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Today’s Digital World: *“0” and “1” Binary Number
ﬂr
Digital music “10011011110001...1000100010...0100101111001...” S)

Data Center

Communications

4y
i

Everything is transmitted as  “100...11011110001...1000100010...01001011110”
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Quiz

1. The first general purpose computer, ENIAC, was
built at Univ. of Pennsylvania in 1946 and was in
operation until 1956. It contains 20,000 vacuum
tubes. It used 10-digit decimal numbers for
computation. Can you guess what is the clock
speed of ENIAC?

o 35GHz
O 50 Hz
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Quiz

1. The first general purpose computer, ENIAC, was
built at Univ. of Pennsylvania in 1946 and was in
operation until 1956. It contains 20,000 vacuum
tubes. It used 10-digit decimal numbers for
computation. Can you guess what is the clock
speed of ENIAC?

QO 35GHz Intel CORE i7 Microprocessor.

s, (T
2 $ 2 .;‘(;ﬂ*:“‘;' i

d 25kHz. L | [sateemirsr

Q 50 Hz Frequency of ac power from wall outlet.
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Learning Objectives for This Lecture

« Why today’s computer using binary numbers.

What is Boolean logic and what are logic gates.

How to use logic gates to build logic functions.

How computer uses binary numbers to control “things”.

How computer uses logic gates to do “computation”.
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“1”and “0” : Inside a Microprocessor

........

8.5 billion transistors

1.2V “HIGH” | “1”

input —— O\c T :/D—i e = :f 0 Q\O-l Output
/ oy ‘Low” |0

Transistor pairs: Switches
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The Logic Levels Used Here

5V “HIGHH “1 H

5\/ (@) GA O “n “qn
input —— O\C ! 0/3 .. 0/3 0 O\O-—1 Output

o o
/ “LOW” “0”
7 ] ov
Logic Gates
False 0(V)
1 True HIGH 5(V)
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Why 111 J and “0”

BIaCk (“0!!) and Whlte (“1!!)
No Gray

Ensure No Mistakes: It is not so easy to “confuse” black and “white”
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Why “1” and “0” Resilient to Noise

Threshold = 0.5

—)

Ensure No Mistakes: It is not so easy to “confuse” black and “white”
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Voltage (V)

Voltage (V)

QO

Binary Minimize the Impact of Noise

CarnegieMellon

10
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I I I I [ I I
Al A \h VM’ ]
el Wi W _
: v)\v/\,m,AVA MV/ p MVM\ MWM M W% W g[\& % W

| | | | | | | |

Time (ns)
I \
MI\V.'AVAV N VA'IMV_AVAW M W \ V’AVM'AIAWMAVAV‘VA'A'AVAV~"AV‘VA\,-’AVAW WM&‘[V%W& _
: Lw A W h oy, L e A J L\A, X
\' W | VL4 '\IV a4
i | | | | | | | | |
Time (ns) 1 GHz
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Decimal Number System
9
8
d |d, ,| === d, | d, di:<' 0 to 10"-1
: Y
n-digit 1
0

d=a_ x10""'+a_,x10"? +...+a,x10" +a, x10°

1982 =)  1x10°+9x10° +8x10" +2x10°
—1000+900+80+2 =1982
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Binary Number System

0
a, 4 a, , .un al a, a :{ .

\ J
Y

n-digit (n-bit )

A n-bit binary number has 2" number of possible values, ranging from Q0 to 2"-1
Conversion to decimal: ~ d=a,,x2"" +a,,x2" " +..+a,x2 +a,x2’

10101011 =) Ix2" +1x2° +1x 2° +1x 2" +1x 2°
=128+32+8+2+1=171
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Decimal to Binary
2| 139 139
2|69 Decimal
2 [34

1

1

0 = 2x69+1
(171 = 2x(2x34+1)+1
2|1 8 0
ola o =2x( 2><2><17+1)+1
22 0 x(2x8+1)+2+1

1
2" +2°+2+1

Binary 10001011 —Ix2" +0x2° +0x2° +0x 24 +1x 22 + 0x 22 +1x 2t +1x 2°

1
Each digit will only have two values { (bit)

0
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CarnegieMellon 14
Decimal to Binary
13 2| 13 1
Decimal 2| 6 0 13
ecima
2[3 1 _2x6+1
1

