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Abstract
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risk, upper censorship discourages negligence. In multi-task settings with window dressing,
a monotone relative informativeness property again delivers upper- or lower-censorship rat-
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These results follow from a general characterization of optimal ratings via concavification of
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1 Introduction

Many markets rely on information disclosure or ratings to facilitate trade and incentivize qual-
ity provision. Environmental, Social, and Governance (ESG) rating agencies aim to incentivize
companies to improve their environmental and social impact. Online platforms such as Amazon,
Airbnb, Upwork, and eBay design reputation systems to incentivize and signal providers’ quality.
Standardized tests communicate student ability to universities. In each case, an intermediary ob-
serves signals about agent behavior and must decide how to convey this information to a market
that rewards agents based on perceived quality. A fundamental challenge arises: agents strate-
gically respond to rating policies by potentially using window dressing and other manipulation
strategies, and the information disclosed shapes their incentives.

Despite the ubiquity of these systems in markets suffering from moral hazard, several core theo-
retical questions are yet to be answered: What are the fundamental trade-offs in designing rating
systems when participants can anticipate and react to them? How does the effort technology
shape optimal ratings? How should an intermediary design information structures to account
for multi-tasking and window-dressing incentives? This paper answers these questions by incor-
porating information design in a variant of the career concerns model introduced by Holmstrém
(1999).

Our model features an agent (e.g., a company seeking an ESG rating or a seller on eBay) who
takes costly actions that create value for a competitive market. These actions also generate a
noisy indicator observed by an intermediary (e.g., an ESG rating firm or an online platform)
which must then decide how to convey this information via a rating to the market. The market,
in turn, pays the agent its expected value based on the signal and its belief about the agent’s
action. Our primary objective is to find the optimal information structure to maximize a flexi-
ble welfare function for the intermediary. This function can target a particular action or social
welfare, capturing environments where market values do not fully internalize the social value of
actions—such as the positive externalities of ESG activities—or where a platform has concerns for
fairness or redistribution.’

Our main results shed light on optimal provision of incentives for one- and multi-dimensional
effort. First, we show how interactions between the distribution of the indicators and effort af-
fect the optimal ratings when effort is a single variable. Namely, we show that when effort in-
creases tail risk, lower—censorship ratings maximize effort while the opposite is true when effort

decreases tail risk. Second, in a multi-task model with window dressing as in Holmstrom and

Since Holmstrém (1999), it is well known that the implicit incentives provided by career concerns do not nec-
essarily lead to efficient effort levels because they fail to fully internalize the social benefit of the agent’s action.
This externality is also present in our model and the intermediary’s objective can be thought of as addressing such
externalities.



Milgrom (1991) and Dewatripont et al. (1999), we identify a condition on the information tech-
nology, the monotone relative informativeness property (MRIP), under which optimal ratings are
upper or lower censorship, with the censored tail determined by the relative informativeness of
the indicator about the two efforts.

The main technical challenge in formulating the optimal rating problem is the interplay be-
tween information structures and the agent incentive constraints. The main object of interest is
the interim payoff of the agent who knows the indicator (state) and does not know the outcome
of the possible random signal. We introduce the concept of interim prices—the agent’s interim
expectation of market’s posteriors—as the sufficient statistic that determines incentives from the
agent’s perspective. In general, the set of implementable interim prices is not well characterized:
being a mean-preserving contraction of market values is necessary but not sufficient.” This object,
which can be interpreted as the agent’s second-order belief, allows us to transform the problem
of choosing an information structure into a tractable constrained information design problem.
Our key theoretical result, Proposition 1, shows that when these interim prices are comonotone
with market values, then a price schedule can be implemented by some rating if and only if it is a
mean-preserving contraction of the market values. This implies that we can cast the problem of
rating design as a standard moral hazard problem with transfers subject to a majorization con-
straint. Throughout the paper we therefore restrict attention to monotone ratings—those whose
interim prices are comonotone with market values—a restriction we motivate by the agent’s abil-
ity to manipulate the indicator downward ex post. With this result in hand, in Theorem 1, we
show that optimal ratings can be characterized through concavification of a gain function in the
quantile space. As a result, the optimal information structure is a deterministic monotone par-
tition of the indicator space: the intermediary either fully reveals the indicator on some regions
or pools contiguous intervals—a sharp foundation for the prevalence of coarse, threshold-based
rating systems.

Our first set of results derives general properties of optimal ratings in classic moral hazard
where the agent has a single dimensional effort. When the intermediary’s objective is to maxi-
mize effort (absent distributional motives), the design problem reduces to finding the rating that
achieves the highest level of effort. Under the canonical Monotone Likelihood Ratio Property
(MLRP) assumption in the moral hazard literature, we show that the gain function in this case is
concave and as a result full information disclosure is optimal.

Despite the prominence of the MLRP assumption, many economically relevant activities vi-

olate MLRP in systematic ways. Innovative activities often increase both upside potential and

?In a standard sender-receiver setting, Doval and Smolin (2024) are also interested in the interim payoff of a
sender. They use a duality approach to characterize the frontier of interim payoff profiles of the senders - as a
function of the state. Our comonotonicity restriction allows us to simplify the problem and restrict interim prices to
be a mean preserving contraction of market values.



downside risk, i.e., R&D effort can lead to breakthroughs or failures. Conversely, maintenance
activities typically reduce variance through more consistent outcomes. To capture these pat-
terns, we introduce two new distributional properties: the expanding likelihood ratio property
(ELRP), where increased effort expands the distribution’s tails, and the compressing likelihood ra-
tio property (CLRP), where increased effort compresses outcomes toward the center. Under ELRP,
optimal ratings take the form of lower censorship providing insurance against downside risk to
encourage risk-taking. In contrast and under CLRP, optimal ratings are upper censorship, pool-
ing high realizations while revealing low ones, which punishes poor outcomes and encourages
variance-reducing effort.

To see the intuition, first note that the marginal benefit of effort is given by the covariance
between the interim price and the marginal percentage change in the probability of different
outcomes induced by a marginal increase in effort. In the MLRP case, higher effort shifts the
distribution toward higher realizations in a uniform, monotone way. Full revelation is there-
fore optimal for incentives: because interim prices must be mean-preserving contractions of the
full-information market values, no rating can make the price schedule “steeper” than under full
revelation, and any pooling only flattens it.

Under ELRP, by contrast, higher effort expands tail events: it increases the probability of both
very high and very low outcomes, so full revelation exposes the agent to downside risk that ef-
fort itself makes more likely. Pooling low realizations of the indicator provides insurance against
these outcomes—not in the risk-sharing sense, since the agent is risk neutral, but by withhold-
ing the penalty on realizations that effort itself makes more likely—and thereby strengthens the
covariance between interim prices and likelihood changes, increasing incentives to exert effort.
Under CLRP, higher effort compresses the distribution toward the center, so extreme high out-
comes are not especially “earned” by effort. Pooling the top realizations while revealing low ones
similarly improves the alignment between interim prices and likelihood changes, strengthening
incentives to exert effort.

Our second set of results, in Section 4 pertains to a multi-task moral hazard model with win-
dow dressing a la Holmstrom and Milgrom (1991), in the career—concerns variant of Dewatripont
et al. (1999). In the multi-task model, the agent allocates efforts across productive activity and a
window-dressing one (an action that boosts the indicator without affecting market values) which
differentially impact the observed indicator and market value. An important determinant of op-
timal ratings is whether the technology is reducible, i.e., the distribution of the indicator is gov-
erned by a single function of effort.” When this is the case, the indicator is not differentially
informative of the two actions. The multi-task model, then, is reducible to the single task model

and results from Section 3 apply.

SMathematically, this is equivalent to the set of equilibrium actions for arbitrary ratings having dimension one.



When the multi—task model is irreducible, different values of the indicator have different infor-
mational content about the two actions undertaken by the agent. Thus, our analysis identifies a
condition on the information technology, what we refer to as the monotone relative informative-
ness property (MRIP). Under MRIP, the informativeness of the indicator about productive effort
relative to window dressing is monotone across realizations; that is, high realizations of the in-
dicator are either always more informative of window dressing or of productive activity. Our
main result is that with MRIP, welfare-maximizing ratings are either upper or lower censorship.
In a class of location-scale technologies, the direction of censorship is determined by whether
window dressing contributes more to the level or to the dispersion of the indicator and how the
marginal costs of effort are related to their impact on the mean of indicators. Notably, censorship
requires no deviation from MLRP: even when the indicator is informative about each effort in the
standard way, the optimal rating censors, since the designer attaches weights of opposite signs
to the two incentive constraints.

In the final section of our paper and to illustrate the range of problems that can be addressed
by our formulation, we apply our framework to the problem of redistributive test design with
heterogeneous students, showing that optimal tests may involve “mid-censorship” to balance
incentive provision with redistributive motives towards disadvantaged groups.

Our analysis thus offers practical guidance for regulators and rating system design. As data
collection has intensified, several institutions have formed around using data to incentivize be-
havior which in turn has created incentives for manipulation and window dressing (see for ex-
ample Mayzlin et al. (2014)). Our results provide guidance on how ratings should be designed in
such environments and rationalize the heterogeneity observed across rating systems. For exam-
ple, platforms have adopted a variety of ratings: some platforms (such as Shipt or Instacart) allow
for low rating forgiveness and fresh start which could be interpreted as lower censorship; others
such as Airbnb have too many high ratings (see for example Zervas et al. (2021)) that can be inter-
preted as upper censorship. Our results suggest these differences may reflect optimal responses
to underlying differences in how effort affects outcome distributions as we discussed above; Table
1 in Section 3 summarizes the resulting taxonomy. More broadly, the paper provides a toolkit for
evaluating rating policies across domains—from ESG certification to educational testing to online
marketplaces—by connecting observable features of agent technology to the optimal structure of

information disclosure.

1.1 Related Literature

Our paper is related to a few strands of the literature in information economics and mechanism

design. It is closely related to a recent literature that studies information design when strategic



behavior affects the state by the choice of the information structure (e.g., Frankel and Kartik
(2019), Ball (2025), and Perez-Richet and Skreta (2022)). In contrast with Ball (2025) and Frankel
and Kartik (2019), our mathematical result on second-order expectations allows us to study a
larger class of objectives and state spaces, albeit under the restriction that ratings are monotone in
the indicator. Our exercise substantively differs from Ball (2025) where the agent’s actions purely
manipulate several indicators, preventing a receiver from correctly predicting a correlated quality.
In contrast, our setting completely assumes away adverse selection and screening, and pooling
of indicators occurs solely in order to motivate the agent. Our analysis, thus, identifies both the
precise shape of the optimal information structure and when it is optimal to use uncertain rating
systems. In our model, the presence of window-dressing incentives is similar to the falsification
model in Perez-Richet and Skreta (2022). The main difference with our setting is the existence of
noise in the ability of the agent to manipulate the signal observed by the intermediary.

A related paper to ours is Boleslavsky and Kim (2021). They study a model of Bayesian persua-
sion with moral hazard, similar to ours, in which an agent chooses an effort level that affects the
distribution of the state, and a sender affects a receiver’s action using an information structure.
The papers differ in terms of focus and technique: We focus on a career concern model where the
information structure only affects the agent’s incentive. Additionally, we use majorization tools
which allow us to work with larger state spaces. Beyond technique, the economic difference
is that our characterization ties the shape of the optimal rating—full disclosure, lower or upper
censorship—to how effort shifts the distribution of the indicator, a question that is difficult to
answer in their setting. In a related dynamic career-concerns model, Hoérner and Lambert (2021)
elegantly show that optimal ratings that aggregate the agent’s past performance over time are
linear in histories. The two papers are different in scope and techniques. They are interested in
the dynamics of ratings while in our model all incentive provision happens instantaneously and
our focus is on how properties of single and multiple task technologies translate into properties
of optimal ratings. Moreover, in their setting, the process for the indicator is a Brownian process
whose trend is controlled by the agent and as a result instantaneous shocks are small. It remains
to be seen how large shocks, for example as in jump processes, can impact dynamics of optimal
ratings.’

From a technical perspective, our results are related to the new literature in information eco-
nomics that uses optimization under majorization constraints — see Kleiner et al. (2021). Their
solution method uses the characterization of extreme points of the set of monotone functions that

majorize a certain function. Similarly, Bergemann et al. (2026) and Bergemann et al. (2022) use

“Relatedly, a recent paper by Madsen et al. (2025) studies a moral hazard model with non-monetary incentives.
Our paper is related to their work to the extent that our agent is incentivized using ratings; a non-monetary instru-
ment.



the same strategy as our work to cast the problem in terms of quantiles and use concavification to
derive optimal mechanisms—see also Rayo (2013). While their focus is on screening models with
hidden information, ours is closer to classic moral hazard. Our focus on monotone ratings also
connects our work to the literature on monotone persuasion—see Mensch (2021) and Kolotilin
et al. (2024)—which provides conditions under which optimal monotone signals are deterministic
and take censorship forms. In that literature the state is exogenous, and the conditions for cen-
sorship are placed on the sender’s payoff over states. Here the distribution of the state is chosen
by the agent, so the analogous conditions fall on the effort technology—MLRP, ELRP, and CLRP
with a single task, MRIP with multiple—rather than on the sender’s preferences.

Our paper is also related to the literature concerned with the problem of certification and its inter-
actions with moral hazard: Albano and Lizzeri (2001), Zubrickas (2015), Onuchic and Ray (2023),
and Zapechelnyuk (2020). A notable contribution is that of Albano and Lizzeri (2001), where the
key assumption that the intermediary can charge an arbitrary fee schedule leads to an indeter-
minacy between using transfers and ratings to implement desired outcomes. Zubrickas (2015),
Zapechelnyuk (2020), and Onuchic and Ray (2023) also study related problems, but they focus on
deterministic technologies where the agent’s effort deterministically translates into values for the
market. In contrast and in our model, the presence of noise allows us to disentangle the indicator
from market values which in turn leads to an inefficient level of effort under full information and
enables us to study window dressing and manipulation incentives. Other related contributions
to this literature include Rodina and Farragut (2020) on inducing effort through grades and Xiao
(2025) on incentivizing agents through ratings. Relatedly and in the context of team production,
Halac et al. (2021) show that uncertainty about a worker’s compensation ranking in a team can
remove low effort equilibria. Our result on how censorship for some technologies can improve
incentives can be regarded as the single agent version of their result.’

Finally, our paper complements the empirical literature on certification and disclosure in markets
with asymmetric information, such as online platforms (e.g., Hui et al. (2023) and Nosko and
Tadelis (2015)), health insurance markets (Vatter (2025)), food labeling (Barahona et al. (2023)),
and ESG investing (Berg et al. (2022)). We contribute to this literature by developing theoretical
methods and general lessons for the optimal design of rating systems.

