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1 Introduction

This is the Online (or Supplementary) Appendix for the paper, “Optimal Contracting with
Dynastic Altruism: Family Size and Per Capita Consumption,” by Roozbeh Hosseini, Larry



E. Jones and Ali Shourideh. It contains various related examples and results not included

in either the paper or it’s Appendix. Included are:

1. A detailed examination of a two period example including a discussion of the role of

homothetic preferences;
2. A short discussion of what is known when the shocks in the model are persistent;

3. An alternative proof of the existence of a stationary distribution in the goods cost case

from primitives on the sequence problem;

4. A discussion of the homotheticity properties of the aggregate version of the cost mini-

mization problem showing that it can be reduced to the per capita problem;

5. A short, preliminary discussion on what is known about implementation of the optimal

contract using an income tax system.

2 A Two Period Model

In this section, we study a two period version of the model with a more generalized specifi-

cation of preferences.

2.1 Resetting Property in a Two Period Example

In this section, we study a two period example of the model outlined in the paper. To
simplify, we assume that there is no labor supply in the second period, i.e., of the children.
Because of this, the utility of a parent is given by U(co, [, n,0) + fn"u(c;),where [ is labor
supply of the parent and @ is parent’s productivity. For example, when there is only a time
cost of children, U(cy,y,n,0) = u(cy) + h(1 — I — bn). Suppose that having children has an
additional cost k(n, ) in terms of parent’s consumption good. The problem of the parent is
given by

V(Ay) = max Ulcg,l,n,0)+n"u <ﬁ)

Co,Cl,n,lZO n
s.t.
Co+01+k(n,0)SAO+0l (].)

The solution of the problem (1) has the following property:



Lemma 1 Suppose that the solution to problem (1) is interior. Then

U (g) Cl Un(CO> la n, 9)
@) O )

U. = A
~U = 0A (3)
Un + Byn™ (ﬁ)—ﬁn"_lﬁu’ (2) = Mk,(n,0) (4)
n n n
Bn" (ﬁ) = A (5)
n

where A is the multiplier on budget constraint. By combining (3), (4) and (5), we get the

following:

—0— 1 — — =k,(n,0
which implies the claim. m
Note that if, k, = a and U, /U; = b, (2) becomes
u($) G
o (%) - =a+bo.

Given the above characterization for ¢; = C/n, one can state the following result:

Remark 1 Consumption of each child, ¢; = Cy/n, is independent of parent’s wealth, Ay, if

and only if the function
Un(c,l,n,0)

is only a function of @ and does not depend on allocations (co,y,n).

2.2 A Non-Homothetic Example

As it is argued in Alvarez (1999) and we demonstrated above, Barro-Becker style dynastic
altruism implicitly has a homotheticity property which, if coupled with linear cost of raising
children, delivers a very stark result: The consumption of children is independent of parent’s
wealth (or as we discussed in the paper, independent of promised utility to the parent).

Here we use the two period example presented above to discuss what will happen if we



drop the homotheticity assumption. We will show that each child’s consumption is no longer
constant and depends on parent’s wealth. However, for very general assumption there is a
lower bound on each child’s consumption. In other words, we show that for very general
assumptions on preferences the consumption allocation of each child does not converge to
zero as the parent’s asset becomes smaller and smaller.

Suppose parents have the following, non-homothetic preferences:
U (co,1,m,0) + Bg(n)u (C1 /)

and assume that g(n)u(c) is strictly increasing, strictly concave, differentiable and

ng'(n)/g(n)
au (c1) Ju(cr)

<D <oo Vep,n,

i.e., the (negative of) elasticity of substitution between ¢; and n is uniformly bounded above.