=2x2x3+1
=2x2x(2+1)+1
=23+2%+41
=1x 22 +1x 22 +0x2' +1

1101

Binary
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QO

Addition

CarnegieMellon

Decimal

Binary

Electrical & Computer

ENGINEERING

139 + 13

10001011 + 1101

- carry

1111

10001011

+ 1101

10011000
(R}

bibargrypepataivn

18-100 Introduction to Electrical and Computer Engineering

10011000
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CarnegieMellon 16
Binary to Decimal
Decimal 139 + 13 = 152
Binary 10001011 + 1101 = 10011000

Digit number 76543210

10011000

t ot

2" +2%+2°=128+16+8=152

10011000
Most significant bit (MSB) — L Least significant bit (LSB)
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Negative Number 8-bit Number Two’s Complement

Negative Number:  x+(—x)=0
Take any 8-bit binary number: 01101011
2222222

bit-wise complement: 10010100

01101011

+ 10010100 bit-wise complement:

1T1111111
Add 1: + 00000001

100000000  x+(~x)=0
8-bit

Add the above two numbers:

If x =01101011 —x=10010101

L bit-wise-complement + 1 (2’s Complement )

Electrical & Computer ) , , o -
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For a 8-bit number with both positive and negative integers:

01111111 ——— Largest positive number 127,
10000001 ——— Smallest (negative) number  —127,,
00000001 —— 1

"M 111111 — -1 2’s complement

1000001, 10000010, 10000011, ...,11111111,00000000, 00000001, 00000010,...,01111111
-127,, -1, 0,0 L 127,

Use adder for subtracting: ~ x—y=Xx+(-y)=x+(y+1)

X

8-bit |

Adder
y {>O 8-bit

Adder
"00000001" ——
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Binary Number System
2-bit binary number 3-bit binary number 4-bit binary number
00 0 000 0 0000 0
001 1 0001 1
01 1
010 2 0010 2
10 2 011 3 0011 3
11 3 100 4 0100 4
101 5 0101 5
4 =2? values
110 6 0110 6
111 7 0111 7
8=2° values 1000 8
1001 9
1010 10
1011 11
1100 12
1101 13
1110 14
1111 15

16 = 2* values
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Hexadecimal Number

A Hexadecimal number is a base 16 number: Each digit has 16 values:

10 11 12 13 14 15
(& 1,2,3,4,5,6,7,8,9,A,B,C,D, E,jF

-
16 values
Hexadecimal to Decimal
Hex Decimal
AN « \
2E = 2x16"+14x16° =46
N>~
Ox — The number to follow is hexadecimal.
Hexadecimal to Binary \
OxX2E = 46
i
00101110 0x21 = 33
Each bit in Hex is 4 bit in Binary! Hex  Decimal
(() Eﬁt&ﬁl‘gé%’h“ N”tg 18-100 Introduction to Electrical and Computer Engineering Jimmy Zhu
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Taking More Digits |Gz wee | ] &
8-bit gray
8-digit binary number
White U1 )
01011001

> 256 numbers
1-bit gray

1-digit binary number

1 .
- 0 00000001

black 00000000 —
2 levels 256 levels
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Binary to Represent Analog 8|8z wee | A | 8

. 8-bit 8-hit 8-bit
8-bit gray Red  Green Blue

24-hit Color

1-bit gray

16,777,216 color variations

256 levels
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A Simple Truth of “1” and “0”

Each transistor only controls a “1” and a “0”, however,

8,500,000,000 Transistors can carry out very complex functions!

Today, May 16, 2020

000000
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QO

Binary Logic:

A

B _

c

D (A-B+C):D
“True” — “1”
“False” — “0”
Binary bit operation: Simplest decision making

Electrical & Computer

ENGINEERING
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CarnegieMellon 24

Jimmy Zhu



18-100 F22 L0O4 Binary Numbers, Boolean Logic & Logic Gates CarnegieMellon 25

NOT Gate: Inverter

Input Output

“0” “1”

A
u1u ‘ : “0”
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QO

CarnegieMellon 26

AND Gate
Input A
Output P
Input B
“r Truth Table [p- A.B
“0”
“o” _}
D e o
S 1 0 0 1.0=0
<
“0” _}“0” 0 1 0 0 | 1 = O
wqr —— 1 1 1 \1‘1:1
“1” _}“1”
wgr — |
Electrical & Computer Jimmy Zhu

ENGINEERING 18-100 Introduction to Electrical and Computer Engineering



18-100 F22 L0O4 Binary Numbers, Boolean Logic & Logic Gates CarnegieMellon 27

Using Logic Gates to Control Action:  The Use of “1” and “0”

Input A

snie=p Y
%
g

._%W
—>—

j_
j_
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Using Logic Gates to Control Action:  The Use of “1” and “0”

