Physics II: 33-107

Math Review
Spring 2002

This review of some math topics which we will use in this course was originally prepared
by Professors Kraemer and Meyer. In addition to this handout, you are responsible for the
material in Appendix B of your text book. You will be expected to know this supplementary

material at all times during this course.

A Quadratic Equation

The quadratic equation has the form:
y=Ar>+Bx+C =0

where A, B and C are constants, and we want the values of x which makes the equation 0.
This equation has two solutions, given as:
—B++vB? - 4AC
2A

As an example, consider the quadratic equation:

Tr =

302 —52—-2=0 = A=3,B=-50C=-2
. —(=5) £ \/(—5)2 —4(3)(-2)

=

(2)(3)
_51@_5+7_20T 5-7 1
T T 6 6 3

B Powers

We will use the power of ten notation often for large and small numbers, (10727 or 10%).
Remember: 10% 4 109 # 10(=+¥),
Example: 10° + 10° = 1,000, 000 + 1,000 = 1,001, 000, which is not 10° = 1,000, 000, 000.
However,
10°10Y = 10+ — (10)3(10)¢ = (10)°.

Also,

10® 1

= 10y =

T - 100-2)
Example: 107/10° = 1072 = 1/102.




C Trigonometry

You should know how the trigonometric functions are defined with respect to a right triangle.

sinf =2 =coswo

cosf =% =sina

at+b+5=m «
tanf =

Sl 10 oo

= cot«
c

a? + b? = 2 b

c2cos?f + 2sin’6 = % or

cos?f +sin?f = 1 9

You should be familiar with a &,4,5 triangle. In this triangle, a = 3, b = 4 and ¢ = 5,
and the angles are 37° and 53°. Which one is which?
We have that sina = 2 = 0.6. Now think of the sine curve. Then sin30° = 3, which is close
to 0.6. We can then conclude that o = 37°, and therefore 8 = 53°.

You should also know that 27 radians equals 360°, so 7 radians equals 180°. So, for
example:

30
30° = 80" = %radi(ms
How can you get sin # if you don’t have a calculator? You can use the series identity:
) 0 o
s1n0:0—§+5—ﬁ+---

This is actually what your calculator is doing. As an example, take # = 30°. First you must
convert to radians:

21 radians  x radians N T
p— x = —
360° 30° 6
We can then use this to compute sin 30:

30 = T 1<7r)3+ 1 (w)5+
ST = 5 T 5 \6 120 \6
sin30° = 0.5236 — 0.0239 + 0.0003 = 0.5000

Also, the expansion for cos@ is

2 o+ 05

You should try to obtain cos 30° = 0.866 from this expansion.



You should always be able to draw the sine or cosine curves for one cycle, (0° — 360°),

(see below).
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Figure 1: (a) Sine Curve. (b) Cosine Curve.

D Binomial Expansion

The binomial expansion is given as:

a” na”_lb n(n — 1)a™2b?

ot T ]

where ! is the factorial symbol. 0! =1, 11 =1,21=2x1=2,31=3x2x 1 =6, and so
forth. This is very useful in the form (1 + z)” where z is less than 1.

Example: What is v/1.02?

V1.02 = (140.02)'/2
12 1(1)712(0.02)  £(1)7%2(0.02)2

(a+b)" =

- o T 1! - 2!
— 14001 %(0.0004) .
= 1.01
Le. (1.01)? = 1.02 = actually it is 1.0201.
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Example: Expand (1 + j—z)’% for the case of r > 2, we can do this quite easily using the
binomial expansion.

However, since 2?/r?> < 1, we can safely ignore the f—: term to obtain that:

1
1+z2 o . 122
72 N 272

E Circumference, Area and Volume ( L, L?, L?)

Circle: C =27R
@ A=nR?

Sphere: A= 4mR?

V= %WR?’

Cube: A=6L?
V=13

J V =7R’H

Cylinder: ‘m \ A=nR*+7R*+27RH = 2rR(R+ H)
&
H

F Logarithms

Define: If y = A%, then = = log,(y). That is A is the BASE which is raised to the power
x to give y. Then z is the power ( or the logarithm) to which the base A is raised.



Example: 10? = 100. This gives A = 10, ( the base), z = 2, (the power) and y = 100, (the
answer), or:

Note: Knowledge of the BASE is crucial.

In mathematics, there is another common base, given by the symbol e, where e = 2.71828.
log.(3) = 1.0986 means that (2.71828)'0%¢ = 3. A common notation, especially on calcula-
tors is: log,(z) = In(z) = In means base e.

You must know the BASE for a logarithm to make any sense!

log1o(3) = 0.47 < 1In(3) = 1.0986
10947 =3 (2.7128)109% =3

What is the number e? This is defined in terms of the infinite convergent series:

U NS &1
e = +ﬂ+5+§+"'—nzoa

If we examine the first 5 terms,
e=14+140.540.1667 + 0.0417 = 2.7084
this is actually not very good, we would need to take several more terms to get the accuracy

that we have quoted.

