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Fig. 1. The project implementation used position free monte carlo for layered materials which allows to use anisotropic roughness, textured absorption and
anisotropic medium with fast rendering times. Please see the image for the description of the materials.

Real world objects are often coated with multiple layers on top the base color
to protect from scratches or to provide rich diversity of material appear-
ance like spatially varying specular highlights. The idea of layered material
modeling tries to circumvent explicitly calculating light transport with each
coating layer and replace it with BSDF which gives equivalent reflection
and transmission component, albeit with some assumption. Past approaches
have tackled the problem of modeling layered material by either creating
a concise representation of captured data or by precomputing a low-order
statistics of the material. My project is based on [Guo et al. 2018] work on
using position free Monte Carlo with plane parallel layers with participating
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media to provide the BRDF. In my project, I have implemented their unidi-
rectional evaluation and approximate PDF approach to show the concept.
The report highlights the main algorithm and benefits of the approach.
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1 INTRODUCTION
Creating realistic images require 2 key inputs, namely, geometry and
material. Material modeling is a key challenge in computer graphics.
Various past works have characterized and compared materials
surface appearance using BRDF, BSDF and sub-surface scattering.

My project implements following things
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(1) Monte Carlo Position-Free sampling for plane parallel inter-
face with volume scattering

(2) Unidirectional evaluation of layered BSDF with anisotropic
volume scattering

(3) Approximate PDF estimation using rough interfaces
(4) BSDF with more than 2 layers with volume scattering in

between each layer

2 PRIOR WORK
Discretized layered BSDFs: [Jakob et al. 2014] and [Zeltner and Jakob
2018] derived accurate BRDF representation using precomputation
in direction in Fourier domain. There representation is very accu-
rate and allows adding-doubling algorithms. [Zeltner and Jakob
2018] also introduced subtracting 2 BSDFs through their approach.
However, these approaches require one to know the BSDF before
the rendering begins and can be very computationally intensive.
Analytic layered BSDFs: [Weidlich and Wilkie 2007] combines

multiple BSDFs where sub-surface scattering is absent to derive a
multi-lobed BSDF. [Belcour 2018] track a low-order statistics of the
BSDF across layers and fit an equivalent microfacet BSDF using the
obtained combined statistics. These approaches are fast but can’t
handle anisotropic medium.

3 METHODOLOGY

3.1 Assumptions
The key assumption in the approach is as follows

(1) The light scattering inside the material is independent of posi-
tion of intersection point. Only the depth inside the material
is required to calculate the contribution

(2) The incoming and outgoing light leave from the same micro-
facet location and small displacement at the interface points
could be ignored.

The proposed approach of using Position-Free Monte Carlo is
proven to be unbiased, supports spatially varying parameters and is
faster than global Monte Carlo methods.

3.2 Background
Using the path integral formulation from Veach’s Thesis [Veach
1997], the pixel value is given as

𝐼 =

∫
Σ
𝑓 (𝑥)𝑑𝜇 (𝑥) (1)

where 𝑥 = (x0, · · · , x𝑘 ) is the path with k segments and 𝑘+1 vertices
on the surfaces or within participating media, Σ is the space of all
the paths for 𝑘 ≥ 0. 𝑓 (𝑥) is the path contribution and 𝜇 (𝑥) is the
area measure. The path contribution is given as follows

𝑓 (𝑥) =𝑊𝑒 (x0, x1)𝐿𝑒 (x𝑘 , x𝑘−1𝑇 (𝑥) (2)

where𝑊𝑒 and 𝐿𝑒 are camera vertex and light vertex contribution re-
spectively. 𝑇 (𝑥) is the path throughput which contains BSDF(phase
function) term, Geometry term and visibility term. Visibility in
general scenario is the most costly process in the rendering. Geom-
etry term introduces high variance as it includes inverse distance
between the scene points.

3.3 Overview
The main quantity to calculate inside the layered material is 𝐿(x, 𝜔),
where x is the point on each interface inside the material or in
the volume and 𝜔 is the direction of outgoing light. Due to the
assumption of position free, the problem reduces to calculation of
𝐿(𝑧, 𝜔) inside the layered media, which can be done very efficiently
for anisotropic and spatially varying layer properties at run time.
The following section describes the BSDF implementation which
reduces to 3 key operations, namely, sampling incoming direction
given outgoing direction, evaluating the BSDF of the layered mate-
rial for given incoming𝜔𝑖 and outgoing𝜔𝑜 direction and estimating
probability of sampling given incoming 𝜔𝑖 and outgoing 𝜔𝑜 direc-
tion. All the following equations are given with 2 interfaces with
single medium combination. The implementation also implements
this configuration. The multilayered setup is obtained by replacing
the interfaces with another mutlilayered BSDF.

3.3.1 BSDF Sampling. This operation is required to generate the
new direction for path generation for a given outgoing direction
𝜔𝑜 . This operation includes running position free volume rendering
with simplified ray intersection operation in which only the depth
of the point inside the medium matters. This process doesn’t require
any special data structure creation as the intersection point can be
found in closed form given the input ray direction.

