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Abstract

We study the classical moral-hazard model with limited liability when the party
being measured chooses the performance measure. Before the principal offers a
contract, the agent commits to an indicator—any garbling of a fixed performance
technology—and compensation can depend only on its realization. She withholds
information even when a perfectly informative measure is available, and any imple-
mentable outcome can be replicated with a binary pass/fail indicator. We recast her
design problem as a geometric game in which she chooses a set of likelihood-ratio
vectors and the principal chooses a point in it. We show that the problem reduces,
without loss, to the choice of a single vector from the set made feasible by the tech-
nology. Using this representation, we characterize when she can implement a given
effort, including the first-best effort, while capturing the entire surplus, and show
that a more informative technology can reduce equilibrium surplus. For single-index
technologies, in which effort enters the output distribution through a scalar index, an
optimal indicator is a threshold on output. Our results provide a rationale for coarse
performance measures that depends on who holds the design right rather than on

the cost or precision of measurement.
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1 Introduction

Performance pay is often tied to measures far coarser than the data available. Bonuses
depend on whether performance crosses a threshold rather than on its precise level, and
the measure itself is frequently an object of negotiation. Executives bargain over the
vesting conditions attached to their stock grants, and athletes over which statistics trigger
their bonuses. In 2023, the Writers Guild of America negotiated a residual bonus tied to a
single viewership threshold—of twenty percent of a service’s domestic subscribers within
ninety days—although streaming platforms observe viewership in fine detail. In each case,
the party being measured helped choose a measure coarser than the data behind it.’

The classical theory of moral hazard usually takes the performance measure on which
compensation is based as given. When the measure is chosen, it is typically chosen either
by the principal, who by the informativeness principle prefers more informative measures,
or by a designer who is free to select any signal of effort, unconstrained by the available
performance data. This paper instead gives the choice to the party being measured and
restricts her to signals that can be constructed from those data. We ask what measure she
chooses and what her choice does to efficiency. We find that she withholds information
even when a perfectly informative measure is available, that a single pass/fail signal is all
she ever needs, that, under conditions we characterize, her preferred measure implements
the first-best effort while leaving her the entire surplus, and that richer performance data
can lower total surplus.

We study this question in the textbook moral-hazard model with a risk-neutral agent
protected by limited liability, as in Innes (1990), with one stage added at the beginning.
A fixed performance technology maps the agent’s costly effort e into a distribution over
performance outcomes x. Before the principal offers a contract, the agent chooses an
indicator, which can be any garbling of x, and the principal can condition compensation
only on that indicator. Formally, an indicator is an information structure, a stochastic map
from output to signals. The agent commits to the indicator but not to her effort. Once the

indicator is chosen, the parties play the standard moral-hazard game.* We interpret the

ISee Bebchuk and Fried (2004) on executive compensation and this article in the Daily Mail on athletes.
The terms of the writers’ bonus are set out in the Guild’s summary of the 2023 agreement (Writers Guild of
America (2023)).

*Throughout, we assume that the agent can commit to the indicator but cannot commit to the effort
level. A natural justification is that employment contracts are typically enforceable, while effort choices
are not verifiable and cannot be contracted upon directly. This asymmetry is also the source of the agent’s
rent: if she could commit to effort as well, the principal would not need to provide incentives and would


https://www.dailymail.co.uk/sport/sportsnews/article-5718227/Premier-League-stars-crazy-contracts-revealed-Alexis-Sanchez-Pierre-Emerick-Aubameyang.html

agent’s control over the indicator as bargaining power over which performance measures
enter the contract, as in executive compensation or the writers’ negotiations described
above.

The agent faces a genuine trade-off. Suppose for the moment that the performance
technology is perfect, so that x reveals effort. If she fully reveals x, the principal can
infer her effort and need pay her only enough to cover its cost. If she reveals nothing,
the principal cannot provide incentives, so no costly effort is exerted and the agent again
earns no rent. The question is how much information she should withhold. One might
expect her to sacrifice some efficiency in order to earn a rent. Under a perfect technology,
however, she need not: she can design an indicator that implements the first-best effort
and leaves her the entire surplus.

The agent’s choice of indicator works by making the principal a residual claimant on
total surplus. She discloses only a pass/fail signal whose probability of passing rises with
the cost of effort, with the bonus calibrated so that each extra unit of cost buys exactly
one unit of expected pay. She is then indifferent among all efforts the indicator makes
implementable, so implementing any of them costs the principal that effort’s cost plus
a fixed rent. The principal therefore chooses the effort that maximizes surplus—the first
best. The agent raises the rent until the principal’s outside option binds, since he can
always implement the zero-cost effort at no wage. With a perfectly revealing measure
that the agent could not garble, the principal would implement the same first-best effort
but keep the surplus himself. Giving the agent control over the measure thus changes the
division of surplus without changing the implemented effort.

Once the performance technology is imperfect, the indicator must be a garbling of a
noisy performance outcome, and it is no longer clear whether the agent can preserve the
first-best effort or capture the full surplus. Analyzing the problem requires a different ap-
proach from standard information design. Each effort induces a different distribution over
output, the principal chooses a wage schedule before the signal is realized, and incentives
depend on how likely each signal is not only under the target effort but also under off-path
efforts. The problem is therefore not posterior-separable, so the standard concavification
approach of Kamenica and Gentzkow (2011) does not apply.

Our first contribution recasts the agent’s design problem as a geometric game: she
chooses a set, and the principal chooses a point in it. Each signal is represented by the

vector of likelihood ratios comparing its probability under alternative efforts with its prob-

pay nothing.
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Figure 1: The agent’s design problem for a technology with three efforts. The shaded
region represents the signals supported by the performance technology in likelihood-ratio
coordinates, one for each alternative to the target effort. A pass/fail indicator generates a
segment through the origin. The principal’s contract selects a point on this segment—here
the pass endpoint—and payoffs depend only on that point.

ability under the target. Continuation payoffs depend on the indicator only through the
convex hull of these vectors, and the performance technology determines the largest hull
available. We then reduce the problem further: without loss, the agent can choose a
single vector from that hull, which can be generated by an indicator with only two re-
alizations. Figure 1 illustrates the set chosen by the agent—a segment generated by a
pass/fail indicator—inside the largest hull made available by the performance technology.
An infinite-dimensional design problem thus becomes a finite-dimensional one. The rep-
resentation itself does not depend on the agent holding the design right: it characterizes
the principal’s continuation problem for any given indicator.

Our second contribution characterizes when the agent can implement a target effort
and capture the entire surplus; the leading case is the first best. The idea in this case is
similar to the one described for a perfect performance technology. There is a particular
likelihood-ratio vector that leaves the agent indifferent across all efforts, playing the same
role as above. If this vector lies in the feasible set generated by the performance technol-
ogy, the agent can implement the first-best effort and capture the entire surplus. Under
a perfect technology, the feasible set is as large as possible and always contains this vec-
tor. An imperfect technology shrinks the set, but full extraction at the first best remains

possible as long as the vector is still feasible. The feasibility condition reflects the severity



of the agency problem: it is easier to satisfy when the technology is more informative or
when effort costs are closer together. Checking the condition amounts to solving a linear
feasibility problem. We also provide sufficient conditions stated directly in the primitives,
involving the likelihood ratios of a single output.

We also ask how equilibrium surplus varies with the technology. A more informative
technology enlarges the set of indicators available to the agent, so her equilibrium payoff
is weakly higher, but total surplus need not be. We give an example in which a Blackwell
improvement in the technology strictly lowers equilibrium surplus because it allows the
agent to target an effort that gives her a higher payoff but is less efficient. A decline in
the largest equilibrium surplus requires at least four effort levels and a technology rich
enough that the feasible set is more than one-dimensional; with three or fewer efforts,
and in the single-index class we turn to next, the largest equilibrium surplus cannot fall.

In one tractable class—single-index technologies, where effort shifts the output distri-
bution through a scalar index—an optimal indicator is a threshold on output: pass or fail
according to whether output clears a cutoff, as in the writers’ bonus. The same class also
reveals a limit to the efficiency result: the agent’s preferred threshold generates weakly
less total surplus than the one the principal would choose.

Which indicators determine pay is also an active policy question. Employers increas-
ingly use algorithmic monitoring to evaluate workers, while recent proposals call for
greater disclosure and worker voice over the technologies used to measure performance
(Bernhardt et al. (2023)). Our model studies the limiting case in which the worker controls
the choice of indicator, and our results show that such control need not reduce efficiency:
under conditions we characterize, the worker’s preferred indicator implements the first-
best effort. The framework also accommodates two forms of regulation. Guaranteeing the
principal access to baseline metrics places a lower bound on the information available for
contracting, which we study in Appendix A. Restrictions on monitoring instead place an
upper bound on available information, and our results show that such restrictions need
not reduce equilibrium surplus and can increase it, even before accounting for any privacy
benefits.

1.1 Related Literature

Our paper relates to several strands of the literature on contracting and information de-

sign.



Within the moral-hazard literature, our key innovation is to study the agent’s choice of
performance indicators and to show that this choice can eliminate all agency inefficien-
cies. In the classical model, Innes (1990) and Poblete and Spulber (2012) analyze moral
hazard with limited liability and a risk-neutral agent and show that simple debt contracts
are optimal. Carroll (2015) and Walton and Carroll (2022) consider moral hazard with
limited liability when the principal faces non-Bayesian uncertainty about the production
technology and seeks to maximize her worst-case payoff. *

A related strand studies the choice among imperfect performance measures. In the
multitask framework of Holmstrom and Milgrom (1991) and Feltham and Xie (1994), im-
perfect measures distort the allocation of effort across tasks, while Baker (2002) analyzes
the resulting trade-off between distortion and risk in choosing among them. In our model,
the measure is a garbling of output itself, so it may be coarse but is never misaligned. Its
imperfection determines the surplus generated by the implemented effort and how that
surplus is divided.

While information-design incentives are often abstracted away in moral-hazard mod-
els, there are notable exceptions. Holmstrom (1979) and, more recently, Chaigneau et al.
(2019) study how changes in the performance technology affect incentives. By the in-
formativeness principle, more informative outputs reduce the wage necessary to induce
effort. Gjesdal (1982) and Kim (1995) rank information systems in agency models, with
Kim’s ranking based on mean-preserving spreads of the likelihood-ratio distribution. De-
mougin and Fluet (2001) provide a related ranking under risk neutrality and limited liabil-
ity, which matches our wage environment. These rankings are made from the principal’s
side over exogenously given information systems. Corollary 1 instead ranks technolo-
gies, the feasible sets from which the agent designs, by the equilibrium value of her de-
sign problem, with the comparison expressed through inclusion of the convex hulls of
likelihood-ratio vectors rather than through dispersion of the likelihood-ratio distribu-
tion. Moreover, these papers treat the performance technology as exogenous and do not
allow the agent to influence the information that the principal observes.

Two of the closest papers to ours are Garrett et al. (2023) and Babichenko et al. (2025).
Garrett et al. (2023) study a setting in which the agent designs the production technology
itself, choosing the cost of generating each output distribution. They term this problem
“technology design” and show that the agent-optimal technology uses only binary dis-

tributions. In contrast, in our model the performance technology is fixed, and the agent

3A large related literature also examines models with risk-averse agents and risk-neutral principals.



instead selects an indicator of performance, i.e., an information structure that garbles the
principal’s observations. Georgiadis et al. (2024) study the polar case of our fixed, finite
technology: given the cost of producing each output distribution, the agent can choose
any distribution in response to the contract. Whether the technology is designed, as in
Garrett et al. (2023), or flexible by assumption, the margin of choice in both papers con-
cerns the output distribution. In our model, the production technology is fixed and the
agent chooses only how output is measured for compensation. In addition, our paper
contributes technically by reformulating the problem in terms of likelihood ratios, which
provides a geometric representation of the agent’s information-design problem.

Babichenko et al. (2025) study information design in a principal-agent problem in
which a regulator chooses the information structure observed by the principal, and char-
acterize the implementable actions and utility profiles when information structures are
unconstrained or exogenously restricted. Their unconstrained environment corresponds
to the boundary case of our model in which the performance technology is perfect. In
that case, any signal of the action is a feasible indicator, and our characterization recovers
their implementability result exactly (Section 5.1). Away from this boundary, the indica-
tor must arise as a garbling of a fixed performance technology, and the feasible indicators
are summarized by a technology-dependent convex set of likelihood-ratio vectors, the
object at the center of our analysis. Everything we do beyond this nesting concerns that
object: how the performance technology, together with the other primitives, determines
when the agent can extract the full surplus; how equilibrium payoffs and surplus vary
with the informativeness of the technology; and the analysis of a tractable class in which
the technology generates a one-dimensional feasible set of likelihood-ratio vectors. These
questions have no analogue in the unconstrained environment, where there is no tech-
nology to vary and no feasible set to characterize. The identity of the designer is not
the essential difference. Our framework applies to any party holding the design right,
including a regulator; the essential difference is the technological constraint.

Our support-based characterization is closely related to recent work on worst-case
privacy measures in Liu (2025). By support-based, we mean that the relevant object is
the set of posterior realizations that can arise, and hence the induced set of likelihood-
ratio vectors, rather than the probabilities assigned to those realizations. There, privacy
loss admits a max-separable representation over signal-specific likelihood vectors. Since
the associated index function is homogeneous of degree zero, scaling a likelihood vector

changes the probability of the corresponding signal without changing its privacy index.



In our model, a related homogeneity property follows from wage normalization in Lemma
1. Proportional changes in signal frequencies can be offset by inverse changes in wages,
leaving incentive constraints and expected payments unchanged.

Georgiadis and Szentes (2020) study moral hazard with limited liability and a risk-
averse agent in a setting where the principal can continuously acquire signals about
the agent’s effort at a constant marginal cost. They show that the principal-optimal
information-acquisition strategy is a two-threshold policy. Barron et al. (2020) analyze
a model in which the agent can costlessly add mean-preserving noise to the output. This
feature is also present in our setting; however, in our model the noisy output is used only
for contracting purposes and does not affect the principal’s payoff relative to the original
output. Moreover, in our timing the agent first chooses the information structure, then
the principal offers a contract, and finally the agent chooses her effort. In Barron et al.
(2020), the sequence is reversed: the principal first offers a contract, and the agent then
chooses both effort and the information structure.

Another related strand of the moral-hazard literature focuses on career concerns, in-
troduced by Holmstrom (1999), and on changes in information structures observed by
both the principal and the agent. In this context, Holmstrom (1999) shows that noisy per-
formance signals can strengthen incentives. Similarly, Dewatripont et al. (1999) demon-
strate that more informative signals in the sense of Blackwell do not necessarily increase
incentives. In contrast, in our model, indicator design, that is, the agent’s ability to ma-
nipulate the information available to the principal, serves as a tool to reallocate surplus
between the agent and the principal while still achieving efficiency.

In the context of team production and moral hazard, Halac et al. (2021) show that
the principal can benefit from private contract offers by exploiting rank uncertainty: each
agent observes only her own bonus and a distribution over rankings, and her bonus makes
working dominant if higher-ranked agents also work. In our setting, by contrast, it is the
agent who leverages the principal’s uncertainty about performance to improve efficiency.

We also contribute to the growing literature on incentives in Bayesian persuasion. Sev-
eral papers, including Boleslavsky and Kim (2018), Rosar (2017), Perez-Richet and Skreta
(2022), Ball (2019), Saeedi and Shourideh (2026), and Zapechelnyuk (2020), study environ-
ments in which a third party designs an information structure and a “sender” exerts costly
effort to influence the distribution of the underlying state. Technically, our setting differs
from this class of models. A key distinction is that the agent’s ex-post incentive to exert

effort depends on the signal distributions induced by both the target effort and off-path



effort choices. Whereas Kamenica and Gentzkow (2011) formulate information design in
terms of beliefs or posteriors, we formulate the problem in likelihood-ratio space and char-
acterize the solution using a geometric game. Because each effort induces its own prior
and the contracting problem links signal realizations through the agent’s incentive con-
straints, the problem is not posterior-separable, and the standard concavification approach
does not apply. The likelihood-ratio approach may also apply to other information-design
problems in which both on-path and off-path beliefs matter.

The rest of the paper is organized as follows. Section 2 introduces the basic model.
Section 3 illustrates how the agent can use indicator design to implement the first-best ef-
fort and extract the entire surplus when the underlying performance technology perfectly
reveals effort. Section 4 develops the geometric interpretation of the indicator-choice
game between the principal and the agent for general performance technologies. Section
5 characterizes when the agent can extract the entire surplus even when the performance
technology is noisy, and studies how equilibrium payoffs and total surplus vary with the
informativeness of the technology. Section 6 shows that threshold signals are optimal
for single-index performance technologies, in which effort enters the output distribution

through a scalar index. Section 7 concludes.

2 Model

Our general model builds upon the textbook moral hazard framework. Consider a princi-
pal employing an agent to perform a task whose output is represented by z € X, where
X is finite. The agent chooses effort ¢ € E = {ey, -+ , e, } to perform the task, where
E is finite. The agent’s effort choice induces a probability distribution f(z|e) over the
outcome space X, where ) f(z|e) = 1,Ve € E. We refer to f (-|) as the performance
technology. Effort is costly to the agent; the cost of exerting effort e is given by c(e),
wherec: F — R,.

Throughout the analysis, we assume that e; € E represents the unique effort with
the lowest cost; for simplicity, let ¢(e;) = 0.* The principal’s gross expected payoff from
effort e is given by g(e), where g : E — R. As in the standard moral-hazard model, the

principal cannot observe the agent’s effort and thus cannot offer a contract contingent on

“If several efforts had zero cost, the principal’s outside option would be the largest value of g among
them, and the results would be unchanged, with condition (i) of Proposition 8 imposed on every zero-cost
effort.



effort; he can only offer contracts contingent on observable outcomes.

Our departure from the textbook moral-hazard model is that the agent can influence
the principal’s information about output by choosing an information structure (S, ).
Here, S is a signal space and 7(-|x) : X — A(S) is a stochastic mapping from the output
space X to the signal space, where > 7(s|z) =1, Vo € X. The principal observes only
the signal s € S generated by this information structure and can thus offer a contract
contingent solely on the realized signal. Therefore, the principal’s choice of contract can
be represented by a function w : S — R, where w(s) denotes the wage paid to the agent
when signal s is realized. One interpretation of this contractual restriction is that the task
output is not observable to the principal, but the agent can verifiably disclose information
about it by committing to a disclosure policy of this form. An alternative interpretation
is that the output is observable, but the agent can choose the performance measure on
which she will be evaluated and compensated.

