Strong-coupling spectrum in the Hamiltonian
limit of the SU(2) Wilson action
in 2-+1 dimensions

1 Monte Carlo simulations

Results are presented in Tables 1-8 for the energies, multiplied by £as, for the glue in the
presence of a static quark and antiquark separated by R lattice spacings along an axis of the
lattice. Simulations were done using the anisotropic 2 4+ 1-dimensional Wilson SU(2) gauge-
field action (without tadpole improved couplings) at strong coupling 8 = 1/2. Results
are from simulations on an 8% x 320 lattice, while the results for & — oo were obtained
by extrapolating the results linearly in 1/£. The rows labeled by SC indicate the results
from strong coupling perturbation theory. Note that a, and a; are the spatial and temporal
lattice spacings, respectively, and ¢ is the aspect ratio as/a;. States labeled by S and
A are symmetric and antisymmetric, respectively, under reflections in the molecular axis.
States with a subscript g and u are symmetric and antisymmetric, respectively, under the
combined operations of charge conjugation and spatial inversion about the midpoint between
the quark and the antiquark. The strong-coupling perturbation theory results were done
in the Hamiltonian formulation. The transfer-matrix method is needed to determine the
relationship between our simulation results and the spectrum obtained in the Hamiltonian
approach[1]. The transfer matrix 7" is related to the Hamiltonian H by

T = Cexp [—atH + O(af)} . (1)

2 Strong-coupling perturbation theory

We begin by replacing space (but not time) by a discrete cubic lattice with spacing a. The
gauge field is defined on the links connecting the sites of the lattice. Each directed link may
be occupied by a bit of chromoelectric flux, similar to a dipole with coloured ends. The
coloured ends are described by a representation of SU(N) colour. The colour content of
the two ends are not independent. If one end is in the R representation, then the other
end must be in the complex conjugate representation R. The link can be pictured as a line
of chromoelectric flux whose terminals transform as a particle-antiparticle pair. We shall
describe this situation by saying that the link (z,7) starting at site x and extending in the
direction 4 is in the state (R, R). However, this does not completely specify the state of the
link. We must also specify the directions of the colours in the representation space. Thus,
the link is completely specified by a vector V., where a and b transform as indices in the
(R, R) representation of SU(N) x SU(N).

The most elementary flux is the one in the fundamental (N, N) or (N, N) representa-
tion. From such elementary fluxes, all others can be constructed in the same way that all
irreducible representations of SU(N) can be built out of N and N. Let us introduce a flux
operator Uji(z,7). The index j is associated with the flux end at = and acts in the funda-
mental N representation. The index k is associated with the other end at x + az and acts in

1



§
25

40
95

SC

£
25

40
95

SC

Table 1: Results for R = 3 in the S, channel.

Sg
9.3609(11)
9.22344(60)
9.1607(13)
8.9941(19)
8.99554

Table 2: Results for R = 3 in the A,
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Table 3: Results for R = 3 in the A, and S,
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Ay
15.3360(3
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Table 4: Results for R = 4.
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Table 5: Results for R = 4.

S(” Sg”i) A,
18. 8712(35) 19.0835(48) 18.3940(40)
18.5945(23) 18.8083(28) 18.1158(29)
18.4663(55) 18.6813(72) 17.9872(61)
18.1315(72) 18.3483(93) 17.6504(84)
18.12500 18.34151 17.65849
Table 6: Results for R = 4.
A// A/// A/l//
18.6515(30) 18.8287(33) 18.8678(38)
18.3668(21) 18.5524(23) 18.5865(24)
18.2384(45) 18.4263(47) 18.4650(54)
17.8930(62) 18.0915(66) 18.1226(75)
17.90849 18.09151 18.12500
Table 7: Results for R = 4.
A, Al A"
g g
18. 5220(35) 18.7368(40) 18.7377(38)
18.2433(22) 18.4561(22) 18.4609(21)
18.1174(46) 18.3353(52) 18.3374(41)
17.7795(67) 17.9935(74) 18.0018(66)
17.78349 18.00000 18.00000
Table 8: Results for R = 4.
S S/ S//
18.5212(40) 18. 7347(48) 18. 7410(35)
18.2450(20) 18.4584(24) 18.4646(18)
18.1179(47) 18.3324(45) 18.3399(39)
17.7832(71) 17.9973(78) 18.0048(61)
17.78349 18.00000 18.00000

A,
18.6160(35
18.3373(24
18.2161(45
17.8777(68
17.87500
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)
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AW
19.0797(50)
18.8029(33)
18.6796(55)
18.3442(91)
18.34151

A///
18.9542(35)
18.6797(25)
18.5524(45)
18.2198(69)
18.21651

S
18.9530(3
18.6835(2
18.5534(5
18.2295(6
18.21651



the complex conjugate representation N. Finally, Uj, must be a unitary matrix. Note that
Uyi(z, k) and Uy;(z + ak, —k) are not independent since they describe the same undirected
link. In fact, U(z + ak, —k) = Ul(z, k) = U~ (x, k).

