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Abstract

We study a model of Bayesian persuasion in which the Sender commits to a signal
structure, privately observes the signal realization, and then sends a message to the
Receiver at a cost that depends on both the signal realized and the message sent. Our
setup weakens the Sender’s commitment to truthfully reveal information in Bayesian
persuasion. We provide sufficient conditions for full communication by the Sender
in the Sender-preferred equilibrium, and these conditions are satisfied under many
commonly studied communication games. Under these conditions, the Sender’s (lack
of) commitment in the persuasion problem is quantified as a communication cost to
induce a belief distribution for the Receiver. We apply this approach to study test

design and information provision by lobbyists.
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1 Introduction

Many economic situations involve an agent wanting to influence the action of a decision
maker. When monetary transfers are not possible, the agent can instead strategically control
the decision maker’s information to influence her beliefs and thus affect the actions that she
takes. Kamenica and Gentzkow (2011) (hereafter KG) model this as a “Bayesian persuasion”
problem in which the agent (Sender, he) designs an information structure that generates
information about the underlying state to the decision maker (Receiver, she).

In this paper, we study a variant of a Bayesian persuasion model with the innovation
that new information is transmitted to the Receiver by the Sender through potentially costly
messages. The Sender first commits to a signal structure that generates a signal about an
unknown state. Upon privately observing the realized signal, the Sender sends the Receiver a
message at a cost that depends on both the message and the signal realization. The Receiver
then updates her belief and takes an action that affects the utility of both players.

Our model differs from a canonical Bayesian persuasion model in two substantial ways.
First, when information misrepresentation by the Sender is possible but costly, our setup
weakens the Sender’s commitment to truthfully revealing new information to the Receiver,
which is a key assumption in the Bayesian persuasion literature. This setup is of particular
relevance to persuasion activities that require expert interpretation or the preparation of new
information. For example, a drug company can commit to a type of scientific research on its
drug, but the results require expert interpretation, which is susceptible to misrepresentation.

Second, the “belief-based” approach reduces a typical Bayesian persuasion problem to
choosing a distribution of posteriors for the Receiver subject to only the posteriors averaging
back to the prior (“Bayes plausibility”). Therefore, the signals used to encode the respective
posteriors are fully interchangeable in Bayesian persuasion. In contrast, because the Sender’s
communication cost depends on the identity of the realized signal, our model also captures
the Sender’s choice of signal to use to encode each posterior belief in the signal structure.

To illustrate the implication of the second feature, consider a situation in which a drug
company wants to persuade the FDA to approve a new drug by first announcing a type of
news to search for regarding the drug. Let pg (pg) be the probability that the announced
news is found when the drug is good (bad). Say that it is a “positive news test” if p¢ > pp,
and it is a “negative news test” if pg < pg. News has a different effect in the two types of
tests. In a positive news test, the arrival of news improves the belief about the drug, whereas
the lack of news worsens the belief; in contrast, in a negative news test, the arrival of news

worsens the belief, whereas the lack of news improves it.



If the drug company’s problem is modeled as a Bayesian persuasion problem, then the
drug company is assumed to be committed to truthfully revealing the test outcome to the
FDA, or (equivalently) the FDA can directly observe the outcome. In this case, the choice
between a positive or a negative news test is irrelevant because the belief-based approach
reduces the problem to choosing the distribution of two posteriors, and any distribution of
two posteriors can be induced by a set of (pg,pp) that has the property of pe > pp (ie.,
positive news test) or pg < pp (i.e., negative news test).!

Suppose now that the FDA relies on the drug company to report its test outcome (i.e.,
the setup in this paper), and it is infinitely costly for the drug company to fabricate news,
whether positive or negative, but concealing news is always costless. In this case, the type of
test becomes important. In a negative news test, the bad posterior is attached to a readily
manipulated signal (because any news can be costlessly hidden). Since the drug company
always wants to generate the good posterior, its “no news” message in a negative news test is
never credible to the FDA. However, this credibility problem is absent from a positive news
test because the bad posterior is attached to a signal that the drug company is committed
to truthfully report (because it cannot fabricate news when none is found). Therefore, the
solution to the persuasion problem now involves not only pinning down the distribution of
posterior beliefs (as in Bayesian persuasion) but also the property that new information for
persuasion must be generated by a positive news test.

More generally, in this paper, we define a message technology as the triple of (1) the
signal space for generating new information; (2) the message space for communicating the
new information to the Receiver; and (3) the message costs associated with each signal real-
ization. We consider how the persuasion activity is also affected by the message technology
as opposed to only the players’ preferences over actions, which has been the focus of the
Bayesian persuasion literature. In the example above, the signals and messages available
in the message technology are “news” and “no news.” A positive (negative) news test is
represented by a signal structure that attaches a favorable belief to the “news” (“no news”)
signal, and the messaging cost after each signal realization renders the use of a negative test
infeasible. Our main model considers more general forms of message technologies that allow
for abstract signal and message spaces and cover a wide range of communication games.

In our model, the Sender faces two interacting problems: what information to generate

and what information to reveal to the Receiver. Because the information design/acquisition

!Consider any test, (pe,pr), with p¢ > pp (i.e., positive news test). The test with probabilities pj;, =
1—pg and p’z = 1 —pp is a negative news test that generates the same distribution of posteriors as (pg, pg).
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problem is followed by strategic communication, any subgame-perfect equilibrium involves
characterizing two interconnected belief distributions: the Sender’s belief distribution gener-
ated by his chosen signal structure and the Receiver’s belief distribution in the equilibrium
of the communication subgame. With communication taking place through costly messages,
the two players’ beliefs can differ in equilibrium, thus complicating the problem.