\ /-

AVAVAVA
Input A =9 h
Input B L>—} 1

i

30_
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Using Logic Gates to Control Action:  The Use of “1” and “0”

AVAVAVA
Input A —] >_\L
Input B J.—)—} 1

: 1>1 St
7T\

D
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Using Logic Gates to Control Action:  The Use of “1” and “0”

AVAVAVA
Input A =9 h
Input B Jﬁ>—} 0

1
— “”@%

\ /-
//|\\

31_
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Using Logic Gates to Control Action:  The Use of “1” and “0”

nEa=or I I
;;%ﬁj— %@ -
D % .
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n-bit Input Controlling/Selecting 2" Different Actions

A n-bit number has 2" different values: Can be used to control 2" different actions!

Example: 4-bit number controlling/selecting 16 lines

T—U—\—@
)
T —\—9
\
p
T\

Corresponding
input number 0000 0001 0111 1111

> 16 Lines
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n-bit Input Controlling/Selecting 2" Different Actions

4-bit Decode

4-bit binary number

o

[y

Controlling 2* = 16 lines

mw »mw ;L um
N

o
o
=
)
w
N
ol
o

/8 9 10 11 12 13 14 15

This is how machine(computer) uses binary numbers to perform different actions!
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n-bit Input Controlling/Selecting 2" Different Actions

4-bit Decode
4-bit binary number: 1011
1
= 1 4-bit Decode
0
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

]

A 4-bit binary number selects a single line (out of the 16 lines) to be “HIGH”,
(The rest all remain “LOW’)
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4-bit Input Controlling/Selecting 2* Different Actions

4-bit binary number (0111

1
= 1 4-bit Decode

1

0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A 4-bit binary number selects a single line (out of the 16 lines) to be “HIGH”,
(The rest all remain “LOW’)
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OR Gate

Input A
Output C
Input B

“0”
“0”

“0”
Truth Table C=A+B

et AL Input B | Ouput G
“1”

“q”
“0” : ) : O O 0 |
0+0=0
1 0 : -
“0” “q 4 1+0=1
“q” 1 0 1 1 0+1=1
1+1=1
1 1 1 .
551”: : -
“q”
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Exclusive OR Gate: XOR
Input A
Di) Output C
Input B

:ﬁtjji:}——m" Truth Table @ C=A®B
s, EETIRET

g 0 0 0 ([ 0©0=0
0 1 1 1®0=1
:::t::»::>h—-“” 1 0 1 | o®1-1
1 1 0 | 181=0

)

Electrical & Computer ] , , - P
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Computing Using Logic Gates:  Addition

Adding Binary Numbers for the Rightest Digit (No Input Carry)

A 0 1 0 1
+ B + 0 + 0 + 1 + 41
0 1 1 0

Half Adder (no input carry)

A
SUM
yammiPenlll . - .

1 1 0
CARRY 0 1 0
1 0 1

G Y

Electrical & Computer i : . L mmy Zh
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Computing Using Logic Gates:  Addition

Adding Binary Numbers for the Rightest Digit (No Input Carry)

A 0 1 0 1
+ B + 0 + 0 + 1 + 41
0 1 1 0

Half Adder (no input carry)

0
° R * | B s Gy
B O—
0 0 0 0

5: O
D—Oo CARRY

Electrical & Computer i : . L mmy Zh
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Computing Using Logic Gates:  Addition

Adding Binary Numbers for the Rightest Digit (No Input Carry)

A 0 1 0 1
+ B + 0 + 0 + 1 + 41
0 1 1 0

Half Adder (no input carry)

1
B o0

1
D Rl A | B | Sum Camy
0 0 0 0
D—Oo CARRY

Electrical & Computer i : . L mmy Zh
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Computing Using Logic Gates:  Addition

Adding Binary Numbers for the Rightest Digit (No Input Carry)

A 0 1 0 1
+ B + 0 + 0 + 1 + 41
0 1 1 0

Half Adder (no input carry)

0
1 R * | B s Gy
B O—
0 0 0 0

5: 1
D—Oo CARRY

Electrical & Computer i : . L mmy Zh
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Computing Using Logic Gates:  Addition

Adding Binary Numbers for the Rightest Digit (No Input Carry)

A 0 1 0 1
+ B + 0 + 0 + 1 + 41
0 1 1 0

Half Adder (no input carry)

1
B o1

** I
0 0 0 0

Z O

Electrical & Computer i : . L mmy Zh
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Addition
Addition with input carry:
0 1 0 1
+ 01 + 101 + .1, + 41
1 0 0 1
Full Adder (with input carry) Full Adder