The simplest state of a link is the one in which the flux is absent. We say in this case
that the flux is in the singlet representation. We shall denote this state by |0) and require
unit normalization. A state of elementary flux is created by applying U(x, k) to |0). Higher
dimensional representations are obtained by applying the U operator repeatedly. A complete
basis of states can be generated by applying the U to |0). Note that we can consider the
matrix representations of U in higher representations. In such cases, we denote the operator
by U®) . When the superscript is absent, the fundamental representation is to be assumed.

Note that Uéf) #* Uéé_%) = Ub(f ' We shall label the (unit normalized) basis states of a given
link (z,4) by |(z,4); R;ab). We find that

(2,1); Ry ab) = \/dp USP (x,1) |0), 2)

where dg is the dimension of the R representation. The main tool in constructing these
states is the Clebsch-Gordan series:

USHUS = 3 (Ri, A; Reya|R, ) U (R, B|Ry, B; Ry, b). (3)

(6
R,a,p

The Clebsch-Gordan coefficients satisfy

Z <R704|R17041; R2>042><R17041; R2,Oé2|R; 5) = 5aﬁ if R appears in ) ® Ro. (4)

1,02

Also, note the important relation:
(0[U43'10) = b, (5)

which is nonzero only when R is the identity representation.
As examples of the Clebsch-Gordan coefficients, we have the following in SU(2):

2a;2b|1) = \/g Sab,s

>:\/g€baa

—~

€kabs (10
(O-k)bcecau (11
EbC(O-k)Caa (12

I Il

where o) denotes the standard Hermitian Pauli spin matrices and €4, and €., are the fully
antisymmetric Levi-Civita tensors on 2 and 3 indices, respectively, with €15 = 1 and €193 = 1.



Note that we must proceed with some care in SU(2) since the 2 representation is equivalent
to the fundamental 2 representation:

Uég) = Uga = Eaa’Ua’b’Cbb’- (13)
Hence,
Uy Uly = L0u84;+ Lot ob, UL (14)
ij Ykl 20il0%%; T 504 Ok; Ugp s
Uij Ukl = %Ekielj — %UszmiEjnO'Zl Uég) (15)

Note that (O'k)ilﬂj = (O’k)ﬂEh'.
On a given link, the space of states spanned by |R;ab) for fixed R is a d% dimensional
subspace. The projection operator onto this subspace is denoted Pg and is given by

Pr = Z]R'ab (R; abl,
= dRZ ab |0 0|Uba . (16)

Using Eqgs. 5 and 14 we can easily show that

<O|UiTjP2Ukl|0> = 160k, (17)
O ULUPULUWI0) = 16100,u04, (18)
O ULUGPULULI0) = 5 (206050 — 0j105t) (20561 — 0irGa) - (19)

In SU(3), we have

20
21

22
23

(1136:35) = /% o,
(8,013,3j) = /L Ag,
(3i[3j;3k) = /3 e

)

)
)
)
(6{kl}|31;35) = %((5ik5jz+5u5jk)7 )

(
(
(
(

where A\ are the standard Gell-Mann matrices. Note that
ZO’% O'Zl = 2 5il5jk — (52']'5“, (24)

Z/\ Al =2 0u0j — 2 040 (25)
The complete set of states for the lattice is the tensor product formed from the space
of states of each link. However, not every state in this space of states is physically allowed.

The allowable states are those which are locally gauge invariant.
The Wilson gluon Hamiltonian on a spatial lattice (time is continuous) is given by

1
Hyue = ZE a—92 S Tr(2—U, — Ug), (26)
p



where [ refers to the links of the lattice, and p refers to the plaquettes of the lattice, and U,
means the product of the four link variables around the plaquette p. Ej is essentially the
conjugate momentum to U, satisfying the equal-time commutation relation

[Ela, Ul/] = 5”/ Ul Ta, (27)

where T* = ¢%/2 in SU(2) and 7% = A*/2 in SU(3). The strong-coupling eigenstates are the
eigenvectors of >°; B'E}'. For our strong-coupling perturbation theory calculations, discard
the irrelevant constant in Hgyy,e and define

2aH = Hy— zHiy, (28)
9
Hy = Y E{E}, (29)
l
1
Hu = 5> T (U, +U}), (30)
p

where z = 4/¢* is the small expansion parameter. Now in SU(2), TrU, = TrU] which
simplifies H;, slightly.