Our first contribution is providing a set of sufficient conditions (Condition 1) on the
message technology for the Sender-preferred equilibrium to be supportable by full communi-
cation between the Sender and the Receiver (Proposition 1). These conditions are satisfied
under many natural communication games and do not put any restrictions on the prefer-
ences of the Sender or the Receiver. Armed with Proposition 1, our second contribution
is showing that the persuasion problem reduces to finding only the (Sender-)optimal belief
distribution held by the Receiver ex post while obeying a constraint for full communication
in the equilibrium of the communication subgame (Proposition 2). This constraint manifests
as a cost for the Sender to induce each belief distribution for the Receiver and is derived
from a cost-minimization problem of choosing signals and messages to encode beliefs such
that it is incentive-compatible for the Sender to truthfully reveal information. Therefore, the
solution characterization consists of a two-step process that is reminiscent of the solution to
a standard discrete-action moral hazard problem:? first, determine the cost for each belief
distribution; second, optimize over the belief distributions while accounting for its cost.

The costs to sustain various belief distributions can be interpreted as the Sender’s com-
mitment power (or lack of it) under the message technology. If the cost of a belief distribution
is infinite, then it implies that the message technology does not allow the Sender to credibly
transmit such information to the Receiver. In Proposition 3, we provide a broad class of
message technologies with the feature that the commitment power afforded to the Sender
is simply the set of the feasible signal structures — i.e., the cost of a belief distribution
is always either zero or infinite. Therefore, under such message technologies, the problem
is equivalent to doing “KG persuasion” within a constrained set of signal structures. We
illustrate its applications using some examples.

The remainder of the paper proceeds as follows. We discuss the related literature in the
next subsection. Then, in Section 2, we introduce our model. In Section 3, we study issues
related to full communication. Subsequently, in Section 4, we show how the problem reduces

to finding the optimal belief distribution with a cost attached to each distribution and provide

2In a discrete-action moral hazard problem, we often first solve for the optimal contract to induce any
given effort by the agent; then, we optimize over the effort to induce. See, for example, Laffont and Martimort
(2002) and Bolton and Dewatripont (2005).



some properties of this cost function. In Section 5, we consider two examples, and in Section
6, we provide an extension with an information misrepresentation cost. Finally, in Section

7, we conclude. All omitted proofs are found in Appendices A and B.

1.1 Related literature

Our paper contributes to the literature on weakening the Sender’s commitment to truth-
telling in Bayesian persuasion problems. Both the online appendix of KG and Gentzkow and
Kamenica (2017) consider models in which the Sender privately observes the signal realization
and then sends a message to the Receiver. In contrast to our model, in the online appendix
of KG, the Sender chooses the message costs; and in Gentzkow and Kamenica (2017), the
communication stage is always a verifiable disclosure game (a la Grossman, 1981; Milgrom,
1981). Next, Lipnowski and Ravid (2020) consider a model in which the Sender’s message
is cheap talk, and Min (2017), Fréchette et al. (2018) and Lipnowski et al. (2018) study
“intermediate” models in which the Sender can costlessly lie about the signal realization
with some probability but must report it truthfully with the complement probability. These
intermediate models are equivalent to having a stochastic communication cost in our model,
which we do not consider.®> Finally, there is also a set of papers that relax the Sender’s
commitment power in dynamic settings (Best and Quigley, 2017; Che et al., 2019; Mathevet
et al., 2019, and Pei, 2020). In these papers, the dynamic incentives play a crucial role in the
Sender’s choice of information-generating process and/or reporting strategy, which contrasts
with our static setting, in which the related incentives hinge on the message technology.
Next, our paper is also related to the literature on strategic communication with en-
dogenous information for the Sender. Ivanov (2010) studies a cheap talk game in which the
Receiver controls the Sender’s information structure, and Perez-Richet and Skreta (2018)
study test design with signal falsification. Both of these papers focus on Receiver-optimality,
whereas we focus on Sender-optimality. Pei (2015) and Argenziano et al. (2016) study mod-
els in which the Sender covertly chooses a signal structure at a cost, privately observes the

4

realized signal, and then sends a cheap talk message to the Receiver.* Both papers have

a full-communication property in equilibrium as in our paper, but the driving force for the

3However, we allow for more general players’ preferences, whereas the Sender’s utility in these papers is
either state-independent or, in Min (2017), of a quadratic-loss form. Li (2020) also studies a model with a
similar setup to ours but under substantial restrictions on the state space and the Sender’s preference, and
the message cost structure is also quite different from ours.

4Argenziano et al. (2016) allow for both covert and overt information acquisition but have a different
cost structure for the signal structure from Pei (2015).



result is very different from ours. Other related models include Guo and Shmaya (2020) and
Libgober (2020): in Guo and Shmaya (2020), the Sender privately chooses a signal structure,
privately observes the signal realization and then reports the resulting belief at a cost of in-
formation misrepresentation, which is similar to the cost 1 (p|o) in Section 6 in our paper;
in Libgober (2020), the Sender publicly chooses some dimensions of the signal structure and
privately chooses the other dimensions, but information misrepresentation is not possible.
Finally, our paper is also related to the literature on strategic communication with costly
lying. Gneezy (2005), Sanchez-Pagés and Vorsatz (2007, 2009), Vanberg (2008), Hurkens
and Kartik (2009), Fischbacher and Follmi-Heusi (2013) and Gneezy et al. (2018) are some
examples of experimental evidence of individuals exhibiting aversion to lying or a preference
for promise-keeping. Kartik et al. (2007) and Kartik (2009) incorporated lying costs into
communication games. In their models, the Sender incurs a cost of lying whenever the literal
meaning of his message does not match his private information, even if this “lie” is anticipated
by the Receiver and does not result in misinformation. The message cost ¢ (m/|s) in our
baseline model follows this “non-consequentialist” view on lying. Sobel (2020) provides a
comprehensive perspective on this issue, distinguishing between (non-consequentialist) lying
and “deception,” which arises when the Receiver is induced to hold a wrong belief. Our

information misrepresentation cost ¥ (p|o) in Section 6 is consistent with a cost of deception.

