=1
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but evaluating these infinite sums is somewhat tedious. As an alternative, we will
apply the total expectation theorem, with A; = {X = 1} = {first try is a success},
Az = {X > 1} = {first try is a failure}, and end up with a much simpler calcula-
tion.

If the first try is successful, we have X = 1, and

EX|X=1=1

If the first try fails (X > 1). we have wasted one try, and we are back where we
started. So, the expected number of remaining tries is E[X], and

E[X|X > 1] =1+ E[X].
Thus,
EX]=P(X=1E[X|X=1+P(X >1)E[X|X > 1]
=p+(1-p)(1 +E[X]),

from which we obtain
E[(X] =

=

With similar reasoning, we also have
EX’|X=1=1 EX’|X>1=E[(l+X)*] =1+2E[X]+E[X?],

so that
E[X’]| =p-1+ (1 - p)(1 +2E[X] + E[X?]),

from which we obtain

1+2(1 - p)E[X]

E[X?] = .

and, using the formula E[X] = 1/p derived above,

We conclude that

var(X) = BIX*| - (BX])" = 27 - 2= 5 = —

Example 2.18. The Two-Envelopes Paradox. This is a much discussed puzzle
that involves a subtle mathematical point regarding conditional expectations.

You are handed two envelopes. and you are told that one of them contains
m times as much money as the other, where m is an integer with m > 1. You
open one of the envelopes and look at the amount inside. You may now keep this
amount, or you may switch envelopes and keep the amount in the other envelope.
What is the best strategy?
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Here is a line of reasoning that argues in favor of switching. Let A be the
envelope you open and B be the envelope that you may switch to. Let also z and
y be the amounts in A and B, respectively. Then, as the argument goes, either
y = z/m or y = mzx, with equal probability 1/2, so given z, the expected value of

yis
L :c+1 mx—1(1+m)x—l+m2:r>
2 m "2 ~2\m = Tom T

since 1 + m? > 2m for m > 1. Therefore, you should always switch to envelope B!
But then, since you should switch regardless of the amount found in A, you might
as well open B to begin with; but once you do, you should switch again, etc.

There are two assumptions, both flawed to some extent, that underlie this
paradoxical line of reasoning.

(a) You have no a priori knowledge about the amounts in the envelopes, so given
z, the only thing you know about y is that it is either 1/m or m times z, and
there is no reason to assume that one is more likely than the other.

(b) Given two random variables X and Y, representing monetary amounts, if
EY|X =z| >z,

for all possible values x of X, then the strategy that always switches to Y
yields a higher expected monetary gain.

Let us scrutinize these assumptions.

Assumption (a) is flawed because it relies on an incompletely specified prob-
abilistic model. Indeed, in any correct model, all events, including the possible
values of X and Y, must have well-defined probabilities. With such probabilistic
knowledge about X and Y, the value of X may reveal a great deal of information
about Y. For example, assume the following probabilistic model: someone chooses
an integer dollar amount Z from a known range [z, Z] according to some distribu-
tion, places this amount in a randomly chosen envelope, and places m times this
amount in the other envelope. You then choose to open one of the two envelopes
(with equal probability), and look at the enclosed amount X. If X turns out to
be larger than the upper range limit Z, you know that X is the larger of the two
amounts, and hence you should not switch. On the other hand, for some other
values of X, such as the lower range limit 2, you should switch envelopes. Thus, in
this model, the choice to switch or not should depend on the value of X. Roughly
speaking, if you have an idea about the range and likelihood of the values of X, you
can judge whether the amount X found in A is relatively small or relatively large,
and accordingly switch or not switch envelopes.

Mathematically, in a correct probabilistic model, we must have a joint PMF
for the random variables X and Y, the amounts in envelopes A and B, respectively.
This joint PMF is specified by introducing a PMF pz for the random variable Z,
the minimum of the amounts in the two envelopes. Then, for all z,

1
px.v(m2,2) = px.v (2,m2) = 5p2(2),

and
PX,Y(-’L', y) =0,
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for every (z,y) that is not of the form (mz, z) or (z,mz). With this specification
of px.y (z,y), and given that X = z, one can use the rule

switch if and only if E[Y | X = z] > z.

According to this decision rule, one may or may not switch envelopes, depending
on the value of X, as indicated earlier.

Is it true that, with the above described probabilistic model and decision
rule, you should be switching for some values x but not for others? Ordinarily yes,
as illustrated from the earlier example where Z takes values in a bounded range.
However, here is a devilish example where because of a subtle mathematical quirk,
you will always switch!

A fair coin is tossed until it comes up heads. Let N be the number of tosses.
Then, m” dollars are placed in one envelope and m” ~! dollars are placed in the
other. Let X be the amount in the envelope you open (envelope A), and let Y be
the amount in the other envelope (envelope B).

Now, if A contains $1, clearly B contains $m, so you should switch envelopes.
If. on the other hand, A contains m™ dollars, where n > 0, then B contains either
m™~! or m™*! dollars. Since N has a geometric PMF, we have

PY=m""'|X=m") PY=m""'X=m") PWN=n+1) 1

PY=m"1!|X=m") PY=mr-1,X=mr) P(N=n) 2

Thus
n—1 n 2 n+1 n 1
P(Y =m |X=m)=§, P(Y=m |X=m)=§,
and
2 n-— 1 n 2 n
E[amountinB|X=m"]=§-m 1+§-m+1=2'§n2n -m".

We have (2 + m?)/3m > 1 if and only if m> —=3m+2>0o0r (m—1)(m—2) > 0.
Thus if m > 2, then

Elamount in B| X = m"] > m",

and to maximize the expected monetary gain you should always switch to B!
What is happening in this example is that you switch for all values of =

because
ElY | X =1z| >z, for all z.

A naive application of the total expectation theorem might seem to indicate that
E[Y] > E[X]. However, this cannot be true, since X and Y have identical PMFs.
Instead, we have

E[Y] = E[X] = oo,

which is not necessarily inconsistent with the relation E[Y | X = z] > z for all z.

The conclusion is that the decision rule that switches if and only if E[Y | X =
z] > z does not improve the expected monetary gain in the case where E[Y] =
E[X] = oo, and the apparent paradox is resolved.
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INDEPENDENCE

We now discuss concepts of independence related to random variables. These
are analogous to the concepts of independence between events (cf. Chapter 1).
They are developed by simply introducing suitable events involving the possible
values of various random variables, and by considering the independence of these
events.

Independence of a Random Variable from an Event

The independence of a random variable from an event is similar to the indepen-
dence of two events. The idea is that knowing the occurrence of the conditioning
event provides no new information on the value of the random variable. More
formally, we say that the random variable X is independent of the event A
if
P(X =z and A) = P(X = z)P(A) = px(z)P(A), for all z,

which is the same as requiring that the two events {X = z} and A be indepen-
dent, for any choice x. From the definition of the conditional PMF, we have

P(X = z and A) = px|a(z)P(A).
so that as long as P(A) > 0, independence is the same as the condition

px|a(T) = px(x), for all z.

Example 2.19. Consider two independent tosses of a fair coin. Let X be the
number of heads and let A be the event that the number of heads is even. The
(unconditional) PMF of X is

1/4. ifz=0.
px(z)=¢ 1/2, ifz=1,
1/4, ifz=2,

and P(A) = 1/2. The conditional PMF is obtained from the definition px|a(z) =
P(X =z and A)/P(A):

1/2, ifz=0,
pxia(z) = O ifz=1,
1/2, ifz=2.

Clearly, X and A are not independent, since the PMFs px and px|a are different.
For an example of a random variable that is independent of A, consider the random
variable that takes the value O if the first toss is a head. and the value 1 if the first
toss is a tail. This is intuitively clear and can also be verified by using the definition
of independence.
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Independence of Random Variables

The notion of independence of two random variables is similar to the indepen-
dence of a random variable from an event. We say that two random variables
X and Y are independent if

px,v(z,y) = px(z) py (v), for all z,y.

This is the same as requiring that the two events {X = z} and {Y = y} be in-
dependent for every x and y. Finally, the formula px vy (z,y) = px|v(z|y)py (v)
shows that independence is equivalent to the condition

px|y(z|y) =px(z). for all y with py(y) > 0 and all z.

Intuitively, independence means that the value of Y provides no information on
the value of X.

There is a similar notion of conditional independence of two random vari-
ables, given an event A with P(A) > 0. The conditioning event A defines a new
universe and all probabilities (or PMF's) have to be replaced by their conditional
counterparts. For example, X and Y are said to be conditionally indepen-
dent, given a positive probability event A, if

PX=z,Y=y|A)=P(X =z | APY =y|A), for all z and y,
or, in this chapter’s notation,
Px,y|a(T,¥) = px|a(®)py|a(y), for all z and y.
Once more, this is equivalent to

pxiy.a(z|y) = pxja(x) for all z and y such that py|a(y) > 0.

As in the case of events (Section 1.5), conditional independence may not imply
unconditional independence and vice versa. This is illustrated by the example
in Fig. 2.15.

If X and Y are independent random variables, then

E[XY] = E[X] E[Y],

as shown by the following calculation:

E[XY] = Z Z TYpX,y (1‘, y)

Ty
= Z Z zypx (z)py (y) (by independence)
Ty

=Y zpx(z) D ypy(v)

= E[X] E[Y].
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Figure 2.15: Example illustrating that conditional independence may not imply
unconditional independence. For the PMF shown, the random variables X and
Y are not independent. For example. we have

pxiy(11) =P(X =1]Y =1) =0 # P(X = 1) = px(1).

On the other hand, conditional on the event A = {X < 2. Y > 3} (the shaded
set in the figure), the random variables X and Y can be seen to be independent,
In particular, we have

1/3, ifz =1,

for both values y = 3 and y = 4.

A very similar calculation also shows that if X and ¥ are independent. then
E[g(X)h(Y)] = E[g(X)]E[h(Y)].

for any functions g and h. In fact, this follows immediately once we realize that
if X and Y are independent, then the same is true for g(X) and A(Y). This is
intuitively clear and its formal verification is left as an end-of-chapter problem.

Consider now the sum X + Y of two independent random variables X and
Y, and let us calculate its variance. Since the variance of a random variable is
unchanged when the random variable is shifted by a constant, it is convenient to
work with the zero-mean random variables X = X — E[X] and Y =Y — E[Y].

We have ..
var(X +Y) =var(X +Y)

—E[(X + V)7
=E[X2+2XV + V7

= E[X2] + 2E[X Y| + E[Y?]
= E[X?] + E[V?]

= var(X) + var(Y)

= var(X) + var(Y).
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We have used above the property E[f( f’] = 0. which is justified as follows. The
random variables X = X — E[X] and Y = Y — E[Y] are independent (because
they are functions of the independent random variables X and Y). and since
they also have zero-mean. we obtain

E(X Y] = E[X]E[Y] = 0.

In conclusion. the variance of the sum of two independent random variables
is equal to the sum of their variances. For an interesting comparison, note that
the mean of the sum of two random variables is always equal to the sum of their
means. even if they are not independent.

Summary of Facts About Independent Random Variables

Let A be an event, with P(A) > 0, and let X and Y be random variables
associated with the same experiment.

e X is independent of the event A if
px(a(r) = px(x), for all z,

that is, if for all z, the events {X = x} and A are independent.

e X and Y are independent if for all pairs (z,y), the events {X = z}
and {Y = y} are independent, or equivalently

px.y(z,y) =px(z)py(y),  forallz,y.
e If X and Y are independent random variables, then
E(XY]=E[X]E[Y].

Furthermore, for any functions g and A, the random variables g(X)
and h(Y) are independent, and we have

E[g(X)h(Y)] = E[g(X)] E[r(Y)].
e If X and Y are independent, then

var(X +Y) = var(X) + var(Y).

Independence of Several Random Variables

The preceding discussion extends naturally to the case of more than two random
variables. For example. three random variables X. Y. and Z are said to be
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independent if

px.yv.z(z.y.2) = px(z)py (y)pz(z). for all z.y. z.

If X, Y. and Z are independent random variables. then any three random
variables of the form f(X). g(Y). and h(Z), are also independent. Similarly. any
two random variables of the form ¢g(X,Y) and h(Z) are independent. On the
other hand. two random variables of the form g(X,Y) and h(Y, Z) are usually
not independent because they are both affected by Y. Properties such as the
above are intuitively clear if we interpret independence in terms of noninter-
acting (sub)experiments. They can be formally verified but this is sometimes
tedious. Fortunately, there is general agreement between intuition and what is
mathematically correct. This is basically a testament that our definitions of
independence adequately reflect the intended interpretation.

Variance of the Sum of Independent Random Variables

Sums of independent random variables are especially important in a variety of
contexts. For example. they arise in statistical applications where we “average”
a number of independent measurements, with the aim of minimizing the effects
of measurement errors. They also arise when dealing with the cumulative effect
of several independent sources of randomness. We provide some illustrations in
the examples that follow and we will also return to this theme in later chapters.

In the examples below, we will make use of the following key property. If
X1,Xo..... Xn are independent random variables, then

var(X1 + X2 + - -+ + Xp) = var(X1) + var(X2) + - - - + var(Xp).

This can be verified by repeated use of the formula var(X +Y) = var(X)+var(Y)
for two independent random variables X and Y.

Example 2.20. Variance of the Binomial and the Poisson. We consider n
independent coin tosses. with each toss having probability p of coming up a head.
For each i, we let X, be the Bernoulli random variable which is equal to 1 if the
ith toss comes up a head, and is 0 otherwise. Then. X = X) + X2 + --- + X,
is a binomial random variable. Its mean is E[X]| = np. as derived in Example
2.10. By the independence of the coin tosses. the random variables X,,.... X, are
independent, and

n

var(X) = ZVM(Xl) = np(1 — p).

i=1

As we discussed in Section 2.2. a Poisson random variable Y with parameter
A can be viewed as the “limit™ of the binomial as n — oc. p — 0. while np = A.
Thus. taking the limit of the mean and the variance of the binomial. we informally
obtain the mean and variance of the Poisson: E[Y] = var(Y) = A. We have indeed
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verified the formula E[Y] = X in Example 2.7. To verify the formula var(Y) = A,
we write

from which

var(Y) = E[Y?] - (E[Y])" = A0 +1) = A2 = .

The formulas for the mean and variance of a weighted sum of random
variables form the basis for many statistical procedures that estimate the mean
of a random variable by averaging many independent samples. A typical case is
illustrated in the following example.

Example 2.21. Mean and Variance of the Sample Mean. We wish to
estimate the approval rating of a president, to be called B. To this end, we ask n
persons drawn at random from the voter population, and we let X; be a random
variable that encodes the response of the ith person:

1, if the ith person approves B’s performance,
X, = . . . )
0, if the ¢th person disapproves B’s performance.

We model X;, X3,..., X, asindependent Bernoulli random variables with common
mean p and variance p(1 — p). Naturally, we view p as the true approval rating of
B. We “average” the responses and compute the sample mean S,, defined as

S _Xi+ X+ + Xa
n — n .

Thus, the random variable S, is the approval rating of B within our n-person
sample.
We have, using the linearity of S, as a function of the X,

n

E[Sn] = Z %E[Xi] = % Zp =p,

i=1

and making use of the independence of X,..., Xa,

n

var(Sn) = Z %var(X,-) = 1)(1*_17)

i=1
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The sample mean S, can be viewed as a “good” estimate of the approval rating.

This is because it has the correct expected value, which is the approval rating p, and

its accuracy, as reflected by its variance, improves as the sample size n increases.
Note that even if the random variables X; are not Bernoulli, the same calcu-

lation yields
var(S,) = var(X),

n

as long as the X; are independent, with common mean E[X] and variance var(X).
Thus, again, the sample mean becomes a good estimate (in terms of variance) of the
true mean E[X], as the sample size n increases. We will revisit the properties of the
sample mean and discuss them in much greater detail in Chapter 5, in connection
with the laws of large numbers.

Example 2.22. Estimating Probabilities by Simulation. In many practical
situations, the analytical calculation of the probability of some event of interest is
very difficult. However, if we have a physical or computer model that can generate
outcomes of a given experiment in accordance with their true probabilities, we
can use simulation to calculate with high accuracy the probability of any given
event A. In particular, we independently generate with our model n outcomes,
we record the number m of outcomes that belong to the event A of interest, and
we approximate P(A) by m/n. For example, to calculate the probability p =
P (Heads) of a coin, we toss the coin n times, and we approximate p with the ratio
(number of heads recorded)/n.

To see how accurate this process is, consider n independent Bernoulli random
variables X,..., X,, each with PMF

P(A), if k=1,

px; (k) = { 1-P(A), ifk=0.

In a simulation context, X; corresponds to the ¢th outcome, and takes the value 1
if the ith outcome belongs to the event A. The value of the random variable

— X1+X2++Xn
n

X

is the estimate of P(A) provided by the simulation. According to Example 2.21, X
has mean P(A) and variance P(A)(l - P(A)) /n, so that for large n, it provides an
accurate estimate of P(A).

2.8 SUMMARY AND DISCUSSION

Random variables provide the natural tools for dealing with probabilistic models
in which the outcome determines certain numerical values of interest. In this
chapter, we focused on discrete random variables, and developed a conceptual
framework and some relevant tools.

In particular, we introduced concepts such as the PMF, the mean, and the
variance, which describe in various degrees of detail the probabilistic character
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of a discrete random variable. We showed how to use the PMF of a random
variable X to calculate the mean and the variance of a related random variable
Y = g(X) without calculating the PMF of Y. In the special case where g is
a linear function. Y = aX + b. the means and the variances of X and Y are
related by

E[Y] = aE[X] + b, var(Y) = a?var(X).

We also discussed several special random variables, and derived their PMF.
mean, and variance. as summarized in the table that follows.

Summary of Results for Special Random Variables

Discrete Uniform over |[a, b]:

1 .
px(k)z{m, ifk=a,a+1,...,b
0, otherwise,
a+b b—a)(b—a+2
E[X] = 5 var(X)=( )(12 )

Bernoulli with Parameter p: (Describes the success or failure in a single
trial.)

| p if k=1,
px (k)= {l—p. if k =0,
E[X] = p, var(X) = p(1 - p).

Binomial with Parameters p and n: (Describes the number of successes
in n independent Bernoulli trials.)

px (k) = (:)pk(l —p)n—k, k=0,1,....n,
E[X] = np, var(X) = np(1 - p).

Geometric with Parameter p: (Describes the number of trials until the
first success, in a sequence of independent Bernoulli trials.)

px(k) = (1 —p)k-lp, k=1,2,...,

E(X]| = % var(X) =
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Poisson with Parameter A: (Approximates the binomial PMF when n
is large, p is small, and A = np.)

We also considered multiple random variables, and introduced joint PMF's,
conditional PMF's, and associated expected values. Conditional PMF's are often
the starting point in probabilistic models and can be used to calculate other
quantities of interest, such as marginal or joint PMF's and expectations, through
a sequential or a divide-and-conquer approach. In particular. given the condi-
tional PMF py |y (z]|y):

(a) The joint PMF can be calculated by

px.y(z.y) = py (W)pxv(z|y).

This can be extended to the case of three or more random variables. as in

px.y.z(z.y.2) = pz(2)py|z(y| 2)Px)V.2(T | Y. 2).

and is analogous to the sequential tree-based calculation method using the
multiplication rule. discussed in Chapter 1.

(b) The marginal PMF can be calculated by

px(z) = prWpxy(|y)-
Yy

which generalizes the divide-and-conquer calculation method we discussed
in Chapter 1.

(c) The divide-and-conquer calculation method in (b) above can be extended
to compute expected values using the total expectation theorem:

EX]=> pr(yEX|Y =y

We introduced the notion of independence of random variables, in analogy
with the notion of independence of events. Among other topics. we focused on
random variables X obtained by adding several independent random variables
X 1geoen X n-

X=X+ -+ X,
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We argued that the mean and the variance of the sum are equal to the sum of
the means and the sum of the variances, respectively:

E[X]=E[Xi] + -+ E[X4], var(X) = var(X) + - - - + var(Xyn).

The formula for the mean does not require independence of the X;, but the

formula for the variance does.
The concepts and methods of this chapter extend appropriately to general
random variables (see the next chapter), and are fundamental for our subject.
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PROBLEMS

SECTION 2.2. Probability Mass Functions

Problem 1. The MIT soccer team has 2 games scheduled for one weekend. It has
a 0.4 probability of not losing the first game. and a 0.7 probability of not losing the
second game, independent of the first. If it does not lose a particular game, the team
is equally likely to win or tie. independent of what happens in the other game. The
MIT team will receive 2 points for a win, 1 for a tie. and O for a loss. Find the PMF
of the number of points that the team earns over the weekend.

Problem 2. You go to a party with 500 guests. What is the probability that
exactly one other guest has the same birthday as you? Calculate this exactly and
also approximately by using the Poisson PMF. (For simplicity. exclude birthdays on
February 29.)

Problem 3. Fischer and Spassky play a chess match in which the first player to win
a game wins the match. After 10 successive draws. the match is declared drawn. Each
game is won by Fischer with probability 0.4. is won by Spassky with probability 0.3.
and is a draw with probability 0.3. independent of previous games.

(a) What is the probability that Fischer wins the match?
(b) What is the PMF of the duration of the match?

Problem 4. An internet service provider uses 50 modems to serve the needs of 1000
customers. It is estimated that at a given time. each customer will need a connection
with probability 0.01, independent of the other customers.

(a) What is the PMF of the number of modems in use at the given time?

(b) Repeat part (a) by approximating the PMF of the number of customers that
need a connection with a Poisson PMF.

(c) What is the probability that there are more customers needing a connection than
there are modems? Provide an exact. as well as an approximate formula based
on the Poisson approximation of part (b).

Problem 5. A packet communication system consists of a buffer that stores packets
from some source, and a communication line that retrieves packets from the buffer and
transmits them to a receiver. The system operates in time-slot pairs. In the first slot,
the system stores a number of packets that are generated by the source according to
a Poisson PMF with parameter A; however, the maximum number of packets that can
be stored is a given integer b, and packets arriving to a full buffer are discarded. In the
second slot, the system transmits either all the stored packets or c packets (whichever
is less). Here, c is a given integer with 0 < ¢ < b.
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(a) Assuming that at the beginning of the first slot the buffer is empty, find the PMF
of the number of packets stored at the end of the first slot and at the end of the
second slot.

(b) What is the probability that some packets get discarded during the first slot?

Problem 6. The Celtics and the Lakers are set to play a playoff series of n basketball
games, where n is odd. The Celtics have a probability p of winning any one game,
independent of other games.

(a) Find the values of p for which n = 5 is better for the Celtics than n = 3.

(b) Generalize part (a), i.e., for any k > 0, find the values for p for which n = 2k +1
is better for the Celtics than n = 2k — 1.

Problem 7. You just rented a large house and the realtor gave you 5 keys, one for
each of the 5 doors of the house. Unfortunately, all keys look identical. so to open the
front door, you try them at random.

(a) Find the PMF of the number of trials you will need to open the door, under the
following alternative assumptions: (1) after an unsuccessful trial. you mark the
corresponding key. so that you never try it again. and (2) at each trial you are
equally likely to choose any key.

(b) Repeat part (a) for the case where the realtor gave you an extra duplicate key
for each of the 5 doors.

Problem 8. Recursive computation of the binomial PMF. Let X be a binomial
random variable with parameters n and p. Show that its PMF can be computed by
starting with px(0) = (1 — p)™. and then using the recursive formula

_L.n—k
px(k+1)—1_p k+1

-px (k), k=0,1....,n—1.

Problem 9. Form of the binomial PMF. Consider a binomial random variable
X with parameters n and p. Let £* be the largest integer that is less than or equal
to (n + 1)p. Show that the PMF px (k) is monotonically nondecreasing with k in the
range from O to k*. and is monotonically decreasing with k for & > k*.

Problem 10. Form of the Poisson PMF. Let X be a Poisson random variable
with parameter A. Show that the PMF px(k) increases monotonically with k up to
the point where k reaches the largest integer not exceeding A, and after that point
decreases monotonically with k.

Problem 11.* The matchbox problem - inspired by Banach’s smoking
habits. A smoker mathematician carries one matchbox in his right pocket and one in
his left pocket. Each time he wants to light a cigarette, he selects a matchbox from
either pocket with probability p = 1/2, independent of earlier selections. The two
matchboxes have initially n matches each. What is the PMF of the number of remain-
ing matches at the moment when the mathematician reaches for a match and discovers
that the corresponding matchbox is empty? How can we generalize to the case where
the probabilities of a left and a right pocket selection are p and 1 — p, respectively?
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Solution. Let X be the number of matches that remain when a matchbox is found
empty. For k = 0,1,....n, let Ly (or Rx) be the event that an empty box is first
discovered in the left (respectively. right) pocket while the number of matches in the
right (respectively, left) pocket is k at that time. The PMF of X is

px (k) = P(Lk) + P(Rx). k=0,1,...,n.

Viewing a left and a right pocket selection as a “success” and a “failure,” respectively,
P(Lk) is the probability that there are n successes in the first 2n — k trials, and trial
2n — k + 1 is a success. or

1/2n—k\ /1\%"k
P(Lk)_a( i} )(5) . k=0,1,....n.

By symmetry. P(Lix) = P(Rk). so

px (k) = P(Lk) + P(Ri) = (2"é'k> (%)2"_k. k=0.1,....n.

In the more general case, where the probabilities of a left and a right pocket
selection are p and 1 — p, using a similar reasoning. we obtain

P(Lk)=P(2nn_ k)P"(l—p)"_k, k=0.1,....n.

and
2n —k n-— n
P(Rk)=(1—p)("n )p *(1-p)". k=0,1,...,n.

which yields
px (k) = P(Lk) + P(Rx)

_ (Qn - k) (pn+l(1 _p)n—k +pn_k(1 —p)n+l). k=0.1,....n.

n

Problem 12.* Justification of the Poisson approximation property. Con-
sider the PMF of a binomial random variable with parameters n and p. Show that
asymptotically, as

n — oo, p — 0.

while np is fixed at a given value A, this PMF approaches the PMF of a Poisson random
variable with parameter \.

Solution. Using the equation A = np, write the binomial PMF as

px(k) = "~

=n(n—1)---(n—k+1) Ak ( ,\)"_k'

ok w7 n

n
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Fix k and let n — oo. We have, for 7 =1,....k,

-n;kﬂ—bl. (1-—5) — 1. (1—é) —e .

n

Thus, for each fixed k, as n — oo we obtain

_aAF
px(k) — e AE.

SECTION 2.3. Functions of Random Variables

Problem 13. A family has 5 natural children and has adopted 2 girls. Each natural
child has equal probability of being a girl or a boy, independent of the other children.
Find the PMF of the number of girls out of the 7 children.

Problem 14. Let X be a random variable that takes values from 0 to 9 with equal
probability 1/10.

(a) Find the PMF of the random variable Y = X mod(3).

(b) Find the PMF of the random variable Y = 5 mod(X + 1).
Problem 15. Let K be arandom variable that takes, with equal probability 1/(2n+1),

the integer values in the interval [-n,n]. Find the PMF of the random variable Y =
In X. where X = a!%!. and a is a positive number.

SECTION 2.4. Expectation, Mean, and Variance

Problem 16. Let X be a random variable with PMF

px(z) = :1:'-’/a, ifr=-3,-2,-1,0,1,2,3,
0, otherwise.

(a) Find a and E[X].

(c) Using the result from part (b), find the variance of X.

)
(b) What is the PMF of the random variable Z = (X - E[X])2 ?
)
(d) Find the variance of X using the formula var(X) =3 _(z - E[X]) 2px (z).

Problem 17. A city’s temperature is modeled as a random variable with mean and
standard deviation both equal to 10 degrees Celsius. A day is described as “normal” if
the temperature during that day ranges within one standard deviation from the mean.
What would be the temperature range for a normal day if temperature were expressed
in degrees Fahrenheit?

Problem 18. Let a and b be positive integers with a < b, and let X be a random
variable that takes as values, with equal probability, the powers of 2 in the interval
[2%,2%]. Find the expected value and the variance of X.
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Problem 19. A prize is randomly placed in one of ten boxes, numbered from 1 to 10.
You search for the prize by asking yes-no questions. Find the expected number of
questions until you are sure about the location of the prize, under each of the following
strategies.

a) An enumeration strategy: you ask questions of the form “is it in box k?7”.
gy: Yy q

(b) A bisection strategy: you eliminate as close to half of the remaining boxes as
possible by asking questions of the form “is it in a box numbered less than or
equal to k7.

Solution. We will find the expected gain for each strategy, by computing the expected
number of questions until we find the prize.

(a) With this strategy, the probability 1/10 of finding the location of the prize with i
questions, where ¢ = 1,...,10, is 1/10. Therefore, the expected number of questions is

10
1 Z 1
— 1= — .55=25.5.
10 — 10

(b) It can be checked that for 4 of the 10 possible box numbers, exactly 4 questions
will be needed, whereas for 6 of the 10 numbers, 3 questions will be needed. Therefore,
with this strategy, the expected number of questions is

4 6

Problem 20. As an advertising campaign, a chocolate factory places golden tickets
in some of its candy bars, with the promise that a golden ticket is worth a trip through
the chocolate factory, and all the chocolate you can eat for life. If the probability of
finding a golden ticket is p, find the mean and the variance of the number of candy
bars you need to eat to find a ticket.