We assume that the agent enjoys limited liability, that is, the contract offered by the
principal guarantees a non-negative wage regardless of the effort she exerts. The princi-
pal’s payoff up equals the gross expected payoff from the implemented effort minus the
wage paid to the agent. The agent’s payoff u 4 is equal to the wage she receives from the
principal minus the cost of her effort. Both the principal and the agent are assumed to
maximize expected utility. Notice that the principal can always implement the zero-cost
effort ey, by offering w(s) = 0, Vs € S. Therefore, his outside option is to implement ¢,
and obtain up = g(e1).”

The timing of the game is as follows:

« The agent chooses an information structure (5, 7). To ease exposition, we assume
that the signal space S is finite and simply represent the information structure by

.6

« Upon observing the information structure (S, 7) chosen by the agent, the principal

offers a contract w : S — R contingent on the realized signal.

« After observing the contract w offered by the principal (and the information struc-

>If the principal also has an exogenous outside option « from declining to contract, his effective reserva-
tion payoff is max {g (e1) , @}, since the contract w = 0 already guarantees g (¢1). We maintain 4 < g (ey),
so the principal’s reservation payoff is g (e1) throughout.

SThis restriction is without loss of generality: binary information structures suffice by Proposition 3,
and Proposition 4 shows that allowing richer signal spaces does not change the value of the agent’s design
problem.
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ture (S, 7) she has chosen), the agent chooses how much effort e to exert.

« Given the effort e chosen by the agent, the output x is realized according to f(x|e)

and then signal s € S is realized according to 7(s|x).

« Payoffs are realized: the agent’s payoff is uq4 = w(s) — ¢(e), and the principal’s

payoff is up = g(e) — w(s).

To summarize, the game is played sequentially in three stages. In the first stage, the agent
chooses the information structure 7, which determines how much the principal learns
about the realized output. In the second stage, the principal offers the agent a contract w
contingent on the signal realization. In the final stage, the agent chooses her effort e.

The equilibrium concept is the standard subgame perfect equilibrium (SPE). The agent’s
strategy (7, 0. (7, w)) consists of a choice of information structure 7 and a choice of effort
oe(m,w) as a function of 7 and the contract w offered by the principal. The principal’s
strategy o, (7) is the contract he offers to the agent as a function of the information struc-

ture 7 chosen by the agent.

Definition 1. An SPE of the game ¢* = (7%, 0} (7, w), 0 (7)) consists of a strategy for

the agent (7%, o (7, w)) and a strategy for the principal ¢ (7) such that:

« 0 (m, w) maximizes the agent’s expected utility for every information structure 7

and contract w chosen by the principal.

« o (7) maximizes the principal’s expected utility for every information structure 7

chosen by the agent, given the agent’s equilibrium effort strategy o (7, w).

« 7" maximizes the agent’s expected utility given the principal’s equilibrium strategy

*

o} (m) and her own equilibrium effort strategy o (7, w).

Throughout, we resolve indifference as follows. In the final stage, when the agent
is indifferent among efforts, she chooses the effort the contract is intended to implement
whenever that effort is among her optimal choices. In the second stage, when the principal
is indifferent among contracts implementing different efforts, he chooses a contract imple-
menting the effort that the information structure is intended to implement, whenever such

a contract is among his optimal choices.” Any remaining indifference is resolved in favor

"Formally, intentions can be made explicit by having the agent announce a target effort alongside the
information structure and the principal announce a recommended effort alongside the contract. When

11



of the other player. Since the agent designs the information structure to implement the
effort that maximizes her own payoff, these tie-breaking rules select the agent-preferred
subgame-perfect equilibrium. The first is the usual compliance convention at binding
incentive constraints in contract theory, while the second parallels sender-preferred se-
lection in the persuasion literature.

Given an information structure (S, 7), let p(:|e) € A(S) denote the induced distri-
bution of signals under effort e. For eache € F and s € S, p(sle) = > f(z|e)n(s|z).
Conditional on a given information structure (S, 7), both the principal and the agent eval-
uate expected payoffs using the stochastic mapping p (+|-).

We now formulate the problems solved by the principal and the agent, beginning with
the agent’s choice of effort. The agent’s expected utility is Uy = Y _p(sle)w(s) — c(e).
Therefore, the agent’s problem in the last stage of the game (where 7 and w have already

been chosen in the preceding stages) is

max Zp(s|e)w(s) — c(e). (1)

The principal’s expected utility is Up = g(e) — >, p(s|e)w(s) if he chooses to imple-
ment effort e. For a given desired effort level e, the principal chooses a wage schedule that

solves
qu})n Zp(s|e)w(s) s.t.
> plsleyw(s) —cle) = Y p(sle)w(s) - ¢(e), Vé € E, ()
w(s) >0, Vs € S.

The constraints represent the agent’s incentive-compatibility condition and a set of lim-
ited liability constraints. Notice that we have not imposed a participation constraint for
the agent. This is because the assumption c(e;) = 0 together with limited liability implies
that setting e = e; guarantees a non-negative payoff for the agent. Let W (e, ) denote the
optimal value of the principal’s problem in (2). Thus, W (e, 7) is the minimum expected

wage required to implement effort e under information structure 7.

the principal is indifferent among optimal contracts, he selects one whose recommended effort coincides
with the agent’s announced target whenever such a contract is optimal; when the agent is indifferent among
optimal efforts, she selects the principal’s recommended effort whenever it is among them. This formulation
is equivalent to the tie-breaking convention used in the analysis and changes no result.

12



Given W (e, ), the principal’s problem is to choose an effort level e to maximize his
expected utility, that is,
max g(e) — Wi(e, ). (3)

It is possible to express the above as an incentive-compatibility constraint and thus
write the agent’s problem in the first stage of the game as

max W(e,m) — c(e)

e,m

subject to the principal’s incentive-compatibility constraint

gle) —Wi(e,m)>g(é) —W(é,m), Vé € E. (4)

2.1 Remarks on the Environment

It is useful to discuss various interpretations of the model as well as our key assumptions.

Performance Measure as Information Structure

In the textbook model of moral hazard, the principal cannot observe the agent’s effort. He
therefore relies on an imperfect signal of effort to incentivize the agent. If the principal
can observe output, he offers an output-contingent contract, making output the perfor-
mance measure for the agent. In our model, the principal does not observe output but
does observe a signal that may be correlated with effort, and he offers a signal-contingent
contract. As a result, the signal becomes the relevant performance measure for the agent.
By choosing the information structure, the agent influences the observables that deter-
mine her compensation. We therefore interpret this choice as selecting her performance
measure.

We assume that the principal cannot offer output-contingent contracts. One interpre-
tation is that the principal cannot observe output directly. Another is that the restriction

arises from negotiations over the performance measures included in the contract.

Commitment

We assume that the agent commits to an information structure in the first stage of the
game. Our interpretation of the information structure as a contractual performance mea-

sure provides a natural justification of the commitment assumption. When signing a con-
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tract, both parties are aware of and agree on the probabilistic relationship between the
performance measure and the underlying output. Because the performance measure is
written into the contract, commitment is a natural feature of the environment rather than

an extra behavioral assumption.

On-Path and Off-Path Efforts

The agent commits to the indicator but not to her effort, and nothing requires the principal
to implement the effort she has in mind. Given the indicator, he offers whichever contract
maximizes his own payoff. This asymmetry in commitment is what gives the agent her
rent. If she could also commit to an effort, the principal would have no need to provide
incentives and would offer no wage, so she would commit to the zero-cost effort and ob-
tain nothing. The indicator must therefore make the target attractive to the principal and
every alternative unattractive, which is why the analysis turns on the likelihood ratios of
signals under efforts that are never taken in equilibrium. This is the pattern in the writ-
ers’ negotiation described in the introduction: the parties bargained over an enforceable

performance measure, while the effort underlying it remained unverifiable.

Comparison to the Literature on Bayesian Persuasion

As in Bayesian persuasion, the problem can be expressed in terms of distributions of pos-
terior beliefs. Two features, however, distinguish our environment from the standard per-
suasion framework and explain why the usual concavification argument does not apply.
First, there is no single prior governing the problem. The distribution of output depends
on effort, and effort is chosen in the final stage, after the information structure is de-
signed and the contract is offered. Each effort e therefore induces its own prior f(- | €), so
a given information structure generates a family of posterior distributions, one for each
effort, with Bayes plausibility holding separately for each prior. These distributions are
nevertheless linked through their supports: once the support under one effort is known,
the supports under all other efforts are determined.

Second, the principal’s action is not chosen as a function of the realized posterior. The
principal commits to a wage schedule before the signal is realized, and the wage associated
with a signal is determined by the entire information structure. In particular, incentives
depend on the likelihood of that signal under both the target effort and off-path effort

choices. Moreover, the contracting problem has a homogeneity property: a proportional
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reduction in a signal’s probability, holding its likelihood ratios fixed, can be offset by an
inverse increase in its wage, leaving both incentive constraints and expected payments
unchanged. As a result, absolute signal probabilities drop out of continuation payoffs.
Information structures that generate the same support of posteriors, and hence the same
likelihood-ratio vectors, are payoftf-equivalent even if they assign different probabilities to
those posteriors. This differs from the posterior-separable formulation underlying stan-
dard Bayesian persuasion, in which the value of an information structure is an expectation
of a fixed value function over posterior beliefs and therefore depends on the probabilities
assigned to those beliefs. The concavification approach of Kamenica and Gentzkow (2011)
is thus not directly applicable. Section 4 develops the alternative: continuation payoffs de-
pend on the information structure through the likelihood-ratio vectors generated by the
support of its posterior distributions, and the analysis proceeds directly in this likelihood-

ratio space.

3 Perfect Performance Technologies

In this section, we study equilibrium outcomes when the performance technology fully
reveals the agent’s effort. In this benchmark, the indicator can be any garbling of effort,
so the agent’s problem reduces to unconstrained information design over her own action.
This is the simplest setting in which the main forces of the model appear: the role of off-
path likelihood ratios and an indicator that leaves the agent indifferent across effort levels,
thereby making the principal a residual claimant on total surplus. The remainder of the
paper asks how these results change when the technology is imperfect and the indicator
must be a garbling of a fixed f.

Recall that the performance technology specifies the mapping from the agent’s effort
to the probability distribution over the outcome space X. Here, we assume this mapping

fully reveals the agent’s effort.

Assumption 1. The performance technology is perfect: X = E and f(x|e) = 1 if and only
ifr =e.

Under a perfect performance technology, for any information structure (.S, 7) cho-
sen by the agent, the induced mapping from effort to signals given by p(s|e) satisfies
p(sle) = m(s|e). Even though the underlying performance technology is perfect, the

agent may choose information structures that are not perfect, and her wage will depend
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on the chosen signal. Proposition 1 shows that the agent prefers her wage to depend on
an imperfect signal of effort rather than on the perfectly revealing performance measure,
without sacrificing total surplus.

Let epp denote the surplus-maximizing, first-best effort level that solves

erp € argmax{g(e) —c(e)}
We then have the following proposition:

Proposition 1. Suppose the performance technology is perfect as in Assumption 1. Then
there exists an information structure (S, 7) that implements e, and the agent obtains all

the surplus so that us = g(epp) — c(erp) — g(e1).

Why can the agent design an indicator that transfers the entire surplus without distort-
ing effort? The key property is indifference. Suppose the indicator is such that the cheap-
est contract implementing any positive-cost effort leaves the agent indifferent among all
efforts implementable under it. Her payoff under such a contract is then a constant K,
regardless of which effort she chooses, so the expected wage required to implement effort
e is ¢(e) + K. The principal’s payoff from implementing e is therefore g(e) — c(e) — K,
that is, total surplus minus a fixed rent. This makes the principal a residual claimant on
surplus. When the performance measure is exogenous, the information rent required to
implement an effort generally varies with the effort level. The principal’s preferred ef-
fort therefore need not maximize total surplus. Here, by contrast, the rent is the same
constant K regardless of the effort implemented. Maximizing the principal’s payoff is
therefore equivalent to maximizing total surplus, so he implements epp.

The only limit on the agent’s rent is the principal’s outside option. He can always im-
plement the zero-cost effort e; at zero wage, so K cannot exceed [g(erp)—c(erp)] —g(er).
The agent-optimal indicator sets K exactly at this upper bound. At this point, the principal
is indifferent between implementing erp and taking his fallback, while the agent is indif-
ferent among all efforts implementable under the indicator. The tie-breaking conventions
of Section 2 resolve both indifferences: the principal chooses a contract implementing the
effort the indicator is intended to implement, here ey, and the agent complies with that
intended effort. Thus, epp is implemented and the agent captures the entire surplus.

The proof of Proposition 1 constructs precisely such an indicator, namely the pass/fail
device described in the introduction. To ease notation, normalize g(e;) = 0 and consider

an information structure with S = {L, H}, where (7(H | €)) is defined as
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1 — clerp)=c(e) if c(e) < clepp)

= glern)
m(H|e) { . ife(e) > clers) (5)

The construction delivers indifference through two features of (5). First, for efforts
satisfying c(e) < c(erp), the probability of the high signal rises linearly with cost at
slope 1/g(erp). Thus, a bonus of g(erp) paid following H compensates each additional
unit of effort cost with exactly one unit of expected pay. The agent is therefore indifferent
among all such efforts, while any smaller bonus compensates effort cost less than one-for-
one and induces only the zero-cost effort. The principal consequently cannot implement
any positive-cost effort with a wage spread below g(erp), and it is optimal to pay zero
following L. Second, for efforts with c¢(e) > c(erp), the high signal already occurs with
probability one, so these efforts generate the same signal distribution as erp and cannot
be implemented at any wage. With the wage spread equal to g(erp), the expected wage
required to implement an effort é is c¢(é) + [g(eFB) — c(eFB)}, that is, its cost plus a
rent equal to the first-best surplus. The principal’s payoff is therefore [g(¢) — ¢(é)] —
[g(e rB) — c(e FB)}. He obtains his outside-option payoff of zero from erp, and no other
implementable effort gives him a higher payoff. The tie-breaking convention of Section
2 therefore selects epp. The principal earns zero, while the agent captures the entire
surplus. The formal argument is provided in Appendix B.

The constructed indicator is deliberately coarse: it is less informative about effort than
the underlying performance outcome X. This loss of information tightens the principal’s
incentive-compatibility constraints and is the source of the agent’s rent. Yet because the
indicator makes the principal a residual claimant on surplus, this rent comes at no effi-
ciency cost: rent extraction and surplus maximization coincide.

Since information structures in our model are garblings of the underlying performance
metric, the perfect-technology benchmark maximizes the set of indicators available to the
agent: there is no underlying information friction. In most cases of interest, performance
metrics are imperfect signals of hidden effort, and the requirement that the indicator be a

garbling of a fixed technology may rule out the indifference construction.

8Note that 7(H|e) € [0, 1]: it is increasing in c(e), equals 1 at e = epp, and at its lowest, e = e1, equals
C(EFB)

g(eFB)
exceeds e1’s).

1—

> 0, where the inequality is g(epp) — c(erp) > g(e1) — c(e1) = 0 (first-best surplus weakly
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4 A Geometric Analysis of the Game

We now characterize the equilibrium outcomes of the game. We first describe the set of
effort levels that are implementable under some information structure. We then establish
a “coarseness” result: it is without loss of generality to restrict the agent’s choice of in-
formation structures to binary ones, in which the signal space contains only two points.
In the next section, we use this binary-signal result to characterize when the agent can
implement a target effort while extracting the entire surplus, and to derive sufficient con-
ditions stated in terms of the primitives.

While it is possible to work with zero-probability events and define likelihood ratios
by specifying how division by zero is treated, we impose the following assumption to

avoid these complications:

Assumption 2. The performance technology has full support; that is, Vx € X,Ve €
E, f(x]e) > 0.

This assumption ensures that all likelihood ratios introduced below are well defined.

Implementable Effort. To characterize implementable effort levels, we use back-
ward induction and recast the principal’s problem geometrically. For any target effort e*
the likelihood ratios of each signal under alternative efforts relative to e* are sufficient
statistics for the principal’s contracting problem. The information structure determines
the feasible set of likelihood-ratio vectors, and the principal’s compensation choice cor-
responds to selecting a point from this set

More formally, we define an implementable effort level e* as follows:

Definition 2. An effort level e* is implementable if there exists an information structure

(S, ) such that e* solves the principal’s problem (3).

Given this definition, an implementable effort level e* must satisfy the incentive-
compatibility constraints in (4) and (1) for both the principal and the agent. In partic-
ular, the agent’s incentive-compatibility constraint must hold for all possible histories,
including those following any deviation by the principal to a contract that implements an
alternative effort level.

Let e* denote the effort level that the agent seeks to implement in the first stage of
the game. To motivate the relevance of likelihood ratios, consider the agent’s interim

incentive-compatibility constraint when the principal only pays the agent following a
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single signal realization s:
p(sle’)w(s) —c(e’) = p(slé)w(s) —c(é),Ve e E.

These constraints imply that for any effort level é for which signal s is less likely than

under e*, i.e., p(s|é) < p(s|e*), the wage must satisfy

w(s) >

(6)

> w(s). (7)
The first set of constraints (6) then implies that the expected wage must satisfy

p(sle)w(s) >  max M
ep(sler)>p(sle) 1 — p‘lg(‘is\—ﬁ)>

Thus, the expected cost of implementing e* depends on the likelihood ratio of signal s
under the alternative effort relative to e*. The second set of constraints (7) places an upper
bound on the wages the principal may offer while respecting the agent’s incentives. As
we show below, this restriction can also be expressed in terms of likelihood ratios.