2 A Model of Persuasion with Costly Messages

2.1 Setup

Let ©, S, M and A be finite sets, denoting the state space, signal space, message space and
action space, respectively.” We assume that |S|, |M| > |Q] > 2.

There is an unknown state w € 2, and a Sender (he) and a Receiver (she) share a common
prior 3° € AQ. The game has two stages. In stage 1, the Sender publicly chooses a signal
structure 7w : Q@ — AS, where 7 (s|lw) is the conditional probability of signal s € S under
state w. In stage 2, the Sender privately observes the realized signal and then reports a
message m € M to the Receiver. The Receiver then takes an action a € A.

The Receiver and the Sender’s utility functions are u (a,w) and v (a,w), respectively.
Both players are expected utility maximizers; therefore, we allow the arguments of u and v

to also be probability distributions on the respective arguments. The Receiver maximizes u,

®The finiteness assumptions simplify our exposition, but all of our results extend to any S, M, and A
that are compact metric spaces. Throughout, AX denotes the set of probability distributions on X.



whereas the Sender maximizes his net payoff of
v (CL,(_U) —C (m"g) )

where ¢ : M x S — RT U {oo} is his message cost of sending message m after (privately)

observing signal s. The triple {S, M, ¢} is jointly called the message technology.

2.2 Discussion and interpretation of the message technology.

A signal s is mot a literal description of the state because the meaning that each signal
holds about the state is derived from the signal structure that generates it. Rather, each
signal should be interpreted as only a label (e.g., a statement or an event) that, by itself,
is neutral about the state. For most of the paper, we leave these signals as abstract labels
but note that, when these labels have meanings by themselves, they can carry over to the
information-gathering process that the signal structure represents. We provide an example
of this in Section 5.1.

Next, a message m is a descriptive statement of the signal. We do not need to restrict
M to be S, which means that language limitations are possible or that the Sender might
be allowed to remain silent. Because each message has an objective meaning relative to
the signals, the natural interpretation of the message cost ¢ is a broadly defined “lying
cost,” which can be motivated by individuals’ intrinsic aversion to lying (see examples of
experimental evidence discussed in Section 1.1), the expected cost of being caught lying ex
post (e.g., reputational costs and punishment by the law), and the cost of falsifying signals
(e.g., the effort and resources expended to doctoring documents).5

Interpreting it as a lying cost, ¢ depends on only the literal meanings of the signal and
message but not their informational content about the state, which depends on the signal
structure chosen. In Section 6, we extend this baseline model to include a cost that punishes
the Sender when his message leads to a misrepresentation of information about the state.

For expositional clarity, we defer its introduction and discussion to that section.

2.3 Strategies, beliefs and equilibrium

The Sender’s strategy is a choice of a signal structure 7 in stage 1, followed by a message rule

S — AM in stage 2, where p(mls) denotes the probability of sending message m after

6Lacker and Weinberg (1989) and Maggi and Rodriguez-Clare (1995) are examples of some early works
that study agency problems that incorporate costly signal distortion.



the Sender observes signal s. To differentiate the players’ beliefs, we use “o” to denote the
Sender’s belief and “p” to denote the Receiver’s belief. Specifically, under 7, o, (-|s) € AQ
denotes the Sender’s posterior after observing signal s, and, together with p, pr , (-|m) € AQ

denotes the Receiver’s posterior upon receiving message m, where

IEPER®
7 ) e o) @) .
Prn (w|m) _ EsES H (m’5> T (5’w> ﬁ (w) (2)

Yweq Lyes p(m]s) m (s'|w') 4 (w')

For convenience, we define the Receiver’s strategy, denoted by «, as a mapping from
her belief (instead of the message that she received) to her action — ie., o : AQ —
AA, where «a(alp) is the probability of the Receiver taking action a when her belief is
p. Let A(p) be the set of the Receiver’s optimal actions under belief p — ie., A(p) :=

argmax Y ,cqp (w)u(a,w). Let
acA

A*::{a | for any p € AQ, a(alp) >0 = aG/_l(p)}

A* is the Receiver’s set of best-response strategies — i.e., strategies in which if a is played
with a strictly positive probability under belief p, then a must be an optimal action for the
Receiver with belief p.

Our equilibrium concept is perfect Bayesian equilibrium.
Definition 1. The triple (7, 4; ) is an equilibrium if

1. Upon receiving message m € M, the Receiver forms a posterior p, , (-/m) € A€ using

Bayes’ rule whenever applicable.
2. ae A"
3. For any s in the support of 7 and m € M such that u (m|s) > 0,
c(m'ls)=cmls) = v(a (lonu ()05 (1) ) =0(@ Clpry (lm) o (ls) ) Vim' 2 m.
(S-1IC)

Furthermore, if p is also a pure and fully separating strategy,” then (m, ;) is a full-

communication equilibrium.

Tu is pure if u (mls) is 1 or 0 for all m, s; u is fully separating if, for any two signals s # ', there does
not exist any m such that w (m|s), u(m|s’) > 0.



Let

Vi alr) =3 5% (w) 37 (slw) 3 M(m|8)v(a(~!pw,u(’\m))7%('\8))7 (3)

we seS meM
C (plm) : 2;)6" X;gﬂ(SIW) > u(mls)e(mls), (4)
W (s alr) =V (u; alm) — C (plr). (5)

Under (7, p;a), V and C are the Sender’s expected utility and message cost, respectively,
and W is his expected net payoff. We are interested in the Sender-preferred equilibria.
If (7*, u*; a*) is a Sender-preferred equilibrium, then we say that 7* is an optimal signal

structure, and W (u*; o|7*) is the Sender’s value of persuasion.