Problem 21. St. Petersburg paradox. You toss independently a fair coin and you
count the number of tosses until the first tail appears. If this number is n, you receive
2" dollars. What is the expected amount that you will receive? How much would you
be willing to pay to play this game?

Problem 22. Two coins are simultaneously tossed until one of them comes up a head
and the other a tail. The first coin comes up a head with probability p and the second
with probability q. All tosses are assumed independent.

(a) Find the PMF, the expected value, and the variance of the number of tosses.

(b) What is the probability that the last toss of the first coin is a head?

Problem 23.

(a) A fair coin is tossed repeatedly and independently until two consecutive heads
or two consecutive tails appear. Find the PMF, the expected value, and the
variance of the number of tosses.
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(b) Assume now that the coin is tossed until we obtain a tail that is immediately
preceded by a head. Find the PMF and the expected value of the number of
tosses.

SECTION 2.5. Joint PMF's of Multiple Random Variables

Problem 24. A stock market trader buys 100 shares of stock A and 200 shares of
stock B. Let X and Y be the price changes of A and B. respectively. over a certain time
period. and assume that the joint PMF of X and Y is uniform over the set of integers
x and y satisfying

—-2<x <4, -1<y—-z<1.

(a) Find the marginal PMFs and the means of X and Y.
(b) Find the mean of the trader’s profit.

Problem 25. A class of n students takes a test consisting of m questions. Suppose
that student ¢ submitted answers to the first m, questions.

(a) The grader randomly picks one answer, call it (I, J), where I is the student ID
number (taking values 1,...,n) and J is the question number (taking values
1....,m). Assume that all answers are equally likely to be picked. Calculate the
joint and the marginal PMFs of I and J.

(b) Assume that an answer to question j. if submitted by student %, is correct with
probability p,;. Each answer gets a points if it is correct and gets b points
otherwise. Calculate the expected value of the score of student i.

Problem 26. PMF of the minimum of several random variables. On a
given day. your golf score takes values from the range 101 to 110. with probability 0.1,
independent of other days. Determined to improve your score, you decide to play on
three different days and declare as your score the minimum X of the scores X, X2,
and X3 on the different days.

(a) Calculate the PMF of X.

(b) By how much has your expected score improved as a result of playing on three
days?

Problem 27.* The multinomial distribution. A die with r faces, numbered
1,....7.is rolled a fixed number of times n. The probability that the ith face comes up
on any one roll is denoted p,, and the results of different rolls are assumed independent.
Let X, be the number of times that the ith face comes up.

(a) Find the joint PMF px, ... .x,(k1,....kr).
(b) Find the expected value and variance of X;.
(c) Find E[X, X,] for i # j.

Solution. (a) The probability of a sequence of rolls where, for i = 1,...,r, face ¢ comes
up k; times is pfl ... pkr_ Every such sequence determines a partition of the set of n
rolls into 7 subsets with the ith subset having cardinality k; (this is the set of rolls
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for which the ith face came up). The number of such partitions is the multinomial
coefficient (cf. Section 1.6)
n _ n!
kio...okr)  kileeokel

Thus, if ky +--- + k- = n,

and otherwise, px;...xr(k1,..., k) = 0.

(b) The random variable X, is binomial with parameters n and p,. Therefore, E[X;] =
np;, and var(X;) = np;i(1 — p;).

(c) Suppose that i # j, and let Y; i (or Yji) be the Bernoulli random variable that
takes the value 1 if face ¢ (respectively, j) comes up on the kth roll. and the value 0
otherwise. Note that Y; xY; x = 0, and that for [ 3 k. Y.« and Y, are independent, so
that E[Y;.xYj:] = pip;. Therefore,

EX.X;)=E[(Yi1+- 4+ Yin)(Yoa + -+ Y).0)]
=n(n - 1)E[Y: 1Y 2]
= n(n — 1)pip;.

Problem 28.* The quiz problem. Consider a quiz contest where a person is given
a list of n questions and can answer these questions in any order he or she chooses.
Question ¢ will be answered correctly with probability p:. and the person will then
receive a reward v;. At the first incorrect answer, the quiz terminates and the person
is allowed to keep his or her previous rewards. The problem is to choose the ordering
of questions so as to maximize the expected value of the total reward obtained. Show
that it is optimal to answer questions in a nonincreasing order of p;v; /(1 = pi)-

Solution. We will use a so-called interchange argument, which is often useful in
sequencing problems. Let ¢ and j be the kth and (k + 1)st questions in an optimally
ordered list

L={(%1,...,k=1y8Jstk42,-««s2n).

Consider the list
L' = (T1y. -2 Tke1sy Lo lhkt2y v s%n)

obtained from L by interchanging the order of questions ¢ and j. We compute the
expected values of the rewards of L and L’, and note that since L is optimally ordered,

we have
E[reward of L] > E[reward of L'].

Define the weight of question i to be

w(i) =
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We will show that any permutation of the questions in a nonincreasing order of weights
maximizes the expected reward.

If L = (i1,...,in) is a permutation of the questions, define L'*) to be the permu-
tation obtained from L by interchanging questions # and ¢x41. Let us first compute
the difference between the expected reward of L and that of L(¥). We have

E[reward of L] = pi; vi; + PiyPigtiy + - + Diy == PinVin,

and
E[reward of L(k)] = Pi; Vi; + PiyPiyVip + -+ Piy * Prye_ 1 Vig_y
t Piy  Pig Pig gy Vigyy T Piy o Prg_ Pig g Pri U
+Piy  PigyqUixyg +  + Piy ** PinVin.
Therefore,

E[reward of L(k)] — E[reward of L] = pi, -+ - pi _; (Pijeyy Vig g1 + Pigy1 Pir Vik
= Pig Uy, — PigcPig g1 Vigy1)
=piy - Pig_y (1 = Py ) (1 = Piy4y) (wlins1) — w(i)).

Now, let us go back to our problem. Consider any permutation L of the questions.
If w(ix) < w(ik+1) for some k, it follows from the above equation that the permutation
L‘*) has an expected reward larger than that of L. So, an optimal permutation of the
questions must be in a nonincreasing order of weights.

Let us finally show that any two such permutations have equal expected rewards.
Assume that L is such a permutation and say that w(ix) = w(ix+1) for some k. We
know that interchanging ix and ix+1 preserves the expected reward. So, the expected
reward of any permutation L’ in a non-increasing order of weights is equal to that of
L, because L' can be obtained from L by repeatedly interchanging adjacent questions
having equal weights.

Problem 29.* The inclusion-exclusion formula. Let A, A,,..., A, be events.
Let S1 = {i|1 < i< n}, S2 = {(i1,i2) |1 £ 4 < i2 < n}, and more generally, let Sn
be the set of all m-tuples (z1,...,im) of indices that satisfy 1 < i) < i < - < i, <.
Show that
P(UiciAk) = ) _P(A)— Y P(AyNAy)
€S (i1.i2)€Sy

+ Y P(Ay NAip NAg) — -+ (=1)" P (NE Ax) .-

(21.i2,i3)€S3

Hint: Let X; be a binary random variable which is equal to 1 when A; occurs, and
equal to 0 otherwise. Relate the event of interest to the random variable (1 — X1)(1 —
X2)--- (1= X,).

Solution. Let us express the event B = Up_,Ax in terms of the random variables
X1,...,Xn. The event B€ occurs when all of the random variables X, ..., X, are zero,
which happens when the random variable Y = (1-X;)(1-X32) --- (1—X4) is equal to 1.
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Note that Y can only take values in the set {0, 1}, so that P(B°) = P(Y = 1) = E[Y].
Therefore,

P(B)=1-E[(1-X1)(1-X2)---(1 = Xa)]

=EXi+ -+ X -E| Y XXy, | 4o+ (-D)"EX - X
(21,12)€S2

We note that
E[Xi] = P(A)), E[X:, X.,] = P(4i, NAy),
E[XiIXiQXi;;] = P(Ail n A12 N Ai3)a E[X1X2 tee Xn] = P(m;::lAk)a

etc., from which the desired formula follows.

Problem 30.* Alvin’s database of friends contains n entries, but due to a software
glitch, the addresses correspond to the names in a totally random fashion. Alvin writes
a holiday card to each of his friends and sends it to the (software-corrupted) address.
What is the probability that at least one of his friends will get the correct card? Hint:
Use the inclusion-exclusion formula.

Solution. Let A, be the event that the kth card is sent to the correct address. We
have for any k, j, i,

1 n—1)!
P(Ak)zﬁ-:( n!)’
1 1 n—2)!
P(4x N 4;) = P(AP(4, | 4) = = - 1 = 2=
1 1 1 n—3)!
P(ArNA,NA) = o n—l'n—2=( n')’

etc., and
P(ﬂk=1Ak) == n—

Applying the inclusion-exclusion formula,

Uk 1Ak) = ZP Z P(AnmAiz)

i€S) (11,i2)€S2

+ Y P(A NA,NAG) =+ (-1)" TP (N Ak),
(i1.i2.,i3)€S3

we obtain the desired probability

Pt = (PG - (5) O () B g

When n is large, this probability can be approximated by 1 —e™?.
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SECTION 2.6. Conditioning

Problem 31. Consider four independent rolls of a 6-sided die. Let X be the number
of 1s and let Y be the number of 2s obtained. What is the joint PMF of X and Y?

Problem 32. D. Bernoulli’s problem of joint lives. Consider 2m persons
forming m couples who live together at a given time. Suppose that at some later time,
the probability of each person being alive is p, independent of other persons. At that
later time. let A be the number of persons that are alive and let S be the number of
couples in which both partners are alive. For any survivor number a, find E[S | A = a].

Problem 33.* A coin that has probability of heads equal to p is tossed successively
and independently until a head comes twice in a row or a tail comes twice in a row.
Find the expected value of the number of tosses.

Solution. One possibility here is to calculate the PMF of X, the number of tosses
until the game is over, and use it to compute E[X]. However, with an unfair coin, this
turns out to be cumbersome. so we argue by using the total expectation theorem and
a suitable partition of the sample space. Let Hy (or Tix) be the event that a head (or a
tail, respectively) comes at the kth toss. and let p (respectively, q) be the probability
of Hy (respectively, Tx). Since H; and T: form a partition of the sample space, and
P(H,) = p and P(T1) = ¢, we have

E(X] = pE[X | H1] + qE[X | Th].
Using again the total expectation theorem, we have
E[X |H:) =pE[X |Hi N H) +qE[X |H,NT3) = 2p+ q(l + E[X| Tl]),

where we have used the fact
E[X|HiNH;] =2

(since the game ends after two successive heads), and
E(X |H,NT2] =1+ E[X |Th]

(since if the game is not over. only the last toss matters in determining the number of
additional tosses up to termination). Similarly, we obtain

EX|T)] = 2q+p(1 + E[X|H1])

Combining the above two relations. collecting terms, and using the fact p+ ¢ =1, we
obtain after some calculation

2

2+p
E(X|Th] = ,
[X | Th] T pa
and similarly
2+ ¢°
E[X |H] = 2

1-pq
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Thus,
2 + g2 2 2
+q +p

and finally, using the fact p+ ¢ =1,

2+p
E[X]:ﬁ.

In the case of a fair coin (p = ¢ = 1/2), we obtain E[X] = 3. It can also be verified
that 2 < E[X] < 3 for all values of p.

Problem 34.* A spider and a fly move along a straight line. At each second, the fly
moves a unit step to the right or to the left with equal probability p, and stays where
it is with probability 1 —2p. The spider always takes a unit step in the direction of the
fly. The spider and the fly start D units apart, where D is a random variable taking
positive integer values with a given PMF. If the spider lands on top of the fly, it’s the
end. What is the expected value of the time it takes for this to happen?

Solution. Let T be the time at which the spider lands on top of the fly. We define
Aq: the event that initially the spider and the fly are d units apart.
Ba: the event that after one second the spider and the fly are d units apart.

Our approach will be to first apply the (conditional version of the) total expectation
theorem to compute E[T | A1], then use the result to compute E[T | A2]. and similarly
compute sequentially E[T'| A4] for all relevant values of d. We will then apply the
(unconditional version of the) total expectation theorem to compute E[T].

We have

Ag=(AaNBy)U(AaNBa_1) U (Ag N Ba_2), ifd>1.

This is because if the spider and the fly are at a distance d > 1 apart, then one second
later their distance will be d (if the fly moves away from the spider) or d — 1 (if the fly
does not move) or d — 2 (if the fly moves towards the spider). We also have, for the
case where the spider and the fly start one unit apart,

A = (Al N B]) U (A] N Bo)
Using the total expectation theorem. we obtain

E[T | Ad] = P(Bd | Ad)E[T| AaN Bd]
+ P(Bd-1| A4)E[T | Aa N Ba-1]
+ P(Ba-2| A4)E[T | Ag N By—_2], if d> 1,

and
E[T|A=P(B1|A)E[T|AiNB1|+P(Bo| A1)E[T|A1NBy|, ifd=1.
It can be seen based on the problem data that

P(B1|A1)=2p, P(Bo|A1)=1-2p,
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E[T| A1 N B =1+ E[T| Ai], E[T| A1 NBo) =1,

so by applying the formula for the case d = 1, we obtain
E[T| Ai] = 2p(1 + E[T| A1) + (1 - 2p),

or
1

1-2p
By applying the formula with d = 2, we obtain

E[T| A =

E[TlAz] = pE[T|A2 M Bz] + (1 - 2p)E[T| AN Bl] +pE[T|A2 n Bo]

We have
E[T|A2N By] =1,

E[T|A2Nn B, =1+ E[T| A,
E[T| A2 N B2] =1+ E[T| A2],

so by substituting these relations in the expression for E[T | A2], we obtain

E[T| A2) = p(1 + E[T| A2]) + (1 - 2p) (1 + E[T | Ai]) +p

1
_p(1+E[T|A2]) +(1-2p) <1+ 1—2p) + p.
This equation yields after some calculation

2

Generalizing. we obtain for d > 2,
E[T|Ad = p(1 + E[T| Ad]) + (1 = 2p)(1 + E[T | Aa—1]) + p(1 + E[T | Ay_2]).

Thus, E[T'| A4] can be generated recursively for any initial distance d, using as initial
conditions the values of E[T | A;] and E[T | A2] obtained earlier.

Finally, the expected value of T can be obtained using the given PMF for the
initial distance D and the total expectation theorem:

E[T| =) po(d)E[T|Ad]
d

Problem 35.* Verify the expected value rule
E[g(X,Y)] =) ) gz v)px.v(z.9),
r oy

using the expected value rule for a function of a single random variable. Then, use the
rule for the special case of a linear function, to verify the formula

EjaX + bY] = aE[X] + bE[Y],
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where a and b are given scalars.

Solution. We use the total expectation theorem to reduce the problem to the case of
a single random variable. In particular, we have

E[g(X,Y)] =) pr(¥)E[g(X,Y)|Y =y]

y

= pr(WE[g(X,9)|Y =]

= Zpy(y) Zg(w, y)pX|Y(:r | y)

- Z Z 9(z,y)px.y(z,¥),

as desired. Note that the third equality above used the expected value rule for the
function g(X,y) of a single random variable X.
For the linear special case, the expected value rule gives

ElaX +bY] =) > (az +by)px.v(z,v)

x Yy
= aZ:BZPx,Y(x, y) + beZPx\Y(x’ y)
x Yy Yy x

= az:cpx(a:) + bePY(y)

= aE[X] + bE[Y].

Problem 36.* The multiplication rule for conditional PMFs. Let X, Y, and
Z be random variables.

(a) Show that
px.v,z(z,¥, z) = px ()py|x (¥ | T)PZ1Xx,¥ (2| T, Y).

(b) How can we interpret this formula as a special case of the multiplication rule
given in Section 1.37

(c) Generalize to the case of more than three random variables.

Solution. (a) We have
pxv.z(z,y,z) =P(X =z,Y =y, Z = 2)
=PX=z)P(Y=yZ=z2|X=1)
=PX=z2)PY=y|X=2)P(Z=z2|X=z1,Y=y)
= px(2)py x (¥ 2)pz1x.¥ (2] T, Y).
(b) The formula can be written as

PX=z,Y=y2=2)=PX=z2)P(Y=y|X=2)P(Z=z2|X=1zY =y),
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which is a special case of the multiplication rule.

(c) The generalization is

Pxy...Xn(Z1,...,Zn)

=P.¥1($1)Px2|x1(:132|$1)~--pxn|xl ...... X, 1 (Tn|Z1y.. . ZTn=1).

n-1

Problem 37.* Splitting a Poisson random variable. A transmitter sends out
either a 1 with probability p, or a 0 with probability 1 — p. independent of earlier
transmissions. If the number of transmissions within a given time interval has a Poisson
PMF with parameter A, show that the number of 1s transmitted in that same time
interval has a Poisson PMF with parameter pA.

Solution. Let X and Y be the numbers of 1s and Os transmitted. respectively. Let
Z = X + Y be the total number of symbols transmitted. We have

P X=nY=m=PX=nY=m|Z=n+m)P(Z=n+m)

_(n+m n(1— )m'e"\A"J’m.
- n )P p (n +m)!

e~ (\p)" e~ A1-p) (A(l _p))’"
n! ' m!

Thus.
P(X=n)=) P(X=nY=m)
=0

e D) __aa-p) i (’\(l;!P))m

n!
m=0
— e *?(Ap)" o= M1=p) A(1-P)
n! i
_ e *(p)"
B n! )

so that X is Poisson with parameter Ap.

SECTION 2.7. Independence

Problem 38. Alice passes through four traffic lights on her way to work, and each
light is equally likely to be green or red. independent of the others.

(a) What is the PMF, the mean, and the variance of the number of red lights that
Alice encounters?

(b) Suppose that each red light delays Alice by exactly two minutes. What is the

variance of Alice’'s commuting time?

Problem 39. Each morning, Hungry Harry eats some eggs. On any given morning,.
the number of eggs he eats is equally likely to be 1. 2, 3. 4, 5, or 6, independent of
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what he has done in the past. Let X be the number of eggs that Harry eats in 10 days.
Find the mean and variance of X.

Problem 40. A particular professor is known for his arbitrary grading policies. Each
paper receives a grade from the set {A, A—, B+. B, B—,C+}, with equal probability,
independent of other papers. How many papers do you expect to hand in before you
receive each possible grade at least once?

Problem 41. You drive to work 5 days a week for a full year (50 weeks), and with
probability p = 0.02 you get a traffic ticket on any given day, independent of other
days. Let X be the total number of tickets you get in the year.

(a) What is the probability that the number of tickets you get is exactly equal to the
expected value of X?

(b) Calculate approximately the probability in (a) using a Poisson approximation.

(c) Any one of the tickets is $10 or $20 or $50 with respective probabilities 0.5, 0.3,
and 0.2, and independent of other tickets. Find the mean and the variance of the
amount of money you pay in traffic tickets during the year.

(d) Suppose you don’t know the probability p of getting a ticket. but you got 5 tickets
during the year, and you estimate p by the sample mean

5
h= 2 —0.02
P= 3250

What is the range of possible values of p assuming that the difference between

p and the sample mean p is within 5 times the standard deviation of the sample
mean?

Problem 42. Computational problem. Here is a probabilistic method for com-
puting the area of a given subset S of the unit square. The method uses a sequence of
independent random selections of points in the unit square [0, 1] x [0, 1], according to a
uniform probability law. If the ith point belongs to the subset S the value of a random
variable X; is set to 1, and otherwise it is set to 0. Let X;, X2,... be the sequence of
random variables thus defined, and for any n, let

_Xi+ X4+ X,
~ :

Sn

(a) Show that E[Sy] is equal to the area of the subset S. and that var(S») diminishes
to 0 as n increases.

(b) Show that to calculate S,. it is sufficient to know S,_1 and X,, so the past
values of Xx, k=1,...,n — 1, do not need to be remembered. Give a formula.

(c) Write a computer program to generate S, for n = 1,2,...,10000, using the
computer's random number generator, for the case where the subset S is the
circle inscribed within the unit square. How can you use your program to measure
experimentally the value of 77

(d) Use a similar computer program to calculate approximately the area of the set
of all (z.y) that lie within the unit square and satisfy 0 < cosmz + sin7y < 1.
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Problem 43.* Suppose that X and Y are independent, identically distributed, geo-
metric random variables with parameter p. Show that

P(X=i|X+Y=n)=——, i=1...n-1L
n—1
Solution. Consider repeatedly and independently tossing a coin with probability of
heads p. We can interpret P(X = i| X +Y = n) as the probability that we obtained
a head for the first time on the ith toss given that we obtained a head for the second
time on the nth toss. We can then argue, intuitively, that given that the second head
occurred on the nth toss, the first head is equally likely to have come up at any toss
between 1 and n — 1. To establish this precisely, note that we have

P(X=i X+Y=n PX=:9)PY =n-i)
P(X +Y =n) - P(X+Y=n)

P(X=i|X+Y =n)=

Also ‘
P(X =i)=p(1-p)'', fori>1,

and .
P(Y=n-9)=p1-p)" """ forn-i>l.
It follows that

pPPAQ-p™? ifi=1,...,n—1,

P(X=9)P(Y=n-1)= { 0 otherwise.

Therefore, for any ¢ and j in the range [1,n — 1], we have
P X=i|X+Y=n)=P(X=j|X+Y =n).

Hence
1

Problem 44.* Let X and Y be two random variables with given joint PMF, and
let ¢ and h be two functions of X and Y, respectively. Show that if X and Y are
independent, then the same is true for the random variables g(X) and h(Y").

Solution. Let U = g(X) and V = h(Y'). Then, we have

pU,V(u,’U) = Z PX,Y(x,y)

{(z,¥) | 9(z)=u, h(y)=v}

= > px (z)py (y)

{(z.y) | g(z)=u. h(y)=v}

Yo opx(@ ), pr()

{z | 9(z)=u} {z | h(y)=v}

= pu(u)pv (v),

so U and V are independent.
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Problem 45.* Variability extremes. Let Xi,..., X, be independent random vari-
ables and let X = X; + .-+ X, be their sum.

(a) Suppose that each X, is Bernoulli with parameter p;, and that p),...,pn are
chosen so that the mean of X is a given > 0. Show that the variance of X is
maximized if the p; are chosen to be all equal to p/n.

(b) Suppose that each X; is geometric with parameter p;, and that pi,...,ps are
chosen so that the mean of X is a given > 0. Show that the variance of X
is minimized if the p; are chosen to be all equal to n/u. [Note the strikingly
different character of the results of parts (a) and (b).]

Solution. (a) We have

n

n n

var(X) = Zvar(X,-) = Zpi(l -pi)=p- ZP?-
1=1 1=1 i=1

Thus maximizing the variance is equivalent to minimizing ) ._ p?. It can be seen

(using the constraint ) ._ p; = p) that

> opi=D (u/n 4 (pi - p/n)

so Y_" . p? is minimized when p, = p/n for all i.
(b) We have

p= Z E[X] = pl

and
n

var(X) = Zvar(X,) = 2": 1 ;fi.

1=1 1=1

Introducing the change of variables y, = 1/p; = E[X;]. we see that the constraint

becomes .
dovi=uw
i=1

and that we must minimize

dowlyi-1)=) ¥i-n
i=1 i=1

subject to that constraint. This is the same problem as the one of part (a), so the
method of proof given there applies.

Problem 46.* Entropy and uncertainty. Consider a random variable X that can
take n values. x,....,Tn, with corresponding probabilities p;,...,p,. The entropy of

X is defined to be .
- Z pi log p..
i=1
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(All logarithms in this problem are with respect to base two.) The entropy H(X)
provides a measure of the uncertainty about the value of X. To get a sense of this, note
that H(X) > 0 and that H(X) is very close to 0 when X is “nearly deterministic,”
i.e., takes one of its possible values with probability very close to 1 (since we have
plogp = 0 if either p~ 0 or px 1).

The notion of entropy is fundamental in information theory, which originated
with C. Shannon’s famous work and is described in many specialized textbooks. For
example. it can be shown that H(X) is a lower bound to the average number of yes-no
questions (such as “is X = z1?” or “is X < z5?”) that must be asked in order to deter-
mine the value of X. Furthermore, if k is the average number of questions required to
determine the value of a string of independent identically distributed random variables
X1.X2,....X,. then. with a suitable strategy. k/n can be made as close to H(X) as
desired, when n is large.

(a) Show that if q;..... g» are nonnegative numbers such that Z:; 19 =1, then

H(X)< =) piloggs,

=1

with equality if and only if p; = ¢; for all i. As a special case, show that
H(X) < logn, with equality if and only if p, = 1/n for all . Hint: Use the
inequality Ina < a — 1, for a > 0. which holds with equality if and only if & = 1;
here In a stands for the natural logarithm.

(b) Let X and Y be random variables taking a finite number of values, and having
joint PMF px .y (z,y). Define

px.y(z.y)
Ix Zszyxylog( x(z )py(y))'

Show that I(X,Y) > 0, and that I(X.Y) = O if and only if X and Y are
independent.

(c) Show that
I(X.Y)=H(X)+ H(Y)- H(X,Y),

where
H(X.Y)=- Z pr.y(z. y)logpx.v(z.y),

z Yy

H(X) = pr )logpx(2).  H(Y)= Zpy ) logpy (u)

(d) Show that
I(X.Y) = H(X) - H(X|Y),

where

H(X|Y)= Zpy(y me(uy log px|v (z | y)-

[Note that H(X |Y') may be viewed as the conditional entropy of X given Y, that
is. the entropy of the conditional distribution of X. given that Y = y, averaged
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over all possible values y. Thus. the quantity I(X,Y) = H(X)— H(X |Y) is the
reduction in the entropy (uncertainty) on X, when Y becomes known. It can be
therefore interpreted as the information about X that is conveyed by Y. and is
called the mutual information of X and Y]

Solution. (a) We will use the inequality Ina < a—1. (To see why this inequality is true.
write Ina = [*37'df < [* dB = a —1for a > 1. and write Ina = — [ 371d8 <

—fal dB=a—-1for0<a<1l.)
We have

—Zp,lnp,+2p,lnq, szln(q’) Zp, (- —1) = 0.

with equality if and only if p, = g, for all i. Since In p = logplIn 2. we obtain the desired
relation H(X) < — Z:;l pi logq,. The inequality H(X) < logn is obtained by setting
gi = 1/n for all i.

(b) The numbers px (z)py (y) satisfy > _ Zy px (z)py (y) = 1. so by part (a), we have
YD pxv(@y)log(pxy(zy) 2 DD pxv(z.y)log(px (2)py (¥)),

with equality if and only if

px.y(z,y) = px(x)py (y), for all z and y,

which is equivalent to X and Y being independent.
(c) We have

I(X,Y)= Zpr v (z,y) logpx.v (2.y) ZZPXY(J: y) log (px (z)py (),

and

Z pr.y(x. y)logpx,y(z.y) = —H(X,Y).

T y

-ZZP“(“” y) log (px (z)pr (v)) ZZPXY (z,y) log px (z)
- Zpr.y(:c- y) log py ()

- — pr(z) logpx(x) — ZPY(y) log py (y)

= H(X)+H(Y).

Combining the above three relations, we obtain I(X,Y)= H(X)+ H(Y) - H(X.Y).
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(d) From the calculation in part (c), we have

IX,Y) =YY pxy(z,y)logpxy(z,y) - )_px(z)logpx(z)

_ Z pr,y(x, y) log py (y)

= H(X)+ Z Zpy(y pxiy (z|y)logpx v (z|y)

z Yy

= H(X) - H(X|Y).

Chap. 2
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Randoin variables with a continuous range of possible values are quite common;
the velocity of a vehicle traveling along the highway could be one example. If the
velocity is measured by a digital speedometer, we may view the speedometer’s
reading as a discrete random variable. But if we wish to model the exact velocity,
a continuous random variable is called for. Models involving continuous random
variables can be useful for several reasons. Besides being finer-grained and pos-
sibly more accurate, they allow the use of powerful tools from calculus and often
admit an insightful analysis that would not be possible under a discrete model.

All of the concepts and methods introduced in Chapter 2, such as expec-
tation, PMF's, and conditioning, have continuous counterparts. Developing and
interpreting these counterparts is the subject of this chapter.

CONTINUOUS RANDOM VARIABLES AND PDFS

A random variable X is called continuous if there is a nonnegative function fx,
called the probability density function of X, or PDF for short, such that

P(X ¢ B) = / fx(z) dz,
B

for every subset B of the real line.T In particular, the probability that the value
of X falls within an interval is

b
Pla< X <b) =/ fx(z)dz

and can be interpreted as the area under the graph of the PDF (see Fig. 3.1).
For any single value a, we have P(X f fx(z)dx = 0. For this reason,
including or excluding the endpoints of an 1nterval has no effect on its probability:

Pa<X<b=Pla<X<b=Pla<X<b)=Pla< X <bh).

Note that to qualify as a PDF, a function fx must be nonnegative, i.e.,
fx(x) =2 0 for every z, and must also have the normalization property

/ fx(z P(~oc < X <oc) = 1.

t The integral fB fx(z)dz is to be interpreted in the usual calculus/Riemann
sense and we implicitly assume that it is well-defined. For highly unusual functions
and sets, this integral can be harder — or even impossible — to define, but such issues
belong to a more advanced treatment of the subject. In any case, it is comforting
to know that mathematical subtleties of this type do not arise if fx is a piecewise
continuous function with a finite or countable number of points of discontinuity, and
B is the union of a finite or countable number of intervals.
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.