Parents solve the following decision problem:

V(Ag) = max_ U (co,l,n,0)+ g(n)u (%)

0,C1,n,1>0

s.t.
Co+01+k(n,9)§Ko+el (6)

Then, the analog of equation (2) is:

gmu(s) Un(c,l,n,0)
Vo w (@) T n O g
Replace ¢; = C}/n and divide both sides by ¢
ng'(n)/g(n) | | kn+0Un/Ui
cau! (c1) Ju(cr) ¢

The term k, +6U,, /U, is the marginal cost of having a child in terms of the parent’s consump-
tion good. The first term is the marginal good’s cost and the second term is the marginal

time cost (or utility cost).! Suppose this term is bounded below i.e., assume that

Un(COa l) n, Q)

kn <n7 9) * f Ul(607 l7 n, 0)

>d>0 Vel n.

Now consider moving parents’ wealth towards —f. As parent’s become poorer, they

'Note that 0U,, /U, = —U, /U..



choose lower consumption, ¢y, less leisure (more [), fewer kids,n, and less consumption for
kids, C;. However, if the assumptions above hold the consumption of each child will be
bounded below, away from zero as parent’s wealth moves towards —6.

Homotheticity in the utility function and linear cost is required to get stark result that
children’s consumption is independent of parent’s wealth (or promised utility). But they are
not required for keeping each child’s consumption away from misery. Rather what is required
is that income expansion paths in (Cy,n) space should have a slope that is bounded away
from zero. The example given below illustrates this point.

Example. Suppose g(n) = n™ + An™ with 0 > n; > o, k (n,0) =0 and U,,/U; = b. In

this case, equation (7) becomes:

mn™ 4 An T u(cy)
nm=l+ Anm=1  u/(cy)

— Cy = 0b.

Now suppose that Ay converges to —f. In this case, one can argue that n has to converge
to zero. To see this, ¢; has to converge to 0 because of the budget constraint. This violates

the equation above. Note that

_omn™ T An !
lim
n—0 nm-1 4 Anpmn-1

This means that as Ay converges to —@, the above equation becomes:

which implies that ¢; is bounded away from 0. Income expansion paths for this example
are given in Figure 1. Note that at Ay = —60, co(Wp, 0p) is the slope of the income expansion
path at the origin which is positive. Moreover, % is bounded away from zero for all points

on the curve.

3 Persistent Shocks

Here, we briefly discuss the long-run implications of the model when shocks are persistent.
Unfortunately, due to the known complications of dynamic contracting with persistent pri-

vate information, we cannot fully extend our results to persistent shocks. > However, we are

2See Fernandes and Phelan (2000) for a recursive representation of a dynamic contracting problem with
persistent shocks. Pavan et al. (2009), Farhi and Werning (2010), as well as Golosov et al. (2010), extend
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Figure 1: Income expansion path in an example with non-homothetic formulation. The slope
of the income expansion path is per capita consumption. Example for g(n) = n"™ + An™.

able to provide a preliminary analysis that suggests that our result on long run properties
of per capita allocations hold.

We consider an example in which private shocks affect the utility of leisure and there is
a goods cost of rearing children. We assume that the shock takes on two values, {0, < 0},
and it follows a markov process of order 1 with transition probability « (6|6_). Given, this

we can use Fernandes and Phelan (2000)’s approach to formulate this problem recursively:

1
v (w,w_;0_) = min Z 7 (0;]6-) [Ci +an; —y; + ik (w], w”;;6;)
i=H,L

subject to

P (000-) [u(e) + o) + pulut] = w

L
T

™ (6;16°) [u (¢;) + 91 (y;) + ﬁn?w;} = w_, 6°#£6_

1
0;
u(cj) +

h(yi) + pnlw; >
1
0;

u(c) +

h (yj) + 6n}7w'_z

this approach. We are unaware of a general proof of immiseration with persistent private information in
environments without endogenous fertility decision. There are some examples solved in Williams (2009) and
Zhang (2009).



where w_, as defined by Fernandes and Phelan (2000), is the threat-keeping utility. It is the
continuation utility that type ¢ receives if he pretends to be of type 6 and tells the truth

from then onward. In what follows, we make the following assumptions:

1. Only donward incentive constraints are binding, i.e., we only need to consider 0y

pretending to be 0p;
2. The value function is differentiable;