Remark 1. (On Sender-preferred equilibria.) First, note that in a Sender-preferred equilib-
rium, the Receiver need not always break a tie within her best responses in favor of the
Sender. This is because the Sender’s equilibrium constraint (S-IC) depends on «; therefore,
an o € A* that does not always break a tie in favor of the Sender might allow the Sender
to play certain strategies that result in an equilibrium with a more favorable ex ante dis-
tribution of the Receiver’s posteriors. Section 5.1 provides an illustration of this property.
Second, because we do not bound the Sender’s message costs, the Sender can potentially be
trapped in a costly communication game equilibrium in which he would not have partici-
pated in the first place. To simplify the exposition, we implicitly assume that the Sender’s
value of persuasion W (u*; o*|7*) is always sufficiently high such that it satisfies the Sender’s

(unmodeled) participation constraint.

Remark 2. (On the Sender’s commitment.) In Bayesian persuasion, the Sender can commit
to the signal structure and also truthfully report the realized signal. Although our setup is
framed as relaxing only the latter commitment, it has an equivalence to a model that relaxes
the first commitment instead. We provide details of this equivalence in the Online Appendix.
However, our model is different from one that studies the initial information design when

the Sender can commit to truthfully revealing the signals but only through costly messages.®

8This is an interesting question that relates to the literature on costly disclosure (e.g., Verrecchia, 1983;
Hedlund, 2015) but endogenizing the Sender’s information.



3 Full Communication in the Communication Subgame

In this section, we consider when the Sender-preferred equilibrium is supportable with full
communication. Note that the revelation principle in Myerson (1986) — that considering
the Sender truthfully revealing his private information is without loss of generality — relies
on the Sender’s messages being costless; thus, it does not apply here. Moreover, the liter-
ature on mechanism design with costly signal falsification has established that non-truthful
mechanisms can implement outcomes that are not implementable via truthful mechanisms.”
In Section 3.1, we provide an example to illustrate this intuition in the context of our setup.
Our main results are in Section 3.2, where we provide sufficient conditions on the message

technology that rule out such situations.

3.1 Example of optimality without full communication

Let Q = {0,1} and the prior be uniform, and let S = {z,y,2} and M = {m,,m,}. To
shorten notations, we denote a belief by the probability of w = 1. The Sender’s utility is

v (a,w) = aw, and the message costs are as follows:

c(mglz) =0 ; c(mylx) =0.1
c(mgly) =0.1 ;5 c(myly) =0

c(mglz) =00 ; c(mylz) =0.1

Next, the set of the Receiver’s optimal actions is summarized as follows:!°

2
8) = {2} (6)
a<0Vaec A(p) in which p#0.2,0.8

It is readily observed that, in any Sender-preferred equilibrium, the support of the Re-
ceiver’s belief distribution must consist of only beliefs 0.2 and 0.8. By Bayes theorem, the

expectation of the posterior belief is the prior, which means that the Receiver must then

9For example, Green and Laffont (1986) illustrates this point under partially verifiable information
disclosure, and Lacker and Weinberg (1989) illustrates this point under a falsification cost that is smooth
and increasing in the magnitude of falsification.

10The Receiver’s utility and action set that rationalize these optimal actions are found in the Online
Appendix C.1. For ease of exposition, we have removed some irrelevant elements from the original sets
A(0.2) and A (0.8), which results in A (p) in (6) not having the upper-hemicontinuity property possessed by
any best-response correspondence of an expected utility function.

10



hold these two beliefs in equilibrium with a probability of % each. Let 7 denote this belief

distribution.

The best full-communication equilibrium for the Sender. In a full-communication
equilibrium, the Sender chooses a m that generates the belief distribution 7. To minimize
the message costs, the Sender wants to use only signals x and y in m and then send m, after
s = x and m, after s = y. However, this is impossible because, when the Sender’s belief is
o = 0.2, his utility gain from inducing the Receiver to hold belief p = 0.8 (instead of p = 0.2)
is 0.2, which is higher than any message cost after signals x and y. Therefore, belief 0.2 must
be generated by s = z, with the Sender sending m, after s = z in equilibrium, as illustrated

in the top part of Figure 1. The Sender’s equilibrium expected message cost is %c (my2).

Figure 1: Optimality without full communication

> 00

z) x)
Sender’s belief 0.2  (full communication) 0.8
@ @
under 7 S
............__utility gain
Receiver’s belief, p :":.0'8
utility gain .7
of .01 .
utﬂity gain
9y . . A~/
Sender’s bAChef —o . of 6 -
under 7 g~0.1 02 - 0
) T e (9) ()

(y
(no full communication at beliefs 6 and 6”)

The Sender-preferred equilibrium. Consider signal structure 7, illustrated in the bot-
tom part of Figure 1. Relative to belief distribution 7, 7 also generates belief 0.8 (using
s = x) but splits belief 0.2 in a mean-preserving manner into two beliefs, & (with s = y) and
6" (with s = z), where 6 < 0.1. Under the message strategy depicted by the solid arrows,

the Receiver’s belief distribution is still 7, which leaves his expected utility unchanged from

11



' However, this message strategy constitutes an equilibrium with a lower expected

before.
message cost — in particular, under belief 6 (i.e., s = y), the Sender’s utility gain from
inducing the Receiver to hold belief p = 0.8 (instead of p = 0.2) is only & < 0.1, which is
less than ¢ (m,|y). Because a message cost is incurred only after s = z, which occurs with a
probability of less than %, the Sender’s equilibrium expected message cost here is lower than
before.!? Therefore, this is a better equilibrium for the Sender.