The remainder of the paper proceeds as follows. Section 2 presents the model and provides our
key technical results. Section 3 establishes general properties of optimal ratings with a single task
under alternative distributional assumptions, including MLRP, ELRP, and CLRP. Section 4 focuses
on multi-task moral hazard and window dressing. Section 5 applies our results to redistributive

test design. Proofs are relegated to the Appendix.

SAli et al. (2022) study a model with adverse selection (i.e., exogenous state), where optimal disclosure involves
uncertainty, but it is a way of uniquely implementing an intermediary’s desirable outcome.



2 A Model of Moral Hazard and Optimal Ratings

In this section, we describe our basic model of rating design and provide some preliminary anal-
ysis of the restrictions implied by the fact that incentives are provided through ratings.

We are interested in settings in which an intermediary observes some information about an
agent’s chosen actions and decides how to convey this information to a competitive market,
henceforth “the market,” who then pays its posterior mean as a price to the agent.

More specifically, the agent exerts an effort vector a € A C R” at a cost c(a). This action
generates a random outcome (v, y) € R? where v represents the value of the output to the market
and y is a noisy indicator observed by the intermediary. We denote the cumulative distribution
function of the indicator y conditional on action a by G(y|a).

The market consists of competitive buyers who value the agent’s output at v. However, the
market observes neither the true value v nor the agent’s action a directly. Instead, it forms expec-
tations based on information provided by the intermediary. If the market observes the indicator

y and believes the agent’s action to be a, the expected value of the output is given by:
o(y;a) = Efv |y, d]

We refer to U (y; @) as market values, i.e., the most informative assessment of the valuation of the

market.® Throughout the paper we impose the following monotonicity assumption:

Assumption 1. For all (deterministic) market beliefs a, the market value U (y; a) is increasing in

the indicator y.

This assumption states that market values are ranked based on the values of the indicator.
Without any other assumption on the distribution function G (y|a), e.g., first-order stochastic
dominance or MLRP, this assumption is innocuous as one can always relabel the values of the
indicator according to the market values. While our main characterization results — Proposition
1 and Theorem 1 - hold without Assumption 1, we maintain this assumption for tractability and
convenience.

The intermediary observes the indicator y (at no cost) and controls the information observed by
the market. Specifically, the intermediary commits to an information structure (.5, 7 (-|y)), where
S is a set of signal realizations and 7 (-|y) € A () is the distribution over signals conditional on
realization of y. Having observed s, the market pays its expected value IE [v]s, a] to the agent when

it believes the agent chooses a.” This expectation is calculated using the information available,

®Throughout the paper, we focus on equilibria in which the agent plays a pure effort strategy. Our main charac-
terization results, Proposition 2 and Theorem 1, hold when allowing for mixed effort strategy by the agent.

"We assume that the buyers are on the long side of the market, thus willing to pay their expected value. Our
analysis remains unchanged if the market keeps a constant fraction of their expected value.
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Figure 1: General structure of the model

s, and the common belief about equilibrium play.® The timing is summarized in Figure 1: the
intermediary commits to an information structure, the agent chooses her effort, the indicator
realizes, a rating is drawn and sent to the market, and the market pays the agent its posterior
expectation of the value.

Given an information structure (S, 7 (-|y)) and market belief a, the agent’s expected payoff is:

| [ Elels.alar sl a6 ole) = (@), 1)

In equilibrium, the agent chooses a to maximize (1).

The ex-post market price E [v|s, a] depends on the information structure (.S, 7) and also on the
market’s prior about the distribution of (a, y), which depends on the agent’s equilibrium strategy.
More specifically, the market uses its beliefs about the equilibrium strategy of the agent a to form

a prior G (y|a) and uses Bayes’ rule to form the posterior expectation E [v|s, a] satisfying

| [ Bllsddrihicoi = [ v@arsacun s cs. @

The above defines a Bayesian Nash equilibrium given the information structure (S, 7). More
specifically, given an information structure (S, 7), an equilibrium is an effort a together with
market’s belief @ = a and E [v|s, a] such that a maximizes expression (1), and given a, the market
beliefs satisfy Bayesian updating as defined in equation (2).

We now turn to the intermediary’s problem. The remainder of this section reduces optimal
rating design to a tractable problem in two steps: we first characterize the set of interim price
schedules that some rating can implement, and we then use this characterization to solve for the
optimal rating.

The intermediary chooses an information structure to maximize an objective that may differ

®An information structure is a family of probability spaces {(.S, -, 7 (:[y))}, ¢y Where S is the space of signal
realizations and . is a o-algebra. Throughout the paper, we work with .S as a compact subset of some Euclidean
space, and . as the Borel o-algebra associated with topology induced by the Euclidean norm S. Henceforth, we
drop references to o-algebra in our analysis. Additionally, when describing subsets, we refer to Borel subsets.



from total surplus. We consider a class of objectives in the form

vvmw+/p@wuwdewmm )

where W (a) captures externalities or direct preferences over effort, and o (y) > 0 represents
distributional weights on agent payoffs. This class of objective functions fits various examples:
the term W (a) captures direct externalities—as in the ESG and career-concerns examples—so
that W (a) — V (a), with V' (a) = E [v|a] — ¢ (a) the total surplus, represents the external effects
that are not captured by the market; the weights « (y) capture distributional concerns, such as a
platform aiming to guarantee a minimum payoff level for its sellers or a college reweighting test
outcomes for its admission policies.

The environment fits a number of applications. Online platforms observe rich performance data
about their providers and convey it to the market through certification policies such as Airbnb’s
Superhost or eBay’s Top Rated Seller; such policies correspond to the information structure in
our model, see Hui et al. (2016). Ratings also invite manipulation and window dressing: the
agent may take costly actions that inflate the indicator without enhancing fundamental value, as
when sellers pay for positive reviews, see He et al. (2022); we develop this application in Section
4. Finally, when market values vary with the agent’s action, as in models of career concerns,
equilibrium effort is inefficient and rating design shapes this inefficiency. We characterize welfare

maximizing ratings in settings with a single or multiple tasks.

2.1 Interim Prices: Definition and Characterization

In this section, we introduce a mathematical object, interim prices, that allows us to simplify the
problem of rating design in the environment described above. The notion of interim price is
simple. This mathematical object determines the agent’s incentives in choice of effort and will be

present in the incentive constraints for the agent. Specifically, we define interim prices as

sz/ﬁMﬂM@M- @)

In words, p is the expected payment to the agent conditional on the indicator y, integrating over
possible signals s given the rating system. Additionally, it is an equilibrium object as it depends
on E [v|s] which depends on the market’s beliefs about the agent’s action profile.” It can also
be interpreted as the agent’s “second-order belief”: their belief about the belief of the market on
values.

Critically, interim prices are a sufficient statistic for the information structure from the agent’s

*Throughout this section and the next one, we suppress the market belief a in the notation in order to avoid
clutter. This is without loss since the payoff of the agent depends on market beliefs only through the interim prices.

10



perspective. Specifically, for any choice of a, the agent’s payoff is given by

[ @G o) - (o).

Thus, the problem of designing an optimal rating system is isomorphic to the problem of choos-
ing an interim price schedule p, subject to the constraint that p must be implementable via some
information structure (S, 7). Thus, we need to characterize the set of feasible interim prices.

Generally, there are no simple conditions to characterize the set of interim price profiles that
result from a particular information structure and action profiles. However, as we will show next,
under some restriction on information structures, a simple characterization exists.

To see the restrictions that ratings place on interim prices, note that market values are the
interim prices associated with the fully revealing information structure, and that any interim price
schedule is an iterated conditional expectation of market values. Viewed as random variables, we
must therefore have p =, 7, i.e., p is a mean preserving contraction of 7.'° Intuitively, a rating can
only average market values across realizations of the indicator, and averaging reduces dispersion.

Given the results in the literature — see for example Rothschild and Stiglitz (1970) or Gentzkow
and Kamenica (2016) - it is tempting to suggest that the reverse of the above observation is also
true: that mean preserving contraction is a sufficient condition for existence of ratings. Below we
show that this is indeed true when interim prices and market values are comonotone.'' Formally,

we say that p and v are comonotone if:
p(y) >p)=v(y;a)>v(y;a).

In words, higher prices are associated with higher market values, so the two random variables

never move in opposite directions.

Proposition 1. Suppose that p is a function that maps values of y into R such that
1. p is comonotone with v, and
2.p=n.

Then, there exists an information structure (S, w) such thatp (y) = [ E[v|s] dr (s|y).

Proposition 1 is the main technical tool that allows us to significantly simplify the problem

of rating design into the constrained concavification in Theorem 1. The main challenge is the

OThe relation p =, T represents the concave order which implies that for all concave functions ¢ : R — R,
E[¢(p)] > E[¢(v)]. Since Bayes plausibility implies E [p] = E [v], this definition is equivalent to majorization,
second order stochastic dominance and increasing concave order — see for example Shaked and Shanthikumar (2007)
Section 4.A.

'Tn Appendix D, we provide an example that illustrates that without comonotonicity mean preserving contraction
is no longer sufficient and additional conditions are needed. We also discuss its relationship with similar results in
the literature.

11



fact that interim prices are second order expectations — expectation of the market’s expectation
conditional on the realization of the state. In our proof, we use the comonotonicity to construct
a sequence of garblings each of which is a randomization between full revelation and pooling of
consecutive states.'?

This proposition implies that the comonotone equilibria of the game are characterized by three

conditions: the effort is incentive compatible given the interim prices,

o € argmax [ p(y)dG (v1a) - c(a) 5)

the interim prices dominate market values in the concave order, and interim prices and market
values are comonotone.

This reduction allows us to transform the optimal rating design problem into a standard mech-
anism design problem with transfers, where the “transfers” are the interim prices constrained by

the concave order.

Remark on Comonotonicity In the rest of the paper, we focus on ratings that satisfy this
constraint. One can justify this decision using ex-post manipulation: if the agent can manipu-
late the indicator downwards but not upwards (hide some positive outcomes), then the effective

interim prices are monotone."

2.2 The Main Characterization

Given this class of objectives and the comonotonicity restriction, the problem of optimal rating
design can be stated as maximizing the objective in (3) subject to incentive compatibility (5),
comonotonicity and majorization.

We solve this problem in two steps. First, we transform prices and values into quantile space
(for the indicator), where the concave order becomes a majorization constraint and the value
of any objective can be computed by concavification. Second, we incorporate the first order
version of the incentive constraints through a Lagrangian argument, which leads to our main
characterization.

Let v (7) denote the market value associated with the i-th quantile of the indicator distribution.

Formally,
vo(i) = B(G(ila); a). (6)

For ease of notation, we have dropped a from the expression of quantile value. Similarly, let pg (7)

2In our proof, we first establish the result when there are finitely many market values and then approximate
arbitrary distribution of market values by discretizing the values and use compactness arguments.

3The classic moral hazard literature has imposed such constraints. The seminal paper by Innes (1990) is an
example.

12



be the quantile representation of the interim price. Given the comonotonicity assumption of p
and 7, pg () is the interim price associated with market value vg (2).

The characterization of implementable interim prices allows us to evaluate any objective by
concavification: as we show in Appendix A.1, maximizing an unconstrained objective over im-
plementable interim prices amounts to concavifying an integrated version of its weighting func-
tion in the quantile space. Intuitively, pooling an interval of realizations replaces the objective’s
value on that interval with its average, and the best monotone pooling is described by a concave
envelope.

In order to incorporate the incentive compatibility, we first define
F (ila;a) = G (G (ila) |a) .

In words, F' is the distribution over quantiles when the agent chooses a but quantiles are de-
fined according to a. In quantile space, incentive compatibility (5) requires that ¢ maximizes
— [\ F (ila;a) dpg (i) — ¢ (a) over a € A.

The First Order Approach. In order to sidestep many of the complications that typically arise
in moral hazard problems, we will use the first order approach (FOA) throughout the paper. That
is, we replace the incentive constraint (5) with its first order condition. Since our characterization
identifies a candidate rating—in the leading cases, an upper- or lower-censorship of the indicator—
it is sufficient to verify that the agent’s payoff is quasi-concave in effort given this candidate, so
that the local incentive constraint implies global incentive compatibility. In Appendix C, we will
use an approach similar to Chade and Swinkels (2020) to provide sufficient conditions on the
distribution functions for the validity of the first order approach. The conditions often reduce
to comparing the curvature of the c.d.f. function G (y|a) with respect to a to that of the cost
function ¢ (@) and are typically satisfied provided that ¢ (a)’s are sufficiently convex.'

The following provides a full characterization of optimal ratings under FOA:

Theorem 1. Ifw* is the highest value of the objective (3) and under the validity of FOA, there exists

a real vector A € RY such that

w* =max W (a) + / cavl (i; A, a) dvg (1) (D)
st.i=G{y:0(y;a) < vg (i) |a})
where
= 9 9
[ (i;\a)= [{ym(y;abm(i)} a(y)dG — ; An {8_61,1}? (i]a; a) . + aTan(a)]

4The literature on verification of first order approach in moral hazard is quite extensive. A few examples are
Mirrlees (1999), Rogerson (1985), Jewitt (1988), and more recently Conlon (2009) and Jung and Kim (2015).
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Figure 2: An illustration of the concavification of the gain function I' and construction of optimal
ratings

We refer to ' as the gain function. It summarizes the weight that the intermediary puts on
a particular realization of the indicator and the associated IC conditions. As it is demonstrated
in Figure 2, the concave envelope of the gain function determines the optimal ratings. When it
coincides with I, optimal rating should be fully revealing while over intervals where the concave
envelope is linear, the optimal rating is pooling the realizations within that interval. Theorem 1
implies that the rating design problem can be solved by solving a one-dimensional concavifica-
tion problem of the gain function and then finding optimal values of effort and the multipliers
associated with the incentive compatibility constraints (5).

Optimality of Threshold Based Ratings

The first implication of Theorem 1 is that optimal rating systems are simple. In fact, since
the function to be concavified is only a function of the quantile ¢, by Caratheodory theorem any
convex combination of values of I (i; A, a) can be achieved by using at most two points. This logic
establishes that the optimum in (D) is always achieved by a deterministic monotone partition: the
intermediary either fully reveals the indicator on some regions or pools contiguous intervals into
coarse categories.

While the optimum value in (D) is always achieved by an interim price associated with a deter-
ministic monotone partitional signal, such a rating should also satisfy the incentive compatibility.
To ensure that this is indeed possible, we make the following assumption on the distribution func-
tion G (y|a):

Assumption 2. Independence. For alla € A:
1. G (y|a) has full support over a convex subset of R.