Our goal is to determine the spectrum of SU(2) glue in the presence of a static quark-
antiquark pair in 241 dimensions. The first step is to determine the energy of the vacuum
state (without the quark-antiquark) as a function of x. At zero-th order, the vacuum state
is simply |0), the state in which all links are in their ground state. Since Hy|0) = 0, £0) =
At first order in perturbation theory,

EW — —2(0|Hime|0) = 0. (31)

vac
At second order in perturbation theory,

5522; — 2 Z | mlHlnt|0>|2. (32)
M0 50 — &

The strong-coupling states |m) which contribute to this sum are those in which the links of

a single plaquette have been excited to their first-excited state and combined in a gauge-

invariant manner. There are Npj,q such states, Where Nplaq 1s the number of plaquettes

in the lattice. Each state has the same energy: &) = 4Cp = 4(3/4) = 3, where Cp =

(N? —1)/(2N) is the quadratic Casimir in SU(N). So to evaluate £2), we can concentrate

vac’
on a single plaquette, as shown below.

2 >
3 4
1 >
The normalized state |m) is
Te[U3)U(2)UT(4)UT(1)] |0). (33)

6



To check the normalization, we use Eqs. 5 and 14 as follows:

(0] Z[UUUT (U (D)) Tr[U(W)U4)UT(2)UT(3)] 10)
= (0] Uns(3)Use(2) UL () UL, () U35 (1) Usn (4) U (2)UL(3) 10),

1 1 1 1
= —04i0di =0ck0p =04i0p —O0ckOd;,
50ai0dj 50ckOb 50ai0bl 5 OckOdj

1
= 150%930kk0u;

= 1 (34)

Hence, substituting in H,,, we find

2

£ =~ N |0l TWEUEU WU (1) HUOUU U E)] [0)]
_ _“%QNplaq_ (35)
To summarize, )
gvac = _%Nplaq' (36)

Now place a static quark and antiquark on the lattice, separated by a distance La along
an axis of the lattice. Since the quark and antiquark are static, we need not worry about
their spins or their fermionic nature; they can be treated simply as colour sources. We now
wish to find the energy of the lowest-lying stationary state of the glue in the presence of this
pair. At zero-th order in perturbation theory, the lowest-lying state is one in which the L
links connecting the quark and the antiquark have been excited into their first-excited state,
while all other links are in their ground state. Hence,

ES) —EW = CplL = %L. (37)

We shall denote this state by |€27). Once again, the contribution at first-order in perturba-
tion theory is again zero. The second-order contribution requires a little bit of work. The
intermediate states which contribute at second order can be divided up into the following
classes, as shown in Table 9: (a) those in which a single plaquette, disconnected from the line
connecting the quark and the antiquark, is excited into the fundamental representation; (b)
those in which L — 1 of the links connecting the quark and antiquark are in the fundamental
representation, while the one remaining link along the molecular axis (in the p-th position)
is in its ground state and the three links which form a staple around the p-th link are all
in the fundamental representation; (c) those similar to (b), except that the p-th link is in
the adjoint representation; (d) those in which L + 4 links are excited into the fundamental
representation as shown in Table 9.

Each intermediate state in class (a) contributes the same as it would in the vacuum:
—?/3.

To determine the contribution from diagrams in class (b), it suffices to examine the case
for a specific L, say L = 3. We first label the links as shown below:



Table 9: Contributions to &5, from various classes of diagrams at second-order in perturba-
tion theory. Lattice sites are indicated by the dots. Links in the fundamental representation
are indicated by simple line segments connecting neighbouring sites. Links in the adjoint
representation are depicted by a line segment with an open circle connecting neighbouring
sites. All other links are in their ground states. 5%223 is obtained by multiplying each con-

tribution by the corresponding multiplicity, summing the results, then multiplying by 2.