3. Relative fertility: for some e > 0, % > ¢, for all (w,w_;6_).

The above assumptions, although, on endogenous variables, help us illustrate our main
point. Furthermore, they all hold with i.i.d. shocks. The first assumption implies that threat-
keeping utility when the previously announced type was been 0y, is irrelevant. In other
words, in v (w,w_;0y), we can drop w_. In each state, the following necessary conditions
hold:

v (Why; 0g) — nuyv' (Wy;0g) = aR

v (wp,w' 1;0r) — nwioy (wp,w’ ;00) —nw v (wp,w' ;0) = aR

where we have suppressed the dependence on the state (w,w_,0_). These equations are
equivalent to resetting in the i.i.d. case. The first equation is identical to equation (10) in
the paper and states that promised utility following a high value of the shock is independent
of history. The second equation, however, defines a locus of points (w,w_) that promise and
threat keeping utilities should belong to following a low value of the shock. Together with
the third assumption above, they imply that a stationary distribution exists for per capita
allocation in the long-run.

As we see, when shocks are persistent, we no longer have complete independence from
history in the optimal per capita allocations that holds in the ¢.2.d. case. However, by using
w’ 7, the planner can provide incentives for the truthful revelation of types. The above
analysis, although not fully derived from first principles, suggests that our main result on

stationarity of per capita allocations holds with persistence.

4 Alternative Proof of Stationarity Based on Sequence
Problem

In this section we state and prove the main result of Section 2.1 (Proposition 1) without

relying on convexity and differentiability.



Suppose the size of the initial dynasty is N_; and that promised utility to the head of
the dynasty is Wy. Consider the minimization problem (1) in Section 2.1 of the paper:

i t t
(CH (0, Yi (0D Ne s (69} ZZ 7 (6) [Ci (6°) + alNiy (6) — Vi (6°)] (8)

=0 4—0 ¢t

subject to

and
S5 | (S5) (s )
i 2P (0) Nefors (07))° {“ (Nfi;fi Eg?—)m) h (Nfa(:i ((Z?_)l» ’ 9)]

for all o € X

Let C; (0", N_1, W), N (6", N_1, W) and Y;*(0*, N_1, W) be the solution to this problem.

We call this solution the constrained efficient allocation. Define

Cr (0", N_1,Wp)
Nt*(et_lyNA, W0)7

C:(GHNA,WO)

Y (6, N_q, W)
N (01, N_y, Wo)

y;fk(eta N—la WD)

and

N1 (0", Noy, Wo)
N0, Ny, Wo)

These are the per capita consumption, effective units of labor supply and per capita fertility

n:(9t7 N—l; WO)

after history 6. We prove that after the initial generation, the per capita allocations of
consumption and effective labor supply do not depend on Wy (the promised utility of the

initial generation). Hence the per capita allocations have stationary distribution.

Proposition 1 Let ¢ (6", N_1, W), y; (6", N_1,Wy) and n; (0", N_1,Wy) be the constrained
efficient per capita consumption, effective units of labor supply and per capita fertility. Then,
ci(0', N_1, Wh), y; (0%, N_1, Wo) and n; (0", N_1,Wy) are i.i.d. and are independent of Wy for

any generation t > 0.



Proof. Let C; (0", N_1, W), Y (6, N_y,Wy) and N (6", N_1, W) be the solution to the
problem (8). For any history 6! define

CH(6°, N_1, Wp)
Wy (6", Wo) 7 (0°) N2(0°' N DUl el
0 ;6“%:15 1’W0) [ (N;(QS—I’N_I’WO)

Y*(987 N—17 WO)
h - 0, 1.
" (Ns*(es_laN—hWO)’

First, notice that the allocation {C7(0°, N_y, Wy), Y (05, N_y, Wo), N7, (6°, N_y, W) },.