Intuitively, the decrease in the expected message cost arises because, under 7, the infor-
mation used by the Sender to induce the Receiver to hold belief p = 0.2 is now partially
generated by signal y, which incurs no cost to send message m,. In contrast, under =, the
same information must be completely generated by signal z, from which it is costly to send
a message. Therefore, the optimal signal structure minimizes the probability of using signal
z under the constraint that 6 < 0.1, which implies choosing 6 = 0.1 and é’ = 1. (Further
details are provided in Online Appendix C.1.) Finally, note that not only is the Sender-
preferred equilibrium not a full-communication equilibrium here, but the size of the support

of the optimal signal structure is also larger than the size of the state space.

3.2 Conditions for full communication

Condition 1. For any subset of messages M C M such that ‘M ‘ = |Q|, there exists a subset

of | signals in S, which is denoted by {s,,} such that for every m € M,

meN
1. ¢(m|8y,) is finite, and ¢ (m|s,,) < c¢(m|s’) for all &' € S.
2. for any m’' € M, c¢(m'|3,,) — c(ml3,,) > c(m’|s') — c(m|s) for all s’ € S.13

Fixing M , we call s,,, the efficient signal of message m. Condition 1 states two properties
that make it efficient for any message m to be sent only after its efficient signal s,, in an
equilibrium. The first requirement is that the message cost of m is the lowest after s,,.
The second concerns sustaining an equilibrium — if the Sender is supposed to send m in
equilibrium, he must face a “deviation cost” of sending m’ # m, and this deviation cost must

be highest after s,,.

' Note that expected utilities are linear in beliefs; thus, a mean-preserving spread in the Sender’s belief
does not change his expected utility when the Receiver’s action is unchanged.

12Because the belief distribution of 7 is formed by subjecting 7 to a mean-preserving spread at belief 0.2
(which occurs with a probability of % under 7), the total probability of beliefs 6 and &' is %

13We adopt the convention that “co—o0 = 0,” and that the inequality also holds if the left- and right-hand
sides are both simultaneously co.

12



Proposition 1. Suppose that (7, ;) is a Sender-preferred equilibrium. If the message
technology satisfies Condition 1, then there always exists an equilibrium (7, ii; ) such that

W (i a|m) = W (p; o), and
1. 1 is a pure and separating message strategy, and
2. the number of signals in the support of T is at most |€|.

The key to the first point of Proposition 1 is showing that if Condition 1 is satisfied, a
non-separating message strategy always leads to a (weakly) suboptimal equilibrium for the
Sender.'* Intuitively, this is because if there is pooling to a message M from two different
signals — say, s; and sy — then we can construct another equilibrium with a signal structure
that replaces both s; and sy by 55 (the efficient signal of 7i2) and let /m be sent only after
Sm. Due to the second property in Condition 1, if the constraint (S-IC) to report 7 after
both s; and ss is satisfied, then the constraint (S-1C) to report 7 after 55 also holds. Next,
by the first property in Condition 1, the new equilibrium also has a lower message cost.

To provide a heuristic illustration of this argument, suppose that (7, ;) is an equilib-
rium with g (1]s1), i (M]se) = 1. For simplicity, suppose that s; is not in the support of
7 and p(m|s) = 0 for all other s # sy, s2. To shorten the notation, let the unconditional
probabilities of s; and sy being realized under 7 be p; and ps, respectively; let the Sender’s
beliefs upon observing s; and s, be o1 and o5, respectively; and let the Receiver’s belief after
receiving m be p. Next, let signal structure 7 be the modification of 7, in which, conditional
this
implies that the unconditional probability of s; under 7 is p; + po. Finally, let © be the

on each state, all of the probabilities of both s; and s, are shifted away to signal 5,

modification of y in which p (m|ss) = 1.
We first check that (7, i;«) is also an equilibrium, which only requires verifying the
constraint (S-IC) that the Sender sends 7 after observing §y,. First, note that, under 7, the

Sender’s belief after observing s, is p. Suppose that the Sender deviates to sending m’ #

141f the equilibrium message strategy has only randomization but is still separating, then in equilibrium,
the Receiver still perfectly learns the Sender’s privately observed signal. In turn, because the two players’
beliefs always coincide in equilibrium, the Sender’s expected utility cannot be greater than that in a full-
communication equilibrium.
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which leads to the Receiver having belief p’. We have

o(at).5) =vfatin)p) = 2 L [ofatls)o) —vfatln).o) @

Di

<3 o felmls) - cihls)) ®)
Di "N5:) — c(mls- ) = c(m'ls.) — c (5.
< 3 o) Gl = e 5a) — e G5

(9)

In line (7), the equality follows from Bayes theorem that pioy + paoy = (p1 + p2) p and the
linearity of expected utilities in beliefs. In line (8), the inequality follows from constraint
(S-IC) holding under (m, u; ) after signals s; and s,. In line (9), the inequality follows
from the second part of Condition 1. Lines (7) to (9) establish that (7, i1;«) is an equi-
librium. Moreover, the linearity of expected utilities in beliefs implies that V (g; o|7) =
V (; a|m), whereas ¢ (1|5z) < ¢ (m|sy),c(1m]s2) (ie., the first part of Condition 1) implies
that C (u|7) < C (p|7). Jointly, this implies that W (iu; a|7) > W (p; a|r).