The preceding illustration assumes that the principal compensates the agent following
only one single signal realization. We now consider an arbitrary wage schedule w (s)
chosen to implement any effort level e; € £, whether on or off the equilibrium path. We

may write the expected wage paid to the agent as

Zw (s)p(sles) = Zw () p (s]e”) p(sle;)

p(sler)
_ w(s)p(s|e”) - w(s)p(sle’) p(sle)
= zg: (s)p(sle”) XS: Soow(s)p(sler) p(sle)

=Sl Yal e

p(

where o, = % > 0and ) a, = 1. Since the weights a; do not depend on
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e;, we may write the agent’s interim incentive-compatibility constraint as

o N Ple) w(s)o(sle). S g Ple) o
;w(S)p(SVf) Z o (5le) (1)22 (s)p(sle”) Z o (sle") () -

Therefore, if we define £; =1 — " _a,p (sle;) /p (s|e*), this incentive-compatibility con-

straint may be written as
S w(s)p(sle’) - 16— 6] > c(e) —cleg) Vi =1,--- | E]. ®)

The constraints depend on payments only through the products w(s)p(s | e*). Rescal-
ing a signal’s probability by A > 0, while holding its likelihood ratios fixed and dividing
its wage by ), therefore leaves every incentive constraint and every expected payment
unchanged. Absolute signal frequencies are thus irrelevant, and only the likelihood ra-
tios, which capture how informative each signal is about deviations, matter. We use this
freedom in Section 4.1, when choosing how often the paid signal occurs.

The principal’s choice of contract w (s) can be decomposed into a choice of the scalar
Y . w(s)p(sle*) and a choice of the weights {«}, or equivalently, the likelihood ratios
{Ej}. In other words, if we represent the likelihood-ratio profile by the vector

1= (gla"' 7€\E|)7

p(sle*)? p(sle)

choice can be summarized by the overall level of compensation ) p (s|e*)w (s) = w,

then 1 € conv ({ (1- plaler) .. 1 — p(seE'))} ) = co (p). Thus, the principal’s
s€S

together with an element of the set co (p). We thus have the following lemma:

Lemma 1. Consider an implementable effort e* and its associated information structure

p = {p(:|")}. Then the cost to the principal from implementing any effort e; is given by

W(e:,p) = min (1—6,-).max{o, max M} 9)

1€co(p)NQ; jszfl 167 - 6@

where

Q, = {1 e RIFl: maX{O, max M} < min M} (10)

Jili >4 Ej — 4 TG fj — ¢
The cone 2; collects the likelihood-ratio profiles at which a single nonnegative wage
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can satisfy all of the agent’s incentive constraints at once’: large enough to deter ev-
ery effort that makes the paid signal less likely than e; (the lower bounds in (8)), yet
small enough not to tempt any effort that makes it more likely (the upper bounds). Im-
plementability of e; is precisely the requirement that these lower and upper bounds be
compatible.

Lemma 1 reduces the principal’s problem to choosing an effort level and a point in
the convex hull of likelihood ratio vectors, specifically an element of co (p) that lies in
the convex cone defined in (10). Note that not all likelihood-ratio profiles 1 are feasible
in the sense that there may be no compensation scheme that satisfies the agent’s interim
incentive-compatibility constraint. As in the motivating example above, the likelihood
ratios must permit a wage w(s) that lies between the lower and upper bounds in (10). The
convex cone §2; defines precisely the set of likelihood-ratio profiles that admit incentive-
compatible compensation schemes.

By choosing an information structure, the agent determines the convex hull co (p).
The principal then selects a point in the intersection of co (p) and the convex cone €2;. In
particular, continuation play depends on the information structure only through co (p):
any two structures inducing the same convex hull are equivalent from the second stage
onward. This observation by itself does not make the analysis more tractable, since it
does not directly characterize the set of feasible convex hulls co(p). The following propo-
sition provides such a characterization. Note that, analogous to co (p), the set co (f) is

the convex hull of the points

L fwle) | f@lem)y
x_(l feal ﬂxle*)), ex,

where a, is the likelihood-ratio vector generated by output z. Thus, co (f) = conv{a, }.cx.

Proposition 2. For any information structure (S, ) with |S| < oo, its associated co (p) is
a subset of co (f) and contains the origin 0 = (0, - - - , 0) in its relative interior. Additionally,
for any closed convex subset C' C co (f) that contains the origin in its relative interior and has
a finite set of extreme points Z, there exists an information structure (S, m) with |S| < |Z|+1
such that co(p) = C.

"We adopt the extended-real convention % = +o0 for a > 0 and % = —oo for a < 0. Thus, if some ¢;
has ¢; = ¢; and c(e;) < c(e;), the maximand is +00 and e; is not implementable at that 1, since no finite
wage can deter a lower-cost deviation with the same likelihood coordinate. By contrast, if c(e;) > c(e;),
the corresponding term is —oo and therefore drops out. The case ¢; = ¢; with c(e;) = c(e;) is excluded by

convention because (8) then holds trivially.
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Each extreme point of co (p) must be interpreted as the likelihood-ratio vector gener-
ated by a signal realization. If we restrict attention to information structures with as many
realizations as extreme points, the latter must therefore determine a distribution of pos-
teriors that satisfies Bayes plausibility. Each extreme point 2 corresponds to a posterior
(- (+) under e*, which specifies the coefficients in a convex representation of that point in
terms of the likelihood-ratio vectors associated with x € X. At the same time, since the
origin lies in the relative interior of co (p), it can be written as a convex combination of
these extreme points, with coefficients given by the signal (equivalently, posterior) prob-
abilities p(s|e*) > 0. However, Bayes plausibility is not automatic; it requires that the

mixture of extreme-point posteriors reproduce the prior,
> oplale)n=() = f(le”).
4

For a given collection of extreme points, there need not exist probabilities satisfying this
identity. The induced mixture may place too much or too little probability on some states
relative to the prior. In either case, the extreme points alone cannot generate a feasible
information structure. Introducing an additional signal realization corresponding to an
interior point of co (p) provides the flexibility needed to absorb these discrepancies and

restore Bayes plausibility.

Example 1. Suppose X = {x1,29, 23,24} and E = {ejy, 9,3}, with e* = e3. The

performance technology is

0.02 0.54 0.08 0.36
f=10.18 0.06 0.04 0.72{,
0.2 06 0.02 0.18

where f;; = f (z;|e;). The induced likelihood-ratio points {a, as, as, as} are illustrated
in Figure 2, where co (f) = conv (ay, as, as, a4) is the grey shaded area. Consider 17 =
(0.3,0.3) and I¥ = —417 = (—1.2,-1.2), and let co (p) = conv ({17,1°}). With a
binary signal S = {H, L}, any implementable pair must satisfy 1* = —%IH ,
which requires p(H|e*) = 0.8. However, it can be shown that any posterior py gen-
erating 1 implies p(H|e*)uw(z) = 0.8ug(x) > f(x|e*) for some z € X, violating
Bayes plausibility. Hence, no binary information structure can implement co (p). In

fact, fixing 17, the furthest point implementable with a binary information structure is
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Imax = 12517 = (—0.375, —0.375). Equivalently, 1™®* corresponds to the largest signal
probability p(H | e*) consistent with the fixed 17: raising p(H |e*) pushes 1 outward
until the feasibility constraint p(H | e*)uy(z) < f(x|e*) first binds at x;; beyond I™** no
binary structure is feasible."

Now consider an additional signal, so that S = {H,L,0}. Fix posteriors py =
(0.36,0.56,0,0.08) and 7, = (0,0.32,0.276,0.404), which generate 17 and 1%, respec-
tively. Choose signal probabilities under e* as p(H|e*) = 0.2, p(L|e*) = 0.05, and
p(0]e*) = 0.75. Define the residual posterior by

f(le*) = p(H|e*)pu — p(Lle*) L
p(0fe*)

o = ~ (0.1707, 0.6293, 0.0083, 0.1917).

Then Bayes plausibility holds and 11, generates the origin, so 1° = 0. Therefore, co (p) =
conv {IH L 10}. This example illustrates that, with two signals, feasibility bounds on
p(s|e*) prevent the implementation of distant endpoints, while a third signal allows the
extreme signals to be made sufficiently rare and the residual mass to be absorbed by an
interior posterior. This does not conflict with the coarseness results below. By Proposition
3, two signals always suffice to implement a given target effort at a given expected wage.
What two signals cannot generally do is generate an arbitrary convex hull co (p). This is
why the construction in the proof of Proposition 2 uses a third, residual signal, as in this

example.

This proof sketch and Example 1 also clarify a key distinction between our frame-
work and standard Bayesian persuasion. In persuasion models, the entire distribution
of posteriors is payoff-relevant. In contrast, in our setting, only the support of the in-
duced distribution matters. The likelihood ratios across effort levels are the only objects
that affect incentives in the subsequent moral-hazard stage. In particular, for any signal

realization s € S and effort level e € E,

z?(flﬁ‘)) = Ee Uﬁ’))] |

Thus, information structures that generate the same support of posteriors induce the same

likelihood-ratio vectors and are equivalent from an incentive perspective, even if they

OLetting m(H|z) = p(Hl|e*)um(z)/f(x]e*) denote the probability that output = generates signal H,
this constraint is equivalently 7(H|z) < 1; at 1™®* it binds at x4, so output x1 generates signal H with
probability one.
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Figure 2: Geometric representation of Proposition 2. The points 17, 1 correspond to the

signals H and L, respectively. Fixing 17, the point 1™ is the furthest endpoint imple-
mentable with a binary signal.

assign different probabilities to those posteriors.

Proposition 2 implies that any convex subset of co (f) that contains the origin in its
relative interior can be selected by the agent as co (p). We may therefore represent the
agent’s choice of information structure as the choice of a convex subset of co (f) contain-
ing the origin. In this sense, the agent-optimal information structure that implements e*

can be represented as the equilibrium of the following game:

« Stage 1. The agent chooses a finite set of points L C co (f) such that the convex

hull of these points conv (L) contains the origin.

« Stage 2. The principal chooses an effort level ¢; € F and a point ¢ € conv (L) N €;

clei)—cle;)

to maximize g(e;) — (1 — {;) - maxX;.y, >, =7
7 7

« Stage 3. The principal’s optimal choice of effort in stage 2 coincides with e*.

As Section 4.1 shows, Stage 1 reduces further: without loss, the agent chooses a single
point in co (f), implemented by a binary information structure whose likelihood-ratio set

is a line segment through the origin.
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The following example illustrates the construction of co (f) and the principal’s equi-

librium.

Example 2. Suppose X = {x1,29,23} and E = {ey, €9, €3}, where ¢ (e1) = 0, ¢ (e2) =
0.1, and ¢ (e3) = 0.3. The performance technology is

0.35 0.50 0.15
f=10.05 0.50 0.45],
0.10 0.15 0.75

where f;; = f (x;|e;). Moreover, the principal’s gross expected payoffs are g(e;) = 0.8,
g(e2) = 1.4, and g(e3) = 1.65. Therefore, the first-best effort is e3. Setting e* = e3, note
that 1 — f (z]e3) /f (z|e*) = 0, so the set co (f) can be embedded in R?. The gray region
in Figure 3 depicts this set, where each point a; corresponds to z; € X.
To see the geometry of the game, consider a signal structure with four realizations

S = {s1, $2, 83, 84} and

05 02 01 0.2

=102 03 03 0.2},
0.05 0.05 0.1 0.8

where m;; = 7(s;|x;). Using p (sle) = > .y 7 (s|z) f (z]e), we can construct the likelihood-
ratio vectors. The corresponding convex hull co(p) is shown as the green region in the
left panel of Figure 3.

To illustrate the principal’s incentives, suppose the agent fully reveals z to the princi-
pal. Then, as shown earlier, choosing a contract by the principal is equivalent to choosing
a point 1 € co (f). If the principal wants to implement e3, he chooses 1 € co (f) to mini-

mize its cost given by

{7200, S e (T2, 52)

The lower contour sets of this function are translated convex cones (positive orthants),
illustrated by the blue shaded region in the right panel of Figure 3. In this example, the
minimum is achieved at the point 1. If instead the principal wants to implement e;, he
chooses 1 € co (f) to minimize (1 — ¢5) 810%62 when ¢; > ¢5. This minimum is achieved
at as. For es to be implementable, the principal’s payoft from choosing e,, achieved at

as, must be lower than his payoff from choosing es, achieved at 1. The set of likelihood-
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Figure 3: Geometric representation of information structures in the space of likelihood
ratios. The left panel depicts an example with four signals. The right panel shows the
principal’s incentives under full revelation of x by the agent.

ratio points that satisfy this requirement is shown as the blue shaded region in the right
panel of Figure 3. Importantly, 1 is not contained in this set. Thus, under full revelation
of z, the agent cannot induce the principal to implement e3. One can verify that e is

implementable under full revelation.

4.1 Binary Information Structures

We use the geometric interpretation to show that, without loss of generality, the agent

may restrict attention to information structures with at most two signals.

Proposition 3. Ife* is implementable by some information structure (S, ) and requires an
expected wage W (e*, ), then e* is also implementable by a binary information structure
<S’,ﬁ> with |S| = 2 and W (e*,7%) = W (e*, ).

Figure 4 illustrates the intuition behind the proof. Consider an implementable effort
level e*, and suppose that its associated information structure is represented in Figure 4.
The green region depicts the convex hull co (p) corresponding to this information struc-
ture. Let point b denote the principal’s optimal likelihood-ratio vector in co (p) when
implementing e*. The red line represents the convex hull generated by the binary infor-

mation structure 7; with only two signal realizations, co (p) must be a line segment. Since
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Figure 4: Geometric intuition for the construction of a binary information structure

b € co (p) and b is also optimal under the original information structure m, the principal
continues to choose b when implementing e* under 7. Moreover, because co (p) C co (p),
the principal’s minimized cost for any deviation e; # e* under 7 must be weakly higher
than under 7. Consequently, e* remains implementable under 7, and it yields the same
outcome as under the original information structure.

Proposition 3 therefore allows us to restrict attention to binary information structures
when characterizing agent-optimal designs. We now apply this result to characterize the
agent-optimal information structure in Example 2.

Example 2 (Continued). Recall Example 2, in which we argued that under full rev-
elation the principal chooses to implement ey, and this choice is inefficient since total
surplus under e is lower than under e3.

It remains to determine whether e3 is implementable and how well the agent can do
by choosing an information structure. By Proposition 3, we may restrict attention to
information structures with only two signal realizations. Because c¢(e1) = 0, the principal
can implement e; at zero wage and guarantee a payoff of g(e;) = 0.8.

Now consider the point 1* satisfying

02 _03_ g5
0y I
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Figure 5: Agent-optimal information structure in Example 2

At this point, the principal’s payoff from implementing each effort level is given by

2 0.
es: 1.65 — max{o—, 0 3} =0.8
oG
0.1

-6

e1:08—-0=0.8

ey:1.40 — (1—03) =1.40 — 0.65 = 0.75

At I*, the principal’s payoff is maximized by choosing e3. If 1* € co (f), there exists a
binary information structure whose convex hull contains I*, so e3 may be implementable.
In this example, 1* indeed lies in co (f). Figure 5 illustrates the point 1* together with
a two-point information structure that implements it (the red line passing through 1*).
Moreover, one can verify that under this information structure, the principal’s cost of

implementing either e, or e3 is minimized at 1*. Specifically, let S = { L, H} and define

;—;, 1fx:x1
7w (H|z) = g, ifr=uxo,7(Llz)=1—m(H|x).
g—é, ifr =ux3

One can verify directly that the information structure (S, 7) generates the likelihood-ratio

point depicted in Figure 5.
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By selecting this information structure, the agent implements the efficient effort es
and captures the entire surplus. Under this structure, the bonus is paid with probability
p(H | e3) = %' ~ 0.43 and equals 355 ~ 1.98. Section 5 provides conditions on the
performance technology under which this outcome is achievable.

By Proposition 3, the agent’s choice of a binary information structure can be summa-
rized by two objects: the likelihood-ratio point 1 € co (f) associated with the paid signal
and its probability A € (0, Apax] under the target effort. Lemma 3 in Appendix B shows
that every such pair can be generated by a binary information structure, with A, given
by the Bayes-plausibility constraint. The probability A matters only through the location
of the unpaid signal’s likelihood-ratio point, —ﬁ L

This second object turns out to be essentially free. Making the paid signal rarer moves
the unpaid endpoint toward the origin without changing the expected wage associated
with the paid endpoint. By the homogeneity property discussed after (8), the bonus in-
creases in inverse proportion to the probability of the paid signal, leaving every incentive
constraint and expected payment unchanged. Once A is sufficiently small, implement-
ing any positive-cost effort on the negative portion of the segment requires a wage large
enough that the principal prefers his outside option, so continuation play is governed by
the paid endpoint alone. The agent’s design problem therefore reduces, without loss, to
the choice of a single likelihood-ratio vector in co (f).

We now combine the preceding results into a single statement. Recall from Lemma 1
that the principal’s contract choice reduces to the choice of a pointin co (p). For1 € co (f),
let W;(1) denote the minimum expected wage at which the principal can implement effort
e; at 1, and let II;(1) denote his payoff from doing so. When e; is implementable at 1,

Lemma 1 gives

Will) = (1 — £;) max &) =€)

N )
Jili>t; éj — fz

IL(1) = g(e;) — Wi(1),

with the extended-real conventions of footnote 9. When e; is not implementable at 1, we
set W;(1) = 400 and hence I1;(1) = —oo. In particular, W; = 0 and II; = g(e;). Define
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the agent’s rent at 1 by"!
R(1) = maX{VVZ-(l) —c(e;) i€ arg mkaka(l)}.

This is the agent’s payoff when the principal chooses his preferred effort at I; the maxi-
mum reflects the convention of Section 2, under which the agent can obtain the best of

the efforts that are optimal for the principal.
Proposition 4. The value of the agent’s design problem is supyc ) F2(1).

Proposition 4 reduces the agent’s optimization over information structures to the
finite-dimensional problem supjc(s) £(1)."* Thus, the value of the design problem is de-
termined by the position of a single likelihood-ratio vector in co (f).

The proof does not rely on Proposition 3. Instead, it constructs a binary information
structure directly from the point 1, rather than by garbling an existing structure. Proposi-
tion 3 also follows from the argument: applying the construction to the point chosen by
the principal under any given information structure yields a binary structure that imple-
ments the same effort at the same expected wage.