2. For any interval I C SuppG (y|a), the function o (y) g (y|a) cannot be written as a non—zero
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N
linear combination of g (y|a) , {%} for all values of y € 1.
" n=1

The independence assumption ensures that there is enough variation in y conditional on effort
a so that only coarse moments of p (y) matter for incentives.”” An example of a family that
satisfies the above is when o = 0 and G is the scale-location family G (y|a) = H (%a()a)) with
H having a support of the entire real line with density A (¢) such that h (¢),h' (¢), and eh’ (¢)
are linearly independent. Given Assumption 2, Theorem 1, and Lemma 1 (in the Appendix), we

have the following proposition:

Proposition 2. Suppose that Assumption 2 holds. Then the optimal interim price in (D) is always
associated with a deterministic monotone partitional rating. Moreover, whenever cavl' (i; \,a) =
I' (i; A\, a), optimal rating reveals the value U = wvg (i) to the market. When cavl' (i;\,a) >

' (i; A, a), then there exists an intervali € [i1, i2] such that optimal rating reveals thatv € [vg (i1) , vg (i2)].

Theorem 1 and Proposition 2 together provide a full characterization of optimal ratings. In what

follows, we provide general properties of optimal ratings with single and multiple efforts/tasks.

3 Optimal Single Task Ratings

In this section, we provide general properties of optimal ratings and how they depend on the joint
distribution of the indicator function and market values. As we show, whether optimal ratings
involve full disclosure or censorship—and whether censorship occurs at the bottom or the top of
the distribution—is determined by how effort shifts the distribution of the indicator. Table 1 at
the end of this section summarizes the resulting taxonomy. In this part, we focus on problems in

which effort is one dimensional. In Section 4, we study multiple tasks.

Targeting An Action

When does an intermediary that wishes to maximize effort benefit from concealing information?
To answer this question, we start our analysis by considering objectives that only target an action,
ie, a(y) = 0in (3). In this case, the problem of solving optimal rating design boils down to a
characterization of the set of implementable efforts. As we have shown, an effort a € A is imple-
mentable when there exists an interim price function p (y) such that p (y) is a mean-preserving
contraction of market values T (y; a) and a is incentive compatible given p (y).

To make the model tractable, let us assume the following:

15 An example that violates Assumption 2 is one in which y = % (a), an increasing function of a. In this case, any
change in the interim price function affects the incentives of the agent. In a previous version of this paper, we have
established that if Assumption 2 is violated, optimal ratings can involve randomization.
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Assumption 3. The action space A and the distribution function g (y|a) satisfy the following
1. The action space is A = [0,a] C R.

2. For all a > 0, the support of g (y|a) is a (potentially unbounded) interval I = [g, g} and
g (y|a) is twice differentiable.

3. Cost function c (a) is non-negative, strictly convex, increasing and twice differentiable for all
ac A

4. For any effort,a € A,V (y; a) is increasing in y.

The first three parts of Assumption 3 are fairly common in the moral hazard literature. The last
assumption notably implies that ¥ is an indicator that is positively correlated with market values.
This assumption on its own is innocuous since the indicator y itself is not payoft relevant.

By Theorem 1, under FOA, the optimal rating is found by a concavification of the function
N e

compatibility constraint, and F’ (i|a; a) is the induced distribution of the quantiles of the indicator

+c (a)} where ) is the Lagrange multiplier on local incentive-

when the agent chooses effort a while the market believes it to be a. The following calculation
ties the object to be concavified to properties of the distribution function G (y|a):
0% OF (ila) 1 0?
—A 5 = == logg (yla)
d=a 9 (yla) Oyda y=G—1(i|a)

0i?  0a
In other words, the concavity of I' (i; A, a) at a particular quantile ¢ is determined by the sign of

the cross partial of the log-likelihood function log g (y|a). This implies that optimal ratings are
directly tied to the supermodularity of the log-likelihood function log g (y|a). In what follows,
we discuss a few cases and their economic interpretation and implication for optimal rating.

Let us start from the canonical assumption made in the moral hazard literature, the so-called

MLRP assumption:

Definition 1. A distribution function g (y|a) is said to satisfy Monotone Likelihood Ratio Prop-
erty (MLRP) when g (y|a) is log—supermodular. That is az—;y log g (y|a) = %% > 0,Vy €
I,a €A

MLRP implies that an increase in effort leads to a rightward shift of the distribution of indicator
realizations. Moreover, it also implies that the same is true for the conditional distribution of the
indicator when restricted to an interval of values of 7.'°

Our first result establishes that in the presence of MLRP, the highest implementable effort is

indeed associated with full information:

16Formally, MLRP is equivalent to the statement that an increase in a increases the distributions over the indicator
y according to the likelihood ratio order. See Shaked and Shanthikumar (2007), section 1C.
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Proposition 3 (Full Disclosure under MLRP). Suppose Assumptions 2 and 3 hold, FOA is valid,
and g (y|a) satisfies MLRP. Then the highest implementable effort is associated with interim price
p(y) =0 (y;a). That is, it is the highest effort level that satisfies

apy € arg Igleaj(/ﬁ(y; arr) g (yla)dy —c(a).

The above result states that the often assumed MLRP has strong implications for what can be
achieved via ratings. Specifically, it states that using ratings, it is not possible to increase the level
of effort beyond what the market can achieve by fully observing the indicators.

We should note that the definition of highest implementable effort ay; involves calculation of
a fixed point. This is because market values 7 (y; a) should be calculated under the belief of the
market that the action taken is ap; while the agent is able to deviate from it. In Proposition 3,
apy is defined as the highest such fixed point.

The proof of Proposition 3 follows straight from Theorem 1. Specifically, under MLRP, the
function I (i; A, a) is either concave or convex for all values of 7 depending on the sign of A. This
means that when A > 0, I' is concave and coincides with its concavification. Thus given our
construction of optimal ratings in Section 2, optimal rating becomes fully revealing. In turn, if
A < 0, I' is convex in 7 and thus, its concavification is simply the 0 function - since I' (0; A\, a) =
I' (1;A,a) = 0. In other words, optimal rating involves providing no information which results

in @ = 0 which cannot be optimal, so A cannot be negative.

3.1 Expanding and Compressing Likelihood Ratios

Many economic activities violate MLRP in systematic ways. For example, activities where greater
effort affects not just the mean outcome but also its variance. Innovative activities often increase
both upside potential and downside risk—greater R&D effort can lead to breakthroughs or fail-
ures. On the other hand, activities such as maintenance typically reduce variance—more careful
attention produces more consistent outcomes. These patterns correspond to distributions where
the cross-derivative of the log-likelihood changes sign.

In what follows, we define two classes of distributions and characterize the optimal ratings.
Definition 2. A distribution function g (y|a) is said to satisfy:

1. Expanding likelihood ratio property (ELRP) if for any a € A, there exists § such that
2 ~ 2 ~
%&y log g (y|a) > 0 when y > ¢ and %@ log g (y|a) < 0 wheny < g,

2. Compressing likelihood ratio property (CLRP) if for any a € A, there exists § such that
%j)y log g (y|a) < 0 wheny > g and %j?y log g (y|a) > 0 wheny < .
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The terminology reflects how effort affects the signal distribution’s tails. Under ELRP, increased
effort expands the tails, while under CLRP, increased effort compresses the distribution toward
the center.

For example, consider logy ~ N (log a, a”), that is, log y has a normal distribution with mean
log a and variance a”. In this case, we can use the definition of the density of the normal distri-

bution to show that
2

0ady
When 7 > 0, g satisfies ELRP since the above is positive if and only if y/a > e~'/7. In contrast,

1+~logy/a
a1+’7y ’

log g (y|a) =

when 7 < 0, g satisfies CLRP since the above is positive if and only if y/a < e™/7.

A version of these examples, with mean parameter a in place of log a, is depicted in Figure 3.
As can be seen, in case of ELRP, the tail densities increase as effort a increases while the densities
for mid-realizations decline. In contrast, under CLRP, tail densities decline while the densities
for mid-realizations increase. In both cases, the two densities intersect exactly twice which is in
contrast with single crossing of MLRP.

Given these definitions, we can state our result on optimal ratings for these classes of distribu-

tions:

Proposition 4 (Censorship under ELRP and CLRP). Suppose Assumptions 2 and 3 hold and FOA

is valid.

1. Ifg (y|a) satisfies ELRP, then the highest implementable effort ayc is the highest value of effort
that is incentive compatible for an interim price associated with lower-censorship ratings, i.e.,

ratings that pool values of y below a threshold and reveal higher values.

2. Ifg (y|a) satisfies CLRP, then the highest implementable effort ay ¢ is the highest value of effort
that is incentive compatible for an interim price associated with upper-censorship ratings, i.e.,

ratings that pool values of y above a threshold and reveal lower values.

As the above proposition establishes, optimal ratings for ELRP and CLRP distributions are fairly
simple. They involve either lower censorship (in case of ELRP) or upper censorship (in case of
CLRP). In what follows we provide an example and discuss its implications for various tasks and
technologies.

Suppose that y ~ N (a, (k’a)z), that y determines market values, i.e., U (y;a) = y, and that
cost is ¢ (a) = a?/2. Under a full information rating, p (y) = v, profit of the agent is a — a?/2
which is maximized at ar; = 1. It can be easily checked that in this case G (y|a) satisfies ELRP.
For any value of i € [0, 1], we can find the highest level of effort that is a best response to pooling
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Figure 3: Distributions with ELRP (left) and CLRP (right)
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(a) Optimal effort for pooling the lowest i realizations of y  (b) Concavification of the marginal change in quantiles

Figure 4: Optimal efforts for lower-censorship policies

of ¢ lowest realizations of the indicator y. This is depicted in Figure 4 (left panel) for values of
k=1,2,3,4. At the lowest value, 7 = 0, optimal effort is ap; = 1. Optimal effort peaks at some
threshold, 0.56, 0.69, 0.73, 0.75 respectively, and falls to zero as i tends to 1. It should be noted that
as the variance of y becomes more responsive to a, the highest possible value of effort increases.
Figure 4 (right panel) depicts the marginal change in the quantile as a result of an increase in a,
—F, (ila; a), and its concavification (in the case of k = 1). The threshold for pooling on the right

coincides with the peak of the left plot since optimal ratings take the form of lower censorship.

We should note that the notions of ELRP and CLRP are tied to whether an increase in ef-

fort a leads to a higher or lower variance of the indicator y. Specifically, suppose that y
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Technology Economic Optimal rating Examples
interpretation

MLRP Effort shifts Full disclosure Routine tasks
outcomes uniformly  (Proposition 3)
upward

ELRP Effort increases tail ~ Lower censorship Low-rating
risk; innovative (Proposition 4) forgiveness (Shipt,
activities, R&D Instacart)

CLRP Effort reduces tail Upper censorship Compressed top

risk; maintenance

(Proposition 4)

ratings (Airbnb)

activities

Table 1: A taxonomy of optimal ratings

f (o (a)e +m(a)) with m and f increasing, and ¢ has density €"(*) such that / () is concave
and € + 1/ (¢) /h” (¢) is increasing in €. In this case, y exhibits ELRP (CLRP) if ¢ (a) is increasing
(decreasing) in a. Several classes of distributions satisfy these properties for ~: Normal, Gumbel,
Generalized Normal, Logistic, etc. For this class of distributions, a constant o (a) leads to MLRP.

The above findings point to a practical property of optimal ratings in targeting an action.
Namely, how the variance of the indicator interacts with the desired action determines the best
way to incentivize it. Specifically, for an activity where more effort leads to a more precise out-
come (CLRP), such as maintenance activities, full revelation at low values and pooling at higher
values encourages higher effort to avoid punishments for low outcomes. On the other hand, if
higher effort leads to a riskier outcome (ELRP), such as innovative activities, then pooling of low
realizations via lower-censorship ratings provides insurance against possible downsides and en-
courages risk taking (increasing effort). When effort does not affect variance (MLRP), optimal
rating is full revelation and no pooling is needed.

We should end this section by emphasizing that while we have focused on the highest possible
effort that is implementable, any lower value of effort can also be targeted by rating systems. The
analysis in this section is specifically useful in identifying values of effort that are higher than
those achieved by a fully revealing rating system. Especially in markets with positive externalities
where fully informative ratings lead to inefficiently low levels of effort, one can use ratings (absent
MLRP) to improve market efficiency.

It is useful to conclude this section with a summary of the results. Table 1 collects the taxon-
omy that emerges from our analysis: the properties of the technology ¢ (y|a) and the objective
of the intermediary determine both whether information should be censored and where in the

distribution censorship occurs.
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4 Multi-task Moral Hazard and Window Dressing

In this section, we illustrate the value of our characterization results above by applying them to
the classic multi-task moral hazard model. Since the seminal work of Holmstrom and Milgrom
(1991), the multi-task principal-agent models have become the workhorse of analyzing incentives
in settings where agents can use several actions to affect the observed outcomes — see also Baker
(1992) and Dewatripont et al. (1999)."” Despite this prevalence of multi-task moral hazard in ap-
plied settings and the importance of disclosure/rating policies in it, a unified theoretical analysis
of rating policies is essentially non-existent. In this section, we consider a variant of the model
in Dewatripont et al. (1999) to understand how rating design can be used to mitigate multi-task
incentive problems. As we will see, a few general lessons will arise and in some special cases,
lessons from Section 3 go through.

As before, the agent chooses a vector of efforts a = (ay, ay) € [0,@]” with a; being the produc-
tive effort and as being a window dressing effort. The difference between productive and window

dressing effort is defined in Assumption 4 below:

Assumption 4 (Productive Effort vs. Window Dressing). The distribution of (v, y) conditional on

a satisfies:
1. market value© (y; a) = E [v|y; a] is strictly increasing in a; and strictly decreasing in as.
2. both efforts increase the indicator, i.e., & [y|a], is increasing in a,, forn =1, 2.
3. welfare is decreasing in as, i.e, V (a) = E [v|a] — ¢ (a) is decreasing in as and quasi—concave
ina; given as.

The above are standard properties of multi-tasking models. They imply that efficiency leads
to al = 0 and a] € argmax,, V (a1, 0).

An example of this is the standard model of Dewatripont et al. (1999) where

2
v b, - a o: oy

= + ¢, e~NO | ¥ T Oy >0
Y by - a Ovy Oy

where b,, b, € R? capture the effect of a on the market value and indicator. Using properties of

the normal distribution, we can show that market values conditional on y and belief a are:

v(y;a) = Evly;a] = By + (b, — Bby) - a

7Since Dewatripont et al. (1999) analyze a variant of Holmstrém (1999)’s career concern model, their model is
closer to ours where the agent’s compensation is determined by market expectations as opposed to an endogenous
contract chosen by the principal as in Holmstrom and Milgrom (1991) and Baker (1992).