4 PDF fx”f

Dample space

/ a' h .
Event {a< X< b}

Figure 3.1: lllustration of a PDF. The probability that X takes a value in an
interval [a, b is f: fx (z)dx. which is the shaded area in the figure.

Graphically, this means that the entire area under the graph of the PDF must
be equal to 1.

To interpret the PDF, note that for an interval [z.x + §] with very small
length 6, we have

z+6
Pla+8) = [ fx(tdt=fx(z)-s

so we can view fx(z) as the “probability mass per unit length” near z (cf.
Fig. 3.2). It is important to realize that even though a PDF is used to calculate
event probabilities, fx(z) is not the probability of any particular event. In
particular, it is not restricted to be less than or equal to one.

4 PDF fyir) Figure 3.2: Interpretation of the
PDF fx(x) as “probability mass per
unit length” around z. If § is very
small, the probability that X takes
a value in the interval [z,z + 8] is
the shaded area in the figure, which

- is approximately equal to fx(z)- 4.

Example 3.1. Continuous Uniform Random Variable. A gambler spins a
wheel of fortune, continuously calibrated between 0 and 1. and observes the resulting
number. Assuming that any two subintervals of [0,1] of the same length have the
same probability, this experiment can be modeled in terms of a random variable X
with PDF
c, if0<z<1,
fx(z) = {0, otherwise,



142 General Random Variables Chap. 3

b-a Figure 3.3: The PDF of a uni-
form random variable.

a b r

for some constant c. This constant can be determined by using the normalization

property
oo 1 1
1=/ fx(:r)dx=/cdx=c/ dz = c,
) 0 0
so that c = 1.

More generally, we can consider a random variable X that takes values in
an interval [a,b], and again assume that any two subintervals of the same length
have the same probability. We refer to this type of random variable as uniform or
uniformly distributed. Its PDF has the form

1
fa<z<bd
fx($)={b—a’ -

0, otherwise,

(cf. Fig. 3.3). The constant value of the PDF within [a, b] is determined from the
normalization property. Indeed, we have

a0 b 1
1=/_mfx(:r)d:1:=/a b—adI'

Example 3.2. Piecewise Constant PDF,. Alvin's driving time to work is be-
tween 15 and 20 minutes if the day is sunny, and between 20 and 25 minutes if the
day is rainy, with all times being equally likely in each case. Assume that a day
is sunny with probability 2/3 and rainy with probability 1/3. What is the PDF of
the driving time, viewed as a random variable X?

We interpret the statement that “all times are equally likely” in the sunny
and the rainy cases, to mean that the PDF of X is constant in each of the intervals
[15,20] and [20,25]. Furthermore, since these two intervals contain all possible
driving times, the PDF should be zero everywhere else:

c1, if15<z <20,
fx{(x) =< c2, if20<z <25,
0, otherwise,

where ¢; and cz are some constants. We can determine these constants by using
the given probabilities of a sunny and of a rainy day:

9 20 20
~ = P(sunny day) = fx(x)dx = / c1 dr = 5¢,
3 15 15
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A PDF fy(2)

{“‘2

& i

Figure 3.4: A piecewise constant PDF involving three intervals.

1 25 25
3= P(rainy day) = / fx(z)dz = / c2 dx = 5S¢y,
20 20
so that
2 1
Cc1 = B, C2 = :—lg

Generalizing this example. consider a random variable X whose PDF has the
piecewise constant form

fx(fr)"{Ci’ ifa, sz <@iyy, 1=12...,n-1,
0, otherwise,
where a;,a2,...,an are some scalars with a, < a.y, for all ¢, and ¢1,c¢2,...,cn are

some nonnegative constants (cf. Fig. 3.4). The constants ¢; may be determined
by additional problem data, as in the preceding driving context. Generally, the c;
must be such that the normalization property holds:

n-—1

an nol ey
1= / fX'(I) dr = / Cq dr = Ci(ai+1 - ai)‘
. 2l

i=1

Example 83.3. A PDF Can Take Arbitrarily Large Values. Consider a
random variable X with PDF

1 .
fx(I):{m‘ lf0<l‘£1,

0. otherwise.

Even though fx (z) becomes infinitely large as £ approaches zero, this is still a valid

PDF, because
20 1 1 1
r)dr = ——dr = | =1.
/_fo( ) /0 NG fo
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Summary of PDF Properties
Let X be a continuous random variable with PDF fx.
e fx(z) >0 for all z.

. /_fo(a:)d:c= 5.

o If § is very small, then P([z,z + §]) ~ fx(z) - 6.

e For any subset B of the real line,

P(X € B) = /fo(a:)dx.

Expectation

The expected value or expectation or mean of a continuous random variable
X is defined byJr

E(X] = /—OO z fx(z) dz.

This is similar to the discrete case except that the PMF is replaced by the PDF,
and summation is replaced by integration. As in Chapter 2. E[X] can be inter-
preted as the “center of gravity” of the PDF and, also. as the anticipated average
value of X in a large number of independent repetitions of the experiment. Its
mathematical properties are similar to the discrete case — after all, an integral
is just a limiting forin of a sum.

If X is a continuous random variable with given PDF. any real-valued
function Y = g(X) of X is also a random variable. Note that Y can be a
continuous random variable: for example, consider the trivial case where Y =
g(X) = X. But Y can also turn out to be discrete. For example. suppose that

t One has to deal with the possibility that the integral f_xoo zfx(z)dz is infi-
nite or undefined. More concretely. we will say that the expectation is well-defined if
f_xx |z|fx (z)dz < oc. In that case, it is known that the integral f:. zfx(z)dz takes
a finite and unambiguous value.

For an example where the expectation is not well-defined. consider a random
variable X with PDF fx(x) = c¢/(1 + x?), where c is a constant chosen to enforce the
normalization condition. The expression |z|fx(z) can be approximated by c¢/|z| when
|z| is large. Using the fact flx(l/r) dz = oc. one can show that f_xx |z|fx (z) dT = 0.
Thus. E[X] is left undefined. despite the symmetry of the PDF around zero.

Throughout this book. in the absence of an indication to the contrary, we implic-
itly assume that the expected value of any random variable of interest is well-defined.
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g(x) = 1 for x > 0. and g(z) = 0. otherwise. Then Y = g(X) is a discrete
random variable taking values in the finite set {0.1}. In either case. the mean
of g(X) satisfies the expected value rule

Blo(x) = | " o(@)fx (@) do.

—2oC
in complete analogy with the discrete case; see the end-of-chapter problems.
The nth moment of a continuous random variable X is defined as E[X"].
the expected value of the random variable X™. The variance. denoted by
var(X). is defined as the expected value of the random variable (X — E[X ])2
We now summarize this discussion and list a number of additional facts
that are practically identical to their discrete counterparts.

Expectation of a Continuous Random Variable and its Properties
Let X be a continuous random variable with PDF fx.

e The expectation of X is defined by
E(X] = / zfx(z)dz.
— 00

e The expected value rule for a function g(X) has the form

E[g(X)] = /_00 9(z)fx(z)dz.
e The variance of X is defined by
var(X) = E[(X - E[X])z] = /_o;(x - E[X])2fx(x) dx.

e We have )
0 < var(X) = E[X2] — (E[X])".

e If Y =aX + b, where a and b are given scalars, then

E[Y]| = aE[X] + b, var(Y) = a2var(X).

Example 3.4. Mean and Variance of the Uniform Random Variable.
Consider a uniform PDF over an interval [a.}]. as in Example 3.1. We have

x b
E[X]=/ xfx(x)d;t=/ :r-biadx

o
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as one expects based on the symmetry of the PDF around (a + b)/2.
To obtain the variance, we first calculate the second moment. We have

b 1:2 1 b
E[X2]=/ b_ada:=b_a/ z? dr

1 _1_x3"_b3—a3
" b—a 37 |la 3(b-a)
_a’+ab+ b

3

Thus, the variance is obtained as

2 a®+ab+b? _ (a+b)?  (b-a)?

var(X) = E[X?] - (E[X]) 3 4 12

after some calculation.

Exponential Random Variable

An exponential random variable has a PDF of the form

fx(z) = Ae=rz if £ >0,
X7 o, otherwise,

where A is a positive parameter characterizing the PDF (see Fig. 3.5). This is a
legitimate PDF because

/ fx(x) dz =/ e~ A dr = —e— AT o =1.
—00 0

0

Note that the probability that X exceeds a certain value decreases exponentially.
Indeed, for any a > 0, we have
oo o
P(X >a)= / Ae= Az dy = —e~ Az = e—Ae,
a

a

An exponential random variable can, for example, be a good model for
the amount of time until an incident of interest takes place, such as a message
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A [xlr) b fylo)
A
. small A large A

" \

- i

0 I 0 £

Figure 3.5: The PDF \e™?7 of an exponential random variable.

arriving at a computer, some equipment breaking down, a light bulb burning
out, an accident occurring, etc. We will see that it is closely connected to the
geometric random variable, which also relates to the (discrete) time that will
elapse until an incident of interest takes place. The exponential random variable
will also play a major role in our study of stochastic processes in Chapter 6, but
for the time being we will simply view it as a special random variable that is
fairly tractable analytically.
The mean and the variance can be calculated to be

E[X]=§, var(X) = —.

These formulas can be verified by straightforward calculation, as we now show.
We have, using integration by parts,

E[X]=/ TAe~ 2 dx
0

50 [« o
= (—ze~>7) —i—f e~ *T dr
0 0
—Az |
=0 - e_é
R
=1
=1

Using again integration by parts, the second moment is

E[X?]=f rZle 7 dx
0

50 (e ]
= (—z2e~ 1) +/ 2re~*r dx
0

2
= ZEIX
o+/\ [ X]
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Finally, using the formula var(X) = E[X2] — (E[X])2 we obtain

Example 3.5. The time until a small meteorite first lands anywhere in the Sahara
desert is modeled as an exponential random variable with a mean of 10 days. The
time is currently midnight. What is the probability that a meteorite first lands
some time between 6 a.m. and 6 p.m. of the first day?

Let X be the time elapsed until the event of interest, measured in days.
Then, X is exponential, with mean 1/\ = 10, which yields A = 1/10. The desired
probability is

P(1/4< X <3/4)=P(X >1/4) = P(X > 3/4) = e /40 _ ¢=3/40 — 0, 0476.

where we have used the formula P(X > a) = P(X > a) = e™*%.

3.2 CUMULATIVE DISTRIBUTION FUNCTIONS

We have been dealing with discrete and continuous random variables in a some-
what different manner. using PMFs and PDFs, respectively. It would be desir-
able to describe all kinds of random variables with a single mathematical concept.
This is accomplished with the cumulative distribution function, or CDF for
short. The CDF of a random variable X is denoted by Fx and provides the
probability P(X < z). In particular, for every x we have

Z px (k), if X is discrete,

k<z

/ Fx(t)dt, if X is continuous.

Loosely speaking, the CDF Fx (z) “accumulates” probability “up to” the value z.

Any random variable associated with a given probability model has a CDF,
regardless of whether it is discrete or continuous. This is because {X < z} is
always an event and therefore has a well-defined probability. In what follows, any
unambiguous specification of the probabilities of all events of the form {X < z},
be it through a PMF, PDF, or CDF. will be referred to as the probability law
of the random variable X.

Figures 3.6 and 3.7 illustrate the CDFs of various discrete and continuous
random variables. From these figures, as well as from the definition, some general
properties of the CDF can be observed.
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b PMF pyl2) | CDF Fylo)

ol ¥ ol @

Figure 3.6: CDF's of some discrete random variables. The CDF is related to the
PMF through the formula

Fx(@) =P(X <x) =Y px(k)

and has a staircase form. with jumps occurring at the values of positive probability
mass. Note that at the points where a jump occurs. the value of Fy is the larger
of the two corresponding values (i.e.. Fy is continuous from the right}.

§ PDF fy(e)

b-a

s

Area

£ [

4 CDF Fylr)

: (r —a)?
s W -a

(b - a)

@ o & x

Figure 3.7: CDF's of some continuous randorm variables. The CDF is related to
the PDF through the formula

X
Fx(z) = P(X < 1) = / fx(t)dt,
-
Thus. the PDF fx can be obtained from the CDF by differentiation:
dFy
fx(z)= d—(T-)~
o

For a continuous randoin variable, the CDF has no jumps, ie.. it is continuous.
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Properties of a CDF
The CDF Fx of a random variable X is defined by

Fx(r) =P(X < 1), for all z,

and has the following properties.

e Fx is monotonically nondecreasing:
if £ <y, then Fx(z) < Fx(y).

e Fx(r) tends to 0 ast — —o0, and to 1 as £ — oo.
e If X is discrete, then Fx(z) is a piecewise constant function of z.
e If X is continuous, then Fx () is a continuous function of z.

e If X is discrete and takes integer values, the PMF and the CDF can
be obtained from each other by summing or differencing:

k
Fx(k)= Y_ px(9),

1=—00
px(k)=P(X <k)—P(X <k-1)=Fx(k)— Fx(k—-1),
for all integers k.
e If X is continuous, the PDF and the CDF can be obtained from each

other by integration or differentiation:

Fx@ = [ " fx(dt, fx(@) = FX(a).

(The second equality is valid for those z at which the PDF is contin-
uous.)

Sometimes, in order to calculate the PMF or PDF of a discrete or contin-
uous random variable. respectively. it is more convenient to first calculate the
CDF. The systematic use of this approach for functions of continuous random
variables will be discussed in Section 4.1. The following is a discrete example.

Example 3.6. The Maximum of Several Random Variables. You are al-
lowed to take a certain test three times. and your final score will be the maximum
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of the test scores. Thus,
X = max{X1, X2, X3},

where X, X2.X3 are the three test scores and X is the final score. Assume that
your score in each test takes one of the values from 1 to 10 with equal probability
1/10, independently of the scores in other tests. What is the PMF px of the final
score?

We calculate the PMF indirectly. We first compute the CDF Fx and then
obtain the PMF as

px(k) = Fx(k) — Fx(k — 1), k=1,...,10.
We have
Fx(k) = P(X < k)
=P(X, <k, X2 <k X3<k)
=P(X) < k)P(X2 < k)P(X3 < k)

k 3
- (1) -
where the third equality follows from the independence of the events { X1 < k},
{X2 < k}, {X3 < k}. Thus, the PMF is given by

px(k)=(l%)3—(k1—_01)3. k=1..... 10.

The preceding line of argument can be generalized to any number of random
variables X,..... Xn. In particular, if the events {X1 < z}....,{Xn < z} are
independent for every z, then the CDF of X = max{X,,....X,}is

Fx(x) =Fx1(.’1,')"'Fxn($)-

From this formula, we can obtain px (z) by differencing (if X is discrete), or fx(z)
by differentiation (if X is continuous).

The Geometric and Exponential CDF's

Because the CDF is defined for any type of random variable, it provides a conve-
nient means for exploring the relations between continuous and discrete random
variables. A particularly interesting case in point is the relation between geo-
metric and exponential random variables.

Let X be a geometric random variable with parameter p; that is, X is the
number of trials until the first success in a sequence of independent Bernoulli
trials, where the probability of success at each trial is p. Thus, for k =1,2,...,
we have P(X = k) = p(1 — p)k~1 and the CDF is given by

1- (l—p)
—_ k 1 — =1- — p\n —
geo E p 1 P—/—————— 1 (1 ) (1 p) y for n 1,2,
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Suppose now that X is an exponential random variable with parameter
A > 0. Its CDF is given by

Fexp(z) = P(X < 2) =0, for r <0,

and .
I
Foxp(z) = / Ae~AMdt = —e~ Xt 0= 1 —e A, for z > 0.
0

i Exponential CDE 1 - ™20

0 o

Geometric CDF: 1= (1 = p)* with p=1 = ¢ #8

Figure 3.8: Relation of the geometric and the exponential CDFs. We have

Fexp(né)'—-Fgec('n), n= 1.2,.4',

where § is chosen so that e~*% = 1 —p. As § approaches 0, the exponential random
variable can be interpreted as a “limit” of the geometric.

To compare the two CDFs above, let us define 6 = — In{1 — p)/A, so that
e~ =1-np.

Then, we see that the values of the exponential and the geometric CDFs are
equal whenever x = né, withn=1.2... ie.,

Foxp(nd) = Faeo(n), n=12....

and are close to each other for other values of z (see Fig. 3.8). Suppose now
that we toss very quickly (every & seconds, where § <« 1) a biased coin with
a very small probability of heads (equal to p = 1 — e~*%). Then, the first
time to obtain a head (a geometric random variable with parameter p) is a close
approximation to an exponential random variable with parameter A, in the sense
that the corresponding CDFs are very close to each other, as shown in Fig. 3.8.
This relation between the geometric and the exponential random variables will
play an important role when we study the Bernoulli and Poisson processes in
Chapter 6.
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3.3 NORMAL RANDOM VARIABLES

A continuous random variable X is said to be normal or Gaussian if it has a
PDF of the form (see Fig. 3.9)

fxlz) = 1 e—(z-u)?/20%

V2ro

where p and o are two scalar parameters characterizing the PDF. with o assumed
positive. It can be verified that the normalization property

1 / e—(z=p)?/26% g1 — 1
2r o

hade

holds (see the end-of-chapter problems).

i i

-1 0 1 2 3 -1 0 1 2 3
Normal PDEF f (0} Normai CDF Fylo)

Figure 3.9: A normal PDF and CDF, with 4 = 1 and 02 = 1. We observe that
the PDF is symmetric around its mean p, and has a characteristic bell shape.
As z gets further from p. the term e~ (*=#)°/20 {ecreases very rapidly. In this
figure, the PDF is very close to zero outside the interval {—1.3].

The mean and the variance can be calculated to be
E[X] = . var(X) = o2

To see this, note that the PDF is symmetric around u. so the mean can only be
p. Furthermore, the variance is given by

var(X) = \/;_NU/ (z _#)28-(;_,‘)2/2‘7%&

Using the change of variables y = (z — ¢)/c and integration by parts, we have

-

o2 >
var(X) = y2e=v'/2 gy

N V2T Jox

02 2

I — —ye—y /2)
Vo (
0»2

Ve J_o

= g2,

o [o.v)

0'2

+ [—
3—92/2 dy

3—312/2 dy

>
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The last equality above is obtained by using the fact

L /00 e ¥ /2dy =1
Var J_w ’
which is just the normalization property of the normal PDF for the case where
p=0and o =1.

A normal random variable has several special properties. The following
one is particularly important and will be justified in Section 4.1.

Normality is Preserved by Linear Transformations

If X is a normal random variable with mean u and variance o2, and if a # 0,
b are scalars, then the random variable

Y=aX+b
is also normal, with mean and variance

E[Y]| = au +b, var(Y') = a202.

The Standard Normal Random Variable

A normal random variable Y with zero mean and unit variance is said to be a
standard normal. Its CDF is denoted by &:

()= P(Y <y) =P(Y < y) = —— ye—t2/2dt.
(v) (Y <y ( Y) 7o )

It is recorded in a table (given in the next page). and is a very useful tool
for calculating various probabilities involving normal random variables; see also
Fig. 3.10.

Note that the table only provides the values of ®(y) for y > 0, because the
omitted values can be found using the symmetry of the PDF. For example, if Y’
is a standard normal random variable, we have

®(—-0.5) =P(Y < -05)=P(Y >05)=1-P(Y < 0.5)
=1- &(0.5) = 1 — .6915 = 0.3085.

More generally, we have

O(—y)=1-P(y), for all y.
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.00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1 5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
0.2 5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4 .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5 .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
0.6 7257 7291 7324 7357 .7389 .7422 .7454 .7486 .7517 .7549
0.7 7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 7823 .7852
0.8 .7881 7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 || .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1 .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2 .8849 8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3 9032 .9049 .9066 .9082 .9099 .9115 .9131 .9147 .9162 .9177
1.4 9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
1.5 9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6 9452 .9463 .9474 .9484 .9495 .9505 .9515 .9525 .9535 .9545
1.7 .9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.8 9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706
1.9 9713 9719 .9726 .9732 9738 .9744 .9750 .9756 .9761 .9767
2.0 9772 9778 .9783 .9788 .9793 .9798 .9803 .9808 .9812 .9817
2.1 || .9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857
2.2 9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 9887 .9890
2.3 9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916
2.4 9918 .9920 .9922 .9925 .9927 .9929 .9931 .9932 .9934 .9936
2.5 19938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 .9951 .9952
2.6 .9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964
2.7 9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974
2.8 9974 9975 .9976 .9977 .9977 .9978 .9979 .9979 .9980 .9981
2.9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.0 L9987 9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 9990 .9991 .9991 .9991 .9992 .9992 .9992 .9992 .9993 .9993
3.2 9993 .9993 .9994 .9994 .9994 .9994 .9994 .9995 .9995 .9995
3.3 9995 .9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997
3.4 9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998

The standard normal table. The entries in this table provide the numerical values
of ®(y) = P(Y < y), where Y is a standard normal random variable, for y between 0
and 3.49. For example, to find $(1.71), we look at the row corresponding to 1.7 and
the column corresponding to 0.01. so that $(1.71) = .9564. When y is negative. the
value of ®(y) can be found using the formula ®(y) =1 — ®(—y).
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Let X be a normal random variable with mean p and variance 2. We
“standardize” X by defining a new random variable Y given by

Since Y is a linear function of X, it is normal. Furthermore,

Ey]= BXIZH o ey = X0

= 1.
o o2

Thus, Y is a standard normal random variable. This fact allows us to calculate
the probability of any event defined in terms of X: we redefine the event in terms
of Y, and then use the standard normal table.

Nean =0 1

Area = (I”UT Vartance = 1 D0.7) |- g
10 o7 2 T 0 07 2 v
Standard normal PDF Standard normal CDF ®{y)
Figure 3.10: The PDF
= ~y?/2
fY (y) \/2—1!'6

of the standard normal random variable. The corresponding CDF, which is de-
noted by ®, is recorded in a table.

Example 3.7. Using the Normal Table. The annual snowfall at a particular
geographic location is modeled as a normal random variable with a mean of p = 60
inches and a standard deviation of 0 = 20. What is the probability that this year’s
snowfall will be at least 80 inches?

Let X be the snow accumulation, viewed as a normal random variable, and

let
_X-p X -60

a 20 °

be the corresponding standard normal random variable. We have

Y

X - 60 S 80—60) =P(Y2802_060

e ) =P > 1) =1-8(1),

P(X >80)=P (
where @ is the CDF of the standard normal. We read the value ®(1) from the table:

®(1) = 0.8413,
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so that
P(X >80) =1-— ®(1) = 0.1587.

Generalizing the approach in the preceding example, we have the following
procedure.

CDF Calculation for a Normal Random Variable

For a normal random variable X with mean p and variance 02, we use a
two-step procedure.

(a) “Standardize” X, i.e., subtract u and divide by ¢ to obtain a standard
normal random variable Y.

(b) Read the CDF value from the standard normal table:

P(xgx)=P(X_"g”’_“>=P(Y5"‘_“>=q>(”’"“>.

g (o) o (o)

Normal random variables are often used in signal processing and communi-
cations engineering to model noise and unpredictable distortions of signals. The
following is a typical example.

Example 3.8. Signal Detection. A binary message is transmitted as a signal
s, which is either —1 or +1. The communication channel corrupts the transmission
with additive normal noise with mean y = 0 and variance . The receiver concludes
that the signal —1 (or +1) was transmitted if the value received is < 0 (or > 0,
respectively); see Fig. 3.11. What is the probability of error?

An error occurs whenever —1 is transmitted and the noise N is at least 1 so
that s+ N = —14+ N > 0, or whenever +1 is transmitted and the noise N is smaller
than —1 so that s+ N =1+ N < 0. In the former case, the probability of error is

P(N21)=1—P(N<l)=l—P(N;“<1;/‘)
“1-e(t4)=ime (})

In the latter case, the probability of error is the same, by symmetry. The value
of ®(1/0) can be obtained from the normal table. For ¢ = 1, we have ®(1/0) =
®(1) = 0.8413, and the probability of error is 0.1587.

Normal random variables play an important role in a broad range of proba-
bilistic models. The main reason is that. generally speaking, they model well the
additive effect of many independent factors in a variety of engineering, physical.
and statistical contexts. Mathematically. the key fact is that the sum of a large
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Figure 3.11: The signal detection scheme of Example 3.8. The area of the
shaded region gives the probability of error in the two cases where —1 and +1
is transmitted.

number of independent and identically distributed (not necessarily normal) ran-
dom variables has an approzimately normal CDF, regardless of the CDF of the
indwidual random variables. This property is captured in the celebrated central
limit theorem, which will be discussed in Chapter 5.

3.4 JOINT PDFS OF MULTIPLE RANDOM VARIABLES

We will now extend the notion of a PDF to the case of multiple random variables.
In complete analogy with discrete random variables, we introduce joint, marginal,
and later on, conditional PDFs. Their intuitive interpretation as well as their
main properties parallel the discrete case.

We say that two continuous random variables associated with the same
experiment are jointly continuous and can be described in terms of a joint
PDF fx.y if fx.y is a nonnegative function that satisfies

P(XV)eB) = [ [fry(zy)dzay,
(z,y)eB

for every subset B of the two-dimensional plane. The notation above means
that the integration is carried over the set B. In the particular case where B is
a rectangle of the form B = {(z.y)|a <z < b, ¢ <y < d}, we have

d b
P(aSng,chgd)=/ / fxv(z,y)dzdy.
c a
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Furthermore, by letting B be the entire two-dimensional plane, we obtain the

normalization property
o0 oC
/ / fxy(z,y)dzdy =1.
- J =0

To interpret the joint PDF, we let 4 be a small positive number and consider
the probability of a small rectangle. We have

¢+ ra+d
P(a < X <a+4, ch§c+5)=/ / fxy(z,y)dzrdy = fx.y(a,c) 42,
c a

so we can view fx y(a,c) as the “probability per unit area™ in the vicinity of
(a.c).

The joint PDF contains all relevant probabilistic information on the random
variables X, Y. and their dependencies. It allows us to calculate the probability
of any event that can be defined in terms of these two random variables. As
a special case, it can be used to calculate the probability of an event involving
only one of them. For example, let A be a subset of the real line and consider
the event {X € A}. We have

20
P(X€A)=P(Xe€AandY € (-, x)) =/ / fx,y(z,y) dydz.
AJ-oc
Comparing with the formula
P(X e A) = / fx(z)dz.
A

we see that the marginal PDF fx of X is given by
fx(z) =/ fx.y(z,y)dy.
-0

Similarly,

fr(y) =/_ ‘fx,y(.”l?, y) dr.

Example 3.9. Two-Dimensional Uniform PDF. Romeo and Juliet have a
date at a given time, and each will arrive at the meeting place with a delay between
0 and 1 hour (recall the example given in Section 1.2). Let X and Y denote the
delays of Romeo and Juliet, respectively. Assuming that no pairs (z,y) in the unit
square are more likely than others, a natural model involves a joint PDF of the
form

ce. f0<z<land0<Ly<l,

0, otherwise,

fxy(zy) = {
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where ¢ is a constant. For this PDF to satisfy the normalization property

fe o1 o> 1 1
/ / fxy(x.y)d.rdyz/ / cdrdy =1,
—oc J -2 0 0

c=1.

we must have

This is an example of a uniform joint PDF. More generally, let us fix some
subset S of the two-dimensional plane. The corresponding uniform joint PDF on S
is defined to be

1
fx.y(z.y)={ areaof S’
0. otherwise.

if (z,y) € S,

For any set A C S. the probability that {X,Y) lies in A is

areaof A
P((X.Y) € A) //fxywy)dwdy areaofsffdfd area of S

(z.y)eA (z.y)€EA

Example 3.10. We are told that the joint PDF of the random variables X and
Y is a constant ¢ on the set S shown in Fig. 3.12 and is zero outside. We wish to
determine the value of ¢ and the marginal PDFs of X and Y.

The area of the set S is equal to 4 and, therefore, fx.yv(z,y) =c¢c = 1/4, for
(z,y) € S. To find the marginal PDF fx(z) for some particular z, we integrate
(with respect to y) the joint PDF over the vertical line corresponding to that z.
The resulting PDF is shown in the figure. We can compute fy similarly.

ok
b
L

Figure 3.12: The joint PDF in Example 3.10 and the resulting marginal PDFs.
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Example 3.11. Buffon’s Needie.lr This is a famous example, which marks the
origin of the subject of geometric probability. that is, the analysis of the geometric
configuration of randomly placed objects.

A surface is ruled with parallel lines, which are at distance d from each other
{see Fig. 3.13). Suppose that we throw a needle of length [ on the surface at random.
What is the probability that the needle will intersect one of the lines?

Figure 3.13: Buffon's needle. The

length of the line segment between the

midpoint of the needle and the point

of intersection of the axis of the needle

with the closest parallel line is z/sin 6.

The needle will intersect the closest par-
allel line if and only if this length is less

than [/2.