The agent-optimal structure is coarse in signals but need not involve a moderate
bonus. The expected wage is determined by the paid signal’s likelihood-ratio vector, while
the probability of the paid signal must be small enough that no rival effort is profitably
implementable at the unpaid signal; the proof of Proposition 4 gives the corresponding
bound. Since the bonus equals the expected wage divided by this probability, it can be
large when costlier rival efforts remain serious threats at the unpaid signal. Risk neutral-

ity and limited liability allow this rescaling without changing the expected wage, while a

"The coordinates are defined relative to a fixed reference effort, but the program below and its value

do not depend on this choice. To see this, consider the paid signal s and take e* as the reference effort.

g = 254

(p; max {O, mMaX;:p; <p;

where {; = 1 — ;. The implementation cost in Lemma 1 can then be written as W; =
clei)—cle;)

Pi—Pj
effort is changed to €, then ’;((ﬂfg)) = %, so the entire vector ¢ is rescaled by the same positive factor. It
follows that IW;, and hence II; and R, are unchanged.

12A subgame-perfect equilibrium exists if and only if this supremum is attained. Attainment can fail
because R need not be upper semicontinuous: the principal’s preferred effort may change discontinuously
when an alternative effort becomes implementable. Attainment holds under the full-extraction conditions of
Section 5.1, where a maximizer is exhibited explicitly, while in the single-index class of Section 6 it depends
on a boundary condition. Even when the supremum is not attained, it remains the relevant prediction.
For every € > 0, choosing | such that R(1) > sup R — ¢ and applying the construction in the proof of
Proposition 4 yields an e-equilibrium in which the agent’s payoff is within ¢ of the supremum. Continuation
play consists of exact best responses after every history, and only the agent’s first-stage choice is e-optimal,
since her gain from deviating is at most sup R — R(1) < e.

}. This expression is homogeneous of degree zero in . If the reference
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wage cap or risk aversion would limit the same construction. The bound need not force a
small probability: in Example 2 the bonus is paid with probability 0.43. In the single-index
class of Section 6 the probability of the paid signal is bounded away from zero except at

the attainment boundary discussed there.

5 Full Extraction and the Performance Technology

When can the agent capture the entire surplus, and how do equilibrium outcomes vary
with the performance technology? Section 5.1 provides an exact characterization of full
surplus extraction and uses it to derive a sequence of sufficient conditions stated in in-
creasingly primitive terms. Section 5.2 then studies how equilibrium outcomes vary with

the informativeness of the performance technology.

5.1 Characterizing Full Extraction

When can the agent implement a target effort e* and extract the entire surplus? By
Proposition 4, this question can be stated in terms of a single likelihood-ratio profile,
which must satisfy two properties. First, implementing e* at that profile must leave the
principal exactly at his outside option. The set of profiles satisfying this requirement is
L(e*) = {l: .«(1) = g(e1)}. Second, no rival effort can be strictly more attractive to the
principal at the same profile. For each rival effort e;, define D; = {1:1IL;(1) > g(e1)}.
Thus, D; collects the profiles at which implementing e; gives the principal strictly more
than g(e;), and therefore, on the locus (L(e*)), strictly more than the target effort."” Full
extraction at e* is possible exactly when some feasible profile lies in L(e*) and outside

every D;j:

Proposition 5. There exists an information structure (S, 7) implementing e* with the agent’s
payoffUs = g(e*)—g(e1)—c(e*) and the principal’s payoff (e, ) ifand only if (L(e*) N co (f)) €
Uej;ée* D]'

Full extraction therefore fails exactly when the sets D, jointly cover L(e*) N co (f).

BSubstituting the wage from (9) and rearranging, using 1 — ¢; > 0, which follows from full support,
the condition IT;(1) > g(e;) can be written as a finite collection of affine inequalities, one for each effort
cheaper than e;. Implementability of ¢; at 1 adds the affine inequality (c(e;) — c(e;)) (¢; — €x) < (clex) —
c(ej)) (¢; — ;) for each cheaper effort e; and costlier effort ey, together with ¢; > /; for each equal-cost
rival. Every inequality binds at 1 = (1,...,1), so D, is a convex polyhedral cone with vertex at 1. If
g(ej) < g(e1), then D; = @.
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Example 2 (Continued). Proposition 5 can be used to determine whether the agent
can implement e3 and extract the entire surplus. For this target, the full-extraction locus
consists of two rays:
c(e3) —c(eq) c }
L(e3) =311 = ——v—L ) > —F—— =0
e ={is = S e S e

U {Wz _ c(es) —c(e2) 0> c(es) —c(er) } .
g(es) —g(e1)

The only rival effort that can give the principal strictly more than his outside option on

L (e3) is e5. Two conditions determine Dy. First, e; is implementable if and only if

leQ, = {lwg <06 > LY U]t > 0,0, > M&}.
c(ez) —c(e2)

Second, at such a profile the principal’s payoff from e, exceeds g (e;) if and only if

g (€2) —9(61)61 i (1 _ g (e2) —9(61)) 0> 1.

c(eg) —c(er) c(e2) —c(er)

Ds is the set of profiles satisfying both. As Figure 6 shows, L (e3) Nco (f) € Ds, so the
agent can implement ez and extract the full surplus g (e3)—g (e1)—c (e3) = 0.55. Applying
the same argument to e,, the agent can also implement e; and extract the full surplus,
g (e2) — g (e1) — c(e2) = 0.5. The right panel of Figure 6 displays the corresponding sets
in the same coordinates. Since 0.55 > 0.5, the agent prefers e3 to e;.

The characterization is exact, but applying it requires computing L(e*) and the sets
D, for the technology at hand, as in Example 2. The remainder of this subsection instead
identifies particular profiles that satisfy the characterization, reducing the condition to
the feasibility of a single likelihood-ratio vector. We begin with the first-best target and
the profile at which the agent is indifferent across all efforts.

Section 3 showed that an indicator leaving the agent indifferent across efforts turns
the principal into a residual claimant on surplus. In likelihood-ratio coordinates, the cor-

responding profile is the vector 1* defined by

Vi=1,...,|E|.

Equivalently, at 1%, every incentive constraint binds at the same expected wage, g(epp) —
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Figure 6: The full-extraction condition of Proposition 5 for the technology in Example
2. Both panels plot likelihood-ratio profiles relative to e3. The left panel shows the rel-
evant sets for implementing e3, while the right panel shows the corresponding sets for
implementing e;.

g(ey): efforts cheaper than erp require at least this wage to be deterred, while costlier
efforts require at most this wage, and the two bounds coincide. The agent is therefore
indifferent across all effort levels; see the reformulation of (1) in (8). Relative to the con-
struction in Section 3, indifference here also extends to efforts costlier than erp, which

that construction instead made unimplementable.

clej)—clei)
=i

g(erp)—g(e1). Thus, implementing e g requires an expected wage of exactly this amount

The two conditions of the characterization hold at 1*. Every chord equals
and leaves the principal at his outside option, so 1* € L(epp). Implementing any rival
effort e; requires its own cost plus the same fixed rent g(erp) — g(e1) — c(erp), implying
IL;(1*) = g(e1) + [g(e;) — c(e;)] — [9(ern) — c(erp)]. Since e maximizes total surplus,
this expression is at most g(e; ), and hence 1* lies outside every D,. Full extraction at the

first best therefore obtains whenever 1* is feasible.

Proposition 6. Suppose that g (epp) > g (e1) and that1* € co(f). Then the first-best effort

erp is implementable, and there exists an information structure (S, 7) such that the agent’s
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payoffisUs = g(erp) — g(e1) — c(epp) , and the principal’s payoff is g(e1), so that the
agent captures the entire surplus.

Proposition 6 reduces full extraction at the first best to a single feasibility check. Since
co (f) is the convex hull of the | X | vectors a, in a space of dimension |E| — 1, testing
whether I* € co (f) amounts to asking whether there exists some ¢ € A(X) such that
> . (x)a, = 1", a linear program that can be solved in polynomial time. The test is
constructive: a feasible y is precisely the posterior that the extracting indicator assigns to
the paid signal, so verifying the condition and constructing the indicator are part of the
same computation.

Two forces govern the condition, both reflecting the severity of the agency problem:
the incentives that must be provided and the information available to provide them. Since
clerp)—c(e

¢) the condition is easier
glerp)—g(e1)

to satisfy when effort costs are closer together relative to the gross payoff gain, and when

1* depends on the primitives only through the ratios

the technology is more informative, so that co (f) is larger. The two margins offset one

another. The following family illustrates the informational margin.

Almost-Perfect Performance Technology. Suppose X = E C R,,g(e) = e, and
forsome 0 < e <1/ (m —1),

flejles) =1—(m—1)e,Vj=1,--- |E], f (eilej) =&, Vi # ;.

As ¢ — 0, the technology converges to a perfect one, in which observing x € X fully
reveals effort. For each ¢, co (f) is the convex hull of the likelihood-ratio vectors 1(ey),

whose coordinates in the corresponding (| E'| — 1)-dimensional space are

= iy ifer=erpi #F,

f (exe:)
(ek) f(ek|6FB> 07 Ifek#eFBal%ka
m—%, ifek%epB,i:k.
As ¢ — 0, this set expands. The vector 1(epp) converges to (1,--- , 1), while for e, #
erp, 1(ex) converge to (0,---,0,—00,0,---,0), where —oo appears in the coordinate

corresponding to ;. Hence, co (f) — (—oc, 1]/

, as illustrated in Figure 7. This is the
largest feasible likelihood-ratio set and corresponds to the limiting perfect performance
technology. Therefore, unless the zero-cost effort is itself first best, I* € co (f) for ¢

sufficiently small.
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> (1

Figure 7: Almost-Perfect Performance Technology for |E| = 3. The green and gray shaded
regions depict co (f) for progressively smaller values of €. As e — 0, co (f) converges to
the shaded quarter-space southwest of (1, 1).

The point 1* is not the only profile that delivers full extraction. Since the expected
wage must equal g(erp) — g(ey), at least one incentive constraint must bind. It is enough
for the binding constraint to be the one against the zero-cost effort e;, since keeping that
constraint tight is sufficient to make every rival effort unattractive to the principal. These
profiles form the branch B = {1 : ¢, = ¢}, {; > (} for all i # 1}, whose vertex is1*. Every
point in B implements erp and leaves the principal at his outside option (see the end of
the proof of Proposition 6), so it is sufficient that co (f) intersect B. This is a weaker
requirement and can be checked by a linear program of the same form. The branch also
contains the likelihood-ratio profile generated by the construction in Section 3: the point
that assigns coordinate zero to every effort costlier than epp.

That last profile extends beyond the first best. The first-best target is special because
no rival generates more surplus, so indifference across efforts is compatible with full ex-
traction. For an arbitrary target e*, however, a costlier effort may generate more surplus,
so making the agent indifferent between it and the target need not deter the principal
from implementing it; such an effort must instead be made unimplementable. The con-
struction of Section 3 does exactly this and delivers full extraction provided that cheaper

efforts generate less surplus than the target: assign each cheaper effort its break-even
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c(er)—c(ej)
g(e*)—g(e1)’
menting a cheaper effort ¢; gives the principal g(e1) + [g(e;) — c(e;)] — [g(e*) — c(e)],

coordinate, (;(e*) = and each costlier effort ¢;(e*) = 0. At this profile, imple-
which, under surplus monotonicity, is at most g(e; ). A costlier effort is not implementable,
since it is no more likely to be rewarded than e* while costing more. Hence, 1(¢*) lies in

L(e*) and outside every D;.

Proposition 7. Suppose that g (epp) > g (e1) and that total surplus is weakly increasing
in the cost of effort. Define the likelihood vector1(e*) = ({1(e*), ..., ¢ g (%)) by

dedden ife(er) > eley),

li(e) = .
0, ifc(e*) < c(ej).

Ifl(e*) € co(f), then e* is implementable, and there exists an information structure (.S, )
such that the agent’s payoff is Us = g(e*) — g(e1) — c(e*), and the principal’s payoff is

g(e1), so that the agent captures the entire surplus.

Under surplus monotonicity, erp is the highest-cost effort. Thus, when e* = epp,
every rival is assigned its break-even coordinate and 1(ezp) coincides with 1*. Proposition
7 therefore reduces to Proposition 6. Without surplus monotonicity, 1(erp) and 1* differ,
but l(erp) still lies in B. Its feasibility therefore remains sufficient for full extraction at
the first best.

The conditions so far ask whether a particular likelihood-ratio vector is feasible. The
simplest conditions avoid this feasibility check altogether: they are inequalities involving

the likelihood ratios of a single output, stated directly in terms of the primitives.

Proposition 8. Suppose g(e*) > g(e1), and suppose there exists an output v € X such
that (z) f(x‘el (1 — (e—) (u) f( lei) < 1, Vj such that c(e;) > c(e*), and (iii)

(e1)

fgxf?g < C(e*c)(ef)(e])fgxtig + C(ej) , Ve;j 7é e* such that 0 < c(e;) < c(e*). Then e* is

implementable, and there exlsts an information structure (S, ) such that the agent’s payoff

isUs = g(e*)—g(er) —c(e*), and the principal’s payoff is g(e;), so that the agent captures

the entire surplus.

Like the earlier results, Proposition 8 works by exhibiting a profile in L(e*) that lies
outside every D;. Here, that profile is constructed from a single output rather than pinned
down by the incentive conditions: it is a scaling toward the origin of the likelihood-

ratio vector generated by z, which lies in co (f) by convexity, so feasibility is automatic.
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The conditions have a direct interpretation in terms of indicators. Consider the indicator
that pays exactly when output x is realized. Conditions (ii) and (iii) rule out every other
positive-cost effort at this profile: costlier efforts are no more likely to be rewarded, and
among cheaper efforts the deviation to e; is the most attractive. Thus, the profile lies out-
side every D;. Since neither condition is affected by scaling, the same is true along the
entire ray. Condition (i) implies that this indicator implements ¢* at an expected wage
no greater than g(e*) — g(e1). The agent can then garble the indicator by paying with
probability less than one after x and with positive probability after other outputs. This
makes the paid signal less discriminating between e* and ey, raising the wage required to
deter e until it equals g(e*) — g(ey), at which point the profile lies in L(e*).

The conditions span two extremes. The zero-cost effort must be deterred entirely
through information, which is condition (i). Efforts costlier than e* are already deterred
by their cost, so condition (ii) requires only that  be no more likely under them than
under e*. Condition (iii) interpolates between these cases: as the cost of a cheaper effort
rises toward c(e*), the permitted likelihood ratio rises from f(x | e1)/f(x | e*) toward 1,
so efforts closer to e* in cost require less informational separation. As with Proposition
6, the conditions are easier to satisfy when effort costs are close together relative to the
gross payoff gain, that is, when the agency problem is not too severe.

The same argument delivers any division of the surplus, not only full extraction. Re-
placing g(e*) — g(e1) by an arbitrary w € [c(e*), g(e*) — g(e1)] in condition (i) gives con-
ditions under which an indicator implements e* at expected wage w, leaving the agent
with payoff w — ¢(e*) and the principal with payoff g(e*) — w. In the boundary case of a
perfect technology, the conditions hold for every w € [c(e*), g(e*) — g(e1)]. Thus, every
split of the surplus generated by e* that gives the agent nonnegative utility and the prin-
cipal at least his outside-option payoff is implementable. Our characterization therefore
recovers, as a limiting statement, the implementability characterization in Theorem 3.1 of
Babichenko et al. (2025). '*

14 Assumption 2 excludes a perfect technology, but the conditions remain well defined in that case. Taking
x =e*,wehave f(z | e*) = land f(z | ¢;) = Oforeverye; # e*, so the conditions hold for every w in this
interval. The same conclusion is obtained under Assumption 2 from the almost-perfect family introduced
above. For ¢ < 1/m, the output = = ¢* satisfies f(x | ¢;)/f(z | e*) =r(¢) := /(1 — (m — 1)e) for every
ej # €*. The conditions of Proposition 8 then hold for every w € [c(e*)/(1 — r(¢)), g(e*) — g(e1)]. As
€ — 0, this interval converges to [c(e*), g(e*) — g(e1)].
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5.2 Comparative Statics in the Performance Technology

Section 5.1 asked when a given technology permits full extraction. We now vary the

technology and ask how equilibrium payoffs and the resulting surplus respond.

Corollary 1. Suppose a subgame-perfect equilibrium exists under both f and f'.*> Then the
agent’s equilibrium payoff U 4 is weakly increasing in the informativeness of the performance
technology: if co (f') C co(f) (in particular, whenever f is Blackwell more informative than

f/), then UA(f) > UA(f,)

More generally, the holder of the design right maximizes over convex subsets of co (f),
so the designer’s payoff is weakly increasing in the informativeness of the technology.
When the principal holds the design right, that is the classical informativeness principle.

Corollary 1 concerns only the agent’s payoff. Neither the cost of the implemented
effort nor the total surplus it generates is generally monotone in the technology: a Black-
well improvement can strictly reduce equilibrium surplus, even under standard regularity

conditions.

Example 3. Let X = {x1, 29,23} and F = {ey, es,e3,€4}, with ¢ = (0, 0.1, 0.4, 0.5)
and g = (0, 0.8, 1.4, 1.8). The corresponding surpluses are g(e) —c(e) = (0, 0.7, 1, 1.3),

which are strictly increasing in cost, so e, is first-best. Consider the performance tech-

nologies
0.40 0.50 0.10 0.12 0.78 0.10
030 055 0.15 , 1009 076 0.15
/= 0.10 0.70 0.20]° I= 0.03 0.77 020]’
0.08 0.70 0.22 0.024 0.756 0.22

where f;; = f(z; | e;), and similarly for f’. The technology f’is obtained from f through

the garbling matrix

0.3 0.7 0
G=10 1 0},
0 0 1

so that f/ = fG. Thus, x; is misrecorded as x5 with probability 0.7, while x5 and x3 are

recorded correctly. Both technologies have full support and satisfy strict MLRP under the

5The existence hypothesis is not restrictive for the comparison. By Proposition 4, the value of the agent’s
design problem is supj¢ o ¢y (1), which is weakly increasing under co (f') C co (f) whether or not the
supremum is attained. The same argument applies to Corollary 2: the supremum of the agent’s payoff over
admissible information structures weakly falls as the constraint tightens, since her feasible set shrinks.
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ordering x1, s, 3. Moreover, co (f') C co (f) for every target effort.

