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µ : R n ⇥ Rn ⇥ R ! R n
⇢
x,
if z  0
µ(x, y, z) =
y,
otherwise
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Why care about AMNs?
AMNs are expressive.
Deep multilayer feedforward networks with
piecewise-affine nonlinearities are a
special case.
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Why care about AMNs?
AMNs are expressive.
Deep multilayer feedforward networks with
piecewise-affine nonlinearities are a
special case.
Can automatically translate them
into AMNs.

error

AMNs can be trained through a modification of the
back-propagation algorithm
(i.e. weak derivatives of µ can be efficiently computed).
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Sounds like a rehash of neural networks?
They are similar but…

AMNs can express discontinuous functions
whereas classical (continuous) neural networks cannot.
a switched system

its AMN representation

AMNs can be encoded as satisfiability modulo theory (SMT) instances.
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“Can train so much more”

Verification view:
“Can do computational analysis”
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Fig. 3. Phase-based variable-gain control scheme with variable-gain element
'(e, ė).

its step-response y(t ) must exhibit overshoot, and satisfy the following
inequality:
yos
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Proof. The proof can be found in Seron et al. (1997).
Note that both the lower-bounds for the overshoot yos in (3) are
monotonic in the rise time tr . Therefore, Corollary 3 expresses the
fact that if the closed-loop system is ‘slow’, i.e., it has a large rise
time tr , the step response will present a large amount of overshoot
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Corollary 1.3.5 (Overshoot and real ORHP poles). A stable unity feedback system with a real ORHP open-loop pole, say at s = p, must have
overshoot in its step response. Moreover, if tr is the rise time defined by
(1.12), then
Seron, et al. (1997)
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Fig. 6. Amount of overshoot of the phase-based VGC as a function of the additional
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overshoot yos inplot)(3)
are
gain ↵ , with plant pole p = 1 (upper
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note that the control action u is smooth (no discontinuities) due to

Fig. 7. Step-response of the closed-loop system (top) using linear control and using
phase-based variable-gain control (with ↵ = 10) and the corresponding control
action u (bottom) under the influence of plant input noise.

can achieve an overshoot specification not attainable by any linear
controller. From the control action u we see that the phase-based
variable-gain controller is more sensitive to the noise, because it
reacts to the changes in the (e, ė)-quadrants, see Fig. 4. If in a
practical situation this increased sensitivity is problematic, it can
be counteracted by using a low-pass filter in the controller C (s),
but likely at the expense of some loss in performance.
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The Kalman filter
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example: mass-spring system

w(t) ∼ N (0, Σw ),
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90% confidence, no data
90% confidence with KF
mean of state x3
realization of state x3
KF estimate of state x3
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and independent of each other. The initial state is also random Gaussian with x(0) ∼ N (µ0 , Σ0 ),
and independent of w(t), v(t). The Kalman filter is a dynamic programming algorithm that
(causally) finds a maximum likelihood estimate x̂(T ) of the state at some time T given the previous
measurements y(0), . . . , y(T ).
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Feedback formalized
Bode, Nyquist, Black

x̂(t | s) = E (x(t) | y(0), . . . , y(s)) ,
Σ̂t|s = cov (x(t) | y(0), . . . , y(s)) .

The Kalman recursion to find the maximum likelihood x̂(T | T ) is shown below.
Algorithm: Kalman Filter

1930s-40s
Initialize: x̂(0 | −1) 1950s-60s
= µ and Σ̂
=Σ .
0

0|−1

0

For t = 0, 1, . . . , T :
1. Measurement update:
x̂(t | t) = x̂(t | t − 1) + Σ̂t|t−1 C T (C Σ̂t|t−1 C T + Σ̂v )−1 (y(t) − C x̂(t | t − 1))
Σ̂t|t = Σ̂t|t−1 − Σ̂t|t−1 C T (C Σ̂t|t−1 C T + Σ̂v )−1 C Σ̂t|t−1
If t ̸= T :
2. Time update:
x̂(t + 1 | t) = Ax̂(t | t)
Σ̂t+1|t = AΣ̂t|t AT + Σw
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with
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x+ =

Global asymptotic stability: If there exists V: Rn → R such that

(V (0) = 0) ^ (x 6= 0 ! V (x) > 0) ^ (V (x+ )

General idea: Pick a class of V’s
such that the sufficient conditions
can be expressed as an SMT (e.g.,
with linear arithmetic as the theory).

V (x) < 0), ...

An example:

V (x) = max {aTi x + bi }
i

Yet, any AMN-representable V
will do, too.
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Find states at which LYAP is violated.
Revise the conditions for step (1)
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Each iteration adds a “face” to V.

V (x) = max {aTi x + bi }
i
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Completeness of AMNs in function approximation
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Completeness of AMNs in function approximation
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Open question: Can the added expressivity of AMNs be utilized
for completeness over a broader family of functions?
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Summary
Summary
•X-in-the-loop control
•Affine multiplexing networks
•Connections to system analysis, learning and
decision procedures
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A few (potential) future steps
•Alternative means for nonlinear control synthesis and beating
fundamental limitations
•Training Lyapunov-type certificates in AMN form directly from data
(i.e., simulations)
•Continuous-time dynamics (modulo technicalities)
•Control-oriented theories in SMT
•Domain-specific languages

arbitrary cone
arbitrary cone
(AMN:
 R)
0 for z 2 R)
(AMN: z 
0 for z 2
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Difficulties
• At its heart, involves at least (worst-case) an NPcomplete computation
• Model-based (IQCs, robust control)
• Some good tools exist (Z3, yices), but these
require expert knowledge to use
• Writing a new Python toolbox (AMNET) as a
modeling and query layer
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