We assume here that [ < d so that the needle cannot intersect two lines
simultaneously. Let X be the vertical distance from the midpoint of the needle to
the nearest of the parallel lines. and let © be the acute angle formed by the axis
of the needle and the parallel lines {see Fig. 3.13). We model the pair of random
variables (X.©) with a uniform joint PDF over the rectangular set {(a:, )|0<z<

d/2. 0 < 8 < m/2}, so that
4/(rd). ifz €0,d/2] and 6 € [0.7/2],

0. otherwise.

fxe(z,0)= {

As can be seen from Fig. 3.13, the needle will intersect one of the lines if and
only if

l
X S "2'Sin@,

so the probability of intersection is

P(X < (1/2)sin®) = f/ fx.olz,0)dxdd

x<{I/2)sin @

t This problem was posed and solved in 1777 by the French naturalist Buffon.
A number of variants of the problem have been investigated, including the case where
the surface is ruled with two sets of perpendicular lines (Laplace, 1812); see the end-
of-chapter problems. The problem has long fascinated scientists, and has been used
as a basis for experimental evaluations of m (among others, it has been reported that
a captain named Fox measured m experimentally using needles, while recovering from
wounds suffered in the American Civil War). The internet contains several graphical
simulation programs for computing 7 using Buffon’s ideas.



162 General Random Variables Chap. 3

4 n/2 p(1/2)sin6
= / dz df
0

Ei 0

n/2
= Trid ; ésinGdG

2l
= ﬂ_—d(-— cosf)

21l
nd’

n/2

0

The probability of intersection can be empirically estimated, by repeating the ex-
periment a large number of times. Since it is equal to 2//md, this provides us with
a method for the experimental evaluation of 7.

Joint CDF's

If X and Y are two random variables associated with the same experiment, we
define their joint CDF by

As in the case of a single random variable, the advantage of working with the
CDF is that it applies equally well to discrete and continuous random variables.
In particular, if X and Y are described by a joint PDF fx y, then

T ry
Fxy(z.y)=P(X <z. Y<y)= / / fxy(s.t)dtds.
—o0 J —00

Conversely, the PDF can be recovered from the CDF by differentiating:

_ 0?Fxy
fX,Y(x?y) - aa:ay (xl y)‘

Example 3.12. Let X and Y be described by a uniform PDF on the unit square.
The joint CDF is given by

FXY($,9)=P(XS$>YSy)=1'y~ fOl‘OSl‘,ySl.
We then verify that

Fx.y
Jzdy

2
@) = 5 @y = 1= frr (e,

for all (z,y) in the unit square.
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Expectation

If X and Y are jointly continuous random variables and g is some function, then
Z = g(X,Y) is also a random variable. We will see in Section 4.1 methods for

computing the PDF of Z, if it has one. For now, let us note that the expected
value rule is still applicable and

B )= [ [ swnirry e

As an important special case, for any scalars a, b, and ¢, we have

E[aX +bY + ] = aE[X] + bE[Y] + ¢

More than Two Random Variables

The joint PDF of three random variables X, Y, and Z is defined in analogy with
the case of two random variables. For example, we have

P((X,Y.Z)e B) = ///fx,y,z(:r,y,z)dxdydz,

(z,y,2)€EB

for any set B. We also have relations such as

[ o]
frv(z,3) = / fxy.z(z,y, 2) dz,

and

fx(x) = /—°° /—°° fxy.z(z,y, 2) dydz.

The expected value rule takes the form

E[g(X,Y,Z)] =/ / / g(xvyvz)fX.Y,Z(xa Y, Z) dIdde,

and if g is linear, of the form aX + bY + ¢Z, then
E[aX + bY + cZ] = aE[X] + bE[Y] + cE[Z].

Furthermore, there are obvious generalizations of the above to the case of more
than three random variables. For example, for any random variables X;, Xo,. ..,
Xn and any scalars aj,az2....,an,, we have

E[a1X1 +asXo+---+ aan] = alE[Xl] + a2E[X2] R anE[Xn].
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Summary of Facts about Joint PDFs
Let X and Y be jointly continuous random variables with joint PDF fyx y.

e The joint PDF is used to calculate probabilities:

P(X.V)eB)= [ [fex(eydeay
(z,y)€eB

e The marginal PDFsof X and Y can be obtained from the joint PDF,
using the formulas

fx(f"):/_ fx.y(z,y) dy, fY(y)=/_ fx.v(z,y)dz.

e The joint CDF is defined by Fx y(z,y) = P(X <z, Y < y), and
determines the joint PDF through the formula

0?Fxy
Ozxly

fxy(z,y) = (z,y),

for every (z,y) at which the joint PDF is continuous.

e A function g(X,Y) of X and Y defines a new random variable, and

E[g(X,Y)] = /_00 /_00 9(z,y)fx,v(z,y) dz dy.

If g is linear, of the form aX + bY + ¢, we have

ElaX + bY + ¢] = aE[X] + bE[Y] + c.

e The above have natural extensions to the case where more than two
random variables are involved.

3.5 CONDITIONING

Similar to the case of discrete random variables. we can condition a random
variable on an event or on another random variable, and define the concepts
of conditional PDF and conditional expectation. The various definitions and
formulas parallel the ones for the discrete case, and their interpretation is similar,
except for some subtleties that arise when we condition on an event of the form
{Y = y}, which has zero probability.
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Conditioning a Random Variable on an Event

The conditional PDF of a continuous random variable X, given an event A
with P(A) > 0, is defined as a nonnegative function fx 4 that satisfies

PO e BIA) = [ friate)da.

for any subset B of the real line. In particular, by letting B be the entire real
line, we obtain the normalization property

/ fx|A($)d$=1‘

so that fx|4 is a legitimate PDF.
In the important special case where we condition on an event of the form
{X € A}, with P(X € A) > 0, the definition of conditional probabilities yields

r)dr
XeB, XeA) AanX( )

P(X € A) ~ P(X €A)

P(XeB|XeA)=P(

By comparing with the earlier formula, we conclude that

fx(z) :
fxiixeay(z) = P(X € A) oed.

0, otherwise.

As in the discrete case, the conditional PDF is zero outside the conditioning set.
Within the conditioning set, the conditional PDF has exactly the same shape as
the unconditional one, except that it is scaled by the constant factor 1/P(X € A),
so that fx|{xea) integrates to 1; see Fig. 3.14. Thus, the conditional PDF is
similar to an ordinary PDF, except that it refers to a new universe in which the
event {X € A} is known to have occurred.

Example 3.13. The Exponential Random Variable is Memoryless. The
time T until a new light bulb burns out is an exponential random variable with
parameter A. Ariadne turns the light on, leaves the room, and when she returns, t
time units later. finds that the light bulb is still on. which corresponds to the event
A = {T > t}. Let X be the additional time until the light bulb burns out. What
is the conditional CDF of X. given the event A?

We have, for x > 0.

P(T>t+zand T >1t)
P(T >t)

PX>z|A)=PT>t+z|T>t)=

_P(T>t+a) e Mts) oA

P(T > t) e
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Sxijixeay (@)

s

Figure 3.14: The unconditional PDF fx and the conditional PDF fx(xea},
where A is the interval [a, b]. Note that within the conditioning event A4, fx1(xea)
retains the same shape as fx, except that it is scaled along the vertical axis.

where we have used the expression for the CDF of an exponential random variable
derived in Section 3.2.

Thus, the conditional CDF of X is exponential with parameter X, regardless
of the time t that elapsed between the lighting of the bulb and Ariadne’s arrival.
This is known as the memorylessness property of the exponential. Generally, if we
model the time to complete a certain operation by an exponential random variable
X, this property implies that as long as the operation has not been completed, the
remaining time up to completion has the same exponential CDF, no matter when
the operation started.

When multiple random variables are involved, there is a similar notion
of a joint conditional PDF. Suppose, for example, that X and Y are jointly
continuous random variables, with joint PDF fx y. If we condition on a positive
probability event of the form C = {(X,Y) € A}, we have

fxy(z,y)
fxviclz, y) = P(C)
0, otherwise.

if (z,y) € A,

In this case, the conditional PDF of X, given this event, can be obtained from
the formula

fxgc(fc):/_ fx,yic(z,y)dy.

These two formulas provide one possible method for obtaining the conditional
PDF of a random variable X when the conditioning event is not of the form
{X € A}, but is instead defined in terms of multiple random variables.

We finally note that there is a version of the total probability theorem,
which involves conditional PDFs: if the events Aj,..., A, form a partition of
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the sample space, then
Z P(A;) fx|a,; ().
i=1

To justify this statement, we use the total probability theorem from Chapter 1,
and obtain

P(X < 1) ZP P(X < z| As).

This formula can be rewritten as

/I fx(t)dt= ZP(Ai)/x fx)a,(t)dt
—oc i=1 -

We then take the derivative of both sides, with respect to x, and obtain the
desired result.

Conditional PDF Given an Event

e The conditional PDF fx |4 of a continuous random variable X, given
an event A with P(A) > 0, satisfies

P(X € BI4) = [ friale)ds

e If A is a subset of the real line with P(X € A) > 0, then

_fx(x)
fxiixea(@) = P(X € A)’ if z € A,

0, otherwise.

e Let A}, Ao, ..., A, be disjoint events that form a partition of the sam-
ple space, and assume that P(A;) > 0 for all <. Then,

= ZP(Ai)fxm,-(f'?)

i=1

(a version of the total probability theorem).

The following example illustrates a divide-and-conquer approach that uses
the total probability theorem to calculate a PDF.
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Example 3.14. The metro train arrives at the station near your home every
quarter hour starting at 6:00 a.m. You walk into the station every morning between
7:10 and 7:30 a.m., and your arrival time is a uniform random variable over this
interval. What is the PDF of the time you have to wait for the first train to arrive?

A Fylm ? f§ qlul

" 1710
1715 —I? {20

Figure 3.15: The PDFs fx. fy;a- fy|s, 2nd fy in Example 3.14.

The time of your arrival, denoted by X, is a uniform random variable over
the interval from 7:10 to 7:30; see Fig. 3.15(a). Let Y be the waiting time. We
calculate the PDF fy using a divide-and-conquer strategy. Let A and B be the
events

A= {710 € X < T:15} = {you board the 7:15 train},

B = {715 < X < 7:30} = {you board the 7:30 train}.

Conditioned on the event A. your arrival time is uniform over the interval from 7:10
to 7:15. In this case, the waiting time Y is also uniform and takes values between
0 and 5 minutes; see Fig. 3.15(b). Similarly, conditioned on B, Y is uniform and
takes values between 0 and 15 minutes: see Fig. 3.15(c). The PDF of Y is obtained
using the total probability theorem,

fr(y) = P(A) fy1aly) + P(B) fys(y).

and is shown in Fig. 3.15(d). We have

= oo for 0 <y <5,

]

fY(y):%-0+%- = for 5 <y <15.
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Conditioning one Random Variable on Another

Let X and Y be continuous random variables with joint PDF fxy. For any y
with fy (y) > 0. the conditional PDF of X given that Y =y, is defined by
fx.v(z,y)

fxiv(zly) = O

This definition is analogous to the formula pyxy(z|y) = px.v(z.y)/py(y) for
the discrete case.

When thinking about the conditional PDF. it is best to view y as a fixed
number and consider fx |y (z|y) as a function of the single variable z. Viewed as
a function of z, fx|y(z|y) has the same shape as the joint PDF fx y(x,y), be-

cause the denominator fy(y) does not depend on z: see Fig. 3.16. Furthermore.
the formula

fr(y) = / T fev(e.y) dr

implies the normalization property

/ iy (zly)dr = 1.

so for any fired y. fxy(z|y) is a legitimate PDF.

‘l .z/ | seee— % ¥4 iy
4 1|—] Fyiyie 3.5)
‘ , o
3 3 7 ' Lol
2 51 T
1 __‘ -
1 9 3 ;

Figure 3.18: Visualization of the conditional PDF fxy(z|y). Let X and Y
have a joint PDF which is uniform on the set S$. For each fixed y, we consider the
joint PDF along the slice Y = y and normalize it so that it integrates to 1.

Example 3.15. Circular Uniform PDF. Ben throws a dart at a circular target
of radius r (see Fig. 3.17). We assume that he always hits the target, and that
all points of impact (z.y) are equally likely. so that the joint PDF of the random
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Figure 3.17: Circular target for
Example 3.15.

variables X' and Y is uniform. Following Example 3.9, and since the area of the
circle is 72, we have

1
fxv(z,y) = ( area of the circle’

if (z,y) is in the circle,

0, otherwise,

—, ifz?+y? <17

_ J 7T
g, otherwise.

To calculate the conditional PDF fx|v(z|y), let us first find the marginal
PDF fy(y). For |y| > r, it is zero. For {y| < r, it is given by

fv(y)=f fxv(z.y)dz
1

TS J2242<02
I
1

=— dz

nr r2-—y2
- 2 2 el
= ——/7r? — if <

7 ¥, lyl <

Note that the marginal PDF fy is not uniform.
The conditional PDF is

1

fxiv(zly) = ij,-:g,)y) = nr? = ! . if 2% 4+ 9% < r2

r?

Thus, for a fixed value of y, the conditional PDF fy|y is uniform.
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To interpret the conditional PDF, let us fix some small positive numbers
01 and d2, and condition on the event B = {y <Y <y + d2}. We have

Px<X<z+déandy<Y <y+4d2)
Ply<Y <y+4és)

~ fx,v(z,y)6102
fy (y)d2

=fX|Y($|y)51-

Pz<X<z+4+6|lysY<y+d)=

In words, fx|y(z|y)d1 provides us with the probability that X belongs to a
small interval [CL‘,:E + 4], given that Y belongs to a small interval [y,y + 62].
Since fx|y(z|y)d1 does not depend on 2, we can think of the limiting case
where §2 decreases to zero and write

Pz<X<z+6&|Y =y) =~ fxy(z|y)d, (6, small),

and, more generally,
PX € AlY =y) = [ fxw(aly)de
A

Conditional probabilities, given the zero probability event {Y = y}, were left
undefined in Chapter 1. But the above formula provides a natural way of defining
such conditional probabilities in the present context. In addition, it allows us to
view the conditional PDF fx|y(z|y) (as a function of ) as a description of the
probability law of X, given that the event {Y = y} has occurred.

As in the discrete case, the conditional PDF fx|y, together with the
marginal PDF fy are sometimes used to calculate the joint PDF. Furthermore,
this approach can also be used for modeling: instead of directly specifying fx,y,
it is often natural to provide a probability law for Y, in terms of a PDF fy,
and then provide a conditional PDF fx |y (z|y) for X, given any possible value
yofY.

Example 3.16. The speed of a typical vehicle that drives past a police radar is
modeled as an exponentially distributed random variable X with mean 50 miles per
hour. The police radar’s measurement Y of the vehicle’s speed has an error which
is modeled as a normal random variable with zero mean and standard deviation
equal to one tenth of the vehicle’s speed. What is the joint PDF of X and Y?

We have fx(z) = (1/50)e™2/%, for z > 0. Also, conditioned on X = z, the
measurement Y has a normal PDF with mean z and variance x2/100. Therefore,

-(y-=)2/(222 /100)

1
) = ——
Thus, for all z > 0 and all y,

1 -z/50 _E_e—SO(y—=)2/12

fxy(z,y) = fx(@) fyix(ylz) = %e Vorz
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Conditional PDF Given a Random Variable
Let X and Y be jointly continuous random variables with joint PDF fx y.

e The joint, marginal, and conditional PDF's are related to each other
by the formulas

fxy(z,y) = fy(y)fxy(z|y),

fx(z) = / " AW ixyl(zy)dy.

The conditional PDF fx |y (z|y) is defined only for those y for which
fr(y) > 0.

e We have
P(X €AY =y) = [ frplelvde

For the case of more than two random variables, there are natural exten-
sions to the above. For example, we can define conditional PDFs by formulas
such as

fxy.z(z,y, 2)

fxyiz(z.ylz) = . if fz(z) >0,
fz(2)
_ fxy.z(z,y. 2) .

There is also an analog of the multiplication rule,

fxyz(x.y.2) = fxyv,z(@|y.2) fy)1z(y ] 2) fz(2),

and of other formulas developed in this section.
Conditional Expectation

For a continuous random variable X, we define its conditional expectation
E[X | A] given an event A, similar to the unconditional case, except that we now
need to use the conditional PDF fx 4. The conditional expectation E[X | Y = y]
is defined similarly, in terms of the conditional PDF fx|y. Various familiar
properties of expectations carry over to the present context and are summarized
below. We note that all formulas are analogous to corresponding formulas for
the case of discrete random variables. except that sums are replaced by integrals,
and PMFs are replaced by PDFs.
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Summary of Facts About Conditional Expectations

Let X snd Y be jointly continuous random variables, and let A be an event
with P(A4) > 0.

e Definitions: The conditional expectation of X given the event A is
defined by

E[X|A] = /00 zfx|a(z)dr.

—00
The conditional expectation of X given that ¥ = y is defined by

oo

E[X|Y=y]=/ zfxy(z|y)dz.

—00

e The expected value rule: For a function g(X), we have

EloX)14] = [ o) fxiat@) s
— 00
and ~
E[(01Y =4) = [ g@fxyely)ds
e Total expectation theorem: Let A;, A2,..., A, be disjoint events

that form a partition of the sample space, and assume that P(A;) > 0
for all :. Then,

E[X] = > P(A)E[X | 4]

Similarly, -
E[X] = / E[X|Y = ylfy (v) dy.

e There are natural analogs for the case of functions of several random
variables. For example,

E[g(X,Y)|Y =y] = / o(z9) fxyy () dz,

and
E[g(X,Y)] = /E[g(X, Y)Y = ylfy(y)dy.

The expected value rule is established in the same manner as for the case of
unconditional expectations. To justify the first version of the total expectation
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theorem, we start with the total probability theorem

n

fx(z) = Z P(A;)fx|a,(x),

i=1

multiply both sides by z, and then integrate from —oo to oo.
To justify the second version of the total expectation theorem, we observe
that

| mxiy =unway= [ [/m zhav(@]y) dx] fr () dy

— 00

N /_ /_ zfxy(z|y)fy(y)dzdy

(o @]

B /_Z/_fox,y(a:,y)dzdy

=/_Zx[/_ifx,v($,y)dy] dz

2/_00 zfx(z)dr

oo

= E[X].

The total expectation theorem can often facilitate the calculation of the
mean, variance, and other moments of a random variable, using a divide-and-
conquer approach.

Example 3.17. Mean and Variance of a Piecewise Constant PDF. Suppose
that the random variable X has the piecewise constant PDF

1/3, ifo<z<1,
fx(z)=¢2/3, ifl<z<?,
0, otherwise,

(see Fig. 3.18). Consider the events

A = {X lies in the first interval [0, l]},
A = {X lies in the second interval (1, 2]}

We have from the given PDF,

ol =

1 2
P<A1)=/ fx(@)de = &, P(Az)=/ fx(@)de =2,
1] 1

Furthermore, the conditional mean and second moment of X, conditioned on A,
and Az, are easily calculated since the corresponding conditional PDFs fx|4, and
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Fxiely

R
o

Figure 3.18: Piecewise constant
1/3 PDF for Example 3.17.

fx|4, are uniform. We recall from Example 3.4 that the mean of a uniform random
variable over an interval [a, b is (a + b)/2 and its second moment is (a” +ab+b%)/3.
Thus,

3

E[X|A4:] =5, E[X1A2]=§~

E[X*|A]=3  B[X’|4] =z

Wl &) —

We now use the total expectation theorem to obtain

E[X] = P(A)E[X | Ai] + P(A2)E[X | 4] = % . % +

wi e
W

1

E[X?] = P(A)E[X?| A} + P(ADE[X® | 4] = 5

Wl N
Wl

o
3
The variance is given by

var(X) = E[X?] - (E[X])’ = %5 - % = ;—;.

Note that this approach to the mean and variance calculation is easily generalized
to piecewise constant PDFs with more than two pieces.

Independence

In full analogy with the discrete case, we say that two continuous random vari-
ables X and Y are independent if their joint PDF is the product of the marginal
PDFs:

fxv(z,y) = fx(z)fy(y), for all z,y.

Comparing with the formula fxy(z,¥) = fx)y(z|y)fy(y), we see that inde-
pendence is the same as the condition

fxiv(zly) = fx(z), for all y with fy(y) > 0 and all z,
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or, symmetrically,

frix(ylz) = fy(y). for all x with fx(x) > 0 and all y.

There is a natural generalization to the case of more than two random vari-
ables. For example, we say that the three random variables X, Y. and Z are
independent if

fxvzlx.y.z)= fx(z)fy(y)fz(z). for all z,y, z.

Example 3.18. Independent Normal Random Variables. Let X and Y

be independent normal random variables with means p., p. and variances a2, GST

respectively. Their joint PDF is of the form

202 20

Ixy(z.y) = fx(x)fy(y) =

2 ITRY
exp{ C{zmp) (- ) }
2no-0y

This joint PDF has the shape of a bell centered at (u-.pg,). and whose width in
the z and y directions is proportional to o, and o,. respectively. We can get some
additional insight into the form of this PDF by considering its contours, i.e., sets
of points at which the PDF takes a constant value. These contours are described
by an equation of the form

== constant.

(- ﬂr)g + (¥ = ﬂy)2
o% oy

and are ellipses whose two axes are horizontal and vertical (see Fig. 3.19). In the
special case where o, = o,. the contours are circles.

by

e w—
\ .

-

Figure 3.19: Contours of the joint PDF of two independent normal random

variables X and Y with means py. gy. and variances o2, o:j’, respectively.
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If X and Y are independent, then any two events of the form {X € A} and
{Y € B} are independent. Indeed,

P(XeAandYeB)z/

/ fxvy(z,y)dydz
€A JyeB

- / fx(2) v (y) dy dz
zeA JyeB

- / fx@dz [ fr(v)dy
z€A y€EB

=P(X € A)P(Y € B).
In particular, independence implies that
Fxy(z.y) =P(X <z, Y <y)=P(X <z)P(Y < y) = Fx(z)Fr(y)-

The converse of these statements is also true: see the end-of-chapter problems.
The property

Fxy(z.y) = Fx(z)Fy(y). for all z. .

can be used to provide a general definition of independence between two random
variables. e.g., if X is discrete and Y is continuous.

An argument similar to the discrete case shows that if X and Y are inde-
pendent, then

E[g(X)h(Y)] = E[g9(X)] E[r(Y)].

for any two functions g and h. Finally. the variance of the sum of independent
random variables is equal to the sum of their variances.

Independence of Continuous Random Variables
Let X and Y be jointly continuous random variables.

e X and Y are independent if

fxy(z,y) = fx(x)fr (y), for all z,y.

e If X and Y are independent, then

E[XY] = E[X]E[Y].
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Furthermore, for any functions g and h, the random variables g(X)
and h(Y') are independent, and we have

E[g(X)h(Y)] = E[g(X)] E[R(Y)].
e If X and Y are independent. then

var(X + Y) = var(X) + var(Y).

3.6 THE CONTINUOUS BAYES’ RULE

In many situations. we represent an unobserved phenomenon by a random vari-
able X with PDF fx and we make a noisy measurement Y, which is modeled
in terms of a conditional PDF fy|x. Once the value of Y is measured. what
information does it provide on the unknown value of X7 This setting is similar
to the one of Section 1.4, where we introduced Bayes’ rule and used it to solve
inference problems; see Fig. 3.20. The only difference is that we are now dealing
with continuous random variables.

X Y
—— Measuremnen( — Inference ————
fyla) Fyixty ) Tyl lu)

Figure 3.20: Schematic description of the inference problem. We have an
unobserved random variable X with known PDF, and we obtain a measurement
Y according to a conditional PDF fy x. Given an observed value y of Y, the
inference probjem is to evaluate the conditional PDF fx |y (z|y)-

Note that whatever information is provided by the event {Y = y} is cap-
tured by the conditional PDF fx|y(z|y). It thus suffices to evaluate this PDF.
From the formulas fx fy;x = fx.y = fy fx)v, it follows that

_ Ix(@) fyix (vl x)
fxiylzly) = o) :

Based on the normalization property f. fxiv(z|y)dz = 1, an equivalent ex-
pression is

fx(x) fy1x(y | x)
f fx() fyix(wlt)d

fX|Y($|1/
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Example 3.19. A light bulb produced by the General Illumination Company is
known to have an exponentially distributed lifetime Y. However, the company has
been experiencing quality control problems. On any given day, the parameter \ of
the PDF of Y is actually a random variable, uniformly distributed in the interval
[1.3/2]. We test a light bulb and record its lifetime. What can we say about the
underlying parameter \?

We model the parameter A in terms of a uniform random variable A with
PDF

fa(x) =2, forlS/\Sg.

The available information about A is captured by the conditional PDF fajy (A |y),
which using the continuous Bayes’ rule, is given by

AN frialylAd)  2xe™

- 3/2
/ fa(t) fyia(y| t) dt / 2te ™™V dt
1

Inference about a Discrete Random Variable

, for1 <A<

l\)lw

fay (A y)

In some cases, the unobserved phenomenon is inherently discrete. For some
examples, consider a binary signal which is observed in the presence of normally
distributed noise, or a medical diagnosis that is made on the basis of continuous
measurements such as temperature and blood counts. In such cases, a somewhat
different version of Bayes’ rule applies.

We first consider the case where the unobserved phenomenon is described in
terms of an event A whose occurrence is unknown. Let P(A) be the probability of
event A. Let Y be a continuous random variable, and assume that the conditional
PDFs fy|a(y) and fy|ac(y) are known. We are interested in the conditional
probability P(A|Y = y) of the event A, given the value y of Y.

Instead of working with the conditioning event {Y = y}, which has zero
probability, let us instead condition on the event {y <Y < y + 6}, where J is
a small positive number, and then take the limit as § tends to zero. We have,
using Bayes’ rule, and assuming that fy(y) > 0,

PA|Y =y)=P(A|ly<Y <y+9)
P(AP(y<Y <y+d|A)
Ply<Y<y+9)
~ P(A)fyia(y)d
fr(y)o
_ P(A)fy a(y)
fry)

The denominator can be evaluated using the following version of the total prob-
ability theorem:

fr(y) =P(A) fyialy) + P(A°) fy|ac(y),
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so that

P(A)fya(y)

A =Y = B Fat) + PA 4@

In a variant of this formula, we consider an event A of the form {N = n},
where N is a discrete random variable that represents the different discrete
possibilities for the unobserved phenomenon of interest. Let pny be the PMF
of N. Let also Y be a continuous random variable which, for any given value n
of N, is described by a conditional PDF fy|n(y|n). The above formula becomes

PN(")fY|N(fU |n)
fr(y) '

P(N=n|Y =y) =

The denominator can be evaluated using the following version of the total prob-
ability theorem:

fr(y) = ZPN(i)wa(y | 7).

so that

pn(n)fyn(y|n)
P(N=n|Y=y) = .
( " Y ZPN(i)fY|N(y|i)

Example 3.20. Signal Detection. A binary signal S is transmitted, and we are
given that P(S = 1) = pand P(S = —1) = 1 —p. The received signalisY = N+ S.
where N is normal noise, with zero mean and unit variance, independent of S. What
is the probability that S = 1, as a function of the observed value y of Y?

Conditioned on S = s, the random variable Y has a normal distribution with
mean s and unit variance. Applying the formulas given above, we obtain

—1)2
P_-(uv-1?/2

P(S=1|Y=y) = PSWvis@wll) _ V2
fr(® P ~w-n?2 1 P ~(y+1)2/2’
Vvam vor

which simplifies to

pe’
pev + (1 —pe~v’

P(S=1|Y =y) =

Note that the probability P(S = 1|Y = y) goes to zero as y decreases to —oo,
goes to 1 as y increases to o0, and is monotonically increasing in between, which is
consistent with intuition.
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Inference Based on Discrete Observations

We finally note that our earlier formula expressing P(A|Y = y) in terms of
fyia(y) can be turned around to yield

o) = OPAIY =)

E?asefi on the normalization property ff; fy1a(y)dy = 1. an equivalent expres-
sion is

foaly) = —DYWPEALY =)
/fy(t)P(A|Y=t)dt

This formula can be used to make an inference about a random variable Y when
an event A is observed. There is a similar formula for the case where the event
A is of the form {N = n}, where N is an observed discrete random variable that
depends on Y in a manner described by a conditional PMF pyy(n|y).

Bayes’ Rule for Continuous Random Variables
Let Y be a continuous random variable.

e If X is a continuous random variable, we have

fr)fxy(zly) = fx(@) frix(y|z),
and
fx@)fyixylz)  fx(@)fyix(ylz)
PO T mxina

fxiv(zly) =

e If N is a discrete random variable, we have
fr(@) P(N =n|Y =y) =pn(n) fyn(y|n),
resulting in the formulas

_ _ .y ev(mfin@ln) _ pn(n)fyin(yln)
A Y VR PRIV AES
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and

_fr@PWV=n|Y=y  fr@PWN=n|Y=y
frin(yln) = ) = — :
pw(n / fr()P(N =nl|Y =t)dt

o There are similar formulas for P(A|Y = y) and fy|a(y).

3.7 SUMMARY AND DISCUSSION

Continuous random variables are characterized by PDF's, which are used to cal-
culate event probabilities. This is similar to the use of PMFs for the discrete case,
except that now we need to integrate instead of summing. Joint PDFs are similar
to joint PMFs and are used to determine the probability of events that are de-
fined in terms of multiple random variables. Furthermore, conditional PDF's are
similar to conditional PMFs and are used to calculate conditional probabilities,
given the value of the conditioning random variable. An important application is
in problems of inference, using various forms of Bayes’ rule that were developed
in this chapter.

There are several special continuous random variables which frequently
arise in probabilistic models. We introduced some of them, and derived their
mean and variance. A summary is provided in the table that follows.