Output x5 generates exactly the likelihood-ratio vector 1(e3) from Proposition 7. In
particular, f(z5 | -) = (0.50, 0.55, 0.70, 0.70), so 1 — % =2= ;gzggg — ;gjjg =
3= %@Seg), and f(xy | e4) = f(xo | e3). Proposition 7 therefore implies that the

agent extracts the full surplus at e3: Uy = g(e3) — c¢(e3) = 1. The extracting indicator

pays only on x. The bonus is paid with probability f (x> | e3) = 0.70 and equals gzt = 2,
consistent with the discussion at the end of Section 4.1.

By contrast, under f, targeting e, gives the agent a maximum payoff of approximately
0.86. Hence, the equilibrium under f implements e3 and generates surplus 1. After the
garbling, 1(e3) ¢ co (f'); in fact, e3 is not implementable under f’. Under f’, the agent can
obtain a payoff of 0.826 at e4. This exceeds the maximum payoff available from targeting
ea, g(ez) — c(ez) = 0.7, while e; yields zero. The agent therefore optimally targets e,.
The equilibrium under f’ implements the first-best effort, the agent’s payoff is at least
0.826, and equilibrium surplus equals 1.3. Thus, expanding co (f') to co (f) changes the
implemented effort from e, to e3 and reduces equilibrium surplus from 1.3 to 1, even
though the agent’s equilibrium payoff weakly increases, as Corollary 1 requires. The
coarser technology therefore implements the first-best effort in this example, whereas

the more informative technology does not.'
There are two limits to this phenomenon. First, it requires at least four efforts.

Proposition 9. Let |E| < 3 and co (f') C co (f). Suppose a subgame-perfect equilibrium
exists under both f and f'. Then the largest equilibrium surplus under f is at least the largest

equilibrium surplus under f’.

Second, the reversal cannot occur within the single-index technologies of Section 6,
where greater informativeness weakly raises both parties’ equilibrium payoffs and there-
fore equilibrium surplus. Thus, a decline in the largest equilibrium surplus requires at
least four efforts and a multidimensional feasible likelihood-ratio set. What matters is not
whether co (f) expands, but the directions in which it expands.

The reversal also has a policy implication. Restrictions on workplace monitoring re-
duce the information available for contracting and therefore constrain co (f). The example

shows that such restrictions need not reduce the surplus generated by the implemented

16The reversal is not specific to the reduced-form specification of g. We have also constructed a variant
with monetary output, g(e) = E[z|e], and a mean-preserving garbling, so that the surplus schedule is held
fixed across technologies. The same reversal occurs: the coarser technology implements the first-best effort,
while the Blackwell improvement does not.
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effort and can instead increase it. More informative performance measurement therefore

need not improve efficiency when the measured party influences the choice of indicator.

6 Single-Index Technologies

The results so far hold for an arbitrary performance technology. We now study a class
in which the feasible set of likelihood-ratio vectors collapses to a single line through the
origin. The agent’s design problem, which in general involves choosing a vector in co (f),
then reduces, under the monotone-likelihood-ratio assumption introduced below, to the
choice of a scalar, and the analysis can be carried out directly in terms of that scalar.
This allows us to state the results for an arbitrary compact effort set E, either finite as in
Sections 2--5 or an interval, and an arbitrary outcome space X.!’

We say that the performance technology is single-index if effort enters the output

distribution linearly through a scalar index:

flx]e) = folz) +T(e) D(x), >, D(x) =0,

where fy is a probability distribution over X and f(z | €¢) > 0, or equivalently 1 +
(e)p(z) > 0, where p(z) = D(z)/ fo(z).

Rescaling I' to take values in [0, 1], the technology can equivalently be written as
f(x]e)=(1-=T(e))go(x) + I'(e) g1(x), where g1/go is an increasing function of p.'®
Costlier efforts therefore place greater weight on outputs with higher p. For I'(¢/) > I'(e),

the likelihood ratio
flx]e) 1+T(e)p(x)

fl@le)  1+T(e)p(x)
is increasing in p(z), so the family satisfies MLRP when outputs are ordered by p(x)

and efforts by I'(e). A familiar instance is the Gaussian mixture (1 — )N (o, 0?) +
L' N (p1,02) with g1y > p19. For the remainder of the section, we order outputs so that p is

nondecreasing."”

7Sections 2—5 take X and E to be finite. Here, when X is a continuum, f(- | €) is a density and integrals
over X replace sums; when F is an interval, we additionally assume that ¢ and g are continuous. The proof
of Proposition 3 covers these cases, so the agent may again restrict attention to binary indicators.

8This class is often referred to as a mixture or “spanning” technology and is widely used in the moral-
hazard literature; see Grossman and Hart (1983) and Kirkegaard (2017).

YThis is without loss of generality: outputs enter payoffs only through f, and outputs with the same
value of p generate the same likelihood-ratio vector, so they can be indexed by their value of p. Interpreting
a threshold rule as a cutoff in the underlying output variable, however, requires p to be increasing in that
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Proposition 10. Suppose X and E are finite. The performance technology is single-index
if and only if the likelihood-ratio vectors {a, }.cx lie on a single line through the origin, or

equivalently, if and only if co (f) is at most one-dimensional*

Concretely, for any target e, the likelihood-ratio vector generated by output x is

D) _ pla)
fle) ~ 1+ e )pla)

a, = s(x)v, v; =T(e") —T'(e), s(z) =

Hence,

co(f) = {tv L te [min s(z), mmaxs(a:)] } :

The direction v depends only on the effort levels, while outputs matter only through
s(z), which is increasing in p(z). Proposition 10 gives the geometric characterization for
the finite model; the results that follow allow for arbitrary £ and X, and maintain the

following assumption throughout the remainder of the section.

Assumption 3. I' and c are comonotone, that is, (I'(e) — I'(¢))(c(e) — c(€')) > 0 for all
e, e € F.

Within the single-index family, likelihood ratios are monotone in p. Thus, with out-
puts ordered by p, Assumption 3 is equivalent to the monotone likelihood ratio property
when efforts are ranked by cost: higher-cost effort shifts the output distribution upward
in the MLRP sense.?!

A binary indicator is described by m(x) = w(H | z), the probability that output x
generates the paid signal. Since only c o I'"! and g o I'"! enter payoffs, we index efforts
by their index value and normalize I'(¢) = e for the remainder of the section, with the

minimum index, corresponding to the zero-cost effort, normalized to ¢; = 0. For ¢ > 0,

variable; that is, the technology must satisfy MLRP with respect to the natural ordering of outputs.

2For general F and X, the technology is single-index if and only if the family of densities {f(- | €) :
e € E} lies on a line, in the sense that its affine hull in the space of signed measures on X has dimension
at most one. The proof in Appendix B establishes this version and derives the finite-case statement above
from it.

21 Assumption 3 is without loss when g is nondecreasing in the index. Under any contract, the ex-
pected wage can be written as Wy + Wpl'(e), where Wy = > w(s) ), n(s|z)fo(xr) and Wp =
Yoow(s) >, m(s|lz)D(z). If Wp > 0, an effort with a weakly lower index and weakly higher cost than
another effort, with at least one inequality strict, is never incentive compatible. If Wp < 0, incentive com-
patibility against e; implies that the implemented effort cannot have an index above I'(ey ), so the principal
cannot obtain more than his fallback payoff. Such dominated efforts are therefore never implemented in
equilibrium. Dropping them leaves equilibrium payoffs unchanged and yields a comonotone family.

22 As with outputs, efforts affect f only through I'(e), so efforts with the same index are informationally
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let
d(e) = sup cle) = (@) Cfel)
e’<e €€
denote the steepest slope of a chord joining a lower effort to e, and set d(0) = 0. Under
Assumption 3, ¢ is nondecreasing, and hence d(e) > 0. Not every effort is implementable

by a wage contract: effort e is implementable if and only if d(e) < infes, %

,a
condition that depends only on the cost function. When c is convex, chord slopes are
nondecreasing, so this condition holds at every effort. When, in addition, ¥ is an interval
and c is differentiable, the chord slopes increase as ¢’ 1 ¢, so d(e) = (e) for every e > 0,
with ¢’ interpreted as the left derivative at the upper endpoint. As the next result shows,

d(e) determines the required wage.

Proposition 11. Let the technology be single-index. (i) For any binary indicator, all pay-
offs depend on w only through the price shift A(m) = > w(x)fo(z) />, m(z)D(z). Its
attainable range is an interval unbounded above, with infimum A,,;, = 1/ sup, p(x).” For
every effort e implementable by a wage contract, the expected wage required to implement
it is (A(m) + ¢) d(e), and a lower A(m) corresponds to a more informative indicator. (ii)
In equilibrium, an optimal indicator can be taken to be a threshold rule: for some x* and
q€10,1,*

1, x=>az%
W(I) =45q, T= x*’
0, z<z*

Given an indicator with price shift A, the principal chooses eg(A) € arg max, g(e) —
(A+e)d(e), where the maximum is taken over efforts implementable by a wage contract.
Write V (A) for the agent’s payoff when the principal best responds in this way. The value
of her design problem is the supremum of V' (A) over the achievable price shifts.”” Let A*

identical, and retaining only the cheapest leaves payoffs unchanged. The relabeled effort set is finite when
F is finite, and is an interval when FE is an interval and I' is continuous.

2The infimum is attained if p reaches its supremum on a set of outputs with positive probability; in
particular, it is always attained when X is finite.

2*When X has atoms, including when X is finite, randomization at the threshold may be required to
attain every feasible value of A. The indicator assigns the low signal below a threshold, the high signal
above it, and randomizes between the two signals at the threshold.

#The function V can be discontinuous only where the implemented effort changes. At such points, the
principal is indifferent between the efforts implemented on either side, and the tie-breaking convention of
Section 2 selects the one the agent prefers. Hence, V' is upper semicontinuous. Moreover, V(A4) — 0 as
A — oc. For any € > 0, implementing an effort with ¢(e¢) > ¢ requires an expected wage of at least Ac/e,
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denote the price shift generated by the agent’s equilibrium indicator. When the agent’s
optimal payoft is positive and several price shifts are optimal, we select the largest. When
her optimal payoff is zero, only the zero-cost effort is implemented at any achievable price
shift, so the choice of indicator affects neither party’s payoff, and any optimal indicator

may be selected.”

Proposition 12. Let ¢ be strictly convex. (i) ep is weakly decreasing in A, as is equilibrium
total surplus. (ii) The value of the agent’s design problem is weakly decreasing in A, ;. (iii)

For every A, eg(A) is weakly below ep, the largest maximizer of g — c.

The class admits an informativeness principle: since the wage required to implement
any effort rises with A, the principal’s payoff is decreasing in A. If he controlled the indi-
cator, he would therefore choose A = A,,,;,, the most informative indicator the technology
permits. Part (i) says more: effort and total surplus are also weakly decreasing in A, so
greater informativeness benefits not only the principal but also total surplus. Since the
agent must choose A* > A, agent-controlled design implements weakly less effort and
generates weakly less total surplus than principal-controlled design. This monotonicity
is a one-dimensional phenomenon: a single price shift, which captures all of the indica-
tor’s payoff-relevant content, moves every effort’s implementation cost together without
changing which efforts are implementable, ruling out the reversal of Section 5.2. Part (ii)
gives the comparative static in informativeness: a lower A,;,, expands the agent’s feasible
set and weakly raises her payoff. It also weakly lowers A*, since only price shifts below
the current optimum are added; by the monotonicity above, effort, total surplus, and the
principal’s payoff therefore all weakly increase. Whether further improvements matter
once the bound is slack depends on the shape of V; under the single-peakedness condi-

tion of Proposition 13, they do not.” Part (iii) reflects the agent’s rent, (A + ¢)d(e) — c(e),

since d(e) > c(e)/e. For sufficiently large A, all such efforts are therefore dominated by the zero-cost effort,
soc(ep(A)) — Oandhence eg(A) — e1; when F is finite, eg(A) = e; for all sufficiently large A. Since the
principal never pays more than g(eg(A)) — g(e1), the agent’s rent satisfies V(A) < g(ep(A)) —g(e1) — 0.
The supremum over [Ap,in, 00) is therefore attained whenever A,y is feasible. If A,,,;,, is not attained, the
feasible set is open at its lower boundary, and the supremum is attained if and only if the agent’s optimal
price shift is interior.

%Every achievable price shift is strictly positive: either A > A, > 0, or A = Apyy, is attained, which

requires sup,, p(z) < oo and hence A, = m > 0. If a positive-cost effort e were implemented at

price shift A, the agent’s rent, (A +e)d(e) — c(e), would be at least 2¢(e) > 0, since d(e) > c(e)/e. Hence,
a zero optimal payoff implies that only the zero-cost effort is implemented, at zero wage.

2TWith finitely many efforts, V rises between the principal’s switch points and jumps downward at each
switch. If V has multiple peaks, a reduction in A,,;,, can make a higher peak feasible even when the current
bound is slack.
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which increases with effort. The principal therefore maximizes total surplus net of a rent
that rises with effort and may stop short of the first best.

Proposition 13 characterizes the equilibrium under one additional condition.

Proposition 13. Suppose V' is single-peaked with peak A°: it is strictly increasing below A°
and, wherever V' is positive, strictly decreasing above A°. Suppose also that V' is positive at
some achievable price shift. If A° > A,in or A is attained, then A* = max{Ain, A°}.
Otherwise, no optimal price shift exists. When A,,;, is attained, the agent and principal
prefer the same price shift if and only if Ain, > A°.

The example below takes £ to be an interval, so the implemented effort varies smoothly
with A rather than jumping as it would on a finite grid. Under the linear-quadratic spec-

ification, the division of surplus then has a closed-form expression.

Example 4. To illustrate the equilibrium regimes and the division of surplus, let £ =
0,], c(e) = €*/2, gle) = ke with k > 0, and assume € > r/2. The economy is
summarized by (k, A,in), where k measures the marginal value of effort and A,,;, is
the lower bound on the price shift imposed by the available performance technology.*®
For this example, suppose A, is attained. The principal’s best response is eg(A) =
max {0, (k — A)/2}. Since A > 0, the unconstrained maximizer (k — A)/2 never exceeds
k/2 < e, so the upper boundary never binds. The agent’s payoff along this best response is
concave on the positive-effort region A < k, attains its maximum at A = /3, and is zero
for A > k. Hence, it is single-peaked with peak /3. When k < A, no positive effort is
implemented and the agent’s payoff is zero at every feasible price shift, so she is indiffer-
ent among all indicators. When xk > A,,;,,, Proposition 13 implies A* = max { A, k/3} .
When A,y < £ < 3Anin, the agent’s preferred price shift /3 is infeasible, so she chooses
A* = A, which is also the principal’s preferred price shift. The implemented effort is
e = (k — Amin) /2. When k > 3A,,,, the lower bound no longer binds. The agent chooses
A* = Kk/3 > A and induces e4 = /3, while a principal who controlled the indicator
would choose A,,;,, and induce e = (k — Apin) /2 > ea.

The example also gives closed-form expressions for the division of surplus. Let s =

Ua/(Ua+ Up) denote the agent’s share of total surplus. In the coincidence regime, where

8 A single-index technology consistent with any & > 0 and A, > 0 exists. Nonnegativity of the affine
densities fo(x)(1 + p(x)e) for e € [0, ], restricts only the negative values of p, requiring p(z) > —1/e,
while Apin = TWIE)] depends only on its positive values. The positive and negative values of p can

therefore be chosen independently, subject to [ p(x) fo(x) dz = 0.
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A* = Amin,

K+ 3Amin
g =

U — (F"’_Amin)(’i'i_'?’Amin) U — (’i_f4min)2 — .
A F 3Kk + Amin

8 ) 4 )

Holding « fixed, a decrease in A, raises both payoffs and lowers the agent’s share of
surplus. Thus, better information expands total surplus while shifting its division toward
the principal. At the opposite extreme, s — 1 as Anin T K, although both payoffs and

total surplus vanish in this limit. In the distinct-designs regime, where A* > Ay,

2 2

K _ K —
Us =1, Up =1, s =

SV

Here the technological lower bound on A is slack, so both equilibrium payoffs and their
division are independent of further improvements in the technology. Thus, in this exam-
ple, informativeness affects the division of surplus only when A,;, binds; once it is slack,
the quadratic cost specification yields the constant split s = 3/5.

The example also quantifies the value to the agent of controlling the indicator. This
value is zero in the coincidence regime, where the two parties choose the same price
shift. In the distinct-designs regime, it equals (k — 3Anm)” /24, which is strictly positive,
increases as A, falls, and converges to k?/24 as Ay, — 0.

The comparative statics for payoff levels extend beyond the linear-quadratic specifi-

cation, whereas the closed-form division of surplus does not.

Remark. In the single-index family, expected output is affine in the index:

Elzle] = po + 0T(e), 6= aD(z) >0,

where the inequality holds when p is increasing in output, which here is a property of
the technology rather than a labeling convention. Under the normalization I'(e) = e, the
specification g(e) = ke in Example 4 is therefore equivalent, up to the additive constant
L4o, to taking the principal’s gross payoff to be expected output, with x = §. The constant

o does not affect effort choices or payoff differences.

The finite and continuous models differ in their implications for full extraction. With
finitely many efforts, the principal’s best alternative to a target may be a discrete step
away, possibly the zero-cost effort. The agent can therefore raise the incentive price while

holding the target fixed until that alternative binds. With a continuum of efforts, nearby
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alternatives are always available, and further coarsening changes the implemented effort
rather than merely raising the wage required to sustain a fixed target. Under the additional
conditions ¢/(0) = 0 and single-peakedness of the principal’s objective in effort,” his
payoff in the continuous single-index model is therefore strictly positive whenever the
implemented effort is positive, and can reach zero only as the implemented effort, and
hence the surplus, vanishes.