Several empirical studies have looked at variants of the multi-task moral hazard model. A partial list includes
Dumont et al. (2008) and Alexander (2020) for compensation of doctors, Acemoglu et al. (2020) for incentives in
military and security forces, De Janvry et al. (2023) for incentives of government employees, Andrabi and Brown
(2022) for incentives of teachers, and Mayzlin et al. (2014) and Hui et al. (2025) for incentives on online platforms.
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where 5 = o,/ 0'5 > 0. Since ay must be a window dressing effort, we should have b,, =
0,by2 > 0.

Throughout the section, our focus will be on welfare maximizing rating design. The key trade-
off is that since window-dressing is a completely wasteful activity but has private benefits for
the agent, an intermediary that cares about welfare might want to hide some information to
differentially affect the incentives for the two activities. In Section 4.1, we discuss cases in which
it is impossible to differentially affect incentives for productive and window dressing efforts;
reducible multi-tasking. Section 4.2 then discusses irreducible multi-tasking technologies and

establishes new general insights in this case.

4.1 Reducible Multi-Tasking

We say that a multi-task technology is reducible if the effort vector a affects the distribution of
the indicator solely through a one-dimensional index m (a), i.e., G (y|a) = G (y|m (a)) for some
family of distributions G, such as in the above example. In this case, the multi-task problem
collapses to a single—action problem: given any level of the index, the agent chooses the cost-
minimizing vector of efforts, and the rating design problem is reducible to a choice of an interim
price function p (-) and the index m. As a result, the analysis of Section 3 applies directly and the
MLRP principles derived there drive optimal ratings.

Formally, with a reducible technology, one can simply contract on m. This is because the cost of
effort is separable from its expected benefit and we can define the following indirect cost function:
C(m)= min  c¢(a)

a€l0,a)?,m(a)=m
and a selection of its solution be @ (m). Given this, the problem becomes essentially the same as
that in Section 3 in which the intermediary is choosing the index m and interim prices p (y). As
a result, we can simply apply the same ideas around MLRP (ELRP and CLRP), in this case applied
to G.

4.2 Irreducible Multi-Tasking

The key benefit of the setup above was that it was reducible to the single effort setup characterized
in Section 3. Here we discuss the case in which the technology is not reducible to a single effort
and its implication on optimal rating design. The setup is the same as before, i.e., Assumption 4
holds, except for the fact that G (y|a) is no longer reducible. Specifically, let us denote the score
of task n by

b 4la) = 221 g )
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Then the multi-tasking technology is irreducible when ¢ (y|a) /{5 (y|a) is not independent of y.
In this case, different parts of the indicator distribution carry different information about the two
tasks, and censorship can be used to discriminate between them.

Before proceeding, it is worth pointing out an important difference between the censorship
results below and those of Section 3. In the single effort model, censorship was optimal only when
the technology deviated from MLRP, that is, when effort expanded (ELRP) or compressed (CLRP)
the distribution of the indicator. In the multi-task model, no such deviation is needed: even when
the indicator is informative about each effort in the standard way, the welfare-maximizing rating
censors, since the designer attaches weights of opposite signs to the two incentive constraints.

To make this precise, let us apply Theorem 1. Under welfare maximization, the objective of
rating design places no distributional weights on the realization of the indicator, i.e., a (y) = 0
in (3), and is thus independent of p (y). Moreover, the shape of the optimal rating is determined
by a weighted value of the marginal change in the quantiles:

0G (G~ (ila) |a) 0G (G~ (ila) |a)
! Oay Oas

and its concavification. A simple calculation implies that the derivative of I with respect to ¢

[ (ila) = -\ —

a=a

a=a

evaluated at i = G (yla) is:

I (i‘a)’i:G(yM) = =Ml (yla) — Aals (yla) (7)

and thus the local concavity of I' is determined by whether the above is increasing (convex) or
decreasing (concave) in y.

Suppose that A\; > 0 > )\, which means that it is optimal to discourage a, and encourage
a1, which is the natural case to consider. Note that under MLRP, which means that the ¢, (y)’s
are increasing in y, the above is the difference of two increasing functions and thus the logic
from Section 3 does not hold. Indeed, under MLRP where both /,, (y|a)’s are increasing, the local
concavity of [" changes exactly where the ratio

r (gla) = 201819) /0
0l3 (yla) /Oy
crosses |Az| /A;. Whether this happens once, and on which side it begins, is what we take up

next. To understand this better, consider the following example.

Example 1. Assume:
v=ay(e1+1),y="bas(e1+ 1)+ as+ &9
with €1, €5 being two standard normal and independent random variables. In this case, two in-

creasing functions y (a), o (a) exist such that G (y|a) = ® (%) with ® the c.d.f. of standard
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normal.'”® Simple calculations show that in this case, the expression in (7) is the sum of two
quadratic functions in y which means that its derivative is linear and thus changes sign only
once. In other words, I' (i|a) is either convex—concave or concave—convex. This implies that
optimal rating is either upper or lower censorship. This can be seen in terms of
r(yla) = b+ Qy_—#(f)b%l,
o (a)
which is linear and monotone in y. This together with /5 being increasing in y, implies that I" (i|a)

is either convex—concave or concave—convex.

The technology in this example satisfies MLRP with respect to both efforts, and involves no
expansion or compression of the tails in the sense of Section 3. In the single effort model such a
technology calls for full disclosure.

This example is a special case of a more general class of distributions that we define below. The

ratio 7 (y|a) introduced above can be interpreted as the relative informativeness of an increase
0G(G~1(ila)|a)

5 and this is the
an

in y about a, relative to ay. In fact, we can define [, (i|a) =
a=a

local Lehmann informativeness, Lehmann (1988) and Persico (2000), of an increase in a,,. Simple

application of chain rule says that
I (ila) = =€, (G (ila) |a)

which implies that r coincides with 17 /1.
For r (y|a) to be an appropriate notion of relative informativeness of y for a; and a, MLRP has
to hold. For general irreducible technologies, the following defines the key property used in this

section:

Definition 3. A multi-tasking technology G (y|a) exhibits Monotone Relative Informativeness
Property (MRIP) if for all y, > y; and a € [0,6]2:
14 14 14 I
D <y1’y2|a) _ ol (y1|a> Oly (y2|a) i ot (y2|a) 0l (ylla)
dy Ay dy dy

always has the same sign, i.e., it is non—-negative or non—-positive for all such y;, y» and a.

Using the Lehmann informativeness analogy, one can interpret MRIP as stating that a higher
value of y provides uniformly more, or uniformly less information about a, relative to a;. When
G (y|a) exhibits MLRP with respect to ay, i.e., {5 (y|a) is increasing in y, G exhibits MRIP when
r (y|a) is monotone, which is the case we verified in the example above. Formally, D (y;, y2|a)
having the same sign is equivalent to I'” (i|a) changing sign at most once for any A;, 2. Hence,

we have the following theorem:

18For this example, 11 (a) = bay + az, o (a) = 1/ (bay)® + 1.
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Theorem 2. Suppose that G (y|a) is an irreducible technology that exhibits MRIP and FOA is valid.

Then welfare maximizing ratings are either upper or lower censorship.

The significance of Theorem 2 is that it ties a natural notion of informativeness, relative Lehmann
informativeness between the productive and the window-dressing efforts, to general properties of
welfare-maximizing ratings. We should also note that MRIP is not merely a convenience. When
7 (y|a) crosses |\z| /A1 more than once, the local concavity of I alternates and its concavification
pools more than one interval, which leads to the mid-censorship ratings we study in Section 5.

Theorem 2 does not determine the direction of the censorship. While one expects the sign of
D (y1,y2|a) to be indicative of that direction, this ultimately depends on one important factor:
how changes in incentives affect market beliefs which in turn affect the incentives through their
effect on 7 (y, a). This is in addition to the complementarity between the two efforts in terms of
cost. To this end, we make two assumptions: First, we assume that v (y; a) is affine in y; Second,
we assume that G (y|a) belongs to the location—-scale class of distributions. Namely, we consider
the location-scale family G (yla) = H (%a()a)) such that a controls the mean and variance of
y, with H the c.d.f. of a distribution with a log—concave density. Several classes of distributions
satisfy MRIP within this family. These include Normal, Logistic, Gumbel, Generalized Normal,
Gamma (with shape parameter > 1), and Weibull (with shape parameter > 1). We have the

following proposition:*’

Proposition 5. Suppose that GG is a location—scale technology that exhibits MRIP with a log—concave
density and that U (y; a) is a linear function of y. Moreover, suppose that FOA is valid. Then the

welfare—maximizing rating is upper censorship if and only if

Odaz Oay a1 Oaz
Op 0o _ 9o Op =0 (8)
daq Oas daq Oas

and it is lower censorship otherwise.

In words, if window dressing is the cheaper way to raise the mean of the indicator - so that the
numerator of (8) is positive — then when window dressing has a larger impact on the dispersion
of the indicator relative to its mean, optimal rating is upper censorship; lower censorship arises
when the impact of window dressing is more pronounced on the level of the indicator relative to
its dispersion. When instead productive effort is the cheaper source of the mean of the indicator,
the numerator of (8) is negative and the direction of censorship is reversed. We provide the

derivations behind Proposition 5 in Appendix B.

YMRIP fails for H being Cauchy or Frechet but neither of these have log—concave densities. While MRIP and
log—concavity of h are not equivalent and it is possible to come up with examples that are log—concave but not
MRIP, among the textbook classes of distributions this is the case.
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The logic behind this result is one of implementation. Under welfare maximization, the objec-
tive depends on the rating only through the action that it implements, and thus the role of the
rating is to make the implemented action incentive compatible. Within the location-scale class,
the rating affects incentives only through two statistics: the marginal reward that it attaches to
the level of the indicator and the marginal reward that it attaches to its dispersion. The agent’s
first order conditions determine both at the implemented action. When window dressing is the
cheaper source of the level of the indicator, a rating that rewards the level alone induces too
much window dressing. The only remaining margin is dispersion and since window dressing
is the more dispersive effort, incentive compatibility requires that dispersion is punished. Since
pooling high realizations of the indicator removes the reward for upside risk, upper censorship
is the rating that punishes dispersion. When either of the two comparisons in (8) is reversed, the
same logic delivers lower censorship.

The above insight is the analogue of the results of Section 3. While there the direction of the
censorship was determined by whether more effort expanded (ELRP) or compressed (CLRP) tail
events, here something similar holds. The difference, however, is that in this multi—task model
what matters is the relative impact of window dressing and productive efforts on tail events as
illustrated by (8), weighed against the relative cost of the two efforts in moving the level of the
indicator. When window dressing has a larger impact on tail events, high realizations of the
indicator should be censored, and when productive effort has a higher impact on tail events, low
realizations should be censored. One can thus view MRIP as the multi-task counterpart of the
MLRP, ELRP, and CLRP conditions: it plays the same role for the question of which task the
indicator speaks about that those conditions play for the question of how much it speaks. This is
also the sense in which our results go beyond the logic of low-powered incentives in Holmstrom
and Milgrom (1991): since prices are determined by the market, the power of incentives cannot
be lowered uniformly, but a rating can remove incentives locally, and it is optimal to do so exactly

where the indicator mainly reflects manipulation.

5 Application: Redistributive Test Design

Recent public discourse in the education realm has highlighted the biases of standardized testing
(such as the SAT) and testing of difficult subjects (such as math) against students with socioeco-
nomic disadvantages.”’ These observations have prompted a movement to relax the requirement

that students take such tests. This includes several universities’ policies to make the SAT op-

20T 2023, the California Board of Education passed the controversial California Mathematics Framework which
sets guidelines for mathematics education in California public schools. Citing the students’ socioeconomic disad-
vantages, the framework calls for some relaxations in testing standards and education of mathematics. For more
information, see the article in the New Yorker on the California Mathematics Framework.
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tional (see Dessein et al. (2025)) and attempts at making mathematics education more accessible
and easier. Inspired by this debate, in this section, we provide an alternative answer to this debate
in the form of optimal test design. Namely, we will show that our main characterization results
in Section 2 can be used to shed light on this question.

To see this, consider a student who could be of type § € {R, P} with probabilities fg, fp.
Suppose that both types can exert effort ay which leads to a distribution of an indicator y which
is distributed according to g (y|ag) with support given by I = [y, 7| — with the possibility that
y = —ooand J = oo. The cost of effort for each type is kyc (a) where c(a) is a convex and
increasing function where 0 < kg < kp. Finally, let v = y so that the market values are simply
the value of the indicators and let p (y) be the interim price function that is increasing.

Consider a rating designer who wishes to maximize the following objective

arfr { [ p)dG (glar) ~ kpe <ap>} tonfn { [p@)dG iaw) ~ ke tan)| 0

I I
where apfp + arfr = 1 and ap > 1 > ap. Let us assume that an increase in a leads to an

increase in g (y|a) in the sense of first order stochastic dominance.

The distributional weights ay are attached to the student’s type—that is, to the socioeconomic
disadvantage captured by the cost parameter ky—and not to the realization of the test score itself.
The formulation with weights « (y) on realizations of the indicator in Section 3 can thus be viewed
as the reduced form of the problem studied here when the designer cannot condition on types.

The problem of optimal rating design is then to find p (y) and ag, ap to maximize the objec-
tive in (9) subject to incentive compatibility for both types and that p (y) is a mean preserving
contraction of y which is distributed according to fpG (y|ap) + frG (y|lar) = G (y|ar, ap). In
this case, a similar proof to that of Theorem 1 implies that under the validity of FOA, the optimal

rating can be found by concavification of the gain function

——1

(i) = — apfpG (@‘1 (4) yap) — apfrG (G (9) \aR)
G <6’1 (4) yap) ~xGla (6’1 (d) \aR)

where in the above i is the quantile of y according to G and \y’s are the multipliers on the asso-
ciated incentive compatibility constraint. As in the previous sections, we maintain Assumption
2 and the validity of FOA throughout this section.