Summary of Results for Special Random Variables

Continuous Uniform Over |[a, b]:

1
—, fa<z<d
fx@) =< b—a’ "=
0, otherwise,
a+b _(b—a)?
E[X] - 2 ’ Var(X) - 12 .
Exponential with Parameter A:
_JAer=z, ifz >0, _f1—e2z, ifz>0,
fx(z) = { 0, otherwise, Fx(z) = { 0, otherwise,

1 1
E[X]ZX’ var(X) = z
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Normal with Parameters p and o2 > 0:

1
Fx(@) = Zo=—em(zmwt/act,

E[X] = u, var(X) = o2.

We have also introduced CDF's, which can be used to characterize general
random variables that are neither discrete nor continuous. CDFs are related to
PMF's and PDF's, but are more general. For a discrete random variable, we can
obtain the PMF by differencing the CDF; for a continuous random variable, we
can obtain the PDF by differentiating the CDF.
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PROBLEMS

SECTION 3.1. Continuous Random Variables and PDF's

Problem 1. Let X be uniformly distributed in the unit interval [0,1]. Consider the
random variable Y = g(X), where

(z) = 1. ifz <1/3,

9F)I =92, ifz>1/3.

Find the expected value of Y by first deriving its PMF. Verify the result using the
expected value rule.

Problem 2. Laplace random variable. Let X have the PDF

fx(@) = Fe

b

where ) is a positive scalar. Verify that fx satisfies the normalization condition, and
evaluate the mean and variance of X.

Problem 3.* Show that the expected value of a discrete or continuous random vari-
able X satisfies

E[X]:/xP(X>:r)d:L'—/xP(X< —z) dr.

Solution. Suppose that X is continuous. We then have

/xP(X >:c)da:=/x (/xfx(y)dy) dz
0 0 x
=/ (/ fx(y)d:r) dy
=/ fx(y) ([ydflf) dy
0 0

= / yfx(y)dy,
0

where for the second equality we have reversed the order of integration by writing the
set {(z.y)|0<z<oc. z<y<oc}as {(z.y)|0L <y, 0<y< oo} Similarly. we
can show that

/ P(X < —r)dz = —/ yfx(y)dy.
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Combining the two relations above, we obtain the desired result.
If X is discrete, we have

P(X>z)=/ > px(y)
0

y>z

= Z (/ypx(y)dl’)

y>0 0

= pr(y)(/oydf)

¥>0

= ZPX (¥)y,

y>0

and the rest of the argument is similar to the continuous case.

Problem 4.* Establish the validity of the expected value rule
oC
E[g(X)] = / 9(z)fx(z)dr,

where X is a continuous random variable with PDF fx.

Solution. Let us express the function g as the difference of two nonnegative functions,

g9(z) = g7 (z) - g7 (2).
where g% (z) = max{g(z).0}. and ¢~ () = max{—g(z).0}. In particular. for any ¢ > 0,

we have g(z) > t if and only if g*(z) > t.
We will use the result

E[g(X)] =/ P(g(X) > t) dt—/xP(g(X)<—t)dt
[¢] 0

from the preceding problem. The first term in the right-hand side is equal to

/OC/ fx(z)dzdt = /’-’C / fx(z)dtdz = /ac g7 (z) fx (z)dz.
Y {zg(z)>t} —oo J{t]|0<t<g(z)} —oc

By a symmetrical argument, the second term in the right-hand side is given by

oC oC
/ P(g(X) < —t)dt = / g (z)fx(z)dz.
0 —2C
Combining the above equalities, we obtain

E[g(X)] =/ 9+(I)fx(l')dl'—/ g_(x)fX(ir)d$=/ 9(z)fx(z)dz.

—0C - o
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SECTION 3.2. Cumulative Distribution Functions

Problem 5. Consider a triangle and a point chosen within the triangle according to
the uniform probability law. Let X be the distance from the point to the base of the
triangle. Given the height of the triangle, find the CDF and the PDF of X.

Problem 6. Calamity Jane goes to the bank to make a withdrawal, and is equally
likely to find O or 1 customers ahead of her. The service time of the customer ahead,
if present, is exponentially distributed with parameter \. What is the CDF of Jane’s
waiting time?

Problem 7. Alvin throws darts at a circular target of radius r and is equally likely
to hit any point in the target. Let X be the distance of Alvin’s hit from the center.
(a) Find the PDF, the mean. and the variance of X.

(b) The target has an inner circle of radius t. If X < ¢, Alvin gets a score of S = 1/X.
Otherwise his score is S = 0. Find the CDF of S. Is S a continuous random
variable?

Problem 8. Consider two continuous random variables Y and Z, and a random
variable X that is equal to Y with probability p and to Z with probability 1 — p.

(a) Show that the PDF of X is given by
fx(z) = pfr(z) + (1 - p)fz(z).
(b) Calculate the CDF of the two-sided exponential random variable that has PDF
given by
= (B 1250

where A >0and 0 <p< 1.
Problem 9.* Mixed random variables. Probabilistic models sometimes involve
random variables that can be viewed as a mixture of a discrete random variable Y and
a continuous random variable Z. By this we mean that the value of X is obtained
according to the probability law of Y with a given probability p. and according to the
probability law of Z with the complementary probability 1 — p. Then, X is called a
mized random variable and its CDF is given. using the total probability theorem, by
Fx(z) =P(X < z)
=pP(Y <2)+(1-pP(Z < )
= pFy (z) + (1 - p)Fz(2).

Its expected value is defined in a way that conforms to the total expectation theorem:
E[X]=pE[Y]+ (1 -pE[Z].

The taxi stand and the bus stop near Al's home are in the same location. Al goes
there at a given time and if a taxi is waiting (this happens with probability 2/3) he
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boards it. Otherwise he waits for a taxi or a bus to come, whichever comes first. The
next taxi will arrive in a time that is uniformly distributed between 0 and 10 minutes,
while the next bus will arrive in exactly 5 minutes. Find the CDF and the expected
value of Al's waiting time.

Solution. Let A be the event that Al will find a taxi waiting or will be picked up by
the bus after 5 minutes. Note that the probability of boarding the next bus, given that
Al has to wait, is

. . . 1
P(a taxi will take more than 5 minutes to arrive) = 5

Al's waiting time, call it X, is a mixed random variable. With probability

5

2 1
P(4) =2+ 35§

3

(N

it is equal to its discrete component Y (corresponding to either finding a taxi waiting,
or boarding the bus), which has PMF

(2
oy =
ap(a) Y0
priv) =4
if y =25,
L ep(A) Y
(12 .
3 '1—5', if Y= 0,
= 3
L 5 ify=>5.
[This equation follows from the calculation
P(Y =0,A 2
pﬂm=Pw=omp=(PM))=3mm.

The calculation for py(5) is similar.] With the complementary probability 1 — P(A),
the waiting time is equal to its continuous component Z (corresponding to boarding a
taxi after having to wait for some time less than 5 minutes), which has PDF

_J1/5, f0<2<5,
fz(z) = {0, otherwise.
The CDF is given by Fx(x) = P(A)Fy(z) + (1 - P(A))Fz(:r), from which
0, ifr <0,
5 12 1 =«
F )= il — —_ — 1 <
x () s Etg e f0Lz<s,
1, ifs <.
The expected value of the waiting time is
5 3 1 5 15
E[X] = - =2. 2 . 542.2=-2,
[X] = P(A)E[Y] + (1 — P(A))E[Z] AR IET
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Problem 10.* Simulating a continuous random variable. A computer has a
subroutine that can generate values of a random variable U that is uniformly distributed
in the interval [0, 1]. Such a subroutine can be used to generate values of a continuous
random variable with given CDF F(z) as follows. If U takes a value u, we let the value
of X be a number z that satisfies F'(z) = u. For simplicity, we assume that the given
CDF is strictly increasing over the range S of values of interest. where S = {z|0 <
F(z) < 1}. This condition guarantees that for any u € (0.1). there is a unique z that
satisfies F(z) = u.

(a) Show that the CDF of the random variable X thus generated is indeed equal to
the given CDF.

(b) Describe how this procedure can be used to simulate an exponential random
variable with parameter ).

(c) How can this procedure be generalized to simulate a discrete integer-valued ran-
dom variable?

Solution. (a) By definition, the random variables X and U satisfy the relation F(X) =
U. Since F is strictly increasing, we have for every z,

X<z if and only if F(X) < F(z).

Therefore,
P(X <z)=P(F(X)< F(z)) =P(U < F(z)) = F(z),

where the last equality follows because U is uniform. Thus, X has the desired CDF.

(b) The exponential CDF has the form F(z) =1 — e~ ** for £ > 0. Thus, to generate

values of X. we should generate values u € (0.1) of a uniformly distributed random

variable U. and set X to the value for which 1 — e™** = 4, or = —In(1 — u)/A.

(c) Let again F be the desired CDF. To any u € (0,1), there corresponds a unique
integer z, such that F(z, — 1) < u < F(z,). This correspondence defines a random
variable X as a function of the random variable U. We then have. for every integer k.,

P(X =k)=P(F(k-1) <U < F(k)) = F(k) — F(k - 1).

Therefore, the CDF of X is equal to F', as desired.

SECTION 3.3. Normal Random Variables
Problem 11. Let X and Y be normal random variables with means 0 and 1, respec-
tively, and variances 1 and 4, respectively.
(a) Find P(X <£1.5) and P(X < -1).
(b) Find the PDF of (Y —1)/2.
(c) Find P(-1 <Y <1).
Problem 12. Let X be a normal random variable with zero mean and standard

deviation ¢. Use the normal tables to compute the probabilities of the events { X > ko'}
and {|X| < ko} for k=1,2,3.



Problems 189

Problem 13. A city’s temperature is modeled as a normal random variable with mean
and standard deviation both equal to 10 degrees Celsius. What is the probability that
the temperature at a randomly chosen time will be less than or equal to 59 degrees
Fahrenheit?

Problem 14.* Show that the normal PDF satisfies the normalization property. Hint:
2
The integral f _xx e~ *"/2dz is equal to the square root of

/ / e~ 2V /2 4z dy,
—oc J ~o00

and the latter integral can be evaluated by transforming to polar coordinates.

Solution. We note that

o 2 oC 20
1 _.2 1 g2 .2
(/ —e Iﬂd:z:) = — e /2d:z:/ e V' /2 dy
—ac vV an 2 — 00 -0
1 00 oc 2.2
=—/ e~ ETHVI2 ar dy

where for the third equality, we use a transformation into polar coordinates, and for
the fifth equality, we use the change of variables u = 72/2. Thus, we have

oc 1 2
—z€/2 _
—c€ dr =1,
/_:,. V2arm

because the integral is positive. Using the change of variables u = (z — u)/0o, it follows
that

R |

x > 1 —(z— 2 20’2 —u2/2
fx(z)dz = / e ETWT/29% g = —c du = 1.
—x —oc V21O —oc V2T

SECTION 3.4. Joint PDF's of Multiple Random Variables

Problem 15. A point is chosen at random (according to a uniform PDF) within a
semicircle of the form {(1‘, Y2+ <r? y> 0}, for some given r > 0.

(a) Find the joint PDF of the coordinates X and Y of the chosen point.
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(b) Find the marginal PDF of Y and use it to find E[Y].

(c) Check your answer in (b) by computing E[Y'] directly without using the marginal
PDF of Y.

Problem 16. Consider the following variant of Buffon’s needle problem (Example
3.11), which was investigated by Laplace. A needle of length ! is dropped on a plane
surface that is partitioned in rectangles by horizontal lines that are a apart and vertical
lines that are b apart. Suppose that the needle’s length ! satisfies ] < a and [ < b. What
is the expected number of rectangle sides crossed by the needle? What is the probability
that the needle will cross at least one side of some rectangle?

Problem 17.* Estimating an expected value by simulation using samples of
another random variable. Let Y;....,Y, be independent random variables drawn
from a common and known PDF fy. Let S be the set of all possible values of Y;,
S = {y| fv(y) > 0}. Let X be a random variable with known PDF fx, such that
fx(y) =0, for all y € S. Consider the random variable

Z y. fx (Y1)
“fr(Ya)

Show that
E[Z] = E[X].

Solution. We have

ElYifX(Yi)J = fX(y)f (y)dy—/yfx(y)dy=E[X]-
S

fr(Y3) I

Thus,

E[Z] = - Z E [Y Y ] Z E[X] = E[X].

SECTION 3.5. Conditioning

Problem 18. Let X be a random variable with PDF

_[z/4, ifl<z <3,
fx(z) = {0, otherwise,

and let A be the event {X > 2}.
(a) Find E[X], P(4), fx|a(z), and E[X | ]
(b) Let Y = Xz. Find E[Y] and var(Y).

Problem 19. The random variable X has the PDF

fx(z) = cz? if1<z<2,
0, otherwise.
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(a) Determine the value of c.

(b) Let A be the event {X > 1.5}. Calculate P(A) and the conditional PDF of X
given that A has occurred.

(c) Let Y = X2, Calculate the conditional expectation and the conditional variance
of Y given A.

Problem 20. An absent-minded professor schedules two student appointments for the
same time. The appointment durations are independent and exponentially distributed
with mean thirty minutes. The first student arrives on time, but the second student
arrives five minutes late. What is the expected value of the time between the arrival
of the first student and the departure of the second student?

Problem 21. We start with a stick of length £. We break it at a point which is chosen
according to a uniform distribution and keep the piece, of length Y, that contains the
left end of the stick. We then repeat the same process on the piece that we were left
with, and let X be the length of the remaining piece after breaking for the second time.

(a) Find the joint PDF of Y and X.

(b) Find the marginal PDF of X.

(c) Use the PDF of X to evaluate E[X].

(d) Evaluate E[X], by exploiting the relation X =Y - (X/Y).

Problem 22. We have a stick of unit length, and we consider breaking it in three
pieces using one of the following three methods.

(i) We choose randomly and independently two points on the stick using a uniform
PDF, and we break the stick at these two points.

(ii) We break the stick at a random point chosen by using a uniform PDF, and then
we break the piece that contains the right end of the stick. at a random point
chosen by using a uniform PDF.

(1ii)) We break the stick at a random point chosen by using a uniform PDF, and then
we break the larger of the two pieces at a random point chosen by using a uniform
PDF.

For each of the methods (i), (ii), and (iii), what is the probability that the three pieces
we are left with can form a triangle?

Problem 23. Let the random variables X and Y have a joint PDF which is uniform
over the triangle with vertices at (0,0), (0, 1), and (1.0).

Find the joint PDF of X and Y.

Find the marginal PDF of Y.

Find the conditional PDF of X given Y.

(
(d) Find E[X |Y = y], and use the total expectation theorem to find E[X] in terms
of E[Y].

(e) Use the symmetry of the problem to find the value of E[X].

(a
(b

C

)
)
)
)
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Problem 24. Let X and Y be two random variables that are uniformly distributed
over the triangle formed by the points (0,0), (1.0), and (0,2) (this is an asymmetric
version of the PDF in the previous problem). Calculate E[X] and E[Y] by following
the same steps as in the previous problem.

Problem 25. The coordinates X and Y of a point are independent zero mean normal
random variables with common variance 2. Given that the point is at a distance of
at least ¢ from the origin. find the conditional joint PDF of X and Y.

Problem 26.* Let X),....X, be independent random variables. Show that

IT:-, ElX?] E[X}]

() e ()

Solution. We have

(] %)

E[ x] Y] (Bixa)°
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—
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The desired result follows by dividing both sides by

n

I ExD)®.

1=1

Problem 27.* Conditioning multiple random variables on events. Let X
and Y be continuous random variables with joint PDF fx.y, let A be a subset of the
two-dimensional plane, and let C = {(X,Y) € A}. Assume that P(C) > 0, and define

fxvy(x,y) .
fxyic(z,y) = { TC)’ if (z,y) € A,

0, otherwise.

(a) Show that fx y|c is a legitimate joint PDF.

(b) Consider a partition of the two-dimensional plane into disjoint subsets A;, i =
1,...,n, let C; = {(X.Y) € A;}, and assume that P(C;) > 0 for all i. Derive
the following version of the total probability theorem

fxx(z,y) =Y _P(C)fxyic,(,y).

i=1
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Problem 28.* Consider the following two-sided exponential PDF

pre 2, if x>0,

fx(@) = { (1 —p)re*®, ifz <0,

where ) and p are scalars with A > 0 and p € [0,1]. Find the mean and the variance
of X in two ways:

(a) By straightforward calculation of the associated expected values.

(b) By using a divide-and-conquer strategy, and the mean and variance of the (one-
sided) exponential random variable.

Solution. (a)

E[X] =/°c zfx(z)dr

ocC

0 oc
= / (1 —p)re**dr + / rpie " dz
—-—0C 0

__1-p
- A +,\
2p—1
A
o0
E[X2]=/ ©’ fx (z) dz
— 00
0 oc
=/ zz(l—p)/\e“dx+/ ’pre " dzx
o 0
2(l-p)  2p
T T e
2
=33
and )
2 2p—1
var(X)=:\—2—( 3 )

(b) Let A be the event {X > 0}, and note that P(A) = p. Conditioned on A, the
random variable X has a (one-sided) exponential distribution with parameter A. Also,
conditioned on A°. the random variable —X has the same one-sided exponential dis-

tribution. Thus,

1 1
= - Ac = ==
E[X|A] = 5, E[X | A®] 3

and 5
E[X?|A] = E[X?| 4] = 35

It follows that
E(X]=P(A)E[X | Al + P(A)E[X | A°]

_p_1-p
A A
_2p-—1

A b
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E[X?] = P(A)E[X?| A] + P(A°)E[X?| A]

2p  2(1-p)
=t
2
=33
and 0 1\ 2
2p —
var(X)=)‘—2—( 3 )

Problem 29.* Let X, Y. and Z be three random variables with joint PDF fx.v.z-
Show the multiplication rule:

fxyvz(z,y,2) = fxyvz(x |y, 2) fy1z(y| 2) fz(2).

Solution. We have, using the definition of conditional density,

fX,Y,Z(CL', y’ z)

fxivz(zly.2) = frz(y,2)

and

fr.z(y,2) = friz(y|z)fz(2).
Combining these two relations, we obtain the multiplication rule.

Problem 30.* The Beta PDF. The beta PDF with parameters « > 0 and 8 > 0

has the form )

f (:1:) {g(a—ﬁ)dfa_l(l—x)@-l, lfOSJI‘_:].,
X = s

0, otherwise.

The normalizing constant is

1
B(a,8) = / ' -xz)? Vda,
0
and is known as the Beta function.
(a) Show that for any m > 0, the mth moment of X is given by

my _ Bla+m, fF)
E[X™ = mB(a,B) .

(b) Assume that a and (3 are integer. Show that

(a —1)!(8 —1)!
(@a+8-1) "’

B(a,B) =

so that
ala+1)---(a+m-—1)

a+B)a+B+1)---(a+B8+m—-1)

E[X™] = ¢
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(Recall here the convention that 0! = 1.)

Solution. (a) We have

my) _ 1 ! m_a-1 B8-1 _ B(a+m,ﬁ)
E[X ]_B(a,ﬁ)/o """ (1 —-1x) d:v—w.

(b) In the special case where a = 1 or 3 = 1, we can carry out the straightforward
integration in the definition of B(a, 3), and verify the result. We will now deal with
the general case. Let Y, Y1,...,Ya+3 be independent random variables, uniformly dis-
tributed over the interval [0, 1], and let A be the event

A={Yi < <Ya<Y < VYas1 £+ < Yars).

Then,
1

(a+8+1)

because all ways of ordering these a + 3 + 1 random variables are equally likely.
Consider the following two events:

P(A) =

B={max{Y1,....Ya} <Y}, C={Y <min{Ya+1,...,Yass}}.
We have, using the total probability theorem,
1
PBNC) = [ PENCIY = 0)frw)dy
0
1
= / P(max{Yl, oo, Yo} <y < min{Ya4i,... ,YQ+B}) dy
0
1
= / P(max{Yi....,Ya} <y) P(y < min{Ya+1,..., Yass}) dy
0
1
=/ y*(1—y)° dy.
0

We also have )

because given the events B and C, all a! possible orderings of Yi,..., Y. are equally
likely, and all 3! possible orderings of Yo+1,. .., Ya+s are equally likely.
By writing the equation

P(A|BNC) =

P(4) = P(BNC)P(A|BNC)

in terms of the preceding relations, we finally obtain

1 1 1 o
(a+8+1)! =a!ﬂ!/0 y*(1-y)7dy,
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or

1
a 3 _ O'B'
/0 y"(1-y) dy= (a+ B+ 1)

This equation can be written as

al 3!

m, for all integer a > 0, 3 > 0.

Bla+1.8+1) =

Problem 31.* Estimating an expected value by simulation. Let fx(z) be a
PDF such that for some nonnegative scalars a, b, and ¢, we have fx(z) = 0 for all
outside the interval [q, b]. and zfx(z) < cfor all z. Let Y,, i =1,...,n, be independent
random variables with values generated as follows: a point (V;, W,) is chosen at random
(according to a uniform PDF) within the rectangle whose corners are (a,0), (b,0). (a, c¢),
and (b, c), and if W, < V; fx(V,). the value of Y; is set to 1, and otherwise it is set to 0.
Consider the random variable

7 = Yl+"'+Yn'
n
Show that E[X]
E[Z] =
[2] c(b—a)
and )
< —
var(Z) < y

In particular, we have var(Z) — 0 as n — oo.

Solution. We have

P(Yi=1)=P(W, < fo(V))

vfx (v)
// c(b— )dwdv
/va( ) dv

c(b—a)
_ _E[X]
T e(b-a)

The random variable Z has mean P(Y; = 1) and variance

P(YY,=1)(1-P(Y;=1))

var(Z) = ~

Since 0 < (1 — 2p)? = 1 — 4p(1 — p), we have p(1 — p) < 1/4 for any p in [0, 1], so it
follows that var(Z) < 1/(4n).
Problem 32.* Let X and Y be continuous random variables with joint PDF fx y.

Suppose that for any subsets A and B of the real line, the events { X € A} and {Y € B}
are independent. Show that the random variables X and Y are independent.
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Solution. For any two real numbers z and y, using the independence of the events
{X < 7} and {Y < y}, we have

Fxy(z,y) =P(X <z.Y <y) =P(X <z)P(Y < y) = Fx(2)Fr (y).
Taking derivatives of both sides, we obtain

2
frv (@) = @) = Z2@ ) = fx(@) ),

which establishes that X and Y are independent.

Problem 33.* The sum of a random number of random variables. You visit
a random number N of stores and in the ith store, you spend a random amount of
money X;. Let

T=X1+X2+---+ XN

be the total amount of money that you spend. We assume that N is a positive integer
random variable with a given PMF, and that the X, are random variables with the
same mean E[X] and variance var(X). Furthermore, we assume that N and all the X;
are independent. Show that

E[T] = EX]E[N], and var(T) = var(X) E[N] + (E[X])’var(N).

Solution. We have for all i,
E[T|N =i =:iE[X],

since conditional on N = %, you will visit exactly 7 stores, and you will spend an
expected amount of money E[X] in each.
We now apply the total expectation theorem. We have

P(N =) E[T|N =i

M

E[T)

ll

i=1

P(N = i)iE[X]

™

1

E[X]) iP(N =1)

1

= E[X] E[N].
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Similarly, using also the independence of the X;, which implies that E[X; X ;] = (E[X])2
if 7 # 7, the second moment of T is calculated as

P(N =i)E[T?|N =]

M]3

E[T?

1

1

P(N=49)E[(X1+ -+ Xn)?|N =i

M ¢

i=1

P(N = 4) ({E[X?] +i(i — 1) (E[X]))

uMg

XQ]ZzP + (E[X]) Z (i — 1)P(N = i)

= E[X?| E[N] + (E[X]) (E[N?] - E[N])
= var(X) E[N] + (E[X])*E[N?].
The variance is then obtained by
var(T) = E[T?] - (E[T])”
= var(X) E[N] + (E[X]
= var(X) E[N] + (E[X]

) EIN?] - (EX])° (E[N])®
)’ (EIN] - (EIN])),
so finally

var(T) = var(X) E[N] + (E[X])"var(N).

Note: The formulas for E[T] and var(T') will also be obtained in Chapter 4, using a
more abstract approach.

SECTION 3.6. The Continuous Bayes’ Rule

Problem 34. A defective coin minting machine produces coins whose probability of
heads is a random variable P with PDF

_ [pe?, pel01],
frlp) = { 0, otherwise.

A coin produced by this machine is selected and tossed repeatedly, with successive
tosses assumed independent.

(a) Find the probability that a coin toss results in heads.
(b) Given that a coin toss resulted in heads, find the conditional PDF of P.
(c) Given that the first coin toss resulted in heads, find the conditional probability

of heads on the next toss.

Problem 35.* Let X and Y be independent continuous random variables with PDFs
fx and fy, respectively, and let Z =X +Y.
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(a) Show that fz x(z|z) = fy(z—x). Hint: Write an expression for the conditional
CDF of Z given X, and differentiate.

(b) Assume that X and Y are exponentially distributed with parameter \. Find the
conditional PDF of X, given that Z = 2.

(c) Assume that X and Y are normal random variables with mean zero and variances
ol and 05, respectively. Find the conditional PDF of X, given that Z = z.

Solution. (a) We have

P(Z<z|X =x)

P(X+Y <z2|X =2z
(z+Y <z|X =1)
(z+Y < 2)

(Y <z-21),

P
P
P

I

where the third equality follows from the independence of X and Y. By differentiating
both sides with respect to z, the result follows.

(b) We have, for 0 < z < 2,
Feia(el s = L2XCIDIX@) _ frz=a)fx(e) _ ATyt
X|z - fz(2) B fz(2) - f2(2) 2

Since this is the same for all z, it follows that the conditional distribution of X is
uniform on the interval [0, 2], with PDF fx,z(z|z) =1/=.

(c) We have
_frz—a)fx(x) _ 1 1 —(z-7)2/202 1 —22/202
fxiz(z|2) = 20 =G Voo, e y_\/ﬁaz e :

We focus on the terms in the exponent. By completing the square, we find that the
negative of the exponent is of the form

(z—1x)*2 22 U§+a§( zo?2 )2+ 22 ( o2 )
= T — ——s (1 - —=).
203 202 20202 o2+ o} 202 o2+ 03
Thus, the conditional PDF of X is of the form
2

fxz (@] 2) = ¢(2) 'eXp{ _ o? 402 (:E ﬂ_)?},

20202 o2 + o

where c(z) does not depend on z and plays the role of a normalizing constant. We
recognize this as a normal distribution with mean

2

leg

E(X|Z =z2] = —— 2,
X1z=4= %
and variance -
var(X | Z =2) = Ty

o2+ o2
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202 Further Topics on Random: Variables Chap. 4

In this chapter. we develop a number of more advanced topics. We introduce
methods that are useful in:

(a) deriving the distribution of a function of one or multiple random variables;

(b) dealing with the sum of independent random variables. including the case
where the number of random variables is itself random;

(c) quantifying the degree of dependence between two randoin variables.

With these goals in mind. we introduce a number of tools. including transforms
and convolutions. and we refine our understanding of the concept of conditional
expectation.

The material in this chapter is not needed for Chapters 5-7. with the ex-
ception of the solutions of a few problems. and may be viewed as optional in
a first reading of the book. On the other hand, the concepts and methods dis-
cussed here constitute essential background for a more advanced treatment of
probability and stochastic processes. and provide powerful tools in several disci-
plines that rely on probabilistic models. Furthermore, the concepts introduced
in Sections 4.2 and 4.3 will be required in our study of inference and statistics,
in Chapters 8 and 9.

DERIVED DISTRIBUTIONS

In this section, we consider functions Y = g(X) of a continuous random variable
X. We discuss techniques whereby, given the PDF of X, we calculate the PDF
of Y (also called a derived distribution). The principal method for doing so is
the following two-step approach.

Calculation of the PDF of a Function Y = g(X) of a Continuous
Random Variable X

1. Calculate the CDF Fy of Y using the formula
Fy(y) = P(g(X) <y) = / fx(z)dz.
{z|9(x)<y}

2. Differentiate to obtain the PDF of Y:

_ dFy

fr(y) = d_y(y)'

Example 4.1. Let X be uniform on [0.1]. and let Y = v/ X. We note that for
every y € [0, 1]. we have
2

Fy(y) =P(Y <y =P(VX <y =P(X <y*) ="
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We then differentiate and obtain

dFy d(y?) <
= — = —— <
fr(y) m (y) dy 2y, 0<y<LlL

Outside the range [0,1], the CDF Fy (y) is constant, with Fy(y) = 0 for y < 0, and
Fy(y) =1 for y > 1. By differentiating, we see that fy (y) = 0 for y outside [0, 1].

Example 4.2. John Slow is driving from Boston to the New York area, a distance
of 180 miles at a constant speed, whose value is uniformly distributed between 30
and 60 miles per hour. What is the PDF of the duration of the trip?

Let X be the speed and let Y = g(X) be the trip duration:

180
9(X) = <

To find the CDF of Y, we must calculate
180 180
< p—rvg — < _ —— < X .
P(Y <y) P(X_y) P(y < )

We use the given uniform PDF of X, which is

1/30, if 30 <z <60,
fx(@) = {0, otherwise,
and the corresponding CDF, which is
0, if x < 30,
Fx(z)= { (xr —30)/30, if30< z <60,
1, if 60 < z.

Thus,

0, if y < 180/60,
180 _ 4
=911- yT’ if 180/60 < y < 180/30,
1, if 180/30 < v,

0, if y <3,
{2—(6/y), if 3<y<6,
1, if 6 <y,
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(see Fig. 4.1). Differentiating this expression. we obtain the PDF of Y:

0. if y < 3.
fr{y) =< 8/y%. if3<y<s,
0. if 6 < y.