must be a solution to the following cost minimization problem for any history 6~

|ot—1

min alNy (0p) + —77 (0%) 0°) + aN,q (0°) = Y, (6° 9
{CS(OS)vYS(98)7NS+1(‘95)}9s|9t L 1 0 ;9;1 ( ) +1< ) ( )] ()
subject to
Cs (67) Y (6°) -
S s s—1 — * t—1
> 3 e o (5 ) o (F ey o) = 0w
and

£ 5 o b () o (k)]

s=t gs|gt—1
5 (g0 11 Cs (o5 (0°16°71)) Ys (05 (0°10°71))
;05%;15 (0°) Ns (o5—1 (0°7 10 )) [u (Ns (0o (05—1]0'5—1))) + h <Ns 0o (05—1\9t_1))’98>]

for all o € .

To see this, suppose that this doesn’t hold. Then, we can replace the solution to (8) (after
each history #~1) by the solution to this problem (for each history ~!) and reduce the cost
to the planner in problem (8). Note that this allocation satisfies promise keeping in problem
(8) by construction. It is also incentive compatible. This is a contradiction.

The objective in (9) is homogenous of degree one and the constraint set is homogenous

of degree 1/n. It is straight-forward to show that after any history 61
C2(6°, Ny, Wo) = Cu(6°, N_) Wy (61, W) "

Y (6%, Noy, Wo) = Ya(6°, No) Wy (601, W)

N2y (0, N1, Wo) = Ny (6%, N Wy (00, W)™



Therefore after any history 6=

. ~5(6°, N_
cs(0°, N_1, Wp) = W
* (NS }_/js QS,Ni
Yy (0°, Ny, Wo) = W’
and N (6°,N_))
n:(QS,N_l,WO) = %

Note that the problem (9) depends on history #'~! and W, only through W} (6= Wj).
Therefore, its solution depends on history §'~! and W only through W; (6*~!,W;). This
implies that ¢*(0%, N_1, Wy), y*(0%, N_1,Wp) and n*(6%, N_1, W) do not depend on #*~! and
W, for s > t. In particular ¢; (6", N_1, Wy), y; (0", N_1, Wp) and n; (6%, N_1, W) depend only
on ; (and N_y), i.e., they are i.i.d. m

5 Aggregate and Per Capita Recursive Formulation

In this section, we describe how convexity of the aggregate value function V(-,-) translates

into the properties of the per capita value function v(-):

Lemma 2 Assume that V (-,-) is twice differentiable. Then v(w) is convex, strictly increas-

ing and v(w) — nwv'(w) is increasing.

Proof. It can be shown that V/(N, W) = Nuo(N~"W). Strict convexity of V (N, W) implies
that Vivw > 0, Vn > 0, Vivw Vnn > VV%/N We have:

Vivw = N2 (NTTW) = N2 (w)
Vien = (1 = )N/ (N""W) — N "2*"Wo"(NT"W) = N~ ((1 — n)v'(w) — nuv” (w))
Van =n(n— DN "W (NTTW) + 2N =21 W 2" (N W)

=N~ "w ((n — 1) (w) + nuwo(w)) .

After some algebra, we have

View Vivw = Vi = N7 ((n = 1)v/ (w) + v’ (w)) (1 = n)v' (w).

10



Therefore, strict convexity of V(-,-) implies that:

V" (w) >0
(= D' (w) + v (1) =~ (! (w) — v(w)) > 0
v'(w) >0

Furthermore, we show that the solution to the functional equation (P) in the main text
of the paper satisfies:
V(N,W) = No(N"W)

To see this, let o(N,w) = N~'V(N, N"W). Then, © must satisfy the following functional

equation:

NoNw)= o omin g 7 (6) {C () + aN' (6) — Y (0) + %N’ ) (N (0), ' (6))

subject to

> w(0) [N" {u (%) +h (% 9) } + BN’ (6)"w' (9)} = N"w

0

N7 {u (%) h (#9) } BN (8" (8) > NV {u <%> +h (%9) }
+ AN’ (é)%’(é) 0,0 € ©.