The following proposition guarantees that for a class of distribution functions, the second
derivative of the above object switches sign at most three times. This would imply that opti-

mal rating is always switching between at most four regions of pooling and separation:

Proposition 6. Suppose that log g (yla) = f(y) + r (y) m(a) — b(a) wherer (y),m(a),b(a)
are increasing functions and m (a) > 0. Then the optimal rating that maximizes (9) always has at

most four alternating intervals of pooling and revelation.
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The class of distributions considered in Proposition 6 includes some of the fairly common ones
that are used in applied work including 1. a normally distributed y where either the mean or the
variance is controlled by the action a, 2. a log—normally distributed y such that a controls the
mean of log y, 3. when y is distributed according to an extreme-value distribution of types 1 and
2 (Gumbel and Fréchet) where the scale parameter is controlled by a, among others. Moreover,
the assumption implies that log g is supermodular in (y, a), i.e., it satisfies MLRP.

Interestingly, one might expect redistributive motives to always favor pooling low realizations,
since pooling at the bottom shields the disadvantaged type. However, the difference here is that
there are two incentive constraints. Under certain conditions on the likelihood function g,/g
for low realizations of y — specifically as it becomes arbitrarily large as y — y, the incentive
effect dominates the redistributive motives for low realizations and optimal ratings become mid-

censorship. To see this, let us consider the following example.

Example 2. Suppose that y = a + ¢ where ¢ ~ N (0,1) and that ¢ (a) = a?/2. Let us also
assume that ap = 1/ fp, agr = 0 so that objective is to maximize the payoff of the high cost type.
As mentioned before, this example satisfies the requirement of Proposition 6 and hence optimal
ratings switch at most three times between pooling and revelation. Our calculations illustrate
that optimal ratings are indeed mid-censorship: those that pool middle observations of y and
separate the extreme realizations. We further assume that kg = 1/2 and that fp = fr = 1/2.
Figure 5 depicts the optimal rating and the concavification of the gain function described above
for different values of costs for type P.?! In the left panel, the cost of type P is closer to that of
type R, kp = 3/4. In this case, optimal rating pools observations approximately between the
6th and 71st percentiles of the y distribution. When the cost for type-P increases to 5/4, the
optimal rating pools observations between the 1st and the 78th percentiles. As can be seen, as
the difference between the two cost types increases, the rating policy becomes less informative

in order to redistribute more across the types.

Viewed through the lens of the current debate on standardized testing, our analysis suggests an
alternative to making tests optional: rather than discarding the information altogether which is
done by making the tests optional, a designer with redistributive motives can pool intermediate

scores while preserving the incentive effects of the extremes.

21T order for the difference between the concavification and the function to be more visible, we subtract
(arfr+ apfp) (1 —i) from the gain function I' in the plot. Since this subtraction is linear, it does not affect
the resulting concavification in terms of the pooling and separating intervals.
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Figure 5: Determining the optimal rating for Example 2

6 Conclusion

In this paper, we have developed a general framework for the design of rating systems in the pres-
ence of moral hazard and strategic manipulation. Our approach makes this problem tractable by
identifying “interim prices” as the sufficient statistic for the agent’s incentives. Under a natural
monotonicity restriction, implementability is equivalent to a majorization restriction: feasible
interim prices are mean-preserving contractions of the full-information market value. This con-
verts rating design into the classic moral-hazard problem with a majorization constraint.

Building on this characterization, we provide a general solution method. Under a first-order
approach to incentive compatibility, optimal rating design reduces to concavifying a gain function
in quantile space. This formulation yields two broad takeaways. First, it delivers a set of sufficient
statistics for optimal transparency: the technology matters through how effort shifts the quantile
distribution of the indicator and, in turn, the distribution of market values. Second, it implies
structure on optimal information policies. Under mild conditions, optimal ratings are simple
deterministic monotone partitions of the indicator space: the intermediary either fully reveals
the indicator on some regions or pools contiguous regions into coarse categories.

The economic insights that emerge from our analysis connect the statistical properties of the
task to the structure of optimal disclosure. In the canonical benchmark with monotone likeli-
hood ratios, full information disclosure achieves the highest implementable effort. Departures
from this benchmark generate systematic and testable patterns of censorship. For innovative ac-
tivities where greater effort expands outcome variance (ELRP), lower-censorship ratings that pool
poor realizations provide insurance against downside risk, encouraging risk-taking. For main-

tenance activities where effort compresses variance (CLRP), upper-censorship ratings that pool
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high realizations punish poor outcomes by deterring negligence and encouraging consistency.
Strong redistributive motives create a tension between incentive provision and protecting disad-
vantaged agents, which our test-design application resolves with mid-censorship. More broadly,
the framework clarifies why “more transparency” is not a universal remedy: whether additional
information strengthens incentives depends on which parts of the outcome distribution effort
affects.

Our second set of results concerns multi-task environments with window dressing, where more
informative ratings can intensify incentives for manipulable activities that improve measured per-
formance without an increase in underlying value. Under the monotone relative informativeness
property (MRIP)—the multi-task counterpart of the single-task taxonomy—welfare-maximizing
ratings are again upper or lower censorship, even when the technology satisfies MLRP and the
single-task logic would call for full disclosure. Finally, in our application to redistributive test
design, we show how the same concavification logic rationalizes mid-censorship rules that pool
intermediate outcomes while separating extremes. These results formalize a common policy in-
tuition: the optimal granularity of evaluation depends jointly on incentive provision, manipula-

bility, and distributional objectives.
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A Proofs

A.1 Proof of Proposition 1

Proof. The if side of the statement, that is if p is constructed from some information structure

(7,S) then p =, U is immediate from the text. For the reverse, we will first prove the proposition
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when the support of the indicator Y is finite. We will then show that the proposition can be
extended to the case when Y is a compact Euclidean space.

1. When Y is finite. Let Y = {y1, 92, -+ ,y,} such that v (y;) <7

p (y) is co-monotone with v (y), we must have that p (y1) < p (y2) < -

nd p

(yz) - < U (yn). When

<

-<p (yn) In this case,
S C R™. For simplicity, we also let f; = p, ({v;}) and v; = v (y;) a P (y:).
We prove the claim by induction on n.

First step: The claim holds forn = 2.

If n = 2, then majorization implies that

f1v1 + favs = fip1 + fopo,
O sz—pl Sﬁg—ﬁl.

Consider a signal structure that only sends a low signal when the state is y;. When the state is

Yo, it sends the low signal with probability o and otherwise a high signal. Let

101—01£<1

-1 f2
Then, the ex post price upon observing the lovv signal is

0< =

Uifi+avafy Vi1t E= 1 fi7 ~ Ufi (U2 —p1) + (1 — 1) [0 _
— = — — = p1.
Ji+af f1+5;;—,;1f1 J1 (@2 —p1) + (pr — 1) fu

Thus the interim price when the state y; is p;. The mean of p; and p; is the same as that of 71, U5

which means that p, is the second order expectation of v when the state is 7. This proves the
claim.
Second Step: If the claim is true for n — 1, then it is true for n.

Consider an interim price function {p;}. If for some i, p; = p;;1, we can reduce the num-

ber of states by considering the interim price function p; < -+ < p; < pige < - < p,
distributed according to f1,---, fi—1, fi + fit1, fit2, -+, fn and market values of v; < --- <
Ui < %f*ﬂ’“ < Uiyo < --- < 7, Since by the induction assumption, an information

structure 7 exists that generates this interim price function, simply pooling y; and y;; and using
the information structure 7 generates the original interim price function.

Suppose, on the other hand, that p; < p;;; for all 7. Let A = min;<,,_; % Let p; be defined
by

Then (1 — )\) (ﬁj+1 — ]3]) =Pj+1 —Pj — A (ﬂj+1 — 6) > 0. Moreover,

k
> fi -7 ij 20
j=1

and, finally, if A = (piv1 — pi) / Tis1 — 0y), then Di; = Pir1- This implies that an argument
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similar to the above shows that an information structure (7%, S ) exists that generates p as its
interim price. Now consider an information structure that reveals the state with probability A
and otherwise it is the same as 7. That is

A 5 =y;

T (sly;) = A .
(1—=X)7(sly;) seS.

Then, since the set of signals that reveal the state does not overlap with S , we must have that

' > (slys) fivi
2 sl S T

> 7 (slyi) fivi

S

> (1= )7 (sly)

seS

This concludes the proof.

2. When Y is a subset of R. Let Y be the support of the indicator y and a subset of R. Consider
a sequence of partitions Y = {minY =y <y} <--- <y =maxY} forn = 1,2,--- with
maxo<i<n—1Y; — Y — 0and Y C Y. We define

gr=Pr(yeyl ') . 1<i<n

TPl g 0,5 < n [ronuelies S o 0,5 < n

P o)) w o Pi =0 a(u,)+o(ur)
——=— g =0,i>1 s A

<
3

g =0,2>1.

In words, the above constructs a discretization of the buyer values v and the intermediary’s in-
terim prices p. Since p (y) is comonotone with T (y), so are 7" and p™. Moreover, p" =sosp 0" and
Y™ is finite, we can apply the result from the first part. That is, an information structure (5", 7")
exists where 7™ : Y — A (S™) such that p" (y}") = > con ™" ({5} |yi") E[0]s] .

Note that each (S™,7") induces a distribution over posterior beliefs of the buyers given by
7 € A(A(Y™)), since any probability measure in A (Y") can be embedded in A (Y). This is
because for any 1 € A (Y™), we can construct i € A (Y') defined by i (A) = > ", pP1 [y € A],
where A is an arbitrary Borel subset of Y. Similarly, we can find 7" € A (A(Y")), which is
equivalent to 7".

Now consider the probability measure (" representing the joint distribution of y™ and posterior
mean E, [v] = [wvdp for any p € Supp (7") induced by 7". Note that (" € A (Y xY). By an
application of Riesz representation theorem (see Theorem 14.12 in Aliprantis and Border (2013)),
A (Y xY) is compact according to the weak-* topology. This implies that the sequence {("}
must have a convergent subsequence whose limit is given by ( € A (Y x Y). Let G" be the o-
field generated by the sets { [yf, ylﬂl) }Kn and let 7" = G" x {0, A (Y)}. In words, F" conveys
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the information that y € [y?, y!",,). Note that 7" C F"*! because Y™ C Y"*!. Moreover,
E[¢"F") = @",p"),
where (7", p") is the random variable with values (o7, p') with probability g!'. Note that the
above holds by the construction of 7" and (". As a result
B [1F] = B[ [0 ] 1] = E [, 570) [F7] = (7.07),

where the last equality follows because E [p (y) |F"] = p", E [ (y) | F"] = 0" given the definition
of p™ and 7" above. All of this implies that " is a filtration and ({", ") forms a bounded
martingale (for a definition see Doob (1994)). Hence by Doob’s martingale convergence theorem
(see Theorem XI.14 in Doob (1994)), we must have that

Jim E[¢"|F] = E[(|F].

Therefore, E¢ [ [0 (y') du|y] = p (y). This concludes the proof. O

A.2 Proof of Theorem 1

To prove this theorem we first need to prove the following lemma.

Lemma 1. Let h (y) be an integrable function. Suppose that H (i) = f{yﬁ(y)>vQ(i)} h(y)dG and
let cavH be the concave envelope of H, i.e., the lowest concave function that is higher than H (i).
Then 1
max / h(y)p(y) dG — / cavF (i) dvg (i) (10)
PP Fe T, 0
P,V : comonotone

Moreover, an optimal p that achieves the above value satisfies p (y) = U (y; a) when H (G (y|a)) =
cavH (G (y|a)). Moreover, if for some maximal interval I C [0, 1], cavH (i) < H (i) ,i = G (y|a) €

intl, p(y) =E[0|G (yla) € I].

Proof. In this proof, we assume that —oo < vg (0) < vg (1) < oco. The cases with vg (1) = oo
or vg (0) = —oo can be proved using a limiting argument. Before proceeding, we prove the

following lemma:

Lemma 2. Let p, U be comonotone and pg (i) , vg (i) be their associated quantile representation as
defined in (6). If F}, (v), F, (v) are the cumulative distribution functions of p,U respectively, then
D = U if and only if F, (v) = F, (v) where v is uniformly distributed over V = [vg (0) ,vg (1)].

In other words,

/lﬁb(pQ (1)) di > /lgb(vQ (1)) di,¥¢p : V — R : concave <
0 0
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Figure 6: Example of p >=., ¥ (left) and their associated CDF’s (right) that satisfy £, =, F},

/ Y (F, (v))dv > / Y (F, (v))dv,Yy : [0,1] — R : concave
.

An example that illustrates Lemma 2 is depicted in Figure 6. On the left, we have an example
of p,v (not their quantile version) where p is a mean—preserving contraction of v while this
is reversed for their c.d.f’s. The idea behind Lemma 2 is simple. Since c.d.fs are inverses of
the quantile functions mean preserving contraction for one implies mean preserving spread for
the other. We provide its proof in the Online Appendix, Section E. In the above, we can view

i = F, (v) as having a distribution according to % and j = F}, (v) as having a distribution

1@8—”2( with probability % onj=1.

Now, if p *=., U, Lemma 2 implies that F, >=., F},. By Blackwell’s theorem (see also Kolotilin
(2018) and Gentzkow and Kamenica (2016)), there must exist a signal structure (or a garbling)
where F), (v) = i is the conditional mean of F}, = j upon realization of the signal with ¢ having
distribution dvg () / (vg (i) — vg (0)) and similarly for j. Let p (-|) € A0, 1] be the posterior
associated with F, (v) = i. Since the distribution of 7 is given by duvg (i) / (vg (i) — vg (0)) we

can write Bayes plausibility as

Ldvg (i) [, dpg (5)
/umm 2=l Achy (11)
such that
z/MMN%WEMH (12)

where in the above | A| is the Lebesgue measure of A and |V| = vg (1) — vg (0). Equation (12)
simply states that i = F), (v) is the posterior mean of j = F, (v) according to the distribution

e (-12)-

We can then write

Kp@M@MG——ApMﬁMﬂﬁ
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/ / o H (j) dvg (i) Fubini’s Theorem
/ [H / H (j)du (5 )1 dvg (i) Int. by parts for inside integral
0
1

/ / H (7)dp (j]7) dvg (i) since by construction H (1) =0

Now, consider the expression fo H (j)du (j]7). In this expression p (-|i) is a probability dis-
tribution over j whose mean value is 7. In other words, this is a convex combination of val-
ues of H (j) with average of i. Given the definition of the concave envelope, we have that
fol H (7)du(7]7) < cavH (i). Moreover, since the space of measures over [0, 1] is compact accord-
ing to weak—* topology (Banach-Alaoglu theorem) for each i there must exist u (-]i) € A0, 1]
such that fo J)du(jli) = cavH (i). We can then use the above procedure to construct an
interim price functlon that delivers [ cavH (i) dvg (i). This proves the equality (10).