The second point of Proposition 1 (on the size of the support of 7) is related to the
result that, in the canonical Bayesian persuasion model, only |2 posteriors are needed in
the optimal signal structure (see proposition 4 in the online appendix of KG). However, there
are two issues specific to our model that create some complications in showing this result.
The first issue concerns quantifying the Sender’s payoff — in KG, the Sender’s payoff at
every belief is well-defined by the primitives (see the “9” function in KG), whereas in our
model, the Sender’s net payoff at each belief includes both his utility and his message cost,
and the message cost is an equilibrium object. The second issue is that after reducing the
support of the signal structure, we must also ensure that the communication equilibrium in

stage 2 is unaffected. Further details on this are provided in Appendix A.'°
Lemma 1. The following message technologies satisfy Condition 1:

e (Discrete-lying cost.) M = S, with c(m|s) = 0 if m = s, and c(ml|s) = k > 0 if
m # s.

o (Distance-lying cost.) M = S, with ¢(m|s) = d(m, s), where d is any metric on S.

e (Partial verifiability.) S =V UN, where V and N are disjointed and nonempty sets,
and M = S U{¢}, with the following:

15Gee, in particular, Lemma 6.
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— c(¢ls) =0 foralls € S.
— for anym € N, c¢(m|s) =0 for all s € S.
— foranym eV, c(ml|s) =0 if s=m, and c(ml|s) =k > 0 if s # m.

These message technologies are examples of “lying costs.” The discrete-lying cost treats
all forms of lying as equal, and this encompasses cheap talk communication (Crawford and
Sobel, 1982) when k& = 0. The distance-lying cost provides an intuitive measure of the
degree of lying using a distance function. Under partial verifiability, message ¢ represents
the Sender remaining silent, which is always costless. N is a set of nonverifiable signals
that the Sender can always costlessly claim to have received, whereas V is a set of verifiable
signals in which falsifying such a signal incurs a fixed cost k. When k is infinite, signals in
VY are hard evidence that is impossible to falsify, similar to the private signals in verifiable
disclosure games studied in Dye (1985) and Jung and Kwon (1988).

4 Value of Persuasion

In this section, we apply Proposition 1 to compute the Sender’s value of persuasion.

4.1 From costly messages to costly belief distributions

Let D (5°) be the set of belief distributions supported on || beliefs and averaging back to
[°. Each belief distribution 7 € D (/3°) consists of two |2]-dimensional vectors: 7 = { 3,6 } =
{(B])J L (5j)j:1 ..... |Q|}, in which each 8; € AQ is a belief, and §is a probability vector,
with &; = Pr, [8;] and Y12, 6,8, = 5°.

Let V* (7, &) denote the Sender’s expected utility when both the Sender and the Receiver

have the belief distribution 7, and the Receiver’s strategy is a — i.e.,

€2

V* ({5;5},a) Zév (-18;), B;) -
Next, define program (C) as follows: for any {5, g} € D(p°) and o € A*,

c* ({5, 5_} ,a) = min Z‘ L 5; ic(mjls;) (10)

My em g €M
sk, c(myls;) —c(myls;) > v(a (-1857) ,5]-) — v(a (-185) ,ﬁj>, Vi, i =1,...,|9|(11)
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with the convention that C* ({B’, 5} ,a) = oo if the feasible set in (11) is empty.

To explain program (C), fix a belief distribution { 5 ; 5 } and a Receiver’s strategy a. Let s;
denote the signal chosen to encode belief 3; for the Sender. If the Receiver conjectures that
the Sender sends m; after s;, she will also hold belief 3; after receiving m;. Thus, constraint
(11) is the Sender’s incentive-compatibility constraint to report m; (instead of m;/) after
observing s;, which then leads to full communication between the Sender and the Receiver.
The objective in (10) is the Sender’s expected message cost of sending m; after s; for every
j =1,...,|9Q|. Therefore, given a belief distribution {5, 5 } and a Receiver’s strategy «,
program (C) considers the most cost-efficient way of choosing the signals and messages to
encode the beliefs in 5 for the Sender and the Receiver, respectively, while ensuring full

communication in the communication subgame.

Proposition 2. Suppose that the message technology satisfies Condition 1, and there exist
p € AQ and a € /_l(g) such that v(a,0) = —oo for all o € AQ. A Sender-preferred

equilibrium exists if and only if there exists a solution to the following program:

Vv -C” :

e V() (7, ) (P)
Moreover, if W* is the value of program (P ), then the Sender’s value of persuasion is W*. A
solution to program (P ) always ezists if there exists (T, ) € D (8°) x A* such that C* (1, a) <

OO.16

If (7, p; @) is a full-communication equilibrium and 7 is the belief distribution generated
by 7, then the Sender’s expected net payoff in this equilibrium is no greater than V* (1, o) —
C* (1,a) — this follows from program (C) being the problem of sustaining 7 in a full-
communication equilibrium with the lowest expected message cost, as previously explained.

Conversely, if there exist a belief distribution { E , 5 } and « such that V* ({3, 5 } ,a) —
Cc* ({E, 5} ,a) = W, then there exists a full-communication equilibrium that gives the
Sender’s an expected net payoff of W. To illustrate the equilibrium construction, let y =
{s’l‘, N TR ,mrm} denote the solution of program (C) that obtains C* ({B’, 5} ,a).
Set the Sender’s equilibrium strategy 7 and fi to be (sj\w) = % and p* (mj\s;‘) =1 for
all j. From equation (1), the Sender’s belief after observing signal s7 is 3;. Because y satisfies

constraint (11), p* satisfies the Sender’s equilibrium constraint (S-IC) against a deviation to

16 As noted in footnote 5, our results extend to the case in which S, M, and A are any compact metric
spaces. In this case, the sufficient condition for the existence of a solution to program (P) also requires that
c is continuous and A* is compact — these two conditions always hold when S, M and A are finite sets.
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any on-equilibrium-path messages mj to mjg. If the Sender also does not have an incentive
to deviate to sending an off-equilibrium-path message, then (7; i; ) is an equilibrium with
V(ialm)—C (plr) =V* ({E, 5} ,a) — Z';i‘l d;c (mj\s;‘) = W. To simplify our analysis, we
have assumed the existence of a Sender’s least preferred action a that is rationalizable by the
Receiver, and we let the Receiver choose a after every off-equilibrium-path message.'” How-
ever, with a more explicit specification of the utility functions v and v and the message cost
function ¢, specifying the Receiver’s actions after receiving an off-equilibrium-path message
to support an equilibrium should usually not be complicated in our model.