3.3.2 BSDF Evaluation. The BSDF contribution of sampled incom-
ing 𝜔𝑖 and outgoing 𝜔𝑜 direction is calculated using this operation.
The path contribution 𝑓 (𝑥) for this case reduces to the following
equation

𝑓 (𝑥) = 𝑣1𝑠1𝑣2𝑠2 . . . 𝑠𝑘−1𝑣𝑘 (3)

The vertex term is given as follows

𝑣𝑖 = 𝑣 (𝑧𝑖 ,−𝜔𝑖−1, 𝜔𝑖 ) =


𝑓top (−𝜔𝑖−1, 𝜔𝑖 ) if 𝑧𝑖 = 0
𝑓bottom (−𝜔𝑖−1, 𝜔𝑖 ) if 𝑧𝑖 = 1
𝜎𝑠 𝑓medium (−𝜔𝑖−1, 𝜔𝑖 ) if 0 < 𝑧𝑖 < 1

(4)

Let the transfer term 𝜏 (𝑧, 𝑧′, 𝜔) be given as follows

𝜏 (𝑧, 𝑧′, 𝜔) := 𝑒𝑥𝑝

(
−𝜎𝑡 |𝑧′ − 𝑧 |
|𝑐𝑜𝑠 𝜔 |

)
· I

(
𝑧′ − 𝑧

𝑐𝑜𝑠 𝜔
> 0

)
(5)

The segment term is defined as follows

𝑠𝑖 = 𝑠 (𝑧𝑖 , 𝑠𝑖+1, 𝜔𝑖 ) =:= 𝜏 (𝑧𝑖 , 𝑧𝑖+1, 𝜔𝑖 ) × |𝑐𝑜𝑠 𝜔𝑖 |𝛼𝑖 (6)

where 𝛼𝑖 = I(𝑧𝑖 ∈ {0, 1}) + I(𝑧𝑖+1 ∈ {0, 1}) − 1. Please refer to the
paper [Guo et al. 2018] for more discussion and derivation of the
above equation. Paper specifically discusses the cosine terms in 𝛼

to make it absolutely clear.

3.3.3 BSDF PDF Estimation. The operation of calculating proba-
bility for incoming 𝜔𝑖 and outgoing 𝜔𝑜 direction to calculate MIS
weights during Next Event Estimation and weighting the contribu-
tion for the sampled path using BSDF sampling in standard volume
path integral formulation. The paper proposes 2 approaches for
this operation, namely, unbiased PDF estimation and Approximate
PDF estimation. The theory for unbiased PDF estimation is similar to
path contribution calculation with path contribution replaced with
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path pdf calculation. However, I implemented only the Approximate
PDF estimation method as the paper showed that this method is
exceedingly fast and leads to non-perceptible difference in the final
images. Note: approximation is bad for grazing angles as can seen
in Figure .

4 OTHER IMPLEMENTATIONS
For the final project, I also implemented following light models.
However, I have not used them in my final rendering as the BSDF
evaluation currently only supports unidirectional light transport.
However, this is an implementation bug and should be resolved in
future.

In the following sections, I describe the lights models and show a
illustrative rendering using the lights models.

4.1 IES light model
Real light sources do not illuminate the scene as traditional light
models like point light sources and area light sources, available in
various renderers, emit light. Various manufacturers provide an
IES profile, an Illuminating Engineering Society standard format,
for real light sources. This becomes very important for fabrication
and engineering related tasks in which light sources might be very
close the scene to be illuminated. The IES light model assumes the
light source to be a point light source with intensity along each
outgoing direction parameterized by spherical coordinates (𝜃, 𝜙)
be given using a texture. Figure 2 shows examples of IES profile
and corresponding illumination along the wall. Figure 3 shows the
image illuminated with 2 IES profiles shown 2 from the top. The
area of the head exactly below the light receives almost no light
from the second IES light profile.

Fig. 2. IES Profile: The image show a wall illuminated by a IES light source
pointing downwards with the IES profiles shown at the top. The images
were rendering using BDPT in Mitsuba.

4.2 Directionally Varying Area light
Though IES light model allows one to model real light sources with
fidelity, it does bode well for rendering algorithms which require
connecting paths generated from points in the scene to connect to
the light source. For this reason, we can combine the benefits of area
light source and Spot light to simulate what I term as Directionally

Fig. 3. Effect of light models on the illumination of monkey face.

Varying Area Light or DVAreaLight. This light model has 2 parame-
ters, namely, cutoffAngle and beamWidth which are used to control
the cone of light emitted from each point on the area light source.
Figure 4 shows the light model illuminating a wall. Figure 3 shows
the monkey illuminated from the right using area light source and
DVAreaLight respectively.