The 2023 writers’ strike provides a useful example in which the performance measure
itself became an object of bargaining. Streaming platforms observe viewership at a fine
level, but writers’ residual compensation had not been tied directly to those data. The
settlement introduced a negotiated performance metric for a bonus: a show qualifies if its
domestic viewership reaches at least twenty percent of the service’s subscribers within
ninety days, while the underlying data are shared with the union only confidentially and
in aggregate. The episode parallels several features of the model. The metric was negoti-
ated by the agent side through collective bargaining, the contracted measure is a coarse
binary statistic constructed from a much richer underlying variable, and the coarsening
takes the form of a threshold rule. More broadly, the dispute illustrates how control over
performance measurement can itself become part of compensation bargaining. The model
also offers a possible interpretation of the timing. When success could be measured using
relatively coarse market outcomes, there may have been less reason to bargain explicitly
over the performance metric. As streaming replaced those market signals with propri-
etary and highly granular viewership data, the floor on how demanding a metric could be
effectively vanished, and the model suggests this is when metric design turns contested:
with coarse measurement the parties’ preferred metrics coincide, while with fine mea-
surement they diverge and where the cutoff sits becomes an object of bargaining. The

2023 dispute is consistent with the industry crossing that boundary.

7 Conclusion

This paper studies contract design when the party being measured chooses the perfor-
mance measure. Our results have three implications. First, the geometric methodology

may be useful in other environments in which off-equilibrium-path beliefs shape payoffs.

A sufficient condition for single-peakedness is that g be concave and ¢/ > 0. These conditions hold in
Example 4.

46



The information structure that supports the equilibrium effort also governs what the prin-
cipal would infer from efforts never taken, and these off-path likelihoods affect both his
contracting problem and the division of surplus.

Second, the paper isolates a margin distinct from how much information exists: who
chooses the measure. A more informative technology benefits whoever holds the design
right, but it need not increase total surplus. A Blackwell improvement can reduce equi-
librium surplus by changing which effort the principal implements.

Third, the efficiency consequences of assigning that right to the measured party de-
pend on the environment. When the agency problem is mild, with effort costs close to-
gether relative to the gains from effort and the technology sufficiently informative, her
preferred indicator can implement the first-best effort while allowing her to capture the
entire surplus. In the single-index class, where the technology is far from perfect with
more than two effort levels, her preferred indicator generates weakly less total surplus
than the one the principal would choose.

Taken together, these results suggest that the coarseness of contracted performance
measures may reflect the allocation of the design right rather than the limits of measure-
ment. Testing this would require variation in bargaining power across contracts written

on comparable underlying performance data, which we leave to future work.

A Minimum-Information Constraints

In the analysis above, the performance technology f plays the role of an upper bound
on the information that can be made available to the principal for contracting purposes.
Interpreted through the geometric representation developed in Section 4, the full technol-
ogy f determines the maximal feasible set of likelihood-ratio vectors co (f). Proposition
2 establishes that any information structure chosen by the agent induces a convex set
co(p) C co(f) containing the origin, and conversely that any convex subset of co (f)
whose relative interior contains the origin can be generated by some finite information
structure. In this sense, the agent’s indicator choice amounts to selecting how much of the
available information encoded in f is revealed to the principal. Throughout the main body
of the paper, this perspective allows us to treat f as the maximal information benchmark,
with all feasible contracts arising from garblings of the underlying performance measure.

In many applications, however, the principal may already possess the right to condi-

tion contracts on some baseline information that cannot be removed, or may be able to
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secure that right through bargaining. We model such constraints in reduced form. Let ¢
denote such an exogenously given information structure, and let co (q) be its associated
convex hull of likelihood-ratio vectors. Given the constraint ¢, we call an information
structure admissible if co (q) C co (p).”" Throughout this section, the agent’s choice of
information structure is restricted to admissible ones; the game is otherwise unchanged.
Since payoffs depend on an information structure only through its likelihood-ratio hull,
admissibility requires the principal to retain at least the contracting possibilities available
under ¢. Any information structure that reveals ¢ is admissible, since refinement implies
co (q) C co (p) by the argument of Proposition 2. The converse need not hold, so admis-
sibility is weaker than requiring the agent’s indicator itself to reveal q. By Proposition
2, every admissible hull lies within co (f), so the agent chooses a convex set between
co (q) and co (f). In this section, we study how such minimum-information constraints
affect implementability, surplus extraction, and, for single-index technologies, the agent’s

optimal price shift.

A.1 Payoff Monotonicity and Implementability

Because the constraint enters the agent’s problem only by shrinking her feasible set,

Corollary 1 has an immediate analogue.

Corollary 2. Suppose a subgame-perfect equilibrium exists under both constraints q and

q'. Tightening the minimum-information constraint weakly lowers the agent’s equilibrium

payoff: if co(q) € co(q'), then Ua(q) > Ua (¢').

Corollaries 1 and 2 bound the agent’s design problem from opposite sides. The tech-
nology f determines the maximum information available for contracting, so enlarging it
can only benefit the agent. The constraint ¢ determines the minimum information that
must remain available for contracting, so enlarging it can only reduce her payoff. As with
Corollary 1, this monotonicity concerns only the agent’s payoff. Section A.3 shows that,
within the single-index class, implemented effort and total surplus move in the opposite
direction. Outside that class, this opposite monotonicity need not hold.

The signal-count reduction of Proposition 3 also extends to this setting: implementabil-

ity and the expected wage are unchanged if the agent uses at most |supp(q)| + 3 signals.

%Results establishing that the agent cannot achieve a given outcome under admissibility extend a for-
tiori to the stricter institution in which the principal observes ¢ directly, since every information structure
feasible there is admissible.
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Proposition 14. If e* is implementable by some admissible information structure (S, )
with associated stochastic mapping p such that co(q) C co(p) C co(f) and requires an ex-
pected wage W (e*, 1), then e* is also implementable by an admissible information structure
<§,ﬁ) with ‘S“ < |supp(q)| + 3 and W (e*, 1) = W (e*, 7).

A.2 Surplus Extraction

Full extraction is characterized by the same two objects as in Section 5.1: the locus L(e*) of
profiles at which implementing e* leaves the principal exactly his outside option, and the
sets D; of profiles at which he strictly prefers a rival effort. The minimum-information
constraint changes the problem in two ways. First, the principal now optimizes over a
set that must contain co (q). Since co (p) is convex and must contain both co (q) and the
extraction profile, it must also contain their convex hull. The relevant incentive conditions
must therefore hold not only at the extraction profile, but throughout its convex hull with
co (q).

Second, the constraint creates a deviation with no counterpart in Section 5.1. Because
co (p) must contain co (q), the principal may retain access to profiles at which imple-
menting e* itself requires an expected wage below g(e*) — g(e1). At such a profile, he
implements the target effort while obtaining more than his outside option, and no admis-
sible choice of information structure can remove that profile. In parallel with the sets D,
define D, = {1 : T« (1) > g(ey)} as the set of such profiles. The wage bounds in (8) give

a coordinate characterization: D, = O(e*) N -, where
O(e*) = {1: £; > [} for every ¢; with c(e;) < c(e”)}, = M.

Only efforts cheaper than e* enter the definition of O(e*): the expected wage required
to implement e* is determined by the incentive constraints against cheaper efforts, while
costlier efforts affect only whether e* is implementable. The sufficient condition below is

stated in terms of O(e*) rather than D..; the reason becomes clear in the proof.

Proposition 15. (i) If there exists1 € L(e*) Nco (f) such that conv(co(q) U{1}) is disjoint
from the closure of D; for everye; # e* and disjoint from O(e*), then there is an admissible
information structure that implements e*, gives the agent Uy = g(e*) — g(e1) — c(e*), and
leaves the principal with g(eq). (ii) If such an admissible information structure exists, then

there is some 1 € L(e*) N co(f) such that conv(co(q) U {1}) is disjoint from D; for every
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e; # e and from O(e*) N Qe-.

The sufficient and necessary conditions differ in two respects. First, they differ when
the hull conv(co(q) U {l}) meets the boundary of some D;, where the principal is exactly
indifferent between e* and e;. Second, they differ on O(e*) \ (2., the set of profiles at
which the incentive constraints against cheaper efforts would permit an expected wage
below g(e*) — g(ey), but e* itself is not implementable. The principal cannot deviate to
such a profile, so the necessary condition need not exclude it. The sufficient condition
does exclude it because the construction in Appendix B perturbs the hull slightly, and a
small perturbation can restore implementability at such a profile while the strict wage
comparisons continue to hold.

Both differences disappear in two polar cases. When co (q) has full dimension, or
more generally when 1 lies in the span of co (q), the construction in Appendix B requires
no profile beyond the hull itself, and the characterization is exact using the open sets. Full
extraction under the constraint then fails exactly when, for every profile in L(e*) Nco (f),
its convex hull with co (q) intersects some D; or D.-. When ¢ is uninformative, so that
co (q) = {0}, the hull is the segment from the origin to 1. Along this segment, Lemma 4
rules out every deviation: scaling toward the origin raises the wage required to implement
every effort, so no point on the segment lies in any D, or in D,-. The characterization is
therefore exact in this case as well, and Proposition 5 is recovered, with the hull condition
reducing to the proposition’s pointwise condition on 1.

The conditions are stated on the convex hull rather than separately on co (q) and 1
because the hull may intersect some D; or O(e*) even when neither co (q) nor 1 does.
Thus, a minimum-information constraint can prevent full extraction through its interac-

tion with the extraction profile.

A.3 Single-Index Technologies

On the single-index class of Section 6, the minimum-information constraint also reduces
to a restriction on the price shift. The set co (q) is a subsegment of the feasible line; let
Ay > A denote the price shift associated with its endpoint on the reward side. We
assume ¢ is informative, so that A, < o0o; otherwise the constraint is vacuous and the
analysis of Section 6 applies unchanged. Admissibility requires the reward-side endpoint
of co (p) to extend at least as far as that of co (q). The required extension on the oppo-

site side is irrelevant for incentives: a paid signal on that side is less likely under every
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positive-cost effort than under e, and therefore cannot implement a positive-cost effort
under nonnegative wages. The agent’s admissible choices can thus be represented by
A € [Amin, 4,]. Hence, the minimum-information constraint places an upper bound on

the price shift, while the technology imposes the lower bound A,;,.

Proposition 16. Let c be strictly convex. (i) The agent’s equilibrium payoff is weakly in-
creasing in A,. (ii) The implemented effort and total surplus are weakly decreasing in A,.

Thus, a stricter minimum-information constraint weakly raises both.

Proposition 17. Suppose, as in Proposition 13, that the agent’s payoff V, evaluated at
the principal’s best response ep(A), is single-peaked in A with peak A°, and that V is
positive at some achievable price shift. If A° > A or Anin is attained, then A* =
min {max{ Ay, A°}, A, }. Otherwise, no optimal price shift exists. Thus, the agent’s un-
constrained choice in Proposition 13 is truncated at the upper bound A,. The constraint is

irrelevant when A, > max{ A, A°} and binds otherwise.

Three observations follow. First, the comparative statics with respect to the constraint
run in the opposite direction from those with respect to the technology. A more informa-
tive technology weakly benefits the agent (Proposition 12), whereas a tighter minimum-
information constraint weakly reduces her payoff (Proposition 16). When A* = A,
a reduction in A, can also lower A*, while when A* = A,, an increase in A, can
raise A*. Under the single-peakedness condition of Proposition 17, once either bound
becomes slack, relaxing it further has no effect. Second, tightening a binding minimum-
information constraint weakly raises the implemented effort and total surplus while re-
ducing the agent’s rent. The equilibrium therefore moves toward the principal-design
outcome and coincides with it when A, = A,;,. Third, this welfare result is specific
to the single-index class. Outside this class, tightening the constraint can strictly reduce

equilibrium surplus.

B Proofs

Lemma 2. Let T denote the lowest-dimensional linear subspace of RI¥! that contains co (f).

If f(-|e*) has full support, then the origin is an interior point of co (f) relative to T.

Proof. Notice that the origin can be written as a convex combination of the points defining
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co (f) using the weights f(z|e*):

S 1taler) (1= HEE) = 3 ke = 3 flole) = 1= 1 =0, ¥

where f(z|e*) > 0, Vo € X by the full-support assumption. Thus the origin always

belongs to co (f). Suppose, toward a contradiction, that the origin is not an interior point
of co (f) relative to T'. By the supporting hyperplane theorem, there would exist a hyper-
plane in the linear subspace 7" passing through the origin that contains co (f) entirely on
one side. Because f(z|e*) > 0, Vx € X, this is possible only if co (f) lies entirely within
that hyperplane. But this contradicts the definition of 7" as the lowest-dimensional linear
subspace of RI”I containing co (f). Hence the origin must be an interior point of co (f)
relative to 7. O

Lemma 3. Fix I* € co(f) and fix a representation {; = 1 -3 _ o, ]]:(( *),Vz where

a = (az),ex € A(X). Then for every X € (0, Apax(v)], where Apor(a) := min, falet)

Oy

there exists an information structure (S, 7) with |S| = 2 such that (i) co (p) is a line segment
having 1* as one endpoint, and (ii) the other endpoint equalsi = —15 /\l*, which lies on the
line through1* and the origin, on the side opposite to1*. In particular, as A\ — 0, the endpoint

1 converges to the origin, while at A\ = \.() it reaches the maximal feasible point.

Proof. Fix 1* and the associated weights () For any A € (0, Apax()], define the

reX”
information structure (S, 7) with S = {L, H} by

Oy

M ale)

The bound A\ < A\, («) ensures that 7(H|z) < 1. Then

p(Hle) | 3,7 (Hz) f (ale)

B I (z]er)’
e

m(H|z) = 7 (L) =1—m(H|x).

1—

p(Hle) 3, (H|I) (

Do Tl f f(zles)

> fx|e*)f( xle)

> fr|e*)f( xle;)
Z Ay

Zf ) f(xle) =07, Vi,

=1-—

—1—
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so the likelihood-ratio point induced by signal H equals 1*. Since p(Lle*) = 1 — X > 0,
the likelihood-ratio point induced by signal L is well defined and equals

&zl—p(Llei) _ A /"

- Vi.
p(Ller) — 1A

Hence co (p) is a line segment with one endpoint at I* and another at 1 = —¢1* with

t =MX/(1—X\), as claimed. O
Lemma 4. For any effort e;, anyl € §;, and any s € (0, 1], sl € Q; and W;(s1) > W;(1).

Proof. All coordinate differences scale by s, so every bound in (8) scales by 1/s, while
membership in ; is unchanged. Writing M for the maximum term in W;(1), we have
M > 0:if ¢(e;) > 0, implementability requires ¢; > ¢;, so the constraint against e; gives
a positive chord; if ¢(e;) = 0, then W; = 0 and the claim is immediate. Thus, for s € (0, 1],

Wi(sl) = (1 — s&)% > (1 —0,)M =W;(1),

since 1 — s; > s(1 —¢;). O

Proof of Proposition 1. Let A = g(epp) — g(e1). f A = 0, then g(epp) — c(erp) >
g(e1) —c(er) and ¢(e1) = 0 imply c¢(epp) = 0. Hence, under the tie-breaking conventions
of Section 2, the zero contract w = 0 implements epp, withuy = 0 = g(epp) — c(epp) —
g(e1), while the principal obtains g(e;). Suppose, therefore, that A > 0. Consider the
binary information structure S = L, H defined by

1 — clerp)—c(e) f
r(Hle) = SRR 1 cle) < c(erp)
1 if c(e) > c(erp)

This is the construction in 5 with A in place of g(erp); the two coincide under the nor-
malization g(e;) = 0 used in the text. Note that 7(H | e) € [0, 1]. It is minimized at e,
where m(H | e;) = 1 — @ > 0, since g(epp) — c(erpp) > g(e1) — c(ey). For any effort

level ¢ that the principal wishes to implement, wages must satisfy
p(H | é)w(H)+(1=p(H | &))w(L)—c(é) = p(H | e)w(H)+ (1—p(H | €))w(L)—c(e),

for every e € E. These constraints immediately imply that any effort satisfying c(é) >

c(epp) is not implementable, since the agent can deviate to epp without changing the
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distribution of signals and strictly reduce her effort cost. Hence, the principal is restricted
to efforts satisfying c¢(é) < c¢(erp). Consider now an arbitrary é with c¢(é) < c(epp).
Using p(H | ) = w(H | e), substituting the definition of 7 , and simplifying gives

w(H) —w(l) — A
e OE LT ()

for every e satisfying c(e) < c¢(epp). If ¢(é) > 0, comparison with e; requires w(H) —
w(L) > A. If, in addition, ¢(é) < c(epp), comparison with epp requires the reverse
inequality, so the wage spread must equal A. If ¢(é) = c(erp), the minimum feasible
spread is again A. Thus, the cheapest contract implementing any positive-cost effort has
w(H) —w(L) = A. At this spread, the agent is indifferent among all efforts satisfying
c(e) < c¢(epp). Given this wage spread, the principal’s expected payoff from implement-
ing é is g(é) — w(L) — p(H | é)[w(H) — w(L)]. Limited liability therefore makes it
optimal to set w(L) = 0, and hence w(H) = A. Substituting for p(H | é), the principal’s
payoff becomes [g(é) —c(é)] — [g(err) — c(err)] + g(e1). Since ey maximizes total sur-
plus, this expression is no greater than g(e;), with equality for any surplus-maximizing
effort. The principal can also obtain g(e;) by implementing e; under the zero contract. By
the tie-breaking conventions of Section 2, he selects the contract intended to implement
erp, and the agent complies with that intended effort. The agent’s payoff is therefore
m(H | epp)w(H)—clepp) = A—c(erp) = gerp) — g(e1) — c(erp), while the principal
obtains g(ey). O

Proof of Proposition 2. Let (S, 7) be an information structure. For any s € S and any
i=1,...,|E

p(sle)) 3, flales)n( f(zle)m |x> m)
p(sler) 3, flaler)m( Zz f(@e)m(sle Z“S )’

where > 15 () = 1 and p, () is the principal’s posterior probability of x after observ-

ing s (under e*). Hence,

Coplsler) o p(slem) (1 f@le) o falem)
(1 ey ! p<s|e*>) ;“S“O Faley ! f<x|e*>)‘

Therefore, the left hand side is a member of co (f) for all s € S, so co(p) C co (f).
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Moreover, since f(x|e*) > 0 for all x, we have
p(sle”) =Y flzle)m(sle) > 0

for all non-redundant signals s € S. Without loss of generality, we restrict attention to

such signals. Now note that, for each 7,

Zp(8|e*) (1 — p(8|€i))) =1- Zp(s‘ei) =0.