Multiplicity Intermediate state Contribution
1
(@) Nplag — 2L —4 . o -3
1
6
3
2L . o o -
(© Lo . -
1
d) 4 R _ -
(@) . 3
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The normalized starting and intermediate states are (ignoring the colour sources):

Qsas) = V2[UMURU3)],,10), (38)
bas) = V2[UMUEU@OU6)U()],10). (39)
Now
Holfdsas) = 5L [D09), (10)
Holbas) = 5(L+2) Jbug), (41)
and
(brol Hint| Qs:05) = 20/ [U'(3)U <> (WU E)UT(1 >Lr
< Tr [U(B)U(HU(6)UH(2)] [U( U(3)]4510),
= 2(0[UL(3 >Um<> LU (B)US <1>
XUl (5)U(4) UL (6)U(2) Ua (1)U, (2)U,5(3)[0),
= 2 $0uubar 30005 $05600 $0uk0uj 260i0wi S0uur,
= 30ar0sp- (42)
Then
3 b Hisl)” = § 3 8orBsbortis = 5. (43)

and the contribution to the energy is —z%/6.
We can now repeat the above steps for the diagrams in class (c). First, we find

Holcas) = B(L+2) +2] Cag), (44)

since the quadratic Casimir for the adjoint representation is C4 = N in SU(N). Next, we
need to determine the intermediate state. This requires some Clebsch-Gordanry to ensure
a gauge-invariant state. However, we can circumvent this by noting that since our starting
state is gauge-invariant and Hj, is gauge-invariant, then matrix elements with intermediate
states which are not gauge-invariant will vanish. Hence, we can sum over all intermediate
states, not just the physical intermediate states. This then eliminates the need to determine
how the colour indices are matched at the lattice sites in the intermediate states. In other
words, we can proceed using link projectors. Let Pg(l) denote the projection operator into
the irreducible representation R associated with link /. This operator is given by

Pr(l) = Y |l R ap){l; R;af), (45)
op
_ dRZ ) (O[U ). (46)



Then, using Eqgs. 17 and 19,

S s Hing|Qsi08)1? = (Qia8] Hine Po(1)P3(2) Pa(3) Pa(5) Po(4) Po(6) Hing Q).

< P3(1) P3(2) P3(3) Pa(5) Pa(4) Po(6) Tr [U(5)U (1)U (6)U(2)]
< [U()UR)U(3)],5 [0)
— 20U} (DB (1)Uarr (1) U, (2)Uan(2) Po(2)U}(2)Up(2)

X Ubu(3)Pa(3)Ups (3) Ujp(4) Po(4)Uji(4)
x U, (5)P2(5)Us(5) Upa(6) P2(6)U(6)[0),
= 236,000 15 (200i0ur — 6vair) (20,00 — 0,01
39850up 50ak05j 5050 50wdar,
= $0aar0pp- (47)
Hence, the contribution from class (c) of intermediate states is —3z%/14.

To calculate the contributions from class (d), we use the same labelling of links as for (b)
and (c), but now we ignore link 1. Our starting state is now

[Quas) = V2 Uas(3)[0), (48)
and the zero-th order energy of the intermediate states is (3/4)(L + 4). Then,
> Wers Hint|Qag)” = (QuaplHine Pa(2) Pa(3) Po(4) Po(5) Pa(6) Hine| Quicrr),
= 200|ULB)Te [UTUB)U AU (6)] Pa(2)Pa(3)
xP2<4>P2<5>P2< ) Tr [U6)UH )V (5)U(2)] Us (3)]0),
= 20U 2)P(2)Uu(2) Ub(3)Pa(3)Uars (3)
X Uea()P(OUJ(4) Use(5) Pa(5)U1,(5) UL (6)Pa(6)U;5(6)[0),

= 2 50400 5085000 50ckOd; 50mi0ck 50d;0ai;
= 5aa/5ﬁg/.

Thus, the contribution to the energy is —z?/3. Combining all contributions, we find

32,
gQQ_gvaC_(Z_ﬁx)L (49)

Now we turn to the first several excited states. At zero-th order in perturbation theory,
the first excited energy is
(0) © _ 3
gl ,QQ 8vac - 4(
This energy level is L(L + 1)-fold degenerate. In other words, there are L(L + 1) states
in which the quark and the antiquark are joined by a line of flux (in the fundamental
representation) having length (L 4 2)a. In each of these states, the path of the flux joining

L+2). (50)

10



the quark-antiquark pair is a straight line with a staple of width a. The staple can extend in
either of the two transverse directions (we shall refer to these two directions as left or right)
and can have any length from a to La. We shall refer to these states using the notation
]Qf}rg(:vl, x9)) where the superscript d = r, [ indicates the right or left direction of the staple,
and z; and x5 indicate the beginning and ending of the staple as measured from the start
of the path.