To prove the second part, by Caratheodory theorem, for any i either cavH (i) = H (i) or that

there exists 7; < ¢ < iy such that

iQ —1 17— 21
H(Zl) +
iy — 11 1y — 11

cavH (i) = H (i2)

In the first case, j ({i} |1) = 1 and in the second case u ({i1} |i) = ﬁ = 1—p ({i2} |7). In other
words, concavification of H partitions the range of [0, 1] into subintervals (i1 4, %2.4), [i1,3, i2,4]
where for any « there exists /3 such that ¢3 , = 7; g and another 3 for which 7; , = i3 3 where for

alli € [i1 5,128, p ({i} |7) = landforalli € (i1,4,92.0), 1t {i1a} |1) = l;i““za = 1—p ({i2a} 7).
From above we know that

m@=£u@ﬂmmdﬂ

Given the construction of y, we have

. 1[j > 1] cavH (i) = H (i)
N([Q]] |Z) = ig —q . . . . . .
o1 [iga >J > 114 +1[j > i2.) otherwise
Now, suppose that j € [iy g, 12 ] for some (. This means that if i > j, x ([0, j]|¢) = 0 since all
higher quantiles either put weights only on ¢ or on values of the form ¢; ,, 72 , which are higher

than j. Then we can write
1
v i) = [ (00,3110 dug ()
j . .
= /0 dvg (i) = vq (j)
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Moreover, if j € (i1,4,2,,) for some «, then it has to be that if i > i3, then ([0, 5] |¢) = 0. So

we can write

po (j) = / (0,41 1) dug (i)
- / " dvg (1) + / 00, 911i) dvg (9

11,

2,0 o —1 »
—vglia) + [ 2o ()

il,a 27@ - il,Oé
‘ . 7;2,(1 v Z .
= vg (Zl,a) — Vg (2170[) + / Q—()dZ
il 12,0 — 1,0
=E[vg (i) i € (i1,a,12,4)]

This establishes the claim. O

A.2.1 Proof of the Theorem

Proof. Consider the problem of finding the best interim price function in quantile form for a given

action a:

max W (a) — /pQ (¢) dH (i;a) = max W (a) + Tupq

PQ P
subject to pg = Vg, monotonicity of pg and the first order IC constraints. We will show that
for any a € A, Lagrange multipliers associated with the first order IC constraints exist so that
the constrained optimization gives the same value as the unconstrained optimization of the La-
grangian over the space of pg’s that are a mean preserving contraction of v and are monotone.
This combined with Lemma 1 implies the desired result.

Let us view pg as a member of the space L, ([0, 1]). Let us refer to the first order IC constraints
with respect to a,, as T,,pg = 0 where T, is an affine transformation that maps L ([0, 1]) to R
(same is true for T%) and we can define Tpg = (T1pg, - -+ , Inpg) which is an affine transfor-
mation from L., ([0, 1]) to R". Finally, let us refer to the set of pg’s that satisfy pg =« vg and
monotonicity of pg as P and the subset of P that satisfies Tpg = 0 as Q.

For any subset S C {1,--- , N}, let S = {1,--- , N} \S and let us consider the following sets

P(S) ={pg € L ([0,1]) |pg =ev v, pg increasing, T,pg > 0,n € S, T,ypg < 0,n" € S}
Lemma 3. There exists S such that max,,ep(s) Tupg = max,,eco Tupg-

Proof. Since all members of Q satisfy T},pg = 0, it must be that Q C P (S) for all S. This implies
that max,,ep(s) Tape = max,,co Tupg. Now, suppose to the contrary that for all S, the left
hand side is strictly higher than the right hand side. This implies that for any S C {2,--- , N},
there exists p € P (S),p" € P (S U{1}) such that Typ, Typ' > max,,co Tupg. Since T1p <
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0 < T1p' there must exist A such that T} (Ap + (1 — \)p') = 0. Let p")¥ = Ap + (1 — \) p and
recall that ptV)-% € P (S). We must also have that Tp;p(")5 > max,,co Trpq. Now, we know that
TopMS < 0 < TopM-SU2 for any S € {3,---, N}. By using the same argument, we can find
p12)S such that Typ'?)S = Tpp(t2)S = 0, p12)S € P (S) and Typ'?* > max,,co Thpg. By

continuing this construction, we can find p™"2V) such that T;pt-N) = ... = Tyyp(L-:N) = 0
and that Tpyp") > max,,,co Tipo which is a contradiction since p('V) € Q. O
Now, suppose that S C {1,---, N} satisfies the condition in Lemma 3. Let us define P =

{polpg #e vg, pg increasing}. Then, 7' maps members of P into R”™. Moreover, 7" maps mem-
bers of P (S) into a convex cone. Since the image of P (S ) under 7 is convex in RY, it must
have a non-empty relative interior.”* This implies that we can apply standard results for exis-
tence of Lagrange multipliers (strong duality) — see for example, Theorem 8.3.1. in Luenberger
(1997). Hence, it must be that A # 0 € R" exists such that \, > 0 for all n € S and \, < 0 for
all n € S¢ such that

max W (a) — /pQ (¢) dH (i;a) =

PQ€EP
N N
) 0 A dc (a)
;gg)éW (a) +/ H (i;a) — ;)\n 6_an (ila; a) &_a] dpg — ;)\na—&n
The rest of the claim follows from Lemma 1. O]

A.3 Proof of Proposition 2

Proof. Given the statement of Theorem 1, we know that the unconstrained objective in (D) can
be achieved by a monotone partition. Note that by Kleiner et al. (2021), the extreme points of the
convex set P — the set of pg’s that are mean preserving contractions of v and are monotone — are
associated with the monotone partitions. In what follows, we show that under the Assumption

2, no two extreme points of P can deliver the same value of the Lagrangian

) B ZN: " dc (a)
e — da,,

This would imply that L (pg, A; a) has a unique maximizer for any A which establishes the claim.

L (pq,X;a) =W (a) — /pcz (i) d (H (ia) = > a%nF (ila; a)

Suppose that there are two interim price functions p;, p» € P that are associated with mono-
tone partitions. If p; # p,, then there must exist an interval / C [0, 1] so that all of its members
satisfy p1 g (i) = vg (7) and ps g (¢) is constant for all ¢ € I. By Lemma 1, if py ¢ (1) = vg (7) is
optimal for an interval I, then T" (i;a, \) = H (i;a) — S0 A\, %F (i]a; a) ’ ~ should coincide

with its concave envelope. Moreover, suppose that the maximal interval containing / for which

22See for example Theorem 6.2 in Rockafellar (1970).
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P2, 1s constant is I = (41, 12). Let the value of p, ) be p over I.
We show that this implies that I" (i; a, \) is linear over the interval I. Suppose to the contrary

that for some sub—interval I’ C I, I" (i; a, \) is strictly concave. Then,

_ /I poo (1) dT (s, \) = —p [T (in: 0, ) — T (in: @, )]

We also have that
Jivq (i) di

< .
iy — iy vgq (i2)

Vg (21) < ﬁ =
Let j be an interior point of I’. Let us define

pag (i) i€ [0,1)\I

P (i) =1qp i € (i1, 4)
where '
[logtydi _ [Pvg(i)di
p="——"—p= "
J—u 92— ]
We have

— /ﬁQ (i) dT (i; A\, a) + /pQQ (i) dT (i; A\, a) =

Jvg (i) di I} vg (i) di

[C(Gra,A) =T (50, )] = [ (1250, A) = T'(5; 0, A)]

J—1u 19— ]
o (1) di
+f“Z.Q—(i> [T (ig;a, A) = T (415 a, A)]
2 — (U1

In the above, since I" (i; a, \) is strictly concave over parts of /, we must have that
L'(j;a,\) =T (ig;a, ) - [ (ig;a,\) = ' (5;a, )
J—u 2 —]
Let us also define 7; = <= =1 — 7, . Since p < p,we can write

I'(j5;a,A) =T (i1;a, A I'(ig;a,A) —T'(7;a, A
(],CL, ) (Zha? )+7T2]_9 (227a7 ) (j7a’7 )<

7T1]_?

J—n g —J
I'(j;a,A) =T (21;a, A I'(ig;a,A\) =T (5;a, A
(7T1P+772]_?) (7T1 U ) .(1 )+7T2 (iz ) .(j )):
- J—u 2 — ]
sz UQ (2) d'L F <Z27 a, )\) - F (Zlv a, >\)
ig—il Z'2_2-1

which implies that

— /ﬁQ (1) dl (i3 M\, a) + /pQ’Q (2)dl (i;\,a) >0
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and thus p, ¢ cannot be optimal. Therefore,
' (i;a,\) =c,Vie Il
for some c. Using the definition of /1 and F', we have

. 'y 1 09 (G™" (ila) |a)
IV (i;a,\) = —a (G (i|a)) — E An =c
e A) (67 (ia) 9 (yla) ay,
This is indeed in contradiction with the independence assumption which establishes the claim.

]

A.4 Proof of Proposition 3

Proof. In this case, the function I (i; a, \) satisfies
(@ ) 1
da 9(G~"(ila) |a)
Since g exhibits MLRP, if A > 0 then, I is decreasing in ¢ and so I is concave. If A < 0, then I

I (i;a,\) =

is increasing in ¢ and so I is convex. Clearly A cannot be negative since convex I" leads to a fully

uninformative rating. O]

A.5 Proof of Proposition 4

Proof. Recall that I" (i; A\, a) = —\ % ~, where we drop the constant —\c’ (a) term since

=a
it shifts I' uniformly and does not affect its concavification. As we have shown in Section 3,

1 9logg (yla)
(yla) dady y=G~1(ija)

Given our definition of ELRP, when A is negative, the above is concave-convex and when A is

I (i;a,\) = =\
(5 a, A) J

positive, the above is convex—concave. We wish to show that under ELRP, ) is positive and thus
optimal rating has to be lower censorship.

Suppose to the contrary that A is negative. In this case, since I (0;a, \) = I'(1;a, A) = 0, there
are two possibilities: 1. IV (0; a, A) < 0 in which case I" (¢; a, A) is non—positive for all values of i
and its concave envelope is the zero function associated with no information; 2. I (0;a, A\) > 0
in which case for an interval [0, i1] the concave envelope coincides with I" and for higher values
cavl' is linear. This is associated with an upper-censorship optimal rating. In the first case, the
marginal return to effort is zero and effort with positive marginal cost cannot be supported.

In the second case, let 7, be the value of indicator associated with 7;. In this case, the marginal

[r) 22, -

benefit of effort is given by
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u dlog g (y|a) _ [ 9g(y|a)
v(y;a)—dG+p/ ——=——dy
/y Oa s Oa

1

where in the above p is the average value of ¥ when y > ;. Since I is concave over [0, 7],
%%;(ym is decreasing in y over the interval @, yl} and thus, using the fact that v is increasing
in y, we can use Chebyshev’s sum inequality to write the above as

Y1 Y
/ 6(y;a)(910g9(y|a)dGﬂ_9/ dg (yla)dy<
Yy Y

da a

fylﬁ(y;c;) dG  rn v
y—/ 810gg(y|a)dG+]_9/ dg (Z/‘a)d
Yy v

1

G (y1]a) y da da
Iy T W04 oG (ja) __0G (]a)
G (y1a) da 7 da
where in the above we have used the fact that % = 0. Since I" (i;) = —)\% > 0, the
above expression satisfies
9G (y1a)

(E[@ly <] —Eoly > u])

which cannot be the case since the cost of effort is increasing. Hence, A > 0 and thus optimal
rating is lower censorship. When g exhibits CLRP, the argument is the mirror of the current

argument. ]

A.6 Proof of Theorem 2

Proof. From the text, we know that in this case the second derivative of the gain function is given

by

r (i’a)‘i:G(y\a) _ oty (yla) _ 93 (yla)
=—-)\ A2 .
9 (yla) dy dy
In order to prove the result, we show that under MRIP the above changes sign at most once. This
means that I is either concave—convex or convex—concave and therefore, optimal rating is either
lower or upper censorship. To see this, consider three values y; < y» < ys;. Note that we can

assume without loss of generality that D > 0 as when D < 0 the reverse argument would work.

Ot (yila) O (yila)
dy oy

xt = (x2, —x1) be the perpendicular vector of x; we know that * - x = 0. Then MRIP implies
that

Let us define the vectors z; = ( ) ;A = (A1, \2) and for an arbitrary vector z let

Zo, 73 € {X\ZT-XZO},Zg € {X|Z;'XZO}

This means that z; belongs to the half space above the line through z; and the same holds for z3

and z,. In other words, z;, z5, z3 should relate to each other as in Figure 7 where z, has a higher
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Figure 7: The vectors of likelihood changes under MRIP.

angle with the x—axis relative to z; and z3 has a higher angle than z,. This means that R? is
partitioned by the following sets

{x|z{ - x>0>2z] -x},{x]zf - x>0>2z] x},{x[zf x>0>z -x}, {x/0>z] x}.
This implies that A" has to belong in one of the above sets. Suppose that A™ belongs to the first

set (the situation depicted in Figure 7), then

042 (y1|a) )\ + 00y ( y1 )\ >0
zi AT >0>zf AT = Oy
o y2|a Ny + 041(y2| A\ <0

This means that if AT = a2z, + as2s, then

27 AT =z 20 = ay >0

zg At =1z 21 = a1 >0
This in turn means that
74 AT =2z3-A=1z] - (7; + axz9)
= Z3 - 71 + anz] - 75 <0

where the above holds because z; - z3,z; - z3 > 0. This means that z; - X > 0> z, - A\,z3- A

which is the desired result. The other cases can be shown the same way. O

A.7 Proof of Proposition 6

Proof. It is immediate by using an argument similar to Theorem 1 that optimal ratings can be

found by concavification of the function

D (i) = —apfpG (@‘1 (4) |ap) —anfrG (6‘1 (4) |aR> ) (é‘

1 1

(4) |ap) eR (é‘ (4) yaR)
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for some Lagrange multipliers Ap, Ar. We have

g(@ lar) (G Oan) (G @ar) 90 (G 0)lar)

1 1

F, (Z) = —apfp

7 (a7 ) “ondn 1E0) o 7(c ) o 7(a )

where in the above g (y) = fpg (y|ap) + frg (y|ar). Given the functional form of g, we have

(y|a) — S W)Hr(y)m(a)=bla)

9Wlar) _ wmiar)-m(an)+bar)-bar)
(?J\CLR)
9a (yla)

(y| ) =m' (Cl)?"(y) -0 (a)

Replacing in the formula for I'" implies

1 ggyl\aR; ga((y‘lap)) ggyl\aﬁ,g ga((yllaﬁ))

F'(a(y)):—apfp —anfr g(ylap “Ap g(ylap g g(ylap) g(ylar
g9(ylar) 9(ylar) g(ylar) 9(ylar)
fe+fr Ry(ylap) fp+ Ir g(ylap) fe+ g(ylap) fp+ Ir Ryg(ylap)

If we refer to m (ag) — m (ap) as Am and similarly for b (ar) — b (ap), we can write the above
as
I (G y)) = _apfp+arfre" A + Ap (mipr —Ablzi);‘ AR (migr — ) er2m =20
o+ frersn=50
If we define x = "™, then the above has the form
A+ Asx 4+ Aslogx + Aszlogx
- By + By
We can argue that A\ > 0. This is because if we consider the problem by replacing the IC for

the R type with its inequality version imposing that the marginal return to ay be higher than its
cost. In this problem, if this constraint remains slack, one can simply increase ar and shifts all
p (y)’s upwards by the same amount and improve the payoffs. Hence, Az > 0. Since m/, > 0 by
assumption, we must have that A, > 0.