We can rewrite the above in terms of per capita variables and arrive at the following func-

tional equation — the objective has been divided by N and the constrains by N7:

3 = i — ln ) X n w’
)= i ST [e0) ) =y 0) + @0 (¥ xn0).00)

subject to

Y om(0) {u(c(8) +h(y(6).0)}+5n(6)" v (0)] = w

0

11



and

u(c(8)) +h(y(6),0)+ Bn(6)" v (0)
>u (c(é)) +h (y(é), 9) + fn (é)nw'(é), V0,0 € O.

The above manipulations show that the transformation associated with the functional
equation (P) in the paper maps the set of the functions of the form No(N"w) to itself.
Since this set is closed, the solution to (P) belongs to this set.

6 Implementation

Here, we discuss the implementation of efficient allocations via decentralized decision making

with taxes. To simplify the presentation we restrict attention to a two period example and

explicitly characterize how tax implementations are used to alter private fertility choices.
We assume that there is a one time shock, realized in the first period.

The constrained efficient allocation cj;, [7, n, ¢5; solves the following problem:

7 1

D mifuler) + (1= 1 = bng) + Bnju(cy)]

i=H,L
s.t.
:EHJL m [cu - %nic%] < :;L mibil; + RKq
u(cig) +h(1 —lg —bng) + Bnliu(can) > ulern) + h(1 — % —bng) + Bnlu(car).

Now suppose that we want to implement the above allocation with a tax function of the

form T'(y,n, ce). Then the consumer’s problem is the following:

max u(cy) + h(l —1—bn) + Bn'u(cy)

c1,n,l,e2

s.t.

cg+k < Rko+0l—T(0ln,co)
ncas < Rk

It can be shown that if T"is differentiable and if y is interior for both types T,, (05l niy, c5y) =

Ty (Ouls, iy, cop) = Tey(Ouliy, niy, ¢5y) = 0 — there are no (marginal) distortions on the de-

12



cisions of the agent with the high shock. Thus, what we need to do is to characterize the
types of distortions that are used to get the low type to choose the correct allocation.

It is well known that when the type space is discrete, the constrained efficient allocation
cannot be implemented by a continuously differentiable tax function. (This is also true in our
environment.) However, there exists continuous and piecewise differentiable tax functions
which implement the constrained efficient allocation. Next, we construct the analog of this
for our environment.

Let uy, (resp. uy) be the level of utility received at the socially efficient allocation by the

low (resp. high) type, and define two versions of the tax function:

1
i = uly = Tu(y,n,cs) = nes) + h(l = - = bn) + Bnu(cy),
L

1
ug = w(ly—Tu(y,n,c)— Encz) +h(1l = = —bn) + fn"u(cy).

Ty, is designed to make sure that the low type always gets utility u, if they satisfy their
budget constraint with equality while T, is defined similarly. It can be shown that such T},
and Ty always exist, and from the Theorem of the Maximum, they are continuous functions
of (y,n, c2). Moreover, since ¢; > 0 (i.e., y — T — fnc, > 0) they are cach differentiable.

We will build the overall tax code, T'(y,n, c2), by using T}, as the effective tax code for the
low type and Ty as the one for the high type. Given this, it follows that the distortions, at
the margin, faced by the two types are described by the derivatives of T, (T) with respect

to y and n.
Remark 2 Remark 3 If the allocation is interior,

1. The tax function
T(y7 n, 02) - ma‘X{TL(y7 n, CQ)a TH (ya n, CQ>}

implements the efficient allocation.

2. If the incentive constraint for the low type is slack, there are no distortions in the deci-

S10NS Of the thh type B %(y}kianTLI?c;H) = %L;(y;hn}(ivc;H) =0 and g_z(y;f{an?{7C;H) =

oT’ * * ok _
af (yH7nH7CZH> =0.

3. At the choice of the low type, (yi,n},c5.), T =T and (i) %(yz,nz,ch) > 0; (i)

G (y;, g, cay) > 05 (i) G(yi,ny, c3p) = 0.