- p(sle

Thus 0 € co (p). Since p(s|e*) > 0 for all non-redundant signals s € S, by an argument
analogous to that in Lemma 2, the origin lies in the relative interior of co (p).

Let C' C co (f) be a closed convex set with the origin in its relative interior and extreme
points Z = {I',... 141}, Since C' C co (f), for each z there exists 1, € A(X) such that

=3 p(z) (1 - ;((;l:))) . i=1,...,|E|.

zeX

Because the origin is in the relative interior of C, there exist A\, > 0 with Y _\, = 1 and

Zz )\le = 0'
L _ Jfler)
Define § = min,ex SN s ()
S =ZU {0} and define

> 0, and choose € > 0 such that ¢ < min {6, 1}. Let

1Z|
Azt ()
m(z|z)=e—"—=, forz=1,...,|7], 70]z)=1=") =(z|x).
fx]er) ;
Then 7(- | x) is a probability distribution.
Let p(+|e) be the induced signal distribution. For z = 1,...,|Z],
. . . m(z|x) f(x|e
p(zle*) = Z?T(Z | z) f(x | e") =eX, >0, Pr(z|z,e*) = % = 1. ().

zeX

Hence,

_pzle) a1 fEle)
! p<z|e*>‘z“z<>(1 f<x|e*>) L

zeX
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and p(0]e*) = 1 — &. Let 1° be the likelihood-ratio vector for signal 0. We have

12|
Zp(s\e*) F=0= (1-2)1’+ Ze)\zlz =0.
seS z=1
Using 2L M\ 1F =0
z=1 "% >
2] |Z|
1=l =) (1-erl=1"= Z)\ I = 0.

z=1

Hence, I° € co({I*: 2 =1,...,|Z|}) = C. Hence, co(p) = conv{l',... 14 1°} =
conv(Z). Since C is closed, bounded, and convex, it equals the convex hull of its extreme

points. Therefore, co (p) = C. O

Proof of Proposition 3. Suppose the effort level e* is implementable by (S, 7), and con-
sider the optimization problem in (9). Let I* € co (p) be the principal’s optimal choice
of likelihood-ratio profile when implementing e*. By the definition of co (p), there exist
weights {a,}, ¢ with ay > 0and ) g ay = 1 such that

1—2 p v—1 B

seS

Define the information structure (S : 7%) by S = {L, H} and

() = 3D 8m o) # (L) = 1= (1Tl),
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where 3, = %. Then

 Lses palen?
2 ses palen)P
p

_Z %

seS

Thus 1I* € co(p). In particular, if the principal chooses e*, the likelihood-ratio profile
that minimizes his cost under (.5, 7) remains feasible under the binary information struc-
ture (S , 7%) To complete the argument, we must show that for any alternative e; # e*,

W (e;, ) > W (e;, ). It is sufficient to show that the likelihood-ratio point associated

with signal L,
(1_za<L|el> | ﬁ(Lieua))

p(Ller)” " p(Ller)
lies in co (p). If this holds, then co (p), which is the line segment between this point and
1*, is a subset of co (p), ensuring that the principal cannot achieve a lower cost under
<5’, 7%) We compute:

b | X, (=7 (H]2) f (ale)
Py X, (=7 (Hlw) f (ale)
SN (= B)w (sla) £ (ele)
> 3. (1= B (sla) f(ale”)
(1= B8)p(sled)
=, (L= ) p (sle)

s (L= Bpsle) plsled
=1 S A A () plsler)

S

The expression is thus a convex combination of the likelihood-ratio vectors defining co (p),
so it lies in co (p). Therefore, co (p) C co (p), which implies W (e;, 1) > W (e;, ) for
every e; # €* and proves the result.

The construction extends beyond finite £’ and finite X. Suppose e* is implementable

57



by (S, 7) and let w be a contract solving the principal’s problem. If w = 0, an uninfor-
mative binary structure with zero wage yields the same outcome. Otherwise, define the
information structure (S, #) by S = {L, H} and

7 (H|z)= ZBS (s|z), n#(L|x)=1—7(H]|z),
ses

where now 3, = w (s) /> _gcqw (s'),and setw (H) = Y _qw (s) and w (L) = 0. Then,
foreverye € E,w (H)p(H |e) =) ,.qw(s)p(s|e),sothe expected wage at every ef-
fort is unchanged. The agent therefore faces the same choice problem, with the same best
responses and the same ties, and e* is induced at the same expected wage. Moreover, any
contract (wy, wy,) under (S, #t) generates the same expected-wage schedule as the con-
tract v (s) = wy + (wyg — wg) Bs > 0 under (S, 7). Thus, every expected-wage schedule
available to the principal under (5’ , ) is also available under (S, 7). Since payoffs depend
on a contract only through its expected-wage schedule, the contract constructed above re-
mains optimal for the principal. Hence e* solves his problem under (S, #), with the same
payoffs for both parties. The argument uses no structure on . When X is a continuum,
the sums defining p (- | e) are replaced by integrals.

Finally, the restriction to finite .S plays no role beyond guaranteeing that the wage is
bounded. If S is infinite and the wage w is bounded, the same construction applies by
setting 3; = w(s)/M for any constant M > sup,.gw(s) and paying w (H) = M. The

sums over S are then replaced by integrals. [

Proof of Proposition 4. Fix 1 € co (f) and a representation @« € A(X). By Lemma 3,
there exists a binary information structure whose likelihood-ratio set is the segment from
1 to —ﬁl. For A sufficiently small, no positive-cost effort implemented on the negative

portion of the segment gives the principal as much as g(e;).”’ On the positive portion,

31The principal’s gain from implementing any effort is bounded by maxy, [g (ex) — g (e1)], which is finite.
On the negative portion of the ray, each positive-cost effort is either not implementable or requires an
expected wage that diverges as the endpoint approaches the origin. Hence, the endpoint can be chosen
sufficiently close to the origin that every implementable positive-cost effort requires a wage exceeding this
bound. No effort implemented on that portion can then give the principal as much as g (e7). Explicitly,
write the unpaid endpoint as —sl, with s > 0. For each positive-cost effort e;, Lemma 1 implies that the
chords at —sl scale by 1/s, so the maximum in (9) is By /s, where By, = max;. ¢, <, % If B, <0,
then ey, is not implementable at —sl at any nonnegative wage. If By, > 0, the required expected wage is
(14 sty)2E. Let M = max;[g(e;) — g(e1)]. This wage exceeds M whenever s < m. Taking the
minimum over all k£ with By > 0 gives the required bound on s; if no such k exists, no restriction on s is
needed. The paid signal then occurs with probability A = 7
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Lemma 4 implies that 1 is the cheapest point at which to implement each effort. The
principal therefore solves maxy, [1j(1), and, by the tie-breaking convention of Section 2,
the agent receives R(1). Since this construction is available for every 1 € co (f), the value
of the agent’s problem is at least Sup;c.o(¢) 12(1).

For the reverse inequality, fix any information structure and a continuation equilib-
rium. If the principal implements e;, the agent’s payoff is zero, which is at most sup R.
Indeed, R > 0, since for any implementable effort e;, the incentive constraint against e;
impliesW;(1) — ¢(e;) > 0. So suppose he implements some e* with c¢(e*) > 0. By Lemma
1, the principal’s contract corresponds to some I’ € co (p) N 2.+, and Proposition 2 gives

co (p) C co (f). Optimality of e* implies, for every £,

e« (V) > g(ex) — min Wi (1) > T, (1).
leco(p)NQ
Hence e* € arg maxy, [1; (1), and the agent’s payoff, W, (1') — ¢(e*), is at most R(I'). Since
1" € co (f), it is at most SUp;c o) L2(1). O

Proof of Proposition 5. Suppose an information structure (5, ) implements e* with the
stated payoffs. By Lemma 1, the principal’s cost-minimizing contract corresponds to a
likelihood-ratio point 1 € co(p) N Qe+, and by Proposition 2, co (p) C co (f). Since
the principal’s payoff is g(e;), the expected wage required to implement e* is W« (1) =
g(e*)—g(e1), which is equivalent to IT. (1) = g(e;), and hence 1 € L(e*). Moreover, since
the principal’s optimal payoffis g(e;) and 1 € co (p), implementing any rival effort e; at 1
can yield at most g(e;). Thus, I1;(1) < g(ey), with I1;(1) = —oo if e; is not implementable
at . Hence, 1 ¢ D;. Conversely, fix 1 € L(e*) N co(f) such that1 ¢ D; for every
e; # €. By Lemma 3, there exists a binary information structure whose likelihood-ratio
set is a line segment with endpoint 1 and opposite endpoint —ﬁl. Efforts potentially
implemented on the negative portion of the segment can be ignored. By Lemma 3, the
negative endpoint can be chosen arbitrarily close to the origin, making the wage required
to implement any positive-cost effort there arbitrarily large and therefore never optimal
for the principal (see footnote 31 in the proof of Proposition 4). On the positive portion,
Lemma 4 implies that the cost of implementing any effort is minimized at the endpoint
1. The principal’s problem therefore reduces to choosing which effort to implement at 1.
Since 1 € L(e*), implementing e* yields exactly g(e;). Since 1 ¢ D;, no rival effort gives
the principal strictly more than g(e;) at 1, while implementing e; at zero wage yields

g(e1). The principal’s optimal set therefore contains both e* and ey, each yielding g(e;).
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By the tie-breaking convention of Section 2, the principal offers the contract implementing
the effort the information structure is intended to implement, namely e*, and the agent
complies. The agent’s payoff is W« (1) —c(e*) = g(e*)—g(e1) —c(e*), while the principal’s
payoff is g(e1 ). Hence, an information structure with the stated payoffs exists if and only

if some point in L(e*) N co (f) lies outside every D;. O

Proof of Proposition 6. Suppose I* € co (f), and let A = g(epp) — g(e1) > 0. Since
likelihood-ratio coordinates are defined relative to the target ey, we have (3.5 = 0. By
definition of 1", ¢} = c(e“&—_c(ei) for every ¢. Hence, ¢ —f; = W, so every nontrivial
chord at 1* equals A. Consider first the target effort epp. For every effort with ¢ > 0,
and there is at least one since A > 0 implies c¢(epp) > 0 = c(ey), the corresponding
lower bound on the expected wage is w = A. For every effort with ¢; < 0,
the corresponding upper bound is also A. Tlhus, the lower and upper incentive bounds
coincide, so epp is implementable at 1* and Wrp(1*) = A. It follows that [Ipg(1*) =
g(erp) — A = g(e1), and therefore 1 € L(epp). Now consider any rival effort e; with
c¢(e;) > 0. Since some effort is then strictly cheaper than e;, and since every nontrivial
chord at 1* equals A, the lower and upper incentive bounds for implementing e; again
coincide. Hence ¢; is implementable at 1* and W;(1*) = (1 — £5)A = A +c(e;) — c(erp).

Therefore,

I (1) = g(e;) = W;(I") = g(e1) + [9(e;) — cle;)] — [g(ern) — clern)] < gler),

where the inequality follows because epp maximizes total surplus. The only remaining
rival is e;, for which II;(1*) = g(e1), so D; = @. Thus, I ¢ D, for every e; # epp.
Proposition 5 therefore applies with e* = epp and yields an information structure imple-
menting erp with agent payoff g(erp) — g(e1) — ¢(erp) and principal payoff g(e;).
More generally, let 1 € B N co (f). By definition of B, ¢; = ¢} and ¢; > (} for every i.
Consider first the target effort e . For every effort with ¢; > 0, the corresponding lower
w = % < A, with equality at ¢ = 1. Similarly, for every effort with
¢; < 0, the corresponding upper bound is w = eiA > A, since ¢ < ¢; < 0. Thus,

(3

bound is

the lower and upper incentive bounds are compatible, and the constraint against e; binds,
so epp is implementable at 1 and Wgg(1) = A. It follows that [1rg(l) = g(epp) — A =
g(e1), and therefore 1 € L(erp). Now consider any rival effort e; with c(e;) > 0. If
¢; = {1, then e; has the same coordinate and strictly lower cost, so by the conventions

of footnote 9, e; is not implementable at 1. If /; > /;, the constraint against e; imposes
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c(e))
G-t

remains to consider ¢; < ¢;. The constraint against e; then gives W;(1) >

the upper bound < 0, so e; is again not implementable. In either case, 1 ¢ D;. It

(1—¢;)c(e;)
Oh—t;

Since (, = (1, (; > {},and z +— (1 — x)/(¢; — z) is increasing on (—o0, /1), we obtain

(1 —G)ees) o (1= £)c(e))

w;(1) >
A

=(1- E;)A.
Therefore,

I;(1) < glex) + [g(e;) — c(e;)] — [9(ern) — clers)] < gler),

where the final inequality follows because e 5 maximizes total surplus. The only remain-
ing rival is ey, for which IT; (1) = g(e;), so D; = @. Thus, 1 ¢ D, for every e¢; # epp. The
conclusion of the proposition therefore holds at every point of B N co (f). [l

Proof of Proposition 7. Suppose l(e*) € co(f), and let A* = g(e*) — g(e1) > 0. Since
likelihood-ratio coordinates are defined relative to the target e*, we have £.(e*) = 0. By
definition of 1(e*), ¢;(e*) = % for every effort cheaper than e*, while /;(e*) =
0 for every effort at least as costly as e*. Consider first the target effort e*. For every
cheaper effort, and there is at least one since A* > 0 implies c(e*) > 0 = c(ey), the
corresponding lower bound on the expected wage is % = A*. Every effort at
least as costly as e* satisfies /;(e*) = 0 = /.-(e*) and imposes no constraint, since (8)
then holds trivially. Hence, e* is implementable at 1(¢*) and W« (1(e*)) = A*. It follows
that Il (1(e*)) = g(e*) — A* = g(e1), and therefore 1(e*) € L(e*). Now consider any
rival effort e; with 0 < ¢(e;) < c¢(e*). Some effort is then strictly cheaper than e, every
nontrivial lower bound equals A*, and every upper bound is at least A*, with equality

for deviations costing at most c(e*). Hence, e; is implementable at 1(e*) and W;(1(e*)) =
(1 —¢;(e*))A*. Therefore,

I;(1(e*)) = gle;) — Wi(A(e")) = g(ex) + [g(e;) — cle;)] — [g(e*) — c(e")] < gler),

where the inequality follows by surplus monotonicity. Any rival effort e; strictly costlier
than e* is not implementable at 1(e*), since the constraint against e¢* in (8) becomes 0 >
c(e;) — c(e*) > 0. Hence, II;(1(¢*)) = —oc. The only remaining rival is e;, for which
II; (1(e*)) = g(e1), so Dy = @. Thus, l(e*) ¢ D; for every e; # e*. Proposition 5

therefore applies and yields an information structure implementing e* with agent payoff
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g(e*) — g(e1) — c(e*) and principal payoff g(e;). O

Proof of Proposition 8. Write A* = g(e*) — g(e;) > 0, and let 1 € co (f) denote the
likelihood-ratio vector generated by the specified output. In these coordinates, the three
inequalities state that (i) {; > c(e*)/A*, (ii) ¢; > 0 for every effort strictly costlier than
e*, and (iii) (c(e*) — c(e;)) 01 < c(e*) ¢ for every rival effort with 0 < c(e;) < c(e*).
Condition (iii) implies £; > 0 for every such effort, since its left-hand side is non-negative.
Conditions (ii) and (iii) are invariant to positive scaling, and by Lemma 2 and convexity,
tl € co (f) for every t € (0, 1]. By condition (i), we can choose ¢ such that t/; = c(e*)/A*.
Setl’ = tl. Consider first the target effort e*. Since likelihood-ratio coordinates are defined
relative to e*, we have /. = 0. The deviation to e; gives the lower bound c(e*)/¢} = A*,
while by (iii), every rival effort with 0 < c¢(e;) < c(e*) gives the strictly smaller lower
bound (c(e*) — c(e;)) /¢ < A*. Efforts strictly costlier than e* satisfy ¢; > 0 = (.
while costing more, so they impose no lower bound. Moreover, no effort has a negative
coordinate, so there are no upper bounds. Hence ¢* is implementable at I’ and W,- (1) =
A*. Tt follows that I1.«(1') = g(e*) — A* = g(e1), and therefore ' € L(e*). Now consider
any rival effort e; with 0 < c(e;) < c(e*). If ¢; > £}, then e, has a weakly lower coordinate
and strictly lower cost, so e; is not implementable at I. Otherwise, the deviation to e;
gives the lower bound c(e;)/ (¢} — () while the deviation to e* gives the upper bound
(c(e*) — c(e;)) /¢;. Condition (iii) can be written as c(e;) £; > (c(e*) — c(e;)) (¢4 — ¢5),
which is equivalent to the lower bound exceeding the upper bound. Hence, ¢; is not
implementable atI'. Any rival effort e, strictly costlier than e* is also not implementable at
I, since the constraint against e* in (8) implies 0 > c(e;) — c¢(e*) > 0. Thus, IL;(I') = —o0
in all these cases. The only remaining rival is ey, for which I1;(1') = g(e;), so D; = @.
Thus, 1’ ¢ D; for every e; # e*. Proposition 5 therefore applies and yields an information
structure implementing e¢* with agent payoff g(e*) — g(e;) — c(e*) and principal payoff
g(e). O

Proof of Corollary 1. By Proposition 2, the agent’s feasible sets are the convex subsets
of co (f) that contain the origin in their relative interior, and each such set is induced
by an information structure. Since co (f') C co (f), every set feasible under f’ is also
feasible under f. By Lemma 1, continuation play depends on an information structure
only through the induced set co (p), so the same set generates the same continuation
payoff under either technology. Hence, every payoff attainable under f’ is also attainable

under f, and the agent’s equilibrium payoft is weakly higher under f. O]
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Proof of Proposition 9. For |E| < 2, the result is immediate. Suppose therefore that
E = {e1, €9, ¢35}, with ¢(e;) = 0. For a technology with likelihood-ratio set co(f), define

R; = sup {W;(1) — c(e;) : 1 € co(f), e; is implemented at 1} .