We then have

" (G(y)g
(Bl + Bgl‘)z ( (d:li)) J (y) = (BQAS - BlA4) 10g$ - BlA3/$ - BQA4{L'

+ B2 (Al — Ag) — Bl (A1 + A4)

=ByAy(aylogz + an/x — = + ag)
Note that in the above A;B; > 0. The derivative of the above with respect to x is given by
U —y /P —1= W_TW Suppose that s > 0. Since the numerator is a quadratic function, it

has at most two roots and this means that ['” switches sign at most three times. This establishes
the claim. [
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Online Appendix

B Multi-Tasking with Location-Scale Technologies

In this section, we describe optimal ratings when G (yla) = H (%‘a()“)) i.e., a controls the

location and scale of the indicator ¥, and provide a proof of Proposition 5. Throughout, we write
Wy = Ou(a) /0ay, o, = do(a)/Oay, ¢, = Oc(a) /Da,, ¢ = (y—p(a))/o(a) and ¥ (a) =
102 — 2071, all evaluated at the implemented action.

Before providing the analysis, let us describe what MRIP implies within the location—scale class.
Consider the family G (y|la) = H <y7“ (a)> = H (&) such that a controls the mean and variance

o(a)
of y with H the c.d.f. of a distribution with a log—concave density H' (¢) = h (¢) = €"). In this

case,
/ /
o " n (82> Ui (81)
D (nosela) =1 1l )W (@) e+ T8 - ey = T 13)
where ¢, = y"g_(’;)(a) and ¥ (a) = 68_5166_52 — g—;%. Since h is log—concave, ie., n” < 0, the

n'(€)
n'(e)’
Monotonicity of € + 1’ (¢) /1" (¢) holds for the Normal (where it equals 2¢), Logistic, Gumbel,

leading product is non-negative, and MRIP for this class is equivalent to monotonicity of e+

Generalized Normal, Gamma (with shape parameter > 1), and Weibull (with shape parameter
> 1) families, so all of these exhibit MRIP with a log—concave density.

Fix the implemented action a and let 7 (¢) = p (i (a) + o (a) €) be the interim price expressed
in units of the standardized indicator. The payoff of the agent from effort a’ is [ p (y) dG (y|a’) —
¢ (a’) and differentiating with respect to a, at ' = a yields

1

Bu=pPitoPr  Pi=—— /7r N (©)de, Po=— ;) /7r () (ch (2)) de

Integrating by parts, P, = ﬁ [ h(e)dm(e) and P, = — [eh(g)dr (), where dr is the

o(a)

non-negative measure generated by the non—decreasing schedule 7. Thus the rating affects the
incentives of the agent only through two statistics: P, the marginal reward that the rating at-
taches to the level of the indicator, and P, the marginal reward that it attaches to its dispersion.

Moreover, P; > 0 unless the rating is uninformative.

Lemma 4. Suppose that the welfare-maximizing rating implements an interior action a and that
VU (a) # 0. Then

02C1 — 01C2 P — H1C2 — H2C
et S P e B
v ’ v

Proof. The first order conditions of the agent are ., P, + 0,P> = ¢, forn = 1,2, two linear

P =

equations in (P, P») whose determinant is W (a). Solving establishes the claim. ]
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Note that P, > 0 requires that o5¢; — 01¢y and ¥ (a) share a sign, which holds automatically
in the leading case in which productive effort compresses the dispersion of the indicator while

window dressing expands it, i.e., o7 < 0 < 05.

Lemma 5. Suppose that U (y;a) is a linear function of y with a positive slope and that h is log—
concave. Then any upper-censorship rating satisfies P» < 0, any lower-censorship rating satisfies

P, > 0, and the fully revealing rating satisfies P, = 0.

Proof. Let 5 (a) > 0 be the slope of ¥ and consider an upper-censorship rating with thresh-

old § = p(a) + o(a)é. The measure dr has density [ (a) o (a) below € and an atom of size

B (a)o (a)m(€) at €, where m () = E [¢ — z|e > z] is the mean residual life of . Therefore,
P=p(a)[©E)+m(E)en(d)],  O(x) :/ eh(e)de <0

When ¢ < 0, both terms are non-positive and the first is strictly negative. When & > 0, since ¢

has mean zero, —O (¢) = (m (é) + &) (1 — H (£)) and thus P, < 0 is equivalent to

em (&) h(8) < (m (&) +&)(1—H (&)

Log-concavity of h implies log—concavity of 1 — H, which is equivalenttom (z) < (1 — H (z)) /h (z);
the left hand side is thus at most € (1 — H (£)), which is strictly below the right hand side since
m () > 0. The argument for lower-censorship ratings is the mirror of this argument and uses
Elz —ele <z] < H(x)/h(x), implied by log—concavity of H. Finally, under full disclosure,
dr = fo(a)de and P, = 8 [eh(g) ds = 0. O

We can now prove Proposition 5.

Proof. An uninformative rating satisfies 3,, = 0 and thus the first order conditions of the agent
imply ¢, = 0, which contradicts interiority of the implemented action. Hence, by Theorem 2,
the welfare-maximizing rating is an upper- or a lower-censorship rating. By Lemma 4, P, =
(102 — pocy) /U at the implemented action. When (8) holds, P, < 0 and thus by Lemma 5 the
optimal rating cannot be lower censorship; it is therefore upper censorship, degenerating to full
disclosure when (8) holds with equality. When (8) fails, P, > 0 and the optimal rating cannot be

upper censorship; it is therefore lower censorship. This establishes the claim. O

C Validity of the First Order Approach

In this section, we describe conditions that make the first order approach valid. To do so, we use
an approach similar to that of Jewitt (1988) and more recently Chade and Swinkels (2020). More

specifically, it is sufficient to show that given our optimal ratings (lower- or upper-censorship),
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the payoff of the agent is quasi—concave in her effort. To show quasi—concavity of the payoff, it
is sufficient to show that U’ (a) = 0 implies U” (a) < 0 if U is twice continuously differentiable.
This would imply that U cannot have more than one local maximum, i.e., it is single peaked, and
is thus quasi—concave.

To see this, suppose that there are two points a; < as such that U’ (a;) = U’ (a2) = 0. Since
U” (a1) < 0 it must be that there is an interval of values above a; for which U’ (a) < 0. Now,
without loss of generality, let us assume that ay = infyq, v7(a=0 @'. Since U is assumed to be
twice continuously differentiable, U’ is continuous and thus U’ (a3) = 0 and since U’ (a) < 0 for
an interval around a;, a; < ay. Moreover, we must have that for all a € (ay,as), U' (a) < 0.
This implies that U’ (a) < U’ (a) = 0 for values of a below as. Since U is assumed to be twice
continuously differentiable, we must have that U” (a3) > 0 which is a contradiction. This implies

that U is single peaked.

C.1 A Single Task

The ratings that arise in Sections 3 and 5 — full disclosure, upper- and lower-censorship, and
mid-censorship — are all deterministic monotone partitions. The following lemma provides a

condition for the validity of FOA that applies to all of them at once:

Lemma 6. Let p be a non-decreasing interim price schedule and suppose that for all a,a € A,
0’9 (yla) , _ ' (a) dg (yla)
;a dy < ;a d
/p (y; a) gz WS T /p (y; @) 50 W
Then the payoff of the agent is quasi-concave in effort and the FOA is valid under p.

Proof. The payoff of the agentis U (a) = [ p(y;a) g (y|a) dy — ¢ (a). Suppose that U’ (a) = 0 at
some effort level a. Then [ p g,dy = ¢ (a) > 0 and

U//(a)_ d _an . d _C//(a) d
= [ PGaady — " (a) = [ P gaady ) | P9 y <0

by the assumption of the lemma. Given our argument above, U is single-peaked and thus quasi-

concave. O]

For upper- and lower-censorship ratings, integration by parts turns the condition of Lemma 6

into a condition on the distribution function directly. This gives the following:

Lemma 7. Suppose that the family of distributions {G (y|a)} . 4 is twice continuously differentiable
and A is a convex subset of R. Suppose further that G satisfies the following properties

Y . _ 0 g4 (yla . .
0>/ (Ny,a)—E[v!y2y])%gc,(%)dy?\fa,aGA,yeR,

— 00
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> N _ 1 0 Ya (y|a> A N
—Ewly <)) — A R.
0> /y (0 (y,a) @y < 9]) da ¢ (a) dy,Va,a € A, €

Then the FOA is valid under lower- and upper-censorship policies.

Proof. Consider an upper-censorship policy that pools realizations of y above ¢. If the market

believes the agent chooses effort a, then the payoff of the agent is given by

y v (y;a a)d
U@ = [ Tt o) dy . A

Ifweletpy =E[v(y;a) |y >

(1 =G (gla)) —c(a)

U (9; a), we can write

— p) 9a (yla) dy — ¢ (a)

y] >
/ ) gu (y]a) dy — psCla (3la) — ¢ (a)
- [ o

Now, suppose that U’ (a;) = 0 at some effort level a;. Then,

U'(a1) = | (U(y;0) = pr) Gaa (ylar) dy — " (ay)

(v (y; @) — ) Gaa (ylar) dy

I
;

—00

Q
—

CL1> ’
< (a1) ()

:/y (U (y;a) — pr) Gaa (y|ar) dy

/ "y 4) — par) 9o (ylar) dy

— [ @) =) o lan) = S 01|

! 9 ga (ylas)
= v(y;a) — d ———d
) =) () 5 2y
Since ¢ (a1) > 0, the assumption on G in the statement of the lemma guarantees that U” (a;) < 0.
Given our argument above, this implies that U is quasi-concave and thus FOA is valid. The

argument for lower-censorship ratings is the mirror of this argument. ]

The essence of the conditions in Lemma 7 is that they put a restriction on how convex the cost
is, captured by ¢” (a) /¢ (a) relative to that of expected interim price. Indeed, the conditions can

be rewritten as

= p (Y9, 4) Gaa d "
f,&op(y yA aA)g (y|a) dy c/ (a),VaEA
S p (Y3 9,0) 9o (yla)dy ¢ (a)
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where in the case of lower and upper censorship respectively, interim prices are

L v (y; @) y>9
p(y;9,a) = A )
Eq[vly <9l y<9

- Ealvly 23] y=>79
p(y:g,a)=q )
v (y;a) y<9g

In the special case where a%v (y,a) = f(a) andy = a + € with ¢ ~ H (¢) and density
h(e) = H' (¢), these become

S0 (= i lyly > 9]) guu (w0} dy _

Sl v —Ealyly > 9)) ga (yla)dy €

I (= Ea [yly < 3)) gaa (yla) dy _

S5 =Ealyly < 9)) ga (yla)dy — ¢ (a)

and we have

/ " (= Ealyly > 3]) ga (vla) dy —

—00

/y (v— 9 — Ealy — dly > §]) dCa (yla) =

—00

Yy
- / Ga (yla) dy — Ealy — 3ly = §] Ca (la) =

_/@9 2H( —a)dy —E; [y — 9| >A]2H(A—a)—
7008(1 ) Y alY —YYy=y a ) =
H({—a)+Eily—19ly > 9| h(§—a)
]
/ (v = Ea [yly = 5)) g (y]a) dy =

—h(g—a)—Ealy—gly > 91 (§—a)

Let us make the following assumption on H:
Assumption 5. The cumulative distribution function H (&) satisfies:
1. log (1 — H (g)) is concave in e,

2. log H (¢) is concave in e,

h(x) h(z—d) h(z—d) h(x)
3. Vd > 0, 1—H(z) — T—H(z—d) S K1 (d) s m - m S K9 (d)

The first two conditions are standard log—concavity conditions while the last condition implies

that the variations in the derivative of log (1 — H (x)) are uniformly bounded above. A sufficient
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condition for the latter is that the expressions /' () /(1 — H (z)) + h(2)* /(1 — H (z))? and
W (z) /H (z) — h(z)*/ (H (x))* are bounded above.

Under the above assumptions, h () / (1 — H (¢)) is increasing in € and therefore,

[ (y—9)dH (y — a)

E&[y_g’yzg]: 1_[_]’(@_&)
i SedH () 1 H (G- a)
1-H(g—a) — h(y-—a)

We then have that
2y —Ealyly > 9)) gaa (y|a) dy

'y —Ealyly > 9)) ga (yla) dy
h(—a)+Ealy—gly > gIN (§—a) _

H(g—a)+Ealy—gly > 9] h(9—a)
_ Ealgsa =) hy—a) _ (_1 N il — 2((3 5)) ) h(j—a)
Essy T Aty 10— a) sy T A/ A9

By log—concavity of H, h/H — h'/h > 0 and hence, we have the following inequality

h(i—a) _ W(i-a) h(i—a) _ W(i-a) h=a) | I(i=a)

L4 AGe) T W) g AGw) W) THG-@) ' h-a)
e hi—a) . h(g—a) hG—a) __ h(i=a)
E.ly—v=5] '« H(i—a) H{G-a) ' Ha) T H{G-a) ' Hja)

by the above property of E; [y — 9]y > y]. If we define y — a = z and d = @ — a, then

h(x—d
S = Ealyly > ) gaa (yla) dy y_ * God | M
ffoo (y — Ea[yly > 9]) ga (yla) dy 1h§;(;d)d) +H(( ))H( )

h(z—d) W (x)
1—H(z—d) + h(x)
h(x—d) H(z) 1
1-H(x—d) h(z)

Since 1 — H is concave, then h'/h > —h/ (1 — H) and the right hand side of the above inequality

satisfies

h(z—d) K (x) h(z) h(z—d)

_ 1-H(z—d) + h(x) 1-H(z)  1—H(z—d)
h(z—d) H(zx) h(z—d) H(x)
1—H(z—d) h(z) +1 1—H(z—d) h(z) +1

Note that in the above if d < 0, since h/ (1 — H) is increasing (log—concavity of 1 — H) the RHS
of the above inequality is negative which is guaranteed to be less than ¢’ (a) /¢’ (a) since c is
convex.