Proof. First we show, using incentive compatibility, that 77 (y;,n},c5;) = Tu(ys,n}, ;).

We know that at the constrained efficient allocation, type 6y is indifferent between the

13



allocations (i, yi, n5y, Gy) and (¢, y;,n},c5; ). Hence we have the following equality:

= u(el) + B = Y2~ buy) + Bniulcluy) = ulehy) + h(1 = 22— bn) + niu(cly)
Replace for ¢}y and cj; from budget constraints to get
an = ulvh — Ty i) = i) + B0 — 2L — bn) + Biu(chy)
=y~ Tal i c51) — nic) + B = 5E —bn) + nju(cl,)
Moreover, from the definition of Ty we know that
YL

— * * * 1 * E3 * * %
uy = u(yy, — Tu(yp,ny) — EnLC2L) +h(1 - —bny) + Bnlu(cyy)

On

Hence, the last two equalities imply that T (y;,n},c5;) = Tu(y;,nj,c5). We can also
show that Ty (yi,niy, cag) > Tr(yi,niy, chy). We show that this holds as long as the

upward incentive constraint is slack — @ strictly prefers the allocation (¢, y;,n},ch;) to

* * * * : .
(Clas Yir Mip, Copr) e

a, = u(cly) +h(l— 25 —bn3) + Bnitu(cs;)

oL
" Yr N
> u(ciy) +h(l - 921 bny;) + Bngu(cy).
Using the budget constraints, we get
— * * * * 1 k% y* * * *
urp, = u(yp —To(yp.ng.car) — EnLCQL) +h(1- i —bny) + Anplu(csy)

> u(yy — Tu(Yms ", Cop) — EnHCQH) +h(1 - f —bnyy) + 5”}?“(021{)
By the definition of T we have

Yu

0, — bny;) + Bnyu(csy)
L

1 * %
ur = u(yy — To(yi, vy, Cop) — E”ch) +h(1 —

Hence, we have that Ty (yj;,nly, cy) > To(yiy, iy, csy). Given the tax function, the con-

sumer’s problem is the following:

MaXe, yne, (1) +h(1—Z —bn)+ fnu(cs)

I

1
s.t. ¢ + ks <y—-T(y,n)

14



From above, we know that T'(y};, ny, csy) = Tu(yy,niy, chy). Hence, type 6y can afford
(S Ys iy, cay) and (el gy, iy, iy, &y 0n) = upg. Let (¢1,y,n,c) be any allocation that

satisfies ¢; + %ncg =y —T(y,n,cz). Then,

1
1+ Enc2 =Y - maX{TL(y7 n, 62)7 TH(Z/, n, 62)} S Yy — TH(ya n, 62)

But by definition of Ty, u(cy,y,n, co;0y) can be at most ty. Using a similar argument we
can show that type 0, can afford (cj;,y;,n},c5; ) and u(ci;, vy, nj, ¢ ;0r) = uy. Moreover,
any allocation that satisfies the budget constraint has utility at most u;. m

The new finding here is that the planner chooses to tax the low type at the margin for
oTy
on

for incentive reasons, the planner wants to make sure that the low type consumes more

having more children — £ (y;,n5,c5;) > 0. In the Mirrlees model without fertility choice,
leisure (relative to consumption) than he would in a full information world — this makes it
easier to get the high type to truthfully admit his type. This is accomplished by having a
positive marginal labor tax rate for the low type. Here, there is an additional incentive effect
that must be taken care of. This is for the planner to make sure that the low type doesn’t
use too much of his time free from work raising children. This would also make it more
appealing to the high type to lie. To offset this here, the planner also charges a positive tax
rate on children for the low type. These two effects taken together ensure that the low type
has low consumption and fertility and high leisure thereby separating from the high type.
This feature — a positive tax rate on fertility — is somewhat special to the case where
there is no future labor supply after the first period. Indeed, one can show that if the costs
of children are in terms of goods only, the tax rate on fertility is negative in the infinite

horizon case for incentive reasons.
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