By Lemma 1 and Proposition 2, the equilibrium payoff is the rent at some point in co(f).
Conversely, by Lemmas 3 and 4, together with footnote 31 in the proof of Proposition 6,
the agent can secure the rent at any point of co(f). Since her equilibrium choice is optimal,
her payoft is therefore sup, R;, and this supremum is attained by the implemented effort.
Moreover, each R; is weakly increasing as co(f) expands, and R; < g(e;) — c(e;) — g(eq),
because the principal can always obtain g(e;).

Fix I* € co(f) at which some effort ¢, is implemented, and consider the points 1(¢) =
t1*, t € (0,1]. Along this ray, all chord terms % in (9) scale by 1/t. Hence, by
Lemma 4 and its proof, W;(t1*) = a; + %, where 3; > 0, for every i # 1 for which
e; is implementable, while implementability is unchanged with ¢. It follows that IT;(¢1*)

is continuous and strictly increasing in ¢ for i # 1, whereas II; = g(e;). Moreover,
IL;(t1*) — —oo as t | 0. Since I1;(1*) > g(e;), define

to = max {t € (0,1} : mgxﬂi(tl*) < g(el)} :

Then t, € (0,1], and at ¢, some effort e, satisfies IL,,(to]*) = g(e1) > II;(¢ol*) for
all 4. Thus, e, can be implemented with full extraction at ¢y1* € co(f), and therefore
R, > g(em) — c(em) — g(e1). Since ey, is the effort chosen by the agent, R, > R,, >
g(em) = clem) = glex).

Now suppose the agent implements e, and consider an effort e; with g(e;) — c(e;) <
gler) — c(eg). If j = 1, then R, > 0. Otherwise, e; is the only positive-cost effort
other than e;. Applying the preceding argument at a point where e; is implemented
gives Ry > g(en) — c(en) — g(eq) for some e, € {ey,e;}. f m = k, then R, >
g(ex) — clex) — gler) > glej) — clej) — gler). I m = j, then R; > g(e;) — c(e;) — g(er),
and since the agent chooses ey, R, > R; > g(e;) — c(e;) — g(e1). Hence, in either case,
Ry, > g(e;) — c(e;) — g(ea).

Finally, let e, attain the highest equilibrium surplus under f’, and suppose, contrary to
the claim, that the highest equilibrium surplus under f is strictly lower. Then every effort

ep implemented in an equilibrium under f satisfies g(e,) —c(ep) < g(eq) —c(eq). Applying
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the preceding result under co(f’) gives R, (co(f’)) > g(es) — c(ey) — g(e1). Therefore,

Ra(co(f)) = Ra(co(f)) > g(ey) — c(en) — g(e1) > Ry(co(f)),

where the first inequality follows from co(f’) C co(f) and the last from R, < g(ep) —
c(ep) — g(e1). Since e, is implemented in an equilibrium under f, R, (co(f)) is the agent’s
maximal rent under f. Hence all three inequalities must hold with equality. In particular,
R.(co(f)) = R.(co(f’)). The latter is attained by the equilibrium under f’. By Proposi-
tion 2, the same likelihood-ratio hull is feasible under f, and since continuation payoffs
depend on the information structure only through its hull, the same outcome is an equi-
librium under f. It implements e, and generates surplus g(e,) — ¢(e,), contradicting the

supposition. 0

Proof of Proposition 10. If f(z | ) = fo(z) +'(e) D(x), then every density f(- | e) lies
on the affine line {fy + tD : t € R} in the space of signed measures, so the affine hull
of {f(- | e) : e € E'} has dimension at most one. Conversely, suppose the affine hull of
{f(-] e) : e € E'} has dimension at most one. Ifitis a singleton, set fo = f(- | €) forany e,
D = 0,and I" = 0. Otherwise, choose ¢, ¢” such that f(- | ¢’) # f(- | €”). Then, for every
e, there is a unique scalar ¢(e) such that f(- | e) = f(- | ¢) + t(e)(f(- | €”) — f(- | €)).
Set fo=f(-|€),D=f(-]¢€¢")— f(-]|€),and I'(e) = t(e). Then f, is a density and
[ D(z)dx = 0, since D is the difference of two densities.

When X and E are finite, the affine-hull condition is equivalent to the statement of the
proposition. If f(x | €) = fo(x) +'(e)D(x), then, for any target effort e*, the likelihood-
ratio vector generated by output = has coordinates

Vo Sfele) = e le) _ o ey - Toe.
a(e;) = flx|e) = (@) ~Tley))

where s(x) = T ﬁm)) Thus, every a, lies on the line through the origin spanned by

v = (T(e [(e; ) Conversely, suppose that a, = s(x)v for every z. Normalize

['(e*) =0, setD( ) =s(x)f(z | e*), [(ej) = —v;, and let fo(x) = f(x | €*). Then

fla|e;) = flz|e) —au(e;)f(z|e’) = folx) +T(e;)D(x).

Moreover, ) D(x) = 0 whenever the technology is nonconstant, since the difference

between any two probability distributions integrates to zero; the constant case is imme-
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diate with D = 0. Hence, the technology is single-index. Therefore, co(f), the convex
hull of the vectors a,, is at most one-dimensional if and only if the technology is single-

index. u

Proof of Proposition 11. (i) For a binary indicator with paid signal H and 7 (z) = 7(H |
x),

p(H |e)= /Xﬂ(a:)fo(x) dx + e/XW(x)D(a:) dx = Py + ePp,

where Py = [, 7(z)fo(x)dz and Pp = [, w(x)D(x)dx. If Pp = 0, the indicator is
uninformative. Relabeling the signals if necessary, suppose Pp > 0 and define A =
Py/Pp, so that p(H | €) = Pp(A + e). A wage w paid on H implements effort e if and
only if wPp(e—¢') > c(e)—c(e') for all ¢’. By Assumption 3, ¢ is nondecreasing, so efforts
¢’ < e are cheaper and their constraints give lower bounds on w Pp. The constraints from
costlier efforts give the corresponding upper bounds. Hence, e is implementable if and
only if d(e) does not exceed the smallest of these upper bounds, a condition independent
of A. When e is implementable, the minimum wage is w = ‘jé—;), and the corresponding
expected wage is wp(H | €) = (A + €)d(e). For e = 0, there are no lower-bound
constraints, so the minimum wage is zero, and the expected-wage formula continues to
hold with d(0) = 0. Thus, all payoffs depend on 7 only through A.*?

When F is an interval and c is differentiable and convex, for every e > 0 the chords
from below have supremum ¢/(e), while those from above have infimum ¢/(e). Hence
every effort is implementable and, for e > 0, d(e) = c(e), so the expected wage is (A +
e)d(e). When F is finite, d(e) is the maximum of finitely many chord slopes at each
positive effort.

Reporting H' whenever the original signal is H, and with probability 8 when it is
L, yields a binary garbling with P}, = (1 — f)Ppand A" = A + ﬁ. As [ varies
over (0, 1), A’ ranges over (A, c0). Since payoffs depend on the indicator only through
A, any indicator with a higher price shift is payoff-equivalent to a garbling of the orig-

inal indicator. Hence, a lower A corresponds to a more informative indicator.*® Finally,

32For finite F, the same conclusion also follows directly from the likelihood-ratio representation. Relative

to a target effort ¢*, the paid signal has coordinates ¢; = ZJF;:J which depend on 7 only through A. Since
the unpaid signal carries no wage, payoffs are determined by the paid signal’s likelihood-ratio vector, and
Lemma 1 yields the same conclusion.

33For finite E, this also has a geometric interpretation. Relative to a target effort e*, the paid signal’s
likelihood-ratio vector is 4+, so a lower A moves the vector farther from the origin along the fixed ray
generated by the single-index technology. Consistent with Proposition 2, the garbling constructed above

then produces a segment co(p) contained in that of the original indicator.
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= W is an average of p(x) = D(x)/fo(x) under weights proportional to
X

7(x) fo(z). Therefore, A > m = Apnin- The infimum is approached by concentrat-
ing m on outputs where p approaches its supremum, and is attained when the supremum
is achieved on a set of positive fy-measure.

(ii) As noted in part (i), for a threshold indicator, 1/A is the average of p over the paid
region. As the threshold moves down from the top of the support, allowing for random-
ization at atoms, the paid region adds outputs with Weakly lower values of p Hence this
average decreases continuously from sup, p(z) to [ « p(x) fo(r)dr = [ D « D(z)dx = 0.
It follows that 1/A takes every value in (O, sup, p( )), or equlvalently that A takes every
value in (A, 00). By part (i), payoffs depend on the indicator only through A, and by
Proposition 3 the agent may restrict attention to binary indicators. Thus, replacing any
equilibrium binary indicator by a threshold indicator with the same price shift leaves all

payoffs unchanged. [

Proof of Proposition 12. Write II(e, A) = g(e) — (A + €)d(e) for the principal’s payoff
in the single-index parameterization, where d is defined as in the proof of Proposition
11. Since c is strictly convex, chord slopes are strictly increasing. Hence, d is strictly
increasing. Let (e, A) = (A + e) d(e) —c(e) denote the agent’s rent. For e > ¢/, incentive
compatibility of the contract implementing e gives r(e, A) > (A + ¢’) d(e) — ¢(¢’). Since
d(e) > d(e') and A+ ¢ >0,

(A+e)d(e) —c(e) = (A+ ) d(e]) —c(e) = (e, A).

The inequality A + ¢’ > 0 follows from p(H|e') = Pp(A + ¢') > 0 with Pp > 0. Thus,
r(e, A) is increasing in e.

(i) Take A < A’ and let e and ¢’ maximize I1(-, A) and II(-, A"), respectively. Adding
the optimality inequalities II(e, A) > II(¢’, A) and II(¢’, A") > (e, A') gives (d(¢') —
d(e)) (A" — A) < 0. Since A’ — A > 0, we have d(¢') < d(e). Because d is strictly
increasing, ¢/ < e. Hence, ep(A) is weakly decreasing in A. Total surplus decomposes
as g(e) — c(e) = Il(e, A) 4+ r(e, A). Optimality of e at A gives [I(e, A) > II(¢’, A) and
r(e,A) > r(e’, A) since e > €’ and r(-, A) is increasing. Adding the two inequalities
yields g(e) — c(e) > TI(e/, A) + r(e’, A) = g(€') — c(€).

**Off atoms, Pp is a tail integral of D. The function D is integrable, since for any e # 0, [ |D(z)| dz <
%, because I'(e)D = f(- | e) — fo is the difference of two densities. Hence the tail integral, and therefore

the corresponding average, is continuous in the threshold. At an atom, randomization at the threshold
interpolates the jump linearly.
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(ii) The value of the agent’s design problem is the supremum of V' (A), her payoff when
the principal best responds to A, over the achievable price shifts: all A > A, together
with Ay, itself when it is attained. Lowering A, enlarges this set, since every shift
achievable under a higher A,;, remains achievable under a lower one. Hence, the agent’s
value is weakly decreasing in A,j,.

(iii) Since (e, A) = [g(e) — c(e)] — (e, A), the principal maximizes total surplus net
of a rent that is increasing in effort. Let epp be the largest maximizer of g — c. For any
e > epp,g(e)—c(e) < glerp)—clepp)andr(e, A) > r(epp, A),soIl(e, A) < Il(epp, A).

Hence, no effort above erp can be a best response, and eg(A) < epp. O

Proof of Proposition 13. Since the agent’s payoff V, evaluated at the principal’s best re-
sponse ep(A), is single-peaked with peak A°, its maximum over the set of achievable
price shifts is attained at A° when A° > A, and at A,,;, when A° < A, and Ay, is
attained; hence, A* = max{ Ay, A°}. If A° < A, and Ay, is not attained, the achiev-
able set is (Apin, 00). Since V' is positive at some achievable price shift and nonincreasing
above A°, it is positive near A,;,. Because it is strictly decreasing wherever positive, its
supremum is approached only as A | A, and is never attained. Hence, no optimal price
shift exists. By Proposition 11(i), the wage is increasing in A, and the principal’s payoff
is therefore decreasing in A. Thus, when A,;, is attained, the principal prefers A, and
the two parties prefer the same price shift if and only if A,,,;, > A°: when A, < A°, the

agent strictly prefers A° to A, because V is strictly increasing below A°. ]

Proof of Corollary 2. Under the constraint g, the agent chooses among information struc-
tures satisfying co(q) C co(p) C co(f). By Lemma 1, continuation play depends on
the information structure only through co(p). As co(q) expands, the agent’s feasible
set shrinks. Her equilibrium payoff is therefore weakly lower under the tighter con-

straint. L]

Proof of Proposition 14. Since q is an information structure, Proposition 2 implies that
co(q) is a subset of co(f) and contains the origin in its relative interior. Moreover, co(q)
has at most |supp(q)| extreme points. Suppose the effort level e* is implementable by an
information structure (S, 7). Let 1 € co (p) be the optimal choice for the principal when
inducing effort e*. Let C' denote the convex hull of co (q) U {1, —¢l}, where ¢ > 0 is small
enough that —¢l € co (p). Such an ¢ exists because 0 € relint(co (p)) by Proposition 2
and 1 € co (p). This convex set has at most |supp (q)| + 2 extreme points and contains

the origin in its relative interior: since the origin lies in the relative interior of co(q) and
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strictly between 1 and —¢l, it is a positive convex combination of the extreme points of

1'35

co(q) together with 1 and —e1.*> Therefore, by Proposition 2, there exists an information

structure (5' ) fr) with ’S’ ’ < |supp (q)| + 3 signals such that the associated stochastic

mapping p satisfies co (p) = C. In particular co(q) C co(p), so (S ,ﬁ) is admissi-
ble. Since 1 € co (p), | is feasible for the principal under the new information structure

<5’ , 7%) Hence, if the principal chooses effort €*, he can achieve the same objective value

under (5' ) 7%) as under (5, 7). To complete the argument, it suffices to show that for any
alternative e; # e*, W (e;, 7) > W (e;, 7). This inequality holds if co (p) C co (p). Ad-
missibility gives co(q) C co(p). Together with 1, —¢l € co (p) and the convexity of
co (p), this yields co (p) C co (p). Therefore, no alternative effort becomes strictly more
attractive under <§ , 7?), and e* remains implementable with the same expected wage.

This completes the proof. [

Proof of Proposition 15. (i) Let 1 € L(e*) N co (f) satisfy the stated disjointness con-
dition. For sufficiently small ¢ > 0 define C. = conv (co (q) U {1, —¢l}). In particular,
—el € co (f) for sufficiently small ¢, since the origin lies in the relative interior of co (f).
This convex set contains the origin in its relative interior: since, by Proposition 2, the
origin lies in the relative interior of co(q) and strictly between 1 and —¢l, it is a positive
convex combination of the extreme points of co(q) together with 1 and —¢l. By Proposi-
tion 2, together with the signal-count bound of Proposition 14, there exists an information
structure such that the associated stochastic mapping p satisfies co (p) = C.. In particu-
lar, co (q) € C. = co (p) by construction, so the structure is admissible. Every point of
C. lies within ¢||1]| of the compact set conv(co (q) U {1}), which is at positive distance
from the closure of each set ;. Hence, for ¢ sufficiently small, C. N D; = () for every
e; # €*, so no point in co (p) gives the principal more than g(e;) from any rival effort.
No point of C. gives him more than g(e;) from e* either. Any x € C. can be written as
x = (1 — t)h + t(—el), for some h € conv(co(q) U {1}) and ¢ € [0, 1]. By hypothesis,
h ¢ O(e*), so there is some effort e; with c(e;) < c(e*) such that £;(h) < /7. Since

*

e* is implementable at 1 with expected wage g(e*) — g(e;), every such effort satisfies

31f 1 lies in the span of co (q), in particular whenever co (q) has full dimension, the point —¢l is unnec-
essary. In that case, C' = conv(co (q) U {1}) has the same affine hull as co (q), so the fact that the origin
lies in the relative interior of co (q) implies that it also lies in the relative interior of C. The signal bound
then improves to | supp(q)| + 2.
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¢;(1) > £; > 0. Therefore,
6(x) = (1= t)t5(h) — tet,(1) < (1L— )6 < £,

sox ¢ O(e*) as well. If £;(x) < 0, then e* is not implementable at x. If /;(x) > 0, the

incentive constraint against e; alone requires an expected wage of at least % >
J

cler)—clej) _
0*

= g(e*) — g(eq). In either case, I1.«(x) < g(e;). The principal’s payoff at every

point of co(p), from every effort, is therefore at most g(e;). At1 € L(e*), implementing
e* gives him exactly g(e;), and ties at g(e;) are resolved in favor of e* by the convention
of Section 2.

(ii) In any equilibrium with the stated payoffs, the principal implements e* at expected
wage g(e*)—g(e1), so his chosen point1lies in L(e*)Nco (f). Admissibility gives co (q) C
co (p), and since co (p) is convex and contains 1, it also contains conv (co (q)U{1}). Ifany
point in this hull belonged to some D;, the principal could obtain strictly more than g(e;)
by implementing e; there, contradicting his choice of e*. Likewise, if any point in the hull
belonged to D.-, the principal could obtain strictly more than g(e;) by implementing e*

there, yielding the same contradiction. This proves necessity. O]

Proof of Proposition 16. (i) The feasible interval [Ain, A,] expands with A,, so the agent’s
equilibrium payoff is weakly increasing in A,.

(ii) As A, increases, the feasible interval [Ani, A,] expands to the right, so A*, de-
fined as the largest optimal price shift, weakly increases. By Proposition 12(i), both the
implemented effort ep(A) and equilibrium total surplus are weakly decreasing in A, and

hence weakly decreasing in A,. [

Proof of Proposition 17. The price shifts achievable under the constraint are those avail-
able in the unconstrained problem that satisfy A < A,. The endpoint A, is itself achiev-
able, since it is attained by ¢. Since the agent’s payoff V, evaluated at the principal’s
best response eg(A), is single-peaked with peak A°, its maximum is attained at A° when
Amin < A° < A,, at A, when A° > A, and at A,,;;, when A° < A,;, and A, is at-
tained; hence, A* = min {max{ A, A°}, A;}. If A° < A, and A,y is not attained,
the achievable set is (Amin, A4]. Since V' is positive at some achievable price shift and non-
increasing above A°, it is positive near A,,;,. Because it is strictly decreasing wherever
positive, its supremum is approached only as A | A, and is never attained. Hence, no

optimal price shift exists. O
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