Cw

Cour

Electrical & Computer ] , , - P
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8-bit Adder

CarnegieMellon 44

Ay — half
— adder
B

—LCOUT
Cin

/\1 full
adder

B 1 —LCOUT
Cin

A, full
adder

BZ —LCOUT
Cin

A3 full
adder

-LCOUT
CIN

A, full
adder
B4

1COUT
CIN

/\5 full
adder

C
B5 ‘L ouT
Cin

A6 full
B adder
6

COUT

Oy full

adder

B, 1

Overflow

Electrical & Computer , , L
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Arithmetic Logic Unit (ALU)

Integer A Integer B

|

Operation Code

Status

|

Output Result
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({) ENGINEERING 18-100 Introduction to Electrical and Computer Engineering immy Zhu



18-100 F22 L0O4 Binary Numbers, Boolean Logic & Logic Gates CarnegieMellon 46

NAND Gate :

AND gate + NOT gate NAND gate

“0”

} aq Truth Table P=-A-B

“0” ——

“0” JES— | O 0 1 00=0=1
1 0 1 1.0=0=1

“r — 3 R _

- ; 1 1
1 1 0 [ 11=1=0

=D

“1”

Electrical & Computer ] , , - P
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Boolean Algebra

Rules

X and X are complements

X:1:>Z:O _
X:O:>Z:1 X=X

(0-0=0 0-X=0
X — _
1.0=0 X-X=0
Y — 0-1=0 1.X =
(1-1=1
(0+0=0 0+ X = X
1+0=1 1+ X =1
<
Z=X+Y 0411 s
(1+1=1 X +Y =Y + X

Electrical & Computer ] , , - P
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Boolean Algebra
0.0=0=1
x—} | T0=0-1
Z=X-Y — _
y — 0-1=0=1
1.1=1=0

({) Electrical & Computer
ENGINEERING

X+Y

L=X®Y

1+1=1=

[ 0®0=0

1®©0=1
0®1=1
1©1=0

18-100 Introduction to Electrical and Computer Engineering

Jimmy Zhu
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Boolean Algebra Example Fail-Safe Autopilot Logic

Prior to takeoff or landing maneuver, a commercial aircraft requires the
following check:

2 of the possible 3 pilots must be available: the pilot, the copilot and the autopilot

Set Logic Variables:
X — State of the pilot: 1= Present, 0=Absent

Y — State of the copilot: 1= Present, 0=Absent

Z — State of the autopilot: 1= Functioning, 0=Not Functioning
Logic function corresponding to “System Ready” is
fEXadY + X-Z+Y.Z
f =1: System Ready ; f =0: System Not Ready

Electrical & Computer ) , , o -
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Rules for Boolean Algebra

O+ X =X

1+ X =1
X+X=X

1
2

3

4 X +X =1
5. 0-X=0
6

7

8

9

1. X=X —
X- X=X |

X-X =0

X =X
10. X+Y =Y +X Commutative Law
11. XY =YX Commutative Law

12. X+(Y+Z)=(X+Y)+Z

13. X-(Y-Z)=(X-Y)-Z

14, X-(Y+Z)=X-Y+X-Z Distributive Law
15. X+X-Z=X Absorption Law

Electrical & Computer ] , , - P
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Rules for Boolean Algebra

O+ X =X

1+ X =1
X+X=X

1
2

3

4 X +X =1
5. 0-X=0
6

7

8

9

1. X=X —
X- X=X |

X-X =0

X =X
10. X+Y =Y +X Commutative Law
11. XY =YX Commutative Law

12. X+(Y+Z)=(X+Y)+Z

13. X-(Y-Z)=(X-Y)-Z

14, X-(Y+Z)=X-Y+X-Z Distributive Law
15. X+X-Z=X Absorption Law
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De Morgan’s Laws

(X +Y)=X-Y

(X -Y)=X+Y

— Any logic function can be implemented using only OR and NOT gates.

— Any logic function can be implemented using only AND and NOT gates.
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Boolean Algebra Example Fail-Safe Autopilot Logic

Positive check

f=XY + X-Z+Y-Z sum-of-product

System Not Ready Condlition:

f=X-Y+X-Z+Y: Z

(X-Y)(X-2)(Y-2)

(X+Y)(X+2Z)-(Y+2Z)

Electrical & Computer : : L
({) ENGINEERING 18-100 Introduction to Electrical and Computer Engineering

+Y)=X-Y
Y)=X+Y
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