Rules For Logarithms (any base)

1 log(ab) = log(a) + log(b).
Proof: Let a = 10", b = 10™.
Then a- b= 10m"" and log(ab) = log(10™™™) = n + m = log(a) + log(b).

2 log(%) = log(a) — log(b).
3 log(a™) = n -log(a).
You need to know, and be able to use these rules. Example:
log,,(380) = log;((3.8 - 10%) = log,,(3.8) + log,,(10%) = 0.58 + 2.0 = 2.58

In other words, 102%® = 380. Does this make any sense? We know that 102 = 100 and that
10 = 1000. As such, we would expect something between 2 and 3 for log,,(380).
Example:

log;(0.081) = log;((8.1) + log;o(10?) = 0.908 — 2.0 = —1.092
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In other words, 107192 = 1/10'%9? = (.081. Does this make sense? We know that
log,,(0.1) = —1 and log,,(0.01) = —2. We then expect the answer to lie between —1 and —2.

CHANGE OF BASE

Suppose we have a number, y. We can express y in terms of base 10 or base e:
y=10° or y=¢€"

logi(y) =2 and In(y) =z
We also have that:
y =10 = ¢€*

This then tells us that
In(y) = In(e”) = z = In(10%) = zIn(10) = z - 2.303
From this we conclude that z = 2.303 - z, or

In(y) = 2.303 - log;,(y)

If you have log,,(y), you multiply by 2.303 to get In(y) in base e.

Example: Take y = 1000, what is In(1000)? We know that log,;,(1000) = 3. Therefore,
In(y) = 3-2.303 = 6.909. Of course, if we know In(y), we can compute log(y) by dividing
by 2.303, or equivalently:

1
log1o(y) = 5305 n(y) = 0.43431n(y)

G Functions of more than one variable, f(z,y)

Example: f(z,y) =322+ 2xy+4y? -3z +7

Example: f(z,y) = Acos(azx + by)

There are two possible derivatives of f(z,y):

%, the partial derivative of f with respect to . Treat y as a constant.

?, the partial derivative of f with respect to y. Treat x as a constant.
y

Example: f(z,y) = Acos(az + by).

of .
9 = —Aasin(az + by)
% = —Absin(azx + by)



H Vectors (Two Dimensions)

| 1% |= length or magnitude of V. This is a positive number.
& and § are unit vectors. The unit vector V is defined as: V =V/ |V |.

V= (Vw’%) Y
V = (Vcosh,V sinf)
V=V, + Vg
Y
X

z

Example: V = 33 + 47, so | V |= /32 + 42 = +5.

NOTE: The magnitude of a vector is always positive.

Therefore, V = (3% + 4§)/5 = 24 + 2§. This yields the length of V = /()2 + ()2 = +1.
The length of a unit vector is 1.

Example: Suppose | 1% |= 5 and 6 = 30°, then V= (5c0s30°,5sin30°) = 5cos30°% +
5sin 30°y. We can then compute V as:

_ 5¢0s30°% + 5sin 30°y

)
= cos 30°% + sin 30°y

<

V

<y

and | V |= V/cos? 30° + sin” 30° = 1. The length of a unit vector is 1.

Rules: A+ B = (A, + B,, A, £ B,),

A/B is not defined.

A-B=A,B,+ A,B, = (| A )(| B |)(cos ¢) where ¢ is the angle between A and B. This

then yields:
/ A’

You need to read and review pages 10 to 22 (inclusive) of your textbook. Do it NOW. Do

not worry about the Vector Product, we will review this in class when we need it.

]l




I Polar Coordinates

The coordinate of a point on a plane can be expressed in Cartesian coordinates as (g, ry)
where 7, is the distance of the point from the y axis, and r, is the distance of the point
from the z axis. We can also express the vector from the origin to the point (r,7,) as
T = r3& + ryy. In many situations, it is more convenient to express the coordinate of a the

point in terms of its distance from the origin r, and 6, the angle from the x—axis.

7= (rg,1y) = (1,0)
7= (rcosf,rsinf)
7 = r(cos 0z + sin 07)
ry = 1rcosf

ry Ty = 75in0

T=/T2+ T2

f = tan™! (:—z)

>

=

Ty

The unit vector & always points along the z—axis and the unit vector ¢ always points
along the y—axis. What about the unit vector 7?7 We can compute the unit vector 7 as
7 =7/ |7|. Where | 7| is the magnitude of 7

| 7= \/r2+ 12 = \/r2(30520+7"23in20: 7“\/00820+sin20: r

This implies that:

—

# = 7/r = r(cos 02 + sin 7)) /r = cos O + sin 9.

The unit vector 7 points away from the origin. Its direction also depends upon the position
of the point. 7 refers to the direction away from the origin at the given point, it is not fixed
like Z or 9.