Example 4.3. Let Y = g(X) = X?. where X is a random variable with known
PDF. For any y > 0, we have

Fy(y) =P(Y <y)
=P(X* < y)
=P~y < X < VY)
= Fx (V) = Fx(=v¥),

and therefore. by differentiating and using the chain rule,

1 1
) = —=Fx(Vy) + == Fx{—Vv). y = 0.
} PDE fylx) 4 CDI Fylz]
e N U
30
e~
30 60 x
CD¥ Fyi{yi
8 PDF fidy i Y
1

Figure 4.1: The calculation of the PDF of Y = 180/X in Example 4.20. The
arrows indicate the fow of the calculation.
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The Linear Case

We now focus on the important special case where Y is a linear function of X;
see Fig. 4.2 for a graphical interpretation.

j(l X ffi. Xebh

Figure 4.2: The PDF of aX + b in terms of the PDF of X . In this figure, a = 2
and b = 5. As a first step, we obtain the PDF of aX. The range of Y is wider than
the range of X, by a factor of a. Thus, the PDF fx must be stretched (scaled
horizontally) by this factor. But in order to keep the total area under the PDF
equal to 1, we need to scale down the PDF (vertically) by the same factor a. The
random variable aX + b is the same as a X except that its values are shifted by
b. Accordingly, we take the PDF of aX and shift it (horizontally) by b The end
result of these operations is the PDF of ¥ = aX + b and is given mathematically
by
frin = —1x (7).
lal a

If a were negative, the procedure would be the same except that the PDF
of X would first need to be reflected around the vertical axis (“flipped™) yielding
f-x. Then a horizontal and vertical scaling (by a factor of |a| and 1/|a|. respec-
tively) yields the PDF of —|a|X = aX. Finally, a horizontal shift of b would again

yield the PDF of aX + b.

The PDF of a Linear Function of a Random Variable

Let X be a continuous random variable with PDFEF fx, and let
Y =aX + b,

where a and b are scalars, with a £ 0. Then,

fr(y) = —l-fx (y ; b) -

la|
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To verify this formula, we first calculate the CDF of Y and then differenti-
ate. We only show the steps for the case where a > 0; the case a < 0 is similar.

We have
Fy(y) =P(Y <y)

=PlaX +b<y)

=P(X5y_b)
a

=Fx(y;”).

We now differentiate this equality and use the chain rule, to obtain

fr(y) = %(y) = %fx (y_ b) :

a

Example 4.4. A Linear Function of an Exponential Random Variable.
Suppose that X is an exponential random variable with PDF

—Az .
fx(:c)={)‘e , ifxz >0,

0, otherwise,
where ) is a positive parameter. Let Y = aX + b. Then,

e Mu=be g (y _b)/a >0,
fr(y) = lel
0, otherwise.
Note that if b = 0 and @ > 0, then Y is an exponential random variable with

parameter A\/a. In general, however, Y need not be exponential. For example, if
a < 0 and b= 0, then the range of Y is the negative real axis.

Example 4.5. A Linear Function of a Normal Random Variable is Nor-

mal. Suppose that X is a normal random variable with mean y and variance o2,

and let Y = aX + b, where a and b are scalars, with a # 0. We have

1 _(z-w)?/202
)= —¢€ .
@)= 7as
Therefore,
1 -b
) =iofx (2)
|al a
_ 1 1 Yy — b 2 2
= al 27I’Uexp{ ( - /1.) /20 }
1 [ 2
= ———en{- W}
V2r|a|o 2a%0

We recognize this as a normal PDF with mean ap + b and variance a?c?. In

particular, Y is a normal random variable.
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The Monotonic Case

The calculation and the formula for the linear case can be generalized to the
case where ¢ is a monotonic function. Let X be a continuous random variable
and suppose that its range is contained in a certain interval I, in the sense that
fx(z) =0 for z ¢ I. We consider the random variable Y = g(X). and assume
that g is strictly monotonic over the interval I. so that either

(a) g(z) < g(z’) for all z.z’ € I satisfying £ < 2’ (monotonically increasing
case). or

(b) g(z) > g(z’) for all z, 2’ € I satisfying £ < z’ (monotonically decreasing
case).

Furthermore. we assume that the function g is differentiable. Its derivative
will necessarily be nonnegative in the increasing case and nonpositive in the
decreasing case.

An important fact is that a strictly monotonic function can be “inverted”
in the sense that there is some function h, called the inverse of g. such that for
all z € I, we have

y = g(z) if and only if x = h(y).

For example, the inverse of the function g(x) = 180/x considered in Example 4.2
is h(y) = 180/y, because we have y = 180/r if and only if r = 180/y. Other
such examples of pairs of inverse functions include

—b
g(x) =az +b. h(y) = Y -
where a and b are scalars with a # 0, and
In
gl@) =e®=,  hly) = —2.

where a is a nonzero scalar.
For strictly monotonic functions g, the following is a convenient analytical
formula for the PDF of the function Y = g(X).

PDF Formula for a Strictly Monotonic Function of a Continuous
Random Variable

Suppose that g is strictly monotonic and that for some function h and all
in the range of X we have

y=g(z) ifandonlyif z=h(y).
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Assume that h is differentiable. Then, the PDF of Y in the region where
fy(y) > 0 is given by

fr(w) = fx (b)) j—;‘w)‘.

For a verification of the above formula, assume first that g is monotonically
increasing. Then. we have

Fy(y) =P(g9(X) <y) =P(X < h(y)) = Fx(h(y)).

where the second equality can be justified using the monotonically increasing
property of g (see Fig. 4.3). By differentiating this relation, using also the chain

rule, we obtain
dFy dh
= — = h —(y).
fr () ay (y) = fx (h(y)) 7 (¥)
Because g is monotonically increasing. h is also monotonically increasing, so its
derivative 1s nonnegative:
dh dh
d—y(y) = d—y(y)
This justifies the PDF formula for a monotonically increasing function g. The
justification for the case of monotonically decreasing function is similar; we
differentiate instead the relation

Fy(y) =P(g9(X) <y) =P(X > h(y)) =1 - Fx(h(y)).

and use the chain rule.

Y =gla)

\

]
L hiy) z h{y) r
— —_— -
Event {X<hiy)} Event {Xz>hiy)}

Figure 4.3: Calculating the probability P(g(X) < y). When g is monotonically
increasing (left figure). the event {g(X) < y} is the same as the event { X < h(y)}.
When g is monotonically decreasing (right figure), the event {g(X) < y} is the
same as the event {X > h(y)}.
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Example 4.2 (continued). To check the PDF formula, let us apply it to the
problem of Example 4.2. In the region of interest, z € [30,60], we have h(y) =
180/y, and

fx (h(w) = 35, j—zw)‘ ==

Thus, in the region of interest y € [3, 6], the PDF formula yields

1 180 6
30 y2 2’

fr(y) = fx (h(y)) o )| =

consistent with the expression obtained earlier.

Example 4.6. Let Y = g(X) = X?, where X is a continuous uniform random
variable on the interval (0, 1]. Within this interval, g is strictly monotonic, and its
inverse is h(y) = ,/¥. Thus, for any y € (0.1], we have

d
x(VE) = 1. d—Z@)‘ =L
and
fol) { ﬁy_ if y € (0.1].
0, otherwise.

We finally note that if we interpret PDF's in terms of probabilities of small
intervals, the content of our formulas becomes pretty intuitive: see Fig. 4.4.

Functions of Two Random Variables

The two-step procedure that first calculates the CDF and then differentiates to
obtain the PDF also applies to functions of more than one random variable.

Example 4.7. Two archers shoot at a target. The distance of each shot from the
center of the target is uniformly distributed from O to 1, independent of the other
shot. What is the PDF of the distance of the losing shot from the center?

Let X and Y be the distances from the center of the first and second shots.
respectively. Let also Z be the distance of the losing shot:

Z = max{X,Y}.
We know that X and Y are uniformly distributed over [0. 1], so that for all z € [0.1].

we have

P(X<z2)=P(Y <z2)=
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slope  —— (]

dr

[+, 7+3)]

Figure 4.4: Illustration of the PDF formula for a monotonically increasing func-
tion g. Consider an interval |[x,z + 4], where &1 is a small number. Under
the mapping g. the image of this interval is another interval [y,y + 2]. Since
(dg/dx)(x)} is the slope of g, we have

or in terms of the inverse function,

5 E(y).

We now note that the event {z < X < z+4;} is the same as the event {y <Y <
y + d2). Thus,
fy(@)2 =Py <Y <y +62)

=Plze< X <z+68)
= fx(z)8;.

We move 8; to the left-hand side and use our earlier formula for the ratio 82/8;,
to obtain

2@ = ix(a).

Alternatively, if we move é2 to the right-hand side and use the formula for 8, /87,
we obtain

dh
fr@w) = fx (h(w) oW

Thus, using the independence of X and Y, we have for all z € [0, 1],

Fz(z) = P(max{X,Y} < z2)
=P(X <z Y <2)
=P(X <2)P(Y < 2)

= 22.
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R~

-
g
-cel,...

slope =z

slope 2

Figure 4.5: The calculation of the CDF of Z = Y/ X in Example 4.8. The value
P(Y/X < z) is equal to the shaded subarea of the unit square. The figure on the
left deals with the case where 0 < z < 1 and the figure on the right refers to the
case where z > 1.

Differentiating, we obtain

2z, if0<2z2<1,
0, otherwise.

f2(2) = {

Example 4.8. Let X and Y be independent random variables that are uniformly
distributed on the interval [0,1]. What is the PDF of the random variable Z =
Y/X?

We will find the PDF of Z by first finding its CDF and then differentiating.
We consider separately the cases 0 < 2 < 1 and z > 1. As shown in Fig. 4.5, we

have
v z2/2, ifo0<z<1,
Fa(z) =P (? < z) =d1-1/Q2), fz>1,
0, otherwise.

By differentiating, we obtain

1/2, ifo<z<1,

fz(z) = ¢ 1/(22%), ifz>1,
0, otherwise.

Example 4.9. Romeo and Juliet have a date at a given time, and each, indepen-
dently, will be late by an amount of time that is exponentially distributed with
parameter A. What is the PDF of the difference between their times of arrival?
Let us denote by X and Y the amounts by which Romeo and Juliet are late,
respectively. We want to find the PDF of Z = X — Y, assuming that X and Y are
independent and exponentially distributed with parameter A. We will first calculate
the CDF Fz(z) by considering separately the cases z > 0 and z < 0 (see Fig. 4.6).
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\ linger-y=2 v oA Ve & -~y =z
X

~,

Figure 4.68: The calculation of the CDF of Z = X — Y in Example 4.9. To
obtain the value P{(X — Y > 2z) we must integrate the joint PDF fx y(z,¥)
over the shaded area in the above figures, which correspond to z > 0 (left
side) and z < 0 (right side).

For z > 0, we have (see the left side of Fig. 4.6)
Fz(z) =P(X -Y < 2)

=1-P(X-Y>2z)

=1 —/ ( fxv(z,y) d:z:) dy
0 z+y

=1 —/ Ae™ MY (/ Ae™E da:) dy
0 4y

e
1—/ Ae e MEHY) 4y
0

o o
=1-e [Tty
0

%e_“,

For the case z < 0, we can use a similar calculation, but we can also argue
using symmetry. Indeed, the symmetry of the situation implies that the random
variables Z = X — Y and —Z =Y — X have the same distribution. We have

Fz(2) =P(Z<2)=P(-Z> -2)=P(Z > -2)=1- Fz(-2).

With z < 0, we have —z > 0 and using the formula derived earlier,

Fz(z)=1- Fz(-2)=1- (1 - %e"\(")) _ -21-8‘_

=1-

Combining the two cases z > 0 and 2 < 0, we obtain

1 - -;-e_’\z. if z >0,
Fz(z) =

1,
- z’ f 0)
2@ iz<
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We now calculate the PDF of Z by differentiating its CDF. We have

ée‘*‘, if 2 >0,
. 2
Ee“, if 2 <0,

or \
fz(z) = Ee_’\lz'.

This is known as a two-sided exponential PDF, also called the Laplace PDF.

Sums of Independent Random Variables — Convolution

We now consider an important example of a function Z of two random variables,
namely, the case where Z = X + Y. for independent X and Y. For some initial
insight, we start by deriving a PMF formula for the case where X and Y are

discrete.
Let Z = X +Y, where X and Y are independent integer-valued random

variables with PMFs px and py, respectively. Then, for any integer z,
pz:)=P(X+Y =2)
= Y  PX=zY=y
{(z.y) | z+y=2}

=ZP(X=:1:,Y=Z—J:)

=Y px(@)py(z - 2).

The resulting PMF pz is called the convolution of the PMF's of X and Y. See
Fig. 4.7 for an illustration.

Suppose now that X and Y are independent continuous random variables
with PDFs fx and fy, respectively. We wish to find the PDF of Z = X + Y.
Towards this goal, we will first find the joint PDF of X and Z, and then integrate
to find the PDF of Z.

We first note that

P(Z<:z|X=2)=P(X+Y <:z|X =2x)
(z+Y <z| X =1x)
(
(

z+Y <2)

P
P
P(Y<:z-1),

where the third equality follows from the independence of X and Y. By differ-
entiating both sides with respect to z, we see that fz|x(z|z) = fy(z —z). Using
the multiplication rule, we have

fx.z(z,2) = fx (@) fz1x (2| z) = fx(z)fy(z — ),
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Figure 4.7: The probability pz(3) that X +Y = 3 is the sum of the probabilities
of all pairs (z,y) such that £+ y = 3, which are the points indicated in the figure.
The probability of a generic such point is of the form

px,y(z,3—z)=px(z)py(3 — 7).

from which we finally obtain

fz(z) = /_°° fx z(z,z)dz = f_"“ fx(z)fy(z — z)dx.

This formula is entirely analogous to the one for the discrete case, except that
the summation is replaced by an integral and the PNMIF's are replaced by PDF's.
For an intuitive interpretation, see Fig. 4.8.

Example 4.10. The random variables X and Y are independent and uniformly
distributed in the interval [0,1]. The PDF of Z =X 4+ Y is

fz(2) = /°° fx(z)fy(z — z)dz.

The integrand fx(z)fy(z — z) is nonzero (and equal to 1) for 0 < z < 1 and
0 < z—1z < 1. Combining these two inequalities, the integrand is nonzero for
max{0,z — 1} < z < min{1, z}. Thus,

min{l, z} — max{0,z2 -1}, 0<2<2,
fz(2) = .
0, otherwise,

which has the triangular shape shown in Fig. 4.9.

We next describe an important application of the convolution formula.

Example 4.11. The Sum of Two Independent Normal Random Variables
is Normal. Let X and Y be independent normal random variables with means
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Figure 4.8: Illustration of the convolution formula for the case of continuous
random variables {compare with Fig. 4.7). For small 6, the probability of the
strip indicated in the igure is P(z < X + Y <z -+ 8) = fz(z)4. Thus.

f2(2)6 =Pz < X +Y <z+46)

o §
/ / fx(x)fy (y)dydz

~“—/ fx(z)fy (2 — z)bdx.

The desired formula follows by canceling é from both sides.

fz(z) %
1 Figure 4.9: The PDF of the sum
of two independent uniform random
variables in [0.1].
—
0 1 2 z

Iz, [y, and variances o2. oy, respectively. and let Z = X +Y. We have

_ [T 1 (z—pa)*) 1 (z =&~ py)?
fz(z:)—/_:‘c \/Q_NUIexp{— 207 }mayexp{_m&jg y }dm.

This integral can be evaluated in closed form. but the details are tedious and are
omitted. The answer turns out to be of the form

B ] (z = pz = 1)’
fz(z) = +gg)e"p{“ 2007 + o) 2

2n(o2
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Figure 4.8: Illustration of the convolution formula for the case of continuous
random variables {compare with Fig. 4.7). For small 4, the probability of the
strip indicated in the fipure is P(z < X + Y < z + 8) = fz(2)d. Thus,

f2()6 =P(: <X +Y < 2 +6)

> z—r+8
= ] / fx(z)fv(y)dydz

~ / fx(2)fy (z — 2)8dz.

The desired formula follows by canceling § from both sides.

fz(z) &
1 Figure 4.9: The PDF of the sum
of two independent uniform random
variables in [0. 1].
L o
0 1 2 z

Mz, py, and variances ol. ag, respectively. and let Z = X +Y. We have

(z — pe)? B (z—::—,uy)?}m

5 1 1
z) = — - ex
J2(2) /‘3c Varos T { 203 } V2ray, P { 202

This integral can be evaluated in closed form, but the details are tedious and are
omitted. The answer turns out to be of the form

_ (Z_Hx“ﬂy)g}

1
f2(2) = mexp{ 2(02 + 03)
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which we recognize as a normal PDF with mean p; + py and variance o2 + 0'3.
We therefore reach the conclusion that the sum of two independent normal random
variables is normal. Given that scalar multiples of normal random variables are
also normal (cf. Example 4.5), it follows that aX + bY is also normal, for any
nonzero a and b. An alternative derivation of this important fact will be provided
in Section 4.4, using transforms.

Example 4.12. The Difference of Two Independent Random Variables.
The convolution formula can also be used to find the PDF of X — Y, when X and
Y are independent, by viewing X — Y as the sum of X and —Y. We observe that
the PDF of -Y is given by f_y(y) = fy(—y), and obtain

fX—Y(Z)=/ fx(-‘l?)f—Y(Z—:L')d:t=/ fx(z)fy(z — 2) dz.

As an illustration, consider the case where X and Y are independent expo-
nential random variables with parameter A, as in Example 4.9. Fix some z > 0 and
note that fy(z — 2) is nonzero only when z > 2. Thus,

fX—Y(Z)=/ fx(@)fy(z—2)dz

ocC
=/ de 2 ae 72 g
z

oC
—2
=,\26’\z/ e T dr
z

2 2 1 _a2x
= \e¥ —e *

2\
A -z

2

in agreement with the result obtained in Example 4.9. The answer for the case
z < 0 is obtained with a similar calculation or, alternatively. by noting that

fx-v(2) = fr-x(2) = fo(x-v)(2) = fx-v(~2),

where the first equality holds by symmetry, since X and Y are identically dis-
tributed.

When applying the convolution formula, often the most delicate step was
to determine the correct limits for the integration. This is often tedious and
error prone, but can be bypassed using a graphical method described next.

Graphical Calculation of Convolutions

We use a dummy variable ¢ as the argument of the different functions involved
in this discussion; see also Fig. 4.10. Consider two PDFs fx(t) and fy(¢). For
a fixed value of z, the graphical evaluation of the convolution

f22)= [ T @ fy(z - t)dt
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consists of the following steps:

(a) We plot fy(z —t) as a function of ¢. This plot has the same shape as the
plot of fy(t) except that it is first “flipped” and then shifted by an amount
z. If z > 0. this is a shift to the right, if 2 < 0. this is a shift to the left.

(b) We place the plots of fx(t) and fy(z — t) on top of each other, and form
their product.

(c) We calculate the value of fz(z) by calculating the integral of the product
of these two plots.

By varying the amount z by which we are shifting. we obtain fz(z) for any 2.

& fy(t | Sy ()

]

17 b t t
i Sy la=t)
Y z—C : ;
d fyla=tifylt)
a b t

Figure 4.10: Illustration of the convolution calculation. For the value of z under
consideration. fz(z) is equal to the integral of the function shown in the last plot.

4.2 COVARIANCE AND CORRELATION

In this section. we introduce a quantitative measure of the strength and direction
of the relationship between two random variables. It playvs an important role in
many contexts. and it will be used in the estimation methodology to be developed
in Chapters 8 and 9.
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The covariance of two random variables X and Y, denoted by cov(X.Y).
is defined by

cov(X.Y) = E[(X — E[X))(¥ - E[Y])].

When cov(X.Y) = 0. we say that X and Y are uncorrelated. Roughly speak-
ing. a positive or negative covariance indicates that the values of X — E[X] and
Y — E[Y] obtained in a single experiment “tend” to have the same or the oppo-
site sign, respectively (see Fig. 4.11). Thus the sign of the covariance provides
an important qualitative indicator of the relationship between X and Y.

[/r\\%
I | ~

P
£
{

Figure 4.11: Examples of positively and negatively correlated random variables.
Here. X and Y are uniformly distributed over the ellipses shown in the figure. In
case (a) the covariance cov(X.Y) is positive, while in case (b) it is negative.

An alternative formula for the covariance is
cov(X,Y) =E[XY] - E[X]|E[Y],

as can be verified by a simple calculation. We record a few properties of covari-
ances that are easily derived from the definition: for any random variables X.
Y. and Z, and any scalars a and b, we have

cov(X. X) = var(X).
cov(X.aY +b) =a-cov(X.Y),
cov(X.Y + Z)=cov(X.Y) + cov(X.Z).

Note that if X and Y are independent, we have E[XY] = E[X] E[Y]. which
implies that cov(X.Y) = 0. Thus, if X and Y are independent, they are also
uncorrelated. However, the converse is generally not true, as illustrated by the
following example.

Example 4.13. The pair of random variables (X.Y) takes the values (1,0), (0, 1).
(=1,0). and (0. -1). each with probability 1/4 (see Fig. 4.12). Thus, the marginal
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PMFs of X and Y are symmetric around 0, and E[X]| = E[Y] = 0. Furthermore,
for all possible value pairs (z,y), either  or y is equal to 0, which implies that
XY =0 and E[XY] = 0. Therefore,

cov(X,Y) = E[XY] — E[X]E[Y] =0,

and X and Y are uncorrelated. However, X and Y are not independent since, for
example, a nonzero value of X fixes the value of Y to zero.
This example can be generalized. In particular, assume that X and Y satisfy

E[X|Y =y] = E[X], for all y.

Then, assuming X and Y are discrete, the total expectation theorem implies that

E(XY] = wpv(WEIX|Y =y = E[X])_ypv(y) = E[X]E[Y),

Y L4

so X and Y are uncorrelated. The argument for the continuous case is similar.

y 1
(0.1

(1.0} o) .

Figure 4.12: Joint PMF of X and Y
for Example 4.13. Each of the four
points shown has probability 1/4. Here
X and Y are uncorrelated but not in-
dependent.

® (0.-1)

The correlation coefficient p(X,Y) of two random variables X and Y
that have nonzero variances is defined as

_ cov(X,Y)
pLXY) = Jvar(X)var(Y)

(The simpler notation p will also be used when X and Y are clear from the
context.) It may be viewed as a normalized version of the covariance cov(X,Y),
and in fact, it can be shown that p ranges from —1 to 1 (see the end-of-chapter
problems).

If p > 0 (or p < 0), then the values of X — E[X] and Y — E[Y] “tend”
to have the same (or opposite. respectively) sign. The size of |p| provides a
normalized measure of the extent to which this is true. In fact, always assuming
that X and Y have positive variances, it can be shown that p =1 (or p = —1)
if and only if there exists a positive (or negative, respectively) constant ¢ such
that

Y — E[Y] =¢(X - E[X])
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(see the end-of-chapter problems). The following example illustrates in part this
property.

Example 4.14. Consider n independent tosses of a coin with probability of a head
equal to p. Let X and Y be the numbers of heads and of tails, respectively, and let
us look at the correlation coefficient of X and Y. Here, we have X + Y = n, and
also E[X] + E[Y] = n. Thus,

X -E[X]=-(Y - E[Y]).
We will calculate the correlation coefficient of X and Y, and verify that it is indeed

equal to —1.
We have

cov(X,Y) = E[(X ~E[X])(Y - E[Y])]
) [(X - E[X])Q]
= —var(X).
Hence, the correlation coefficient is

_ cov(X,Y) _ —var(X) __
Vvar(X)var(Y)  /var(X)var(X)

p(X,Y)

Variance of the Sum of Random Variables
The covariance can be used to obtain a formula for the variance of the sum
of several (not necessarily independent) random variables. In particular, if
X1,Xa2,...,Xn are random variables with finite variance, we have
var(X; + X2) = var(X,) + var(X2) + 2cov(X;, X2),
and, more generally,
n n
var (Z Xi) = Zvar(Xi) + Z cov(Xi, Xj).
=1 =1 {G.g) 1i#5)

This can be seen from the following calculation, where for brevity, we denote
Xi = Xi - E[X1]

~(Ex)-#|(E)

t==1
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=Y E[X]+ Y EXX)

1 {(2.5) 1 i#5}
= z var(X;) + z cov(Xi, Xj).
i=1 {(3) 45}

The following example illustrates the use of this formula.

Example 4.15. Consider the hat problem discussed in Section 2.5, where n people
throw their hats in a box and then pick a hat at random. Let us find the variance
of X, the number of people who pick their own hat. We have

X=X1+ -+ Xg,

where X, is the random variable that takes the value 1 if the ith person selects
his/her own hat, and takes the value 0 otherwise. Noting that X; is Bernoulli with
parameter p = P(X; = 1) = 1/n, we obtain

1 1 1
E[X,] = ;, var(Xi) = ; (1 - ;) .
For 7 # j, we have
COV(X,', XJ) = E[X,XJ] - E[X,] E[XJ]
=P(Xi=lande=1)—l-l
n n
1
=P(X;=1)P(X;=1|X:i=1)— =
1.t 1
“n on-1 n?
_ 1
T n2(n-1)
Therefore,
var(X) = var (Z Xi)
=1
= Zvar(X,) + z cov(Xi, X;)
i=1 {(4,7) | i#5}
1 1 1
=n 2 (1-3) ol o)

=1.
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Covariance and Correlation

e The covariance of X and Y is given by

cov(X,Y) =E [(X —E[X))(Y - E[Y])] = E[XY] - E[X]E[Y].

If cov(X,Y) = 0, we say that X and Y are uncorrelated.

e If X and Y are independent, they are uncorrelated. The converse is
not always true.

e We have

var(X +Y) = var(X) + var(Y) + 2cov(X,Y).

The correlation coefficient p(X,Y) of two random variables X and
Y with positive variances is defined by

cov(X,Y
(X, Y) = X
Vv var(X)var(Y)
and satisfies
~1<p(X,Y) < 1.

4.3 CONDITIONAL EXPECTATION AND VARIANCE REVISITED

In this section, we revisit the conditional expectation of a random variable X
given another random variable Y, and view it as a random variable determined
by Y. We derive a reformulation of the total expectation theorem. called the law
of iterated expectations. We also obtain a new formula, the law of total
variance, that relates conditional and unconditional variances.

We introduce a random variable, denoted by E[X | Y], that takes the value
E[X |Y = y] when Y takes the value y. Since E[X |Y = y] is a function of y,
E[X |Y] is a function of Y. and its distribution is determined by the distribution
of Y. The properties of E[X | Y] will be important in this section but also later,
particularly in the context of estimation and statistical inference, in Chapters 8
and 9.

Example 4.16. We are given a biased coin and we are told that because of
manufacturing defects, the probability of heads. denoted by Y, is itself random,
with a known distribution over the interval [0.1]. We toss the coin a fixed number
n of times, and we let X be the number of heads obtained. Then. for any y € [0, 1],
we have E[X |Y = y] = ny. so E[X |Y] is the random variable nY.
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Since E[X |Y] is a random variable, it has an expectation E[E[X | Y]] of
its own, which can be calculated using the expected value rule:

Z E(X |Y = y|py (y), Y discrete,
E[EX|Y]]=¢ '
/ E[X|Y = y|fy(y)dy, Y continuous.

Both expressions in the right-hand side are familiar from Chapters 2 and 3, re-
spectively. By the corresponding versions of the total expectation theorem. they
are equal to E[X]. This brings us to the following conclusion. which is actually
valid for every type of random variable Y (discrete. continuous. or mixed), as
long as X has a well-defined and finite expectation E[X].

Law of Iterated Expectations: E[E(X |Y]] = E[X].

The following examples illustrate how the law of iterated expectations fa-
cilitates the calculation of expected values when the problem data include con-
ditional probabilities.

Example 4.16 (continued). Suppose that Y. the probability of heads for our
coin is uniformly distributed over the interval [0.1]. Since E[X |Y] = nY and
E[Y] = 1/2. by the law of iterated expectations, we have

E(X] = E[E[X | Y]] = E[nY] = nE[Y] = ’5‘

Example 4.17. We start with a stick of length ¢£. We break it at a point which
is chosen randomly and uniformly over its length. and keep the piece that contains
the left end of the stick. We then repeat the same process on the piece that we
were left with. What is the expected length of the piece that we are left with after
breaking twice?

Let Y be the length of the piece after we break for the first time. Let X be
the length after we break for the second time. We have E[X | Y] = Y/2. since the
breakpoint is chosen uniformly over a piece of length Y. For a similar reason. we
also have E[Y| = ¢/2. Thus.

EX]=E[EX|Y]] =E [%] = @ = g

Example 4.18. Averaging Quiz Scores by Section. A class has n students
and the quiz score of student i is ;. The average quiz score is

n
1 Z
m= — Ti.
n
=1
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The students are divided into k disjoint subsets A;,.... Ak, and are accordingly

assigned to different sections. We use ns to denote the number of students in
section s. The average score in section s is

The average score over the whole class can be computed by taking the average score
ms of each section, and then forming a weighted average; the weight given to section
s is proportional to the number of students in that section, and is ns/n. We verify
that this gives the correct result:

k
n

D me =
n

s=1 s=1 ‘ i€Ag

@
|
-
3|3
S|
B8

How is this related to conditional expectations? Consider an experiment in
which a student is selected at random, each student having probability 1/n of being
selected. Consider the following two random variables:

X = quiz score of a student,

Y = section of a student, (Y e{1,... ,k}).