Therefore, program (P) solves for the Sender-preferred full-communication equilibrium,
which, by Proposition 1, is also a Sender-preferred equilibrium. As in KG, the program
involves choosing a belief distribution for the Receiver that affects the Sender’s expected
utility V*. The difference here is that each belief distribution incurs a cost of C* that
is endogenously determined via program (C). Thus, the solution characterization consists
of a two-step process reminiscent of the classic discrete-action moral hazard problem: first,
determine the cost C* for each belief distribution; then, optimize over the belief distributions
while considering the cost. Program (C) is a finite |{2|-dimensional linear program that is
solvable by standard techniques, and the existence of a solution for program (P) is guaranteed
under a very mild assumption.

Program (P) is reminiscent of Gentzkow and Kamenica (2014) who use the Shannon
(1948) entropy information measure to quantify the cost of a belief distribution. Because of
the posterior separability property of the entropy cost, the concavification method in KG
can still be applied. In contrast, C* in program (P) is a cost to sustain a belief distribution
in the stage-2 communication game and generally does not have the posterior separability
property. Thus, the problem has a different structure from that in Gentzkow and Kamenica
(2014). However, as we show next, the C*-functions for the message technologies in Lemma 1

exhibit a property that still allows us to exploit the concavification argument for the solution.

Proposition 3. Under the message technologies in Lemma 1, C* (1,a) = 0 or C* (1, a) = 00

17 Action a can be motivated as, for example, the Receiver breaking away from the relationship with the
Sender who has a low outside option.
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for all T € D(B°) and a € A*. Moreover, program (P) is equivalent to program (P ):

max v E’; 5 , (Pnie)
{B:5}eD(B0), acAx ({ } )
subject to the existence of s1,...,s)q € S such that
cloplsi) = v(aClBn) . 5) = o(aCl8).8) Vid. (NL)

Under the message technologies in Lemma 1, program (P) becomes program (Pnp).
Qualitatively, constraint (NL) is a no-lying constraint; therefore, a signal structure is feasi-
ble if and only if there is a no-lying equilibrium in the subsequent communication subgame.
Thus, the problem reduces to doing “KG persuasion” within a constrained set of (feasi-
ble) signal structures. The form of program (Py;) also makes it possible to provide some

properties of the persuasion solution.

Corollary 1. Under the discrete-lying cost in Lemma 1, the Sender’s value of persuasion
is continuous and nondecreasing in k. Therefore, a small change in the discrete-lying cost

never leads to a large change in the Sender’s value of persuasion.'®

4.2 Attaining full commitment value without full commitment

Let the Sender’s “full commitment value” denote his value of persuasion in the KG setup
with the players’ utility functions u and v.1° Let DX (5°) C D(8°) be the set of belief
distributions generated by the optimal signal structures when the Sender has full commitment
power a la KG, and let % € A* be the Receiver’s strategy in which she always chooses
the Sender-preferred action among her best responses (as assumed in KG). The following is

a corollary of Proposition 2:

Corollary 2. The Sender’s value of persuasion is his full commitment value if and only if
there exists TK¢ € DEC (38°) such that C* (TKG, ozKG) = 0.

We emphasize the “only if” part of Corollary 2 — in our model, if the Sender can achieve

his full commitment value with 7*, then 7* must also be an optimal signal structure in

18Tt is less obvious how a change in the distance-lying cost should be defined. One possible way is to let
c(mls) = k x d(m,s), where d is a metric and k is a positive constant. In this case, the Sender’s value of
persuasion is also continuous and nondecreasing in k.

19This refers to the Sender’s expected utility from the optimal signal structure in the KG model, which
assumes that the Receiver can directly observe the signal realization and, thus, there is no message cost for
the Sender.

18



the associated KG setup. This property contrasts with how the Sender might obtain his
full commitment value in other persuasion models with a weakened Sender’s commitment
discussed in Section 1.1, in which the full commitment value (if attainable) is necessarily
obtained from a signal structure that is not KG-optimal.

As an example of the use of Corollary 2, suppose that the players have the commonly used
quadratic-loss utility functions — i.e., u(a,w) = — (a —w)? and v (a,w) = — (a —w — b)?,
where b € (0,1). Let © be a finite subset of [0,1] and A= M =S = [0, 1]. Therefore,

v(a,8) = Es |- (a—w—1b)*] = Varg[w] — (a = b— Eg [w])*. (12)

Thus, the Receiver’s optimal action under belief 8 is uniquely a = Ej [w], and the no-lying

constraint (NL) is (after some rearrangement)
2 . .
(Egj, [w] — Eg, [w] — b) > b —c(spls;) Vi =1,...,]Q]. (13)

Constraint (13) is always satisfied if there exist || signals such that the right-hand side of
(13) is always negative. The reader can verify that 75¢ here is uniquely the fully informative
signal structure, which sets the variance to zero, and the full commitment value is —b%. There-
fore, by Corollary 2 and some rearrangement of (13), the full commitment value is attainable
if and only if there exist sy, ..., sjg such that ¢(s;y|s;) > b* — ming wreq (W' — W' — b)* for
all 7,7/ =1,...,|Q|. For example, under a message technology with a discrete-lying cost k,

this condition is equivalent to k > b? — min, req (W' — w' — b)>.