To determine the energy levels at first-order in perturbation theory, we must diagonalize
Hiy, within the L(L + 1)-dimensional subspace spanned by the degenerate zero-th order
strong-coupling states. To facilitate this, consider the following link labelling scheme shown
below:

Y
Y

10

\]
y @©
Ne)

Now consider the following states (ignoring the colour sources at the ends):

0 (a,20)) = V2 ULUEUG)U(9)U3) |0),
09(0,20)) = V2 UMUAUGEUN9U(3) |0),
09(a,3a)) = V2 UMU®R)UG)U6)UT(10) |0).

Now

Ba

(Q5(0,20)| Hin |Q5 <a 2a)) = 2 <0\ [ (BUOUIE)UU(7)]
x Tr [U(MUHUIS)UT ()] (U 5)UT(9)U(3)LW 10),
= 2 (0] Uzt-(l)Ua/r( )Ugu(B)UuMB) U,L( YUjk(4) UJ,(5)Uq(5)
x Ul (T)U(7) UL(8)Ura(8) U (9)UL(9) 10),
2 %5”50/1' %5ﬂﬁ’5uu Qépk(sj'r %5Vt58p éé 5104 Qéksérl Qéuuétuv
3000055 (51)

Similarly for |2 (a,3a)). Hence, we find

d d’ 1
<Q§112($17 $2>| Hint |Q(L+)2($/1,.’L‘/2)> = 5 5dd’ [630196’1 (6x2,x’2—a + 5962,96’2-1-(1)
+ 5$2$’2 (511,1’1—a + 511,1’1-&-&)} . (52)

This is the matrix to be diagonalized. For small L, the easiest way to proceed is by brute-
force diagonalization. Results for L = 3 and L = 4 are given in Tables 10 and 11. We again
label states which are symmetric (antisymmetric) under reflections in the molecular axis
by S (A) and add the subscript g and u for states which are symmetric and antisymmetric,
respectively, under the combined operations of charge conjugation and spatial inversion about
the midpoint between the quark and the antiquark.

11



Table 10: Low-lying energy spectrum for L. = 3. Energies in terms of the lattice spacing a
are obtained by multiplying the results below by ¢g?/8. Note that z = 4/¢* and 3 = 4/4°.
Thus, in terms of 3, the results below must be multiplied by 1/(23) and = = 5%/4.

S, 9— 2 a2
S, Ay 15-2V6
Suy A, 1522
Sy Sy AL AL 15

Si. Al 15+2x
s, Al 15+2V5

Table 11: Low-lying energy spectrum for L. = 4. Energies in terms of the lattice spacing a,
are obtained by multiplying the results below by ¢g?/4. Note that z = 4/¢* and 3 = 4/
Thus, in terms of 3, the results below must be multiplied by 1/3 and z = (3*/4.

Sy 6— 30 z?

S, A, 9—(1+v3) x
Su, Ag 9—3zx

S AL 90—z

S, Al 9-(1-V3) =
Sl Su AL A9

S, AL 9+ (1-V3) z
SP), A 9+z

Sy, A 9++3

SO, A® 9+ (1+V3) z

3 Comparison of results

The spectra for R = 3 and R = 4 calculated using the Monte Carlo method are compared
to the expectations from strong-coupling theory in Figs. 1-4. Energies are shown in terms
of a1, the inverse spatial lattice spacing. The results are in excellent agreement.
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Figure 1: Comparison of the spectrum calculated using the Monte Carlo method (open
squares) with the expectations from strong-coupling perturbation theory (the horizontal
lines). The energies shown are in terms of a; ', the inverse spatial lattice spacing, for R = 3
and # = 0.5 in the Hamiltonian limit.

13



15.4

19.2 — —

14.8 — —

Hi
H

14.6

Figure 2: Comparison of the spectrum calculated using the Monte Carlo method (the error
bars) with the expectations from strong-coupling perturbation theory (the horizontal lines).
The energies shown are in terms of a;!, the inverse spatial lattice spacing, for R = 3 and
£ = 0.5 in the Hamiltonian limit. This is a close-up of the first band lying above the ground
state.
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Figure 3: Comparison of the spectrum calculated using the Monte Carlo method (open
squares) with the expectations from strong-coupling perturbation theory (the horizontal
lines). The energies shown are in terms of a; ', the inverse spatial lattice spacing, for R = 4
and # = 0.5 in the Hamiltonian limit.
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Figure 4: Comparison of the spectrum calculated using the Monte Carlo method (the error
bars) with the expectations from strong-coupling perturbation theory (the horizontal lines).
The energies shown are in terms of a;!, the inverse spatial lattice spacing, for R = 4 and
£ = 0.5 in the Hamiltonian limit. This is a close-up of the first band lying above the ground
state.
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