We then have
E[X]=m.

Conditioning on Y = s is the same as assuming that the selected student is
in section s. Conditional on that event, every student in that section has the same
probability 1/n, of being chosen. Therefore.

E[XlY:s]z;l-Zmi=ms.

A randomly selected student belongs to section s with probability n,/n, i.e., P(Y =
s) = ns/n. Hence,

k k
Ns
=E[X]=E|E[X|Y]| = EX|Y =s]P(Y =3s) = — M.
m = E[X] = E[E[X|Y]] lel JP(Y =)= Zm

s=1

Thus, averaging by section can be viewed as a special case of the law of iterated
expectations.



Sec. 4.3 Conditional Expectation and Variance Revisited 225

Example 4.19. Forecast Revisions. Let Y be the sales of a company in the
first semester of the coming year, and let X be the sales over the entire year. The
company has constructed a statistical model of sales, and so the joint distribution
of X and Y is assumed to be known. In the beginning of the year, the expected
value E[X] serves as a forecast of the actual sales X. In the middle of the year.
the first semester sales have been realized and the value of the random variable Y
is now known. This places us in a new “universe,” where everything is conditioned
on the realized value of Y. Based on the knowledge of Y, the company constructs
a revised forecast of yearly sales, which is E[X | Y].

We view E[X |Y] — E[X] as the forecast revision, in light of the mid-year
information. The law of iterated expectations implies that

E[E[X |Y] - E[X]|] = E[E[X|Y]] - E[X] = E[X] - E[X] =0.
This indicates that while the actual revision will usually be nonzero, in the beginning
of the year we expect the revision to be zero. on the average. This is quite intuitive.

Indeed. if the expected revision were positive. the original forecast should have been
higher in the first place.

We finally note an important property: for any function g, we have
E[Xg(Y)|Y]=g(Y)E[X|Y].

This is because given the value of Y, g(Y') is a constant and can be pulled outside
the expectation; see also Problem 25.

The Conditional Expectation as an Estimator

If we view Y as an observation that provides information about X, it is natural
to view the conditional expectation, denoted

X =E[X|Y].

as an estimator of X given Y. The estimation error

is a random variable satisfying
EX|Y]=E[X -X|Y]=E[X|Y]-E[X|Y]=X-X=0.

Thus, the random variable E[X | Y] is identically zero: E[X |Y = y] = 0 for all
values of y. By using the law of iterated expectations, we also have

EX]=E[E[X|Y]] =0.

This property is reassuring, as it indicates that the estimation error does not
have a systematic upward or downward bias.
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We will now show that X has another interesting property: it is uncor-
related with the estimation error X. Indeed. using the law of iterated
expectations, we have

E(XX]=E[E[XX|Y]] =E[XE[X|Y]] =

where the last two equalities follow from the fact that Xis completely determined
by Y. so that o o
E[XX|Y] = XE[X|Y]=0.

It follows that
cov(X. X) = E[XX] - E[X]E[X] =0 -E[X]-0=0,

and X and X are uncorrelated.

An important consequence of the fact cov(X X ) = O is that by considering
the variance of both sides in the equation X = X + X, we obtain

var(X) = var(X) + var(X).
This relation can be written in the form of a useful law. as we now discuss.
The Conditional Variance
We introduce the random variable
var(X |Y) = E[(X —E[X|Y])? | Y} = E[X2]Y].
This is the function of Y whose value is the conditional variance of X when Y
takes the value ¥: X
var(X |Y =y) = E[X2|Y =y].

Using the fact E[f{ ] = 0 and the law of iterated expectations, we can write the
variance of the estimation error as

var(X) = E[X'z] = E[E[XQI Y]] = E[var(X|Y)].

and rewrite the equation var(X) = var(X) + var(X ) as follows.

Law of Total Variance: var(X) = E[var(X |Y)] + var(E[X | Y)).

The law of total variance is helpful in calculating variances of random
variables by using conditioning. as illustrated by the following examples.
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Example 4.16 (continued). We consider n independent tosses of a biased coin
whose probability of heads, Y, is uniformly distributed over the interval [0,1]. With
X being the number of heads obtained, we have E[X |Y] = nY and var(X |Y) =
nY (1 —Y). Thus,

E[var(X |¥)] =E[nY (1 - Y)] = n(E[Y] - E[Y"])
= n(E[Y] —var(Y) — (E[Y])z) =n (% L1 l) = %

Furthermore,
2

var(E[X | Y]) =var(nY) = %

Therefore, by the law of total variance, we have

[ V)

n

var(X) = E[var(X | Y)] + var(E[X | Y]) = % + 3

Example 4.17 (continued). Consider again the problem where we break twice a

stick of length £ at randomly chosen points. Here Y is the length of the piece left

after the first break and X is the length after the second break. We calculated the

mean of X as £/4. We will now use the law of total variance to calculate var(X).
Since X is uniformly distributed between 0 and Y, we have

2
var(X | Y) = }1’_2

Thus, since Y is uniformly distributed between 0 and ¢, we have

¢ 2
1[4, 1 1 4¢ ¢
E[var(X|Y)] 12/(; 7Y dy=ﬁ-§y 0=%.

We also have E[X |Y] =Y/2, so

var(E[X|Y]) = var(Y/2) = lva.r(Y) =L ﬁ = ﬁ
4 4 12 48
Using now the law of total variance, we obtain
A (e
var(X) = E[var(X | Y)] + var(E[X | Y]) 36t = 11

Example 4.20. Averaging Quiz Scores by Section — Variance. The setting
is the same as in Example 4.18 and we consider again the random variables

X = quiz score of a student,

Y = section of a student, (Y e{l,... ,k}).
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Let ns be the number of students in section s, and let n be the total number of
students. We interpret the different quantities in the formula

var(X) = E[var(X | Y)] + var(E[X | Y])

Here, var(X | Y = s) is the variance of the quiz scores within section s. Thus,

e k
E[var(X l Y)} = Z P(Y =s)var(X |Y =3s) = Z %var(X Y = s).
a1

g=1

so that E[var(X | Y)] is the weighted average of the section variances, where each
section is weighted in proportion to its size.

Recall that E[X | Y = s] is the average score in section s. Then, var(E[X | Y])
is a measure of the variability of the averages of the different sections. The law of
total variance states that the total quiz score variance can be broken into two parts:

(a) The average score variability E[var(X |Y)] within individual sections.

-

(b) The variability var(B[X | Y]) between sections.

We have seen earlier that the law of iterated expectations can be used to
break down complicated expectation calculations, by considering different cases.
A similar method applies to variance calculations.

Example 4.21. Computing Variances by Conditioning. Consider a contin-
uous random variable X with the PDF given in Fig. 4.13. We define an auxiliary
random variable Y as follows:

1, ifr<l,
Y_{2, ifxz > 1.

Here, E[X | Y] takes the values 1/2 and 2, each with probability 1/2. Thus, the
mean of E[X |Y] is 5/4. It follows that
1 5\> 9
S(2-2) = 2.
+3( 4) 16

WWEHWH)=%(%—§Y

Figure 4.13: The PDF in Example 4.21.
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Conditioned on Y =1 or Y = 2. X is uniformly distributed on an interval of
length 1 or 2, respectively. Therefore,

1 4
var(X|Y—1)—1—2, var(XlY—2)—E,
and
1 1 1 4 5
X - 4. =2
Blar(X V)] =5 5 +3 55 = 2
Putting everything together. we obtain
5 9 37
var(X) = E[var(X | Y)] +var(E[X|Y]) = TR TR

We summarize the main points in this section.

Properties of the Conditional Expectation and Variance
e E[X |Y = y] is a number whose value depends on y.

e E[X |Y] is a function of the random variable Y, hence a random vari-
able. Its value is E[X |Y = y] whenever the value of Y is y.
e E[E(X|Y]] = E[X] (law of iterated expectations).

e E[X|Y = y] may be viewed as an estimate of X given Y = y. The
corresponding error E[X | Y] — X is a zero mean random variable that
is uncorrelated with E[X |Y].

e var(X |Y) is a random variable whose value is var(X | Y = y) whenever
the value of Y is y.

e var(X) = E[var(X |Y)] + var(E[X |Y]) (law of total variance).

4.4 TRANSFORMS

In this section, we introduce the transform associated with a random variable.
The transform provides us with an alternative representation of a probability
law. It is not particularly intuitive, but it is often convenient for certain types
of mathematical manipulations.

The transform associated with a random variable X (also referred to as
the associated moment generating function) is a function M x (s) of a scalar
parameter s, defined by

Mx(s) = E[esX].



230 Further Topics on Random Variables Chap. 4

The simpler notation M(s) can also be used whenever the underlying random
variable X is clear from the context. In more detail, when X is a discrete random
variable, the corresponding transform is given by

M(s) = ¥ epx (a),

T

while in the continuous case it is given byT

M(s) = /00 esT fx(z) dz.

— 00

Let us now provide some examples of transforms.

Example 4.22. Let

1/2, ifz =2,
px(l‘)= 1/6, ifx =3,
1/3, ifx=>5.

The corresponding transform is

sey_ 1 2s 1 35 1 56
M(s) = E[s ]=§e2 +683 +§es.

Example 4.23. The Transform Associated with a Poisson Random Vari-
able. Let X be a Poisson random variable with parameter A:

T —A
px(z)er’ , r=0,1,2,...
x!
The corresponding transform is
M(s) = Em e“i—'\
- !
z=0

t The reader who is familiar with Laplace transforms may recognize that the
transform associated with a continuous random variable is essentially the same as the
Laplace transform of its PDF, the only difference being that Laplace transforms usually
involve e™°* rather than e**. For the discrete case, a variable z is sometimes used in
place of e® and the resulting transform

M(z) =) ="px(z)

x

is known as the z-transform. However, we will not be using 2-transforms in this book.
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We let a = €*\ and obtain

< T

- a - - s
M(s)y=¢? E — = At =2 M =M,
!
=0

Example 4.24. The Transform Associated with an Exponential Random
Variable. Let X be an exponential random variable with parameter \:

fx(x) = Ae™ ™, x> 0.

Then,
M(s) = A/ e*Te M dr
]

X
= /\/ e M dr
0

e(s—/\)a‘ >

s - A

(if s < M)

The above calculation and the formula for Af(s) is correct only if the integrand
e'*~2? decays as x increases, which is the case if and only if s < X: otherwise, the
integral is infinite.

[t is important to realize that the transform is not a number but rather a
function of a parameter s. Thus. we are dealing with a transforimation that starts
with a function, e.g., a PDF, and results in a new function. Strictly speaking,
M (s) is only defined for those values of s for which E[esX] is finite. as noted in
the preceding example.

Example 4.25. The Transform Associated with a Linear Function of
a Random Variable. Let Mx(s) be the transform associated with a random
variable X. Consider a new random variable Y = aX + 4. We then have

My (s) = E[e*@X Y] = e**E[e*?X]| = ¢**Mx (sa).

For example, if X is exponential with parameter A = 1. so that AMx(s) = 1/(1-s),

and if Y = 2X + 3. then
1

1-2s

]\!y(s) = 63°§

Example 4.26. The Transform Associated with a Normal Random Vari-
able. Let X be a normal random variable with mean x and variance o2. To calcu-
late the corresponding transform, we first consider the special case of the standard
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normal random variable Y, where p = 0 and 02 = 1, and then use the formula
derived in the preceding example. The PDF of the standard normal is

1 .2
fry) = —=e"V"?

V2n

and the associated transform is

— = L -y2/2 sy
My (s) /_:,° me e’ dy
= L/w -2ty gy
Var )
s2/2_1 /°° ~(y2/2)+sy—(s2/2)
=e e e dy
Var |

2 1 > 2
_ _s°/2 —(y—s)“/2
=e — e d
V27r /—oc Y

where the last equality follows by using the normalization property of a normal
PDF with mean s and unit variance.

A general normal random variable with mean g and variance o2 is obtained
from the standard normal via the linear transformation

X =0cY +p.
2

The transform associated with the standard normal is My (s) = e* /2, as verified
above. By applying the formula of Example 4.25, we obtain

22
Mx(s) = e** My (so) = el s/ Dtns

From Transforms to Moments

The reason behind the alternative name “moment generating function” is that
the moments of a random variable are easily computed once a formula for the
associated transform is available. To see this, let us consider a continuous random
variable X, and let us take the derivative of both sides of the definition

e ]
M(s) = / est fx () dz,
with respect to s. We obtain

d d [*
M) =5 [ emix(@)do

—00

_ /°° %esxfx(x)dx

— 00

= /oo zesT fx () dz.

— 00
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This equality holds for all values of st By considering the special case where
s = 0, we obtain

i]\«I(s) = /oo zfx(z)dz = E[X].

ds s=0 o

More generally, if we differentiate n times the function A (s) with respect to s,
a similar calculation yields

4 hi(s)

o = / z” fx (z) dz = E[X™].

s=0 —00

Example 4.27. We saw earlier (Example 4.22) that the PMF
1/2, ifx=2.
px(x)=¢ 1/6, ifx =3,
1/3, if x=5.
is associated with the transform

M(s) = —;-ezs + 130 + Lgos

6 3
Thus,
d
E[X] = — M
X]= M)
1 2s 1 3s 1 5s
- . ~.3 =.5
2 26 +6 € +3 ¢ s=0
—loylayls
T2
1
= 5
Also,
2 d
EXY=—M
(X% = S M(s)|
1 2 1 3s 1 S5s
= - S --9 +_'25
Ll lasliog
2
_n
= 5"

t This derivation involves an interchange of differentiation and integration. The
interchange turns out to be justified for all of the applications to be considered in
this book. Furthermore, the derivation remains valid for general random variables,
including discrete ones. In fact, it could be carried out more abstractly, in the form

i _ i sX1 _ _(_i_ SX] _ sX
dsM(s)—dsE[e ]—E[dse = E[Xe’"],

leading to the same conclusion.
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For an exponential random variable with PDF
fx(z) = Ae M. z>0.

we found earlier (Example 4.24) that

A
M(s) = ——.
I(s) T
Thus.
d A d? 2\
Eﬂf(é)—(/\_s)z. FAI(S)_(/\—S)‘?’
By setting s = 0. we obtain
_1 2 _ 2
E[X]| = 1 E[X‘] = 2

which agrees with the formulas derived in Chapter 3.

We close by noting two more useful and generic properties of transforms.
For any random variable X. we have

Mx(0) = E[e°X] = E[1] = 1,
and if X takes only nonnegative integer values, then

lim Mx(s) =P(X =0)

§——=0C

(see the end-of-chapter problems).
Inversion of Transforms

A very important property of the transform M x (s) is that it can be inverted,
i.e.. it can be used to determine the probability law of the random variable X.
Some appropriate mathematical conditions are required, which are satisfied in
all of our examples that niake use of the inversion property. The following is a
more precise statement. Its proof is beyond our scope.

Inversion Property

The transform Mx(s) associated with a random variable X uniquely deter-
mines the CDF of X, assuming that Mx (s) is finite for all s in some interval
[—a, a], where a is a positive number.

There exist explicit formulas that allow us to recover the PMF or PDF of a
random variable starting from the associated transform, but they are quite diffi-
cult to use. In practice, transforms are usually inverted by “pattern matching,”
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based on tables of known distribution-transform pairs. We will see a number of
such examples shortly.

Example 4.28. We are told that the transform associated with a random variable
X is 1 1 1 1
M — Z~% et - ds et 53.
(s) 2¢ + 5 + 5¢ + g€

Since M (s) is a sum of terms of the form e°*, we can compare with the general

formula
M(s) = e“px(z),

T

and infer that X is a discrete random variable. The different values that X can
take can be read from the corresponding exponents, and are —1, 0, 4, and 5. The
probability of each value z is given by the coefficient multiplying the corresponding
e’® term. In our case,

1

P(X=-1)=;, P(X=0)=z, P(X=14)= L

P(X=5)=¢

Generalizing from the last example, the distribution of a finite-valued dis-
crete random variable can be always found by inspection of the corresponding
transform. The same procedure also works for discrete random variables with
an infinite range, as in the example that follows.

Example 4.29. The Transform Associated with a Geometric Random
Variable. We are told that the transform associated with a random variable X is
of the form

_ pe’
M(S)— 1_(1_p)es9

where p is a constant in the range 0 < p < 1. We wish to find the distribution of
X. We recall the formula for the geometric series:

1
——=14+a+a’+:--,
-«

which is valid whenever |a| < 1. We use this formula with a = (1 — p)e®, and for s
sufficiently close to zero so that (1 — p)e® < 1. We obtain

M(s) =pe’(1+ (1 —p)e’ + (1 —p)’e®™ + (1 —p)°e> +---).
As in the previous example, we infer that this is a discrete random variable that
takes positive integer values. The probability P(X = k) is found by reading the
coefficient of the term e**. In particular, P(X = 1) = p, P(X = 2) = p(1 — p), and
PX=k=p1-p)"" k=1,2,...

We recognize this as the geometric distribution with parameter p.
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Note that

d _ pe’ (1 — p)pe**
M) =TT e T U= -per

For s = 0, the right-hand side is equal to 1/p, which agrees with the formula for
E[X] derived in Chapter 2.

Example 4.30. The Transform Associated with a Mixture of Two Dis-
tributions. The neighborhood bank has three tellers, two of them fast, one slow.
The time to assist a customer is exponentially distributed with parameter A = 6 at
the fast tellers, and A\ = 4 at the slow teller. Jane enters the bank and chooses a
teller at random, each one with probability 1/3. Find the PDF of the time it takes
to assist Jane and the associated transform.

We have

fx(z) = %-66““%—%-4&*_“, x> 0.

Then,
oC 2 6 1 4
M — ST (— —0x - bt I)
(s) ‘/0 e 3 6e °F + 3 4e dz

2 [* 1 [
= 5/ e*%6e %" dr + 5/ eTde 4" dz
0 0

2 6 1 4
3 6-—s + 3 4—s

More generally, let X,,..., X, be continuous random variables with PDFs
fxys--++ fxn. The value y of a random variable Y is generated as follows: an index
1 is chosen with a corresponding probability p;, and y is taken to be equal to the

value of X;. Then,

(for s < 4).

fy (@) =p1fx;(¥) + -+ pnfxna (),

and
My (s) = pitMx,(8) + - -+ paMx,(s).

The steps in this problem can be reversed. For example, we may be given
that the transform associated with a random variable Y is of the form

1 1 3 1

2 2—s5 4 1-s
We can then rewrite it as

1 2 +3 1

4 2—-s 4 1-35’

and recognize that Y is the mixture of two exponential random variables with
parameters 2 and 1, which are selected with probabilities 1/4 and 3/4, respectively.
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Sums of Independent Random Variables

Transform methods are particularly convenient when dealing with a sum of ran-
dom variables. The reason is that addition of independent random variables
corresponds to multiplication of transforms, as we will proceed to show. This
provides an often convenient alternative to the convolution formula.

Let X and Y be independent random variables, and let Z = X + Y. The
transform associated with Z is, by definition,

MZ(S) _— E[esZ] - E[es(X+Y)] = E[esXesY].

Since X and Y are independent, esX and esY are independent random variables,
for any fixed value of s. Hence, the expectation of their product is the product
of the expectations, and

Mz(s) = E[esX]E[esY] = Mx (s) My (s).

By the same argument, if Xi,..., X, is a collection of independent random

variables, and
Z=X1 4+ Xa,

then
Mz(s) = Mx,(s)--- Mx,(s).

Example 4.31. The Transform Associated with the Binomial. Let X,,..., X,
be independent Bernoulli random variables with a common parameter p. Then,

Mxi(s)=(1—p)eos+pels =1-—p+ pe’, for all 3.

The random variable Z = X; + - - - + X,, is binomial with parameters n and p. The
corresponding transform is given by

Mz(s) = (1 —p+pes)n.

Example 4.32. The Sum of Independent Poisson Random Variables is
Poisson. Let X and Y be independent Poisson random variables with means A
and p, respectively, and let Z = X + Y. Then,

MX(S) — e/\(e-‘i_l), MY(S) — ep,(eS_l)’

and
MZ(S) — MX(S)MY(S) — e,\(es_l)el;(es_l) - C(A+#)(e3_l).

Thus, the transform associated with Z is the same as the transform associated
with a Poisson random variable with mean A + . By the uniqueness property of
transforms, Z is Poisson with mean A\ + p.
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Example 4.33. The Sum of Independent Normal Random Variables is
Normal. Let X and Y be independent normal random variables with means u.,
iy, and variances o2, crg, respectively, and let Z = X + Y. Then,

2 2 2.2
Alx(s)zexp{ax; +uxs}, MY(s)=exp{ay28 +uys},

and
2 | 2y.2
Mw (s8) = exp {——-——(0Jc +20y)s + (pz + /.Ly)S}.

We observe that the transform associated with Z is the same as the transform
associated with a normal random variable with mean 4, + u, and variance o2 + 2.
By the uniqueness property of transforms, Z is normal with these parameters, thus
providing an alternative to the derivation described in Section 4.1, based on the
convolution formula.

Summary of Transforms and their Properties

e The transform associated with a random variable X is given by

Z esTpx (z), X discrete,

T

Mx(s) = E[esX] = 00
/ esT fx(z) dz, X continuous.

— 00

e The distribution of a random variable is completely determined by the
corresponding transform.
e Moment generating properties:
d dr
Mx(0) =1, d—Mx(s) =E[X], — Mx (s) =E[X"].
S s=0 ds™ s=0

o If Y =aX + b, then My (s) = esbMx(as).
If X and Y are independent, then Mx 1y (s) = Mx(s)My(s).

We have obtained formulas for the transforms associated with a few com-
mon random variables. We can derive such formulas with a moderate amount
of algebra for many other distributions (see the end-of-chapter problems for the
case of the uniform distribution). We summarize the most useful ones in the
tables that follow.
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Transforms for Common Discrete Random Variables

Bernoulli(p) (k=0,1)

px (k) = {f’_p’ ﬁzé Mx(s) = 1—p+pes.
Binomial(n,p) (k=0.1,...,n)

px(t) = ()= o, M (s) = (1 = p+ pes)n.
Geometric(p) (k=1,2,...)

px (k) = p(1 — p)k-1, Mx(s) = *ﬁp)e,

Poisson()\) (k=0.1,...)

e~k s
px (k)= x Myx(s) = eMe’=1),
Uniform(a,b) (k=a,a+1,....,b)
1 esa (es(b—a-!rl) - 1)
k)= ——, Mx (s) = .
px (k) b—a+1 x(s) b—a+1)(es—-1)

Transforms for Common Continuous Random Variables

Uniform(a,b) (a <z <b)

1 esb _ esa

= A,[ T ——
=53 =g
Exponential()\) (z > 0)

A

fX(x) = /\e_-)\:c, AIX(S) = m, (S < A)
Normal(y,02) (—o00 <z < o0)
fx(z) = 1 e—(-’ﬂ—#)z/%'z? Mx(s) = e(0%s2/2)+us .

Qmo
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Transforms Associated with Joint Distributions

If two random variables X and Y are described by some joint distribution (e.g., a
joint PDF), then each one is associated with a transform Mx (s) or My (s). These
are the transforms of the marginal distributions and do not convey information on
the dependence between the two random variables. Such information is contained
in a multivariate transform, which we now define.

Consider n random variables X1,..., X, related to the same experiment.

Let s;..... sn be scalar free parameters. The associated multivariate trans-
form is a function of these n parameters and is defined by

AIX1....,X71(31 ..... Sn) = E[651X1+”'+3"X"].

The inversion property of transforms discussed earlier extends to the multivari-
ate case. In particular. if Y;..... Y, is another set of random variables and if
Mx, .. .x.(s1.---. Sn) = My,...va(51,....8,) for all (s1..... sp) belonging to
some n-dimensional cube with positive volume. then the joint distribution of
Xi.....X, is the same as the joint distribution of Yi,...,Y,.

SUM OF A RANDOM NUMBER OF INDEPENDENT RANDOM
VARIABLES

In our discussion so far of sums of random variables, we have always assumed
that the number of variables in the sum is known and fixed. In this section. we
will consider the case where the number of random variables being added is itself
random. In particular. we consider the sum

Y=Xl++XN7

where N is arandom variable that takes nonnegative integer values, and X, X». ...
are identically distributed random variables. (If N = 0, we let Y = 0.) We as-
sume that N. X;. X2,... are independent, meaning that any finite subcollection
of these random variables are independent.

Let us denote by E[X| and var(X) the common mean and variance, re-
spectively. of the X;. We wish to derive formulas for the mean, variance, and
the transform of Y. The method that we follow is to first condition on the event
{N = n}, which brings us to the more familiar case of a fized number of random
variables.

Fix a nonnegative integer n. The random variable X; + --- + X, is inde-
pendent of N and, therefore, independent of { N = n}. Hence,

E[Y N=n]=E[X;+ -+ XN~ |N =n]
=E[X;+ -+ X, |N=n]
=E[X, + -+ Xy]
= nE[X].
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This is true for every nonnegative integer n, so
E[Y | N] = NE[X].
Using the law of iterated expectations, we obtain
E(Y] = E[E[Y | N]] = E[N E[X]] = E[N] E[X].
Similarly,

var(Y|N =n) =var(X;+ -+ X~ |N =n)
=var(X; +-- -+ X5)
= nvar(X).

Since this is true for every nonnegative integer n, the random variable var(Y | V)
is equal to Nvar(X). We now use the law of total variance to obtain

var(Y) = E[var(Y | N)] + var(E[Y | N])
= E[Nvar(X)] + var(N E[X])
= E[N]var(X) + (E[X])?var(N).

The calculation of the transform proceeds along similar lines. The trans-
form associated with Y, conditional on N = n, is E[esY | N = n]. However, condi-
tioned on N = n, Y is the sum of the independent random variables X,,..., X,,

and
E[esY |N =n|=E[esX1...esXN | N = n]

= E[esX; .. .ean]
= E[esxl] .. .E[esx,,]
= (Mx(s))".

where Mx(s) is the transform associated with X, for each i. Using the law of
iterated expectations, the (unconditional) transform associated with Y is

oo

My (s) = Eles?] = E[E[es" | N]] = E[(Mx(s)"] = 3 (Mx (s))"pn (n).

n=0
Using the observation

(Mx(s))" = elos(Mx ()" = gnlog Mx(s),

we have
oC

My (s) = Z en 1o Mx (s)py (n).

n=0
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Comparing with the formula

Mn(s) = ElesN] = ZeS"pN(n).

n=0

we see that My (s) = My (log Mx(s)). i.e., My(s) is obtained from the formula
for Mpy(s). with s replaced by log M x(s) or, equivalently, with es replaced by
Afx (S)

Let us summarize the properties derived so far.

Properties of the Sum of a Random Number of Independent Ran-
dom Variables

Let X1, Xo,... be identically distributed random variables with mean E[X]
and variance var(X). Let N be a random variable that takes nonnegative in-
teger values. We assume that all of these random variables are independent,
and we consider the sum

Y=X1+---+Xn.
Then:
e E[Y] = E[N]E[X].
o var(Y) = E[N] var(X) + (E[X])*var(N).

e We have
My (s) = MN(long(s)).

Equivalently, the transform My (s) is found by starting with the trans-
form My (s) and replacing each occurrence of e* with Mx (s).

Example 4.34. A remote village has three gas stations. Each gas station is open
on any given day with probability 1/2. independent of the others. The amount of
gas available in each gas station is unknown and is uniformly distributed between 0
and 1000 gallons. We wish to characterize the probability law of the total amount
of gas available at the gas stations that are open.

The number N of open gas stations is a binomial random variable with p =
1/2 and the corresponding transform is

Mu(s) = (1= p+pe’)’ = 5(1 +¢°)°.

The transform Mx(s) associated with the amount of gas available in an open gas

station is 1000
e . |

Mx(s) = o005
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The transform associated with the total amount Y available is the same as My (s),
except that each occurrence of e° is replaced with Mx(s), i.e.,

1 £1000s _ 1 3
My(s)== 1+ S]] .
(8 =g ( +( 10005

Example 4.35. Sum of a Geometric Number of Independent Exponen-
tial Random Variables. Jane visits a number of bookstores, looking for Great
Ezpectations. Any given bookstore carries the book with probability p, indepen-
dent of the others. In a typical bookstore visited, Jane spends a random amount
of time, exponentially distributed with parameter A, until she either finds the book
or she determines that the bookstore does not carry it. We assume that Jane will
keep visiting bookstores until she buys the book and that the time spent in each is
independent of everything else. We wish to find the mean, variance, and PDF of
the total time spent in bookstores.

The total number N of bookstores visited is geometrically distributed with pa-
rameter p. Hence, the total time Y spent in bookstores is the sum of a geometrically
distributed number N of independent exponential random variables X1, X2,.... We
have

E[Y] = E[N]E[X] =

-
>~

Using the formulas for the variance of geometric and exponential random variables,
we also obtain

var(¥) = B{N]var(X) + (BX)) var(N) = 3 - 35 + 37 - = a5,

RN

In order to find the transform My (s), let us recall that

A e’
Mx(@)= 525 M) = T

Then, My (s) is found by starting with My (s) and replacing each occurrence of e’
with Mx(s). This yields

_ pMx (s) _ A—s
MO = T (e X

which simplifies to
PA

My (s) = A

We recognize this as the transform associated with an exponentially distributed
random variable with parameter pA, and therefore,

fr@) =pre™®¥,  y>0
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This result can be surprising because the sum of a fized number n of indepen-
dent exponential random variables is not exponentially distributed. For example,

2
if n = 2, the transform associated with the sumn is (,\/ (A — s)) , which does not
correspond to an exponential distribution.