By Assumption 5, the RHS of the above is less than «, (d). If A = [0, @], then the highest value
of d is 2a which means that it is sufficient for c to satisfy

/!
max k1 (d) < < (a)
d<2a c (a)
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In a similar fashion, we can show that for lower-censorship ratings to satisfy the requirement of

Lemma 7, we must also have

C// (a)
<
maxrs (d) < 770

Thus validity of FOA is equivalent to ¢ having a high enough curvature.

It remains to consider the ratings of Section 3. Full disclosure, which is optimal under MLRP
(Proposition 3), satisfies the condition of Lemma 6 automatically in the location family: [ 7 g,,dy =
0 while [T g,dy > 0. The censorship ratings of Proposition 4, by contrast, arise under ELRP and
CLRP, and these properties cannot hold in a location family, where 92 log g/dady is single-signed;
effort must also move the dispersion of the indicator, as in the examples of Section 3. For location—
scale technologies with market values affine in the indicator, the validity of FOA under upper-
and lower-censorship ratings follows from the computation of Section C.3 below, applied with a

single task.

C.2 Multiple Tasks

The argument extends to the multi-task model of Section 4 once derivatives are replaced by di-
rectional derivatives. For z € RY, write D, = Y 2,0/0a, and D? = 3" 2,2,,0*/0a,0a,,.
The observation that does the work is that single-peakedness is a property of restrictions to lines,

so that the one-dimensional argument above can be applied direction by direction.

Lemma 8. Let U be twice continuously differentiable on a convex set A C RY and suppose that for
everya € A and every z # 0, DU (a) = 0 implies D?U (a) < 0. Then U is single-peaked along
every line in A and any a* € A with VU (a*) = 0 maximizes U over A.

Proof. Fix a € Aand z # 0 and let ¢ (t) = U (a + tz), defined on an interval since A is convex.
Then ¢’ (t) = D.U (a+tz) and ¢" (t) = D?U (a + tz), so ¢ = 0 implies ¢" < 0 and ¢ is
single-peaked by the argument at the beginning of this section. Now let VU (a*) = 0 and take
any a € A Withz = a —a* ¢'(0) = z- VU (a*) = 0, sot = 0 is the peak of ¢ and
Ufa) = 6(1) < 6(0) = U (a). a

Since D_.U = —D,U while D? .U = D?U, the requirement of Lemma 8 need only be verified

for directions in a half space; we use this to restrict attention to z with D,c (a) > 0. The analogue

of Lemma 6 is then:

Lemma 9. Let p be a non-decreasing interim price schedule and suppose that for all a,a € A and
all z # 0 with D,c(a) > 0,

/p(y;&) D2g (yla) dy < %EZ?
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while [ p D2gdy < DZ2c (a) for z # 0 with D,c (a) = 0. Then the FOA is valid under p.

Proof. For any direction z, D,U (a) = [ pD,gdy—D,c(a)and D2U (a) = [ p D2gdy—D?c(a).
Suppose that D,U (a) = 0 with D,c(a) > 0. Then [pD,gdy = D,c(a) and substituting as
in the proof of Lemma 6 delivers D?U (a) < 0. When D,c(a) = 0, DU (a) = 0 requires
[ pD.gdy = 0 and the second assumption applies directly. Lemma 8 then implies that any effort

satisfying the agent’s first order conditions maximizes her payoftf. O]

The condition of Lemma 9 has a simple reading: restricted to the line ¢ — a+1tz, the technology
is the one-parameter family G (y[t) = G (y|a + t2) with cost & (t) = ¢ (a + tz), and the displayed
inequality is precisely the requirement of Lemma 6 applied to <@ ) 6) . The FOA is thus valid in the
multi-task model whenever it is valid in every single-task model obtained by restricting effort to
a line: multi-tasking creates no new difficulty beyond requiring the single-task condition to hold
uniformly across directions. In the reducible case of Section 4.1, where G (y|a) = G (y|m (a)),
the agent’s payoff depends on effort only through the index and the requirement collapses to the
condition of Lemma 6 applied to G with the indirect cost C' ().

C.3 The Ratings of Section 4

Theorem 2 and Proposition 5 invoke FOA for upper- and lower-censorship ratings when G is a
location—-scale technology and v is affine in y. In this case the condition of Lemma 9 can be verified
from a closed form. Under an upper-censorship rating with threshold y and market beliefs a, the

gross payoff of the agent is, up to a constant,
M(a) = —B(@)o(@HE) —AHE),  H(x) :/ H (1) di

where € = (y — p(a)) /o (a) and A = 5 (a) o (a) m (€;) is the atom of the price schedule at the
threshold, with m (z) = E [¢ — x|e > z]. Writing u, = D,u, 0, = Do and similarly for second
derivatives, and using D.¢ = — (., + £0,) /o,
DM (a) = — B [0..H (6) + 20.H (6) D, + o (h(8) (D.€)* + H (&) D%)]
— A1 () (D.é)" + h(¢) D%]

where D?¢ = — (u,, + é0,.) /o + 20, (1. + €0,) /o?, and the mirror expression holds for lower
censorship. Since ;o and o are twice continuously differentiable on the compact action space, the
only terms that require care are those involving A and the growth of H: the former because
m () grows without bound as the threshold falls, the latter because H (z) grows linearly as it
rises. Log—concavity of h controls both: it implies m (z) h (x) < 1 — H (z) < 1, and since a and

a lie in a compact set, € and é; differ by a bounded amount, so that the A terms are uniformly

bounded; and the linear growth of H enters only multiplied by second derivatives of x and o,
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remaining bounded as the payoff approaches its full-disclosure limit. Therefore
D21l (a)

SUp{ ———5—
2]

and if D%c (a) — 21 is positive definite for every a € A, then DU (a) < E||z||* — D?c(a) < 0
for all a and all z # 0: the payoff of the agent is strictly concave and the FOA is valid a fortiori.

(11|

a,&EA,QER,z#O}<OO

As in the single-task case, validity of FOA amounts to the cost having enough curvature, now in
every direction.

For the technology of Example 1, where ji (a) = ba; +az and o (a) = 1/b2a? + 1, the curvature
bound can be computed explicitly: p., = 0, 0, = b%a12,/0, 0., = b*2} /03, and the slope of mar-
ket values is 3 (@) = ba?/ (b*a? + 1). Evaluating = numerically over all censorship thresholds,

directions, actions and beliefs in A = [0,a]” gives
Z~026 (b=1%a=1), 08 (b=3,a=2), 072 (b=1a=1), 150 (b=1,a=2)

Hence with separable quadratic costs ¢ (a) = k (a? + a3) /2, for which D?c = kI, the FOA is
valid whenever k& > =: symmetric quadratic costs (k = 1) validate the FOA for b = % on both
action spaces and for b = 1 when @ = 1. The required curvature grows with the passthrough b
from productive effort to the indicator — which is what makes the technology irreducible - and

with the size of the action space.

C.4 The Ratings of Section 5

In the redistributive test design problem of Section 5, each type of the student solves a single-
effort problem given the rating, and the mid-censorship ratings of Proposition 6 are deterministic
monotone partitions, so Lemma 6 applies type by type; the cost normalization ky cancels from
the condition. Given the functional form log g (y|a) = f (y) + r (y) m (a) — b(a), the score is
¥ (yla) = (y)m' (a) — ¥ (a) and goq = (? + 7 m” — ") g, so the condition of Lemma 6 reads
Jp ) [¢ (y]a)” (y)m”( )~V (@)]gyla)dy _ ' (a)
Jply g (yla)dy ¢ (a)
When m is concave and b is convex the mlddle terms are non-positive, and if in addition ¢ (y|a) >

0 on the support — that is, b’ (a) < m/ (a) inf, r (y) - then ¢* < (sup, ¢) ¢ pointwise, so that

>m' (a)supr (y) — V' (a)

 (a) y
is sufficient for the validity of FOA for both types. Once again, the requirement is that the cost
be convex enough, here relative to the range of the score.
For the example of Section 5 (Example 2), where y = a + ¢ withe ~ N (0,1) and ¢ (a) = a?/2,
we can quantify the required curvature. In this case r (y) = y, m (a) = a, b(a) = a*/2 and ¢ =
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y—a, and the Gaussian identities E [(y — a) 1 {y > s}] = h (s — a) and E [((y — a)’ — 1)1{y > s} =

(s — a) h (s — a) reduce the condition of Lemma 6 to

C”(a)
/(s—a)h(s—a)dp(s)< 7 a) /h(s—a)dp(s)

where dp has unit density on the revealed regions and atoms at the pooling boundaries. For

a rating that pools [y, y2] and reveals elsewhere — the mid-censorship shape of Proposition 6 —
writing s; = y; —a and ¢ for the pooled price net of a, the condition is A (s1, s2,q) < ¢’ (a) /¢ (a)
where

h(s2) = h(s1) +s1(q—s1)h(s1) +s2(s2—q) h(s2)

H(s1) +1—H(s2) +(q—s1)h(s1)+ (s2—q) h(s2)

Maximizing A numerically over all pooling intervals contained in [—T', 7] and all admissible
pooled prices gives A* ~ 0.54 for T = 1, A* = 1.0l for 7' = 1.5and A* =~ 149 for T' = 2;
restricting the pooled price to be Bayes-consistent with a belief error | — a| < 1 tightens the
bound for 7" = 2 to A* =~ 0.83. The requirement is thus ¢’ (a) /¢’ (a) > A*: with the quadratic
cost of the example, ¢’ /¢’ = 1/a, FOA is valid at every effort « < 1/A* - approximately 1 for

A(51,827Q) =

pooling within 1.5 standard deviations, and above the equilibrium efforts of both types once the
Bayes-consistent bound applies. For a power cost ¢ (a) o a” the condition reads (7 — 1) /a > A*,
i.e,, curvature v > 1 4+ aA*. Since A* grows with the width of the pooling region, the curvature

needed for the validity of FOA scales with how much of the distribution the optimal rating pools.

D Importance of Comonotonicity in Proposition 1

The following counterexample demonstrates that there exist price schedules satisfying the mean-

preserving contraction property that cannot be generated by any information structure.

Example 3. Suppose that A = {0,1/3,1} = {a1, as, as}, v = a;. The indicator is deterministic:
G ({a;} |a;) = 1, and prior is uniform y ({a;}) = 1/3. In words, the market cares only about the
action of the seller, and y coincides with it. Figure 8 depicts the feasible interim prices in the space
of (p(a1),p (az)); (the third coordinate is pinned down by Bayes rule since E[p] = E[v] = 3).
Area A shows the set of random variables that are mean preserving contractions of (0,1/3,1).
They are depicted by their first two variables while the third is again pinned down by Bayes’
rule. # The set of interim prices is denoted by area B in Figure 8. We find this set by solving
the optimization problem associated with the highest and lowest value of p (a3) as a function of
p (a1).** Evidently, the set B does not coincide with A. This is mainly due to the restrictions put

by the second order expectations. For example, it can be easily shown that the coefficient of ¥ (a)

»The conditions are 0 < z; < 1,1/3 < x; + x; <4/3,forall 4, j, and x1 + zo + x3 = 4/3.
?*The upper and lower bound of p(a2) can be found via standard concavification method. The lower
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1/3 4/3 play)

Figure 8: The set of interim prices and mean-preserving contractions of market valuations for
Example 3. The green area, A, represents the three state random variables that are a mean-
preserving contraction of market values. The yellow area, B, is the set of feasible interim prices
under some information structure.

in p (a) is at least 1/3 which means that p (a3) cannot become lower than 4/9.

Finally, the points a, b, c,d are associated with deterministic ratings that either separate or
pool the states and for which p(a;) < p(az) < p(as3). Interestingly, if we consider the set of
random variables whose realizations are less dispersed than ¥ (a) and satisfy monotonicity, this
coincides with the convex hull of the points a, b, ¢, and d. In Proposition 1, we show that this
insight holds generally and allows us to significantly simplify the problem of rating design under

a comonotonicity condition.

The result in Proposition 1 is reminiscent of the result of Blackwell (1953) and Rothschild and
Stiglitz (1970), the general version of which can be found in Strassen (1965). That result states
that for any two random variables = and y, there exists a random variable s such that E [z|s] has
the same distribution as y if and only if y second-order stochastically dominates x.

While similar, our result is different in two aspects. First, it is stated for the second-order
conditional expectation, and thus Blackwell’s result cannot be applied. The key intricacy is that
the same signal structure that generates the random variable E [v|s] must be used to generate
E [E [v|s] |y]. Second, as illustrated by Example 3, the equivalent of Blackwell’s result does not
hold in general and can be shown only when v and p are comonotone.

We also note that the comonotonicity is effectively a form of uni-dimensionality for the indi-
cator. Since the indicator y matters for the market and payoffs only through its effect on v (y; a),

we can relabel the indicator to be T (y; a). Under this reformulation, comonotonicity implies that

bound is given by 2(4 —p(a1))/ <1O —3p(ay) + \/(8 —3p(a1))* — 12> and the upper bound is 3 —
(6 —2p(a1)) /(6 = 3p(ar)).
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interim prices p (y) are a well-defined function of ¥ (y; a). In other words, comonotonicity means

that the indicator can always be reduced to a one-dimensional signal.

E Proof of Lemma 2

Proof. Suppose that pg (i) is majorized by vg (i) — both of these are non-decreasing functions.
We will show that the same is true for F), and F), respectively, i.e., I, is majorized by F},. Then,
for any z € [v, U] - the range of values of vg (i), since h () = max {x, z} is a convex function,

its expected value under v must be higher than its expected value under pg. That is,

/01 max {z,vq (i)} di > /01 max {z,pg (i)} di

We can rewrite the above as

/vvmax {z,v}dF, (v) > /UU max {z,v} dF, (v)
F,(2)z+ /ZvvdFv (v) > F,(2)z+ /Zvvde (v)

Using integration by parts, we can write
/ vdF, (v) =1 — 2F, (2) — / F, (v)dv
/ vdF, (v) =0 — 2F, (2) — / F, (v)dv

Replacing in the above inequality implies that

_/:Fv(v)dvz_/:Fp(v)dv;»/:Fp(v)dvz/:Fv(v)dv

Since vg and pg are equal in expectation, we must have that the above holds with equality at

/szv(v)dUZ/szp(v)dv

which is the same as saying I, is majorized by F,,. The proof of the reverse follows a similar logic

and thus we establish the claim. O]

z = v and therefore,
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