Fig. 4. Directionally Varying Area Light Model: The left figure shows a wall
illuminated by the normal area light source and right figure shows the wall
illuminated using DVAreaLight with cutoffAngle=20 and beamWidth=15

5 RESULTS
For comparison, I used the reference implementation by the original
authors.

5.1 BSDF Operation Validation
Figure 5 shows the polar plot of the unidirectional BSDF evaluation
step from reference and my implementation for material as shown
in Figure 8. There is a close match across channel.

Figure 6 shows the polar plot of the approximate PDF step from
reference and my implementation for material as shown in Figure 8.
There is a constant shift in the PDF estimation and potential source
of bug.

5.2 Full Image Rendering Validation
Figure 7 shows the images of a flat plane coated with different
layered materials illuminated by a big spherical light and camera
pointing directly towards it. The exact description of the material
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Fig. 5. BSDF Evaluation comparison: The top and bottom row shows
the comparison of BSDF evaluation operation for image shown in 8 with
reference implementation and my implementation. The left, middle and
right column show the red, green and blue channel of the BSDF respectively.

Fig. 6. BSDF Approximate PDF comparison: The left and right image
shows the reference implementation and my implementation approximate
PDF estimation. The trend looks the same. However, there is a constant
shift.

is available in the original paper supplementary. This scene was
very helpful in debugging the implementation as it the only inter-
action happening is inside the BSDF itself and almost negligible
intersection time. The figure shows that my implementation is able
to match the scene with homogeneous and heterogeneous medium
with the reference implementation. My implementation times were
higher than the reference implementation.
Figure 8 shows the previous scene with flat slab coated with 3

layered material. Again, for the exact material details please refer to
the original paper supplementary. This helped to test if the nested
BSDF model implementation is correct.

Figure 9 shows the effect of Multiple Importance Sampling in the
BSDF evaluation implementation. In my project, I did not implement
MIS which leads to noisy images at the lower slabs. However, the
rendering matches the reference implementation without MIS and
is inferior to image with MIS. This part is very easy to implement. I
expect to include this in the near future.
Figure 10, shows rendering of a 3 layered BSDF with following

properties
(1) interface0 rough dielectric layer with 𝜂 = 1.5 and 𝛼 = 0.05

Fig. 7. The top and bottom row show the images rendered using reference
and my implementation respectively. The images show a plane coated with
layered materials. The medium scattering increases from left to right column.
For exact description please refer to text.

Fig. 8. The left and right images are rendering using reference and my
implementation respectively.

Fig. 9. Multiple Importance Sampling: The left and middle images are ren-
dered using reference implemention with and without MIS for BSDF evalua-
tion. The right image shows image from my implementation which does not
have MIS implementation in BSDF evaluation. Note: this MIS is different
than global path tracing MIS which is available in all the images shown
above. All the images were rendered using 64spp

(2) anisotropic medium0 with density=0.5, albedo=(0.5 0.7 0.95)
and orientation=(0.5,0.5,0) and microflake phase function
with stddev=0.05

(3) interface1 rough dielectric layer with 𝜂exterior = 1.5 , 𝜂interior =
1.2 and 𝛼 = 0.01
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(4) anisotropic medium1 with density=0.5, albedo=(0.5 0.95 0.5)
and orientation=(0.5,-0.5,0) and microflake phase function
with stddev=0.05

(5) interface2 rough conductor Cu with roughness=0.05
Note this case is not handled well by data-driven [Zeltner and Jakob
2018] and analytic [Belcour 2018] approaches.

Fig. 10. The left and right images are rendering using reference and my
implementation respectively. Please refer to text for detailed description of
the material.

6 FINAL RENDERING
Figure 1 shows my entry into the rendering competition. The image
was inspired by original paper’s teaser image [Guo et al. 2018].
The image contains 4 objects highlighting various strengths of the
approach.
First object on the left shows a sphere coated with a 3 layered

material with anisotropic roughness at interface and anisotropic
medium with microflake phase functions.
Second object on the right was designed to show the specular

highlights and simplest case of 2 layer material with rough interfaces
and homogeneous medium with HG phase function.

Third object geometry was taken from [Zeltner and Jakob 2018]
paper supplementary material coffee scene. The layered material
has textured absorption at the last conductor layer due to which a
greenish color starts to appear on the left part of the object.

Fourth object contains the anisotropic rough interface dielectric
at the top, homogeneous media and very rough conductor at the
bottom.

7 CONCLUSIONS AND FUTURE WORK
The current approachworkswell for layeredmaterials with anisotropy
and spatially varying arbitrary BSDF property without any expen-
sive precomputation. The proposed approach is also shown to be
unbiased and has a bidirectional extension. One of the assumption
of ignoring the displacement of light scattering leaving the medium
was violated noticeable number of times during implementation
debugging and rendering test scenes. This case occurred specifically
during volume rendering or if a large number of light bounces oc-
curred. The second case would have negligible contribution to the
BSDF value. However, the careful inspection of the first might be
useful. Together with future work mentioned in the original paper,

the paper has been extended to include sampling using multiple
terms BSDF is explored in [Xia et al. 2020] with the assumption of
modeling BSDF using gaussians. This is an exciting area of future
research.
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