Example 4.36. Sum of a Geometric Number of Independent Geometric
Random Variables. This example is a discrete counterpart of the preceding one.
We let N be geometrically distributed with parameter p. We also let each random
variable X; be geometrically distributed with parameter q. We assume that all of
these random variables are independent. Let Y = X; + --- 4+ Xxn. We have

qe’

MN(S) p—es MX(S) = m.

T1-(1-pe’

To determine My (s), we start with the formula for My (s) and replace each occur-
rence of e’ with Mx (s). This yields

pMx (s)
A’I == )
)= T - M (o)
and, after some algebra,
_ pge’
My(9) = T e

We conclude that Y is geometrically distributed, with parameter pq.

4.6 SUMMARY AND DISCUSSION

In this chapter, we have studied a number of advanced topics. We discuss here
some of the highlights.

In Section 4.1, we addressed the problem of calculating the PDF of a func-
tion g(X) of a continuous random variable X. The concept of a CDF is very
useful here. In particular, the PDF of g(X) is typically obtained by calculat-
ing and differentiating the corresponding CDF. In some cases, such as when the
function g is strictly monotonic, the calculation is facilitated through the use of
special formulas. We also considered some examples involving a function g(X,Y)
of two continuous random variables. In particular, we derived the convolution
formula for the probability law of the sum of two independent random variables.

In Section 4.2, we introduced covariance and correlation, both of which
are important qualitative indicators of the relationship between two random
variables. The covariance and its scaled version, the correlation coefficient, are
involved in determining the variance of the sum of dependent random variables.
They also play an important role in the linear least mean squares estimation
methodology of Section 8.4.
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In Section 4.3, we reconsidered the subject of conditioning, with the aim
of developing tools for computing expected values and variances. We took a
closer look at the conditional expectation and indicated that it can be viewed
as a random variable, with an expectation and variance of its own. We derived
some related properties, including the law of iterated expectations, and the law
of total variance.

In Section 4.4, we introduced the transform associated with a random vari-
able, and saw how such a transform can be computed. Conversely, we indicated
that given a transform, the distribution of an associated random variable is
uniquely determined. It can be found, for example, using tables of commonly
occurring transforms. We have found transforms useful for a variety of purposes,
such as the following.

(a) Knowledge of the transform associated with a random variable provides a
shortcut for calculating the moments of the random variable.

(b) The transform associated with the sum of two independent random vari-
ables is equal to the product of the transforms associated with each one of
them. This property was used to show that the sum of two independent
normal (respectively, Poisson) random variables is normal (respectively,
Poisson).

(c) Transforms can be used to characterize the distribution of the sum of a
random number of random variables (Section 4.5), something which is often
impossible by other means.

Finally, in Section 4.5, we derived formulas for the mean, the variance, and
the transform of the sum of a random number of random variables, by combining
the methodology of Sections 4.3 and 4.4.
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PROBLEMS

SECTION 4.1. Derived Distributions

Problem 1. If X is a random variable that is uniformly distributed between —1 and
1. find the PDF of /|X| and the PDF of —In|X].

Problem 2. Find the PDF of ¢* in terms of the PDF of X. Specialize the answer
to the case where X is uniformly distributed between 0 and 1.

Problem 3. Find the PDFs of | X|'/? and | X|'/* in terms of the PDF of X.

Problem 4. The metro train arrives at the station near your home every quarter
hour starting at 6:00 a.m. You walk into the station every morning between 7:10 and
7:30 a.m., with the time in this interval being a random variable with given PDF (cf.
Example 3.14, in Chapter 3). Let X be the elapsed time, in minutes, between 7:10 and
the time of your arrival. Let Y be the time that you have to wait until you board a
train. Calculate the CDF of Y in terms of the CDF of X and differentiate to obtain a
formula for the PDF of Y.

Problem 5. Let X and Y be independent random variables, uniformly distributed
in the interval [0, 1]. Find the CDF and the PDF of | X - Y.

Problem 6. Let X and Y be the Cartesian coordinates of a randomly chosen point
(according to a uniform PDF) in the triangle with vertices at (0,1), (0, —1), and (1, 0).
Find the CDF and the PDF of | X —-Y|.

Problem 7. Two points are chosen randomly and independently from the interval
[0.1] according to a uniform distribution. Show that the expected distance between
the two points is 1/3.

Problem 8. Find the PDF of Z = X +Y, when X and Y are independent exponential
random variables with common parameter \.

Problem 9. Consider the same problem as in Example 4.9, but assume that the
random variables X and Y are independent and exponentially distributed with different
parameters A and u, respectively. Find the PDF of X — Y.

Problem 10. Let X and Y be independent random variables with PMFs

1/2, ify=0,

_J1/3, ifzx=1,23, _ ) 1/38, ify=1,

px(z) = {0, otherwise, Pr(y) = 1/6, ify=2,
0, otherwise.

Find the PMF of Z = X + Y, using the convolution formula.
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Problem 11. Use the convolution formula to establish that the sum of two indepen-
dent Poisson random variables with parameters A and u. respectively, is Poisson with
parameter A\ + pu.

Problem 12. The random variables X, Y. and Z are independent and uniformly
distributed between zero and one. Find the PDF of X + Y + Z.

Problem 13. Consider a PDF that is positive only within an interval [a,b] and is
symmetric around the mean (a + b)/2. Let X and Y be independent random variables
that both have this PDF. Suppose that you have calculated the PDF of X + Y. How
can you easily obtain the PDF of X — Y?

Problem 14. Competing exponentials. The lifetimes of two light bulbs are
modeled as independent and exponential random variables X and Y, with parameters
A and pu, respectively. The time at which a light bulb first burns out is

Z =min{X.Y}.
Show that Z is an exponential random variable with parameter X\ + u.

Problem 15.* Cauchy random variable.

(a) Let X be a random variable that is uniformly distributed between —1/2 and 1/2.
Show that the PDF of Y = tan(wX) is

1
fY(y)=7r —xx <y < oc.

(1+y?)’

(Y is called a Cauchy random variable.)

(b) Let Y be a Cauchy random variable. Find the PDF of the random variable X,
which is equal to the angle between —7 /2 and 7/2 whose tangent is Y.

Solution. (a) We first note that Y is a continuous, strictly monotonically increasing
function of X. which takes values between —oc and oc. as X ranges over the interval
[-1/2,1/2]. Therefore, we have for all scalars y.

Fy(y)=P(Y <y)= P(tan(va) < y) = P(1rX < tan™! y) = %tan_l y+ %,

where the last equality follows using the CDF of X . which is uniformly distributed in the
interval [—1/2,1/2]. Therefore, by differentiation, using the formula d/dy(tan'l y) =
1/(1 + y*). we have for all y,

1
iy = m

(b) We first compute the CDF of X and then differentiate to obtain its PDF. We have
for —m/2 <z <m/2.

P(X <z)=P(tan'Y < 1)
= P(Y < tanz)
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1 tanz 1
== — —d
w_/_oo 1+y2 Y

tanzT

1
= —tan "y
™ —oc

o)
T 2/

For z < —m /2, we have P(X < z) = 0, and for 7/2 < z, we have P(X < z) = 1.
Taking the derivative of the CDF P(X < z), we find that X is uniformly distributed
on the interval [—m /2, 7/2].

Note: An interesting property of the Cauchy random variable is that it satisfies

oc 0
Yy Yy
— Y dy=- — Y iy =00,
/O T /_ww<1+y2) y=oo

as can be easily verified. As a result. the Cauchy random variable does not have a well-
defined expected value, despite the symmetry of its PDF around 0; see the footnote in
Section 3.1 on the definition of the expected value of a continuous random variable.

Problem 16.* The polar coordinates of two independent normal random
variables. Let X and Y be independent standard normal random variables. The pair
(X,Y) can be described in polar coordinates in terms of random variables R > 0 and
© € [0,2n], so that

X = Rcos©, Y = Rsin©.

(a) Show that © is uniformly distributed in [0, 2|, that R has the PDF
—1'2/2
fr(r) =re , r >0,
and that R and © are independent. (The random variable R is said to have a
Rayleigh distribution.)

(b) Show that R? has an exponential distribution with parameter 1/2.

Note: Using the results in this problem, we see that samples of a normal random vari-
able can be generated using samples of independent uniform and exponential random
variables.

Solution. (a) The joint PDF of X and Y is

1

fxy(x.y) = fx(@)fy(y) = 2_71’6_(,2+y2)/2.

We first find the joint CDF of R and ©. Fix some r > 0 and some 6 € [0.27]. and
let A be the set of points (z,y) whose polar coordinates (7,6) satisfy 0 < 7 < r and
0 < 60 < 6; note that the set A is a sector of a circle of radius r. with angle 8. We have

Fre(r,0)=P(R<r, ©<6) =P((X,Y) € A)

6 r
=L [P, = L e~ 72125 dr 4,
27 27 o Jo

(x.y)EA
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where the last equality is obtained by transforming to polar coordinates. We then
differentiate, to find that

2
fro(r0) = IO (ro) = Lo~ 130,66 00,20)
Thus,
27
fr(r) = / fre(r,0)dd = re=/?, r>0.
0
Furthermore,
r,0 1
foir(@|7) = fﬂf%irl))' =5 6 € [0, 2.

Since the conditional PDF fgp of © is unaffected by the value of the conditioning
variable R. it follows that it is also equal to the unconditional PDF fg. In particular,
fre(r.0) = fr(r)fe(6), so that R and © are independent.

(b) Let t > 0. We have

P(RQZt)=P(RZ\/Z)=/ re_r2/2dr=/ e “du=e""2
Vit t/2

where we have used the change of variables u = r?/2. By differentiating, we obtain

fra(t) = %e“”, t>0.

SECTION 4.2. Covariance and Correlation

Problem 17. Suppose that X and Y are random variables with the same variance.
Show that X — Y and X + Y are uncorrelated.

Problem 18. Consider four random variables. W. X. Y, Z, with
E(W]=E[X]=E[Y]=E[Z] =0,

var(W) = var(X) = var(Y) = var(2) = 1.

and assume that W. X, Y. Z are pairwise uncorrelated. Find the correlation coefficients
p(R.S) and p(R.T). where R=W +X,S=X+Y.andT=Y + Z.

Problem 19. Suppose that a random variable X satisfies
E[X]=0. E[X?) =1, E[X’=0. E[X'=3.

and let
Y =a+bX +cX2.

Find the correlation coefficient p(X.Y).
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Problem 20.* Schwarz inequality. Show that for any random variables X and Y.
we have

(E[xY])® < E[X* E[Y?]

Solution. We may assume that E[Y?] # 0; otherwise, we have Y = 0 with probability
1. and hence E[XY] = 0. so the inequality holds. We have

-

0<E (X - E[XY]Y)QJ

E[Y?]
[ ., E[XY] (ElxY)®
=E|X —2E[Y2] XY+WY ]
_ iyt oEIXY] (EXYD)"
= E[X*) - 25 BIXY] + (57’ E[Y?]

e, (E[XY])" < E[X? E[Y?].

Problem 21.* Correlation coefficient. Consider the correlation coefficient

cov(X.Y)
v/ var(X)var(Y)

of two random variables X and Y that have positive variances. Show that:

p(X.Y) =

(a) |p(X,Y)| < 1. Hint: Use the Schwarz inequality from the preceding problem.
(b) If Y — E[Y] is a positive (or negative) multiple of X — E[X], then p(X,Y) =1
[or p(X.Y) = —1, respectively].
(c) If p(X,Y) =1 [or p(X,Y) = —1]. then, with probability 1, Y — E[Y] is a positive
(or negative. respectively) multiple of X — E[X].
Solution. (a) Let X = X —E[X] and Y = Y — E[Y]. Using the Schwarz inequality,
we get

. (EIXY))?
)= gigaey <
and hence |p(X,Y)| < 1.
(b) If Y = aX, then
p(X.Y) = E[Xaf(] _a

la|”

VEX? El(aX)?]
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(c) If (p(X, Y))2 = 1, the calculation in the solution of Problem 20 yields
-~ < o1\ 2
gl (x_ XYl : (E[XY))
E[Y?]

= E[X?] - 77

- 2
= E[X?(1 - (X, V))")
= 0.
Thus, with probability 1, the random variable
x - EXY]g
E[Y?]
is equal to zero. It follows that, with probability 1,

- - E[}”(zl -
X = E[V7] Y = ——E[}.}QI (X, Y)Y,

i.e., the sign of the constant ratio of X and Y is determined by the sign of p(X,Y).

SECTION 4.3. Conditional Expectation and Variance Revisited

Problem 22. Consider a gambler who at each gamble either wins or loses his bet with
probabilities p and 1 — p, independent of earlier gambles. When p > 1/2, a popular
gambling system, known as the Kelly strategy, is to always bet the fraction 2p — 1 of
the current fortune. Compute the expected fortune after n gambles, starting with =
units and employing the Kelly strategy.

Problem 23. Pat and Nat are dating, and all of their dates are scheduled to start at
9 p.m. Nat always arrives promptly at 9 p.m. Pat is highly disorganized and arrives at
a time that is uniformly distributed between 8 p.m. and 10 p.m. Let X be the time in
hours between 8 p.m. and the time when Pat arrives. If Pat arrives before 9 p.m., their
date will last exactly 3 hours. If Pat arrives after 9 p.m., their date will last for a time
that is uniformly distributed between 0 and 3 — X hours. The date starts at the time
they meet. Nat gets irritated when Pat is late and will end the relationship after the
second date on which Pat is late by more than 45 minutes. All dates are independent
of any other dates.

(a) What is the expected number of hours Nat waits for Pat to arrive?
(b) What is the expected duration of any particular date?
(c) What is the expected number of dates they will have before breaking up?

Problem 24. A retired professor comes to the office at a time which is uniformly
distributed between 9 a.m. and 1 p.m., performs a single task, and leaves when the task
is completed. The duration of the task is exponentially distributed with parameter
A(y) = 1/(5 — y), where y is the length of the time interval between 9 a.m. and the
time of his arrival.
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(a) What is the expected amount of time that the professor devotes to the task?
(b) What is the expected time at which the task is completed?

(c) The professor has a Ph.D. student who on a given day comes to see him at a
time that is uniformly distributed between 9 a.m. and 5 p.m. If the student does
not find the professor, he leaves and does not return. If he finds the professor, he
spends an amount of time that is uniformly distributed between 0 and 1 hour.
The professor will spend the same total amount of time on his task regardless of
whether he is interrupted by the student. What is the expected amount of time
that the professor will spend with the student and what is the expected time at
which he will leave his office?

Problem 25.* Show that for a discrete or continuous random variable X, and any
function g(Y’) of another random variable Y, we have E[Xg(Y)|Y] = g(Y) E[X | Y].

Solution. Assume that X is continuous. From a version of the expected value rule for
conditional expectations given in Chapter 3, we have

oo

E[Xg(Y)|Y =] = / z9(W)fxiv (x| v) de

oo

=g(y)/ cfxy(z|y) dr

ocC

=gWE[X|Y =y]

This shows that the realized values E[Xg(Y)|Y = y] and g(y)E[X |Y = y] of the
random variables E[Xg(Y)|Y] and g(Y)E[X | Y] are always equal. Hence these two
random variables are equal. The proof is similar if X is discrete.

Problem 26.* Let X and Y be independent random variables. Use the law of total
variance to show that

var(XY) = (E[X])*var(Y) + (E[Y])’var(X) + var(X)var(Y).

Solution. Let Z = XY. The law of total variance yields

var(Z) = var(E[Z | X]) + E[var(Z | X)].

We have
E(Z| X] = E[XY | X] = XE[Y],
so that )
var(E[Z | X]) = var(XE[Y]) = (E[Y]) var(X).
Furthermore,
var(Z | X) = var(XY | X) = X?var(Y | X) = X?var(Y),
so that

E[var(Z| X)] = E[X?var(Y) = (E[X])"var(Y) + var(X)var(Y).
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Combining the preceding relations, we obtain

var(XY) = (E[X])*var(Y) + (E[Y]) *var(X) + var(X)var(Y).

Problem 27.* We toss n times a biased coin whose probability of heads, denoted by
g, is the value of a random variable Q with given mean u and positive variance o?. Let
X, be a Bernoulli random variable that models the outcome of the ith toss (i.e., X; =1
if the ith toss is a head). We assume that Xi,..., X, are conditionally independent,
given Q = q¢. Let X be the number of heads obtained in the n tosses.

(a) Use the law of iterated expectations to find E[X,] and E[X].
(b) Find cov(Xi, Xj). Are X1i,...,Xn independent?

(c) Use the law of total variance to find var(X). Verify your answer using the co-
variance result of part (b).

Solution. (a) We have, from the law of iterated expectations and the fact E[X; | Q] = Q,
E[X:] = E[E[X.|Ql] = E[Q] = .
Since X = X +--- 4+ Xnq, it follows that

EX]=E[X)|+ - + E[X,] =np.

(b) We have, for ¢ # j, using the conditional independence assumption,
E[X.X,|Q] = E[X: | Q| E[X; | Q] = Q°,

and
E[X.X;] = E[E[X:X, |Q]] = E[Q"].

Thus,

cov(Xs, X;) = E[X. X,] - E[X:] E[X;] = E[Q] - i = o*.

Since cov(Xi, Xj) > 0, Xi,...,Xn are not independent.
Also, for ¢ = j, using the observation that X2 =X,,

var(X;) = E[Xzzl - (E[Xi])2
= E[X/| - (B[x)))’
=p—pul.
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(c) Using the law of total variance, and the conditional independence of Xi,..., Xn,
we have

var(X) = E[var(X | Q)] + var(E[X | Q])
= E[var(X; + - +Xn|Q)]+var(E[X1+-"+Xn|Q])
E[nQ (1- Q)] + var(nQ)
= nE[Q — Q%] + n®var(Q)

=n(u — pu? — 0%) + n’o?

=n(p—p?) +n(n - 1)o?
To verify the result using the covariance formulas of part (b), we write

var(X) = var(Xi + -+ + X»)

n

= 2var(Xi) + Z cov(Xi, X;)
i= {(G.3) | i#5}

= nvar(X;) + n(n — 1)cov(X1, X2)

=n(p — u’) + n(n — 1)o°

Problem 28.* The Bivariate Normal PDF. The (zero mean) bivariate normal
PDF is of the form

_Q(Ivy)

fx,y(z,y) =ce

where the exponent term g(z, y) is a quadratic function of z and v,

2 2
f—— —-2p 2y + y—2
o2 0z0y ot
q(z,y) = 30 = ) :

oz and oy are positive constants, p is a constant that satisfies —1 < p < 1, and c is a
normalizing constant.

(a) By completing the square, rewrite q(x, y) in the form (az — By)? + vy, for some
constants «, 3, and 7.

(b) Show that X and Y are zero mean normal random variables with variance o2
and 05, respectively.

(c) Find the normalizing constant c.

(d) Show that the conditional PDF of X given that Y = y is normal, and identify
its conditional mean and variance.

(e) Show that the correlation coefficient of X and Y is equal to p.
(f) Show that X and Y are independent if and only if they are uncorrelated.

(g) Show that the estimation error E[X |Y] — X is normal with mean zero and
variance (1 — p?)o2, and is independent from Y.
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Solution. (a) We can rewrite g(z, y) in the form

q(z,y) = q1(z,y) + q2(y),

where . .
— 1 Tz y) oy
q(z,y) = 20— 27 (Ua: pay . and q2(y) = 207"
(b) We have
oc oC
fy(y) = c/ 6—41(1-y)e—q2(y) dr = ce"l2(y)/ e—ql(a:.y) dr.
oo -
Using the change of variables
T/0z — pY/oy

we obtain

[o o] oc 2
/e_‘"(x'y)da:=crﬂ/1—p2/ e ¥ 2du = g, \/1 - p2V2r.

oo

Thus,
2
fr(y) =cor\/1—-p2V2me™"? 1295,

We recognize this as a normal PDF with mean zero and variance 2. The result for
the random variable X follows by symmetry.

(c) The normalizing constant for the PDF of Y must be equal to 1/(v/27 gy). It follows

that
1
cozr\/1—p?V2or = .
* P V2o,

which implies that

(d) Since
fx.y(z,y) = 1 e-fn(r-y)e—tn(y)’
Toz0y\/ 1 — p?
and )
fr(y) = _\/2_7rcrye 2,
we obtain

_ fxy(z,y) _ 1 _ (z — pozy/ay)?

fxy(zly) = r@) —maxmem{ 202(1 — p?) }
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For any fixed y, we recognize this as a normal PDF with mean (po./oy)y, and variance
02(1 — p?). In particular, E[X |Y = y| = (po:/0y)y. and E[X |Y] = (po=/0y)Y

(e) Using the expected value rule and the law of iterated expectations, we have

E[XY]=E[E[XY|Y]]
=E[YE[X|Y]]
[Y(paz/(fy ]
= ”mW]
= pOr0y.

Thus, the correlation coefficient p(X.Y) is equal to

cov(X.Y) _ E[XY] _

Oz0y Oz 0y

p(X,Y) =

(f) If X and Y are uncorrelated, then p = 0, and the joint PDF satisfies fx.yv(z,y) =
fx(z)fy (y), so that X and Y are independent. Conversely, if X and Y are independent,
then they are automatically uncorrelated.

(g) From part (d). we know that conditioned on ¥ = y, X is normal with mean
E[X | Y= y] and variance (1 — p?)oZ. Therefore, conditioned on Y = y, the estimation
error X = E[X |Y = y] — X is normal with mean zero and variance (1 — p?)o?2, i.e..

_ 1 2
fX|Y(I|y) = 2n(l = p?)o? exp{ - 2(1 — p?)o2 }

Since the conditional PDF of X does not depend on the value y of Y. it follows that
X is independent of Y, and the above conditional PDF is also the unconditional PDF
of X.

SECTION 4.4. Transforms

Problem 29. Let X be a random variable that takes the values 1. 2, and 3, with the
following probabilities:

mx:n=§ mx:m:i P(X =3) = 1.

Find the transform associated with X and use it to obtain the first three moments,
E[X]. E[Xz], E[X3].

Problem 30. Calculate E[X?] and E[X*] for a standard normal random variable X.

Problem 31. Find the third, fourth, and fifth moments of an exponential random
variable with parameter ).
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Problem 32. A nonnegative integer-valued random variable X has one of the follow-
ing two expressions as its transform:

1. M(s) = e -,

eS
2. M(s) =eX" —D,
(a) Explain why one of the two cannot possibly be the transform.

(b) Use the true transform to find P(X = 0).

Problem 33. Find the PDF of the continuous random variable X associated with

the transform
1.2 2 3
3 2—-s 3 3-s5

M(s) =

Problem 34. A soccer team has three designated players who take turns striking
penalty shots. The ith player has probability of success p,, independent of the successes
of the other players. Let X be the number of successful penalty shots after each player
has had one turn. Use convolution to calculate the PMF of X. Confirm your answer
by first calculating the transform associated with X and then obtaining the PMF from
the transform.

Problem 35. Let X be a random variable that takes nonnegative integer values, and
is associated with a transform of the form

3+ 4e?® + 2¢%°
3 —e

Mx(s)=c

b

where c is some scalar. Find E[X], px(1), and E[X | X # 0].

Problem 36. Let X.Y, and Z be independent random variables, where X is Bernoulli
with parameter 1/3, Y is exponential with parameter 2, and Z is Poisson with param-
eter 3.

(a) Consider the new random variable U = XY + (1 — X)Z. Find the transform
associated with U.

(b) Find the transform associated with 2Z + 3.
(c) Find the transform associated with Y + Z.

Problem 37. A pizza parlor serves n different types of pizza, and is visited by a
number K of customers in a given period of time, where K is a nonnegative integer
random variable with a known associated transform Mg (s) = E[e*’]. Each customer
orders a single pizza. with all types of pizza being equally likely, independent of the
number of other customers and the types of pizza they order. Give a formula, in terms
of Mk (-). for the expected number of different types of pizzas ordered.

Problem 38.* Let X be a discrete random variable taking nonnegative integer values.
Let M(s) be the transform associated with X.

(a) Show that
P(X =0) = lim M(s).

8§— —00
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(b) Use part (a) to verify that if X is a binomial random variable with parameters
n and p, we have P(X = 0) = (1 — p)". Furthermore, if X is a Poisson random
variable with parameter \. we have P(X = 0) = ™.

(c) Suppose that X is instead known to take only integer values that are greater
than or equal to a given integer k. How can we calculate P(X = k) using the
transform associated with X7

Solution. (a) We have

M(s) = Zp(x = k)e*°.
k=0

As s — —oc, all the terms e** with & > 0 tend to 0, so we obtain lims—_.c M(s) =
P(X = 0).

(b) In the case of the binomial, we have from the transform tables
M(s) = (1-p+pe’)",

so that lims_—._oc AMf(s) = (1 — p)™. In the case of the Poisson, we have
M(s) = XD,

so that lims_._oc M(s) = e .

(c) The random variable Y = X — k takes only nonnegative integer values and the

associated transform is My (s) = e‘szﬂf(s) (cf. Example 4.25). Since P(Y = 0) =
P(X = k), we have from part (a),

P(X =F)= lim e **A1(s).

§— —OC

Problem 39.* Transforms associated with uniform random variables.

(a) Find the transform associated with an integer-valued random variable X that is
uniformly distributed in the range {a,a +1,...,b}.

(b) Find the transform associated with a continuous random variable X that is uni-
formly distributed in the range [a,b].

Solution. (a) The PMF of X is

1
— . ifk=a, 1....,b,
px(k)={b—a+1 ThEeer
0. otherwise.

The transform is

oC

M(s) = Z e*P(X = k)

k=—oc
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k=a
b—a
e%@ ok
= e
b—a+1
k=0
ese es(b-a+1) -1

b—a+1 e —1

(b) We have
et esb — e%@

b
M(s):E[e"’X]z/ e

—a s(b—a)’

Problem 40.* Suppose that the transform associated with a discrete random variable
X has the form
_ A(€)

" B(e®)’

where A(t) and B(t) are polynomials of the generic variable ¢t. Assume that A(t) and
B(t) have no common roots and that the degree of A(t) is smaller than the degree of
B(t). Assume also that B(t) has distinct, real, and nonzero roots that have absolute
value greater than 1. Then it can be seen that M (s) can be written in the form

M(s)

a) am
M = 44—
(s) 1—ryes + + 1—r,es
where 1/7y,...,1/ry are the roots of B(t) and the a; are constants that are equal to
lim_ 1 (1 —rie®)M(s),i=1,...,m.
Ti

(a) Show that the PMF of X has the form

m

Zairf, ifk=0,1,...,
P(X=k) =

i=1

0, otherwise.

Note: For large k, the PMF of X can be approximated by a;r;fc , where 7 is the
index corresponding to the largest |r;| (assuming 7 is unique).

(b) Extend the result of part (a) to the case where M (s) = e**A(e*)/B(e°) and b is
an integer.

Solution. (a) We have for all s such that |r;|e® < 1

1
=1+4rie* +rie® +..
1 -—r;es

Therefore,

M(s) = f:ai + (iain) e’ + (iair?) e’ 4oy
i=1

i=1 i=1
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and by inverting this transform, we see that

P(X=k)= zm:air,k

=1
for k > 0, and P(X = k) = 0 for k < 0. Note that if the coefficients a, are nonnegative,
this PMF is a mixture of geometric PMFs.

(b) In this case, M (s) corresponds to the translation by b of a random variable whose
transform is A(e®)/B(e’) (cf. Example 4.25), so we have

m
Y oar® T ik =bb+1,..,

=1

P(X =k) =

0, otherwise.

SECTION 4.4. Sum of a Random Number of Independent Random
Variables

Problem 41. At a certain time, the number of people that enter an elevator is a
Poisson random variable with parameter A. The weight of each person is independent
of every other person’s weight, and is uniformly distributed between 100 and 200 Ibs.
Let X; be the fraction of 100 by which the ith person exceeds 100 lbs, e.g., if the 7t"
person weighs 175 lbs., then X7 = 0.75. Let Y be the sum of the X;.

(a) Find the transform associated with Y.
(b) Use the transform to compute the expected value of Y.
(c) Verify your answer to part (b) by using the law of iterated expectations.

Problem 42. Construct an example to show that the sum of a random number of
independent normal random variables is not normal (even though a fixed sum is).

Problem 43. A motorist goes through 4 lights, each of which is found to be red with
probability 1/2. The waiting times at each light are modeled as independent normal
random variables with mean 1 minute and standard deviation 1/2 minute. Let X be
the total waiting time at the red lights.

(a) Use the total probability theorem to find the PDF and the transform associated
with X, and the probability that X exceeds 4 minutes. Is X normal?

(b) Find the transform associated with X by viewing X as a sum of a random number
of random variables.

Problem 44. Consider the calculation of the mean and variance of a sum
Y=X14+ 4+ Xn,
where N is itself a sum of integer-valued random variables, i.e.,

N=K +---+Ku.
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Here N, M, K;1.K>,.... X1, X2,... areindependent random variables, N, M, K, Ka,