We can also define a second direction perpendicular to 7. We will call this direction é,

and because 7 depends on position, 0 also depends on position.
0 = —sin 0% + cos 0y

We can see that d and 7 are perpendicular to each other by examining their dot product:

~

7-0 = (cosOz + sinfy) - (—sin % + cos 07)
= (cos®)(—sinf) + (sinB)(cosh)
=0



J Vector Functions

The function E(7) = (E,(7), E,(7), E,(7) is a vector function. ¥ = (z,y, 2). E(7) is actually
three functions.

e E,(7) for the z—component.
e E,(7) for the y—component.

e E,(7) for the z—component.

At any point in space, r, = (Za, Ya, 24 ), there is a vector E(Fa) given as (Ey (7)), Ey(Ta), E,(T4))-
Example: E,(7) = asin(z), E,(7) = ax + bz and E,(7) = bcos(y).

At the point (0,0,0), E = (asin(0), 0a + 0b, bcos(0)) = (0,0, b).

At the point (%,%,1), E = (asin(%), Za + b, bcos(%)) = (a, %=, 0).

We can also define the derivatives of E (7) with respect to z, y and z.

OF <8E$ OE, 6EZ>

oz 0r’ Ox’ Ox
0E _ (0E, 0E, OE,
dy oy’ Oy’ Oy
0E  (0E, 9E, OE,
0z 0z 0z 0z
In our example above,

OF

T = (acos(z), a,0)

= (0,0,~bsiny))

OF

% = (0, b,0)

K Line Integrals

You are not expected to know this material at the start of the course. The needed material

will be covered in the course. You will be responsible for this after the material has been

taught.
If you have a vector field, /_1‘(3:, y) = Az(z,y)2 + Ay(x,y)y, we can define a line integral:
(z2,92) o
I= / Az, y) - di
(zlayl)
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(Recall W = [2 F - di).

2
I = [ (Aula ) + Ay, )7) - (doz + dy))

In order to evaluate this, we need to know A, and A, as a function of position and to define
the path of integration. Now let us a look at a one-dimensional line integral over a vector
field you know about — Gravity. Example: We have a mass m falling from r = R; to
r = Ry. How much work is done by gravity? The field is the force field due to the existence
of gravity. | F |= mg, F = —mg?.

So, positive work was done by the gravitational force field.

- o = Ry
W = [I=52(—mg#) - di m
| F' |=mg
W = [z (—mgF) - (drr)
W:—mgfézfdr r =Ry
W = —mg[R, — Ry
N——— .
negative T
W =+4+mg[R; — Ry] 7
——

positive

Floor

Note: di = (+dr)# in spite of the fact that the mass is moving toward smaller 7. The limits
on the integration take care of that. If you add an extra minus sign, you will get negative

work done by gravity which is levitation.
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L.  Surface Integrals

You are not expected to know this material at the start of the course. The needed material
will be covered in the course. You will be responsible for this after the material has been
taught.

Let us begin by examining a plane as shown on the left side of the figure below. The small
element of area dA = (dz)(dy) can be expressed as a vector: dA = dAd = (dz)(dy)i where
4 is a unit vector which is perpendicular to the plane. In the figure below, @ = Z.

T

A%

N
>

[ dy A
dx x

We could also consider the sphere shown on the right hand side of the above figure. Here
we can do the same thing, dA = dA? where 7 is a unit vector along the radial direction,
# =7/ | 7| Any time we have a surface, we can always define the area vector, dA4, as a
vector whose magnitude is dA and whose direction is normal to the surface.

If we have a vector field, E (z,y, z), we will need to calculate

1= E -dA = The Flux of E through the sur face.

Sur face

We will need only simple cases and will explain them as we proceed. However, you need to
recognize that:

where ¢ is the angle between E and dA. Look carefully at the two examples below:
dA

fSurfaceE : dA’ = fS EdA COS¢ /
(0 N

Example: Take a sphere of radius R where the electric field vector E at the surface is
E = E7 and dA = dA7. Now neither E nor dA is a function of the position on the surface
of the sphere. This means that:

E

I = /Ef-dAf
S
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= EdA(7 - T)
s
— [ BaA Where:i -7 =1
s
= FE / dA Where : E is a constant magnitude over the sur face.
S
= EA=FE4rR’

Note: We will discuss the units of E in chapter 22.
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Example: Take A as the square region in the z—y plane bounded by the points (0, 0),
(0,1), (1,1) and (1,0), and E(z,y, z) = (0,0, zy). In this case, dA is (dz)(dy) in the direction

of the z-axis, 2. dA = dzdy?.

I= [} [} [0% + 0§ + zy2] - [dwdy?]

—

—

I= [y Jy(zy)dzdy

I= fol dﬂm(%yQ) |
I= fol dx:v(%)
I'= 332" 55
I

y=1
y=0

13

dA = (dz)(dy)z