5 Examples

In this section, we complement our abstract analysis with two examples.

5.1 Test design under partial verifiability

Environment. A drug company (Sender) wants to persuade the FDA (Receiver) to ap-
prove a new drug. There are two states of the world: the drug is good (w = G) or the drug
is bad (w = B). For convenience, we denote the belief as the probability that w = G. The
common prior is 4° = 0.3, and the FDA has two actions: A = {approve, reject}.
Regardless of the state, the drug company receives a utility of v > 0 if the FDA ap-
proves his drug and a utility of 0 otherwise. In contrast, the FDA’s utility is 1 when she
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makes the right decision and 0 otherwise — i.e., u (approve, G) = u(reject, B) = 1, and

u (approve, B) = u (reject, G) = 0. Therefore,

{reject} ,if 5 <05
A(B) = { {approve,reject} ,if 5 =0.5
{approve} ,if 8 >0.5

Let o be the FDA’s strategy under which she rejects when 8 < 0.5, approves when g > 0.5,
and approves with a probability of z when g = 0.5. Therefore, A* = {az}ze[m”.

This setting mirrors the leading prosecutor-judge example in KG. The optimal signal
structure there is unique and generates beliefs 5 = 0 and g = 0.5 with probabilities 0.4
and 0.6, respectively. KG assumes that the FDA always breaks a tie in favor of the drug
company (i.e., plays aj); therefore, the drug company’s full commitment value is 0.6v.

Next, let S = {v', x} and M = {V/, X, ¢}, where “v'” is short for “news found,” and “x”

is short for “no news found,”, and
c(V|x)=k, c(xX|V)=c(x|x)=c(V|V)=0, c(¢|s)=0Vs.

This is a partial verifiability message technology in Lemma 1, with V = {v'} and N = {x}.
It models the signal structure as a search for news about the drug. Hiding news is costless,
whereas fabricating news incurs a cost of k. A belief distribution here is denoted by 7 =
{(Bs,Px);(d,,0%)}, in which f, is the belief attached to signal s and d, is the probability

that signal s is realized.

Negative news tests. A belief distribution represents a “negative news test” if 3, < 3 <
fx — i.e., the discovery of news (i.e., s = v') worsens the belief about the drug, whereas the
lack of news (i.e., s = X) improves the belief. Since the FDA simply rejects the drug all the

time when (5, < 0.5, we only have to consider negative news tests with 5, > 0.5.
Lemma 2. For any negative news test 7_ in which By > 0.5, C* (7_,a%) = 0o Vz € (0, 1].

Proof. When 3, > 0.5 or fx = 0.5 and z > 0, constraint (NL) for s = v is always violated
because ¢ (x|v') = 0. By Proposition 3, C* is infinite. O

Positive news tests. A belief distribution represents a “positive news test” if 8, > B° >

Bx — i.e., the discovery (lack) of news improves (worsens) the belief about the drug. Anal-
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ogous to before, we only have to consider positive news tests with 5, > 0.5.
Lemma 3. Let 7, € D(°) be a positive news test with 5, > 0.5.

1. If k> v, C* (14,a%) =0 for all z € [0, 1].

2. If k <v and B, > 0.5, C* (14, 0%) = oo for all z € [0,1].

3. If k<vand B, =0.5, C* (14,0%) =0 if 2 < k, and C* (14,af) = 00 if z > k.

To show Lemma 3, we must verify that the truthful message strategy satisfies (violates)
constraint (NL) to show that C* = 0 (C* = 00). We relegate the details to Appendix B.5.
Intuitively, when k£ > v, the lying cost exceeds any gain from lying; thus, constraint (NL)
is always satisfied. In contrast, when k£ < v, if lying induces the FDA to always approve,
which is the case when 3, > 0.5, then constraint (NL) is never satisfied under truth-telling.
However, if 3, = 0.5, the FDA is indifferent between approving and rejecting. In this case,
if the FDA approves only some of the time, the drug company’s gain from lying decreases,
which helps satisfy (NL) under a low lying cost. In turn, this allows the drug company to still
generate and transmit information to the FDA. Therefore, the Sender-preferred equilibrium
here entails the Receiver not always breaking a tie in favor of the Sender,?° thus illustrating

Remark 1. The following summarizes our discussion:

Proposition 4. The drug company’s optimal test is uniquely the “KG positive news test” of
(B, Bx) = (0.5,0) and (6,,55) = (0.6,0.4).

1. When k > v (i.e., high commitment level), the drug company’s value of persuasion is

his full commitment value of 0.60.

2. When k < v (i.e., low commitment level), the drug company’s value of persuasion
is 0.6k < 0.6v. The Sender-preferred equilibrium involves the FDA approving with a
probability of% < 1 when she is indifferent.

A negative news test can never be used.

This example captures the phenomenon that positive news is more likely to be published

than negative news in clinical research, as documented in Riveros et al. (2013), who also

20T his feature in which the Receiver has to randomize over her actions is reminiscent of the literature on
mechanism design under limited commitment (e.g., Khalil, 1997; Bester and Strausz, 2001), in which some
noncompliance by the agent is necessary in equilibrium. Analogously, the Sender’s lack of commitment to
truthfully reveal information here means that his influence over the Receiver’s action is also limited.
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note that reporting is often delayed or incomplete when a trial yields negative results. For
instance, despite a 2008 federal law mandating that all results from any clinical trial of at
least 20 human subjects be reported to ClinicalTrials.gov, an investigation by STAT reveals
that many institutions have neither compiled with this law nor faced any punishment, thus

raising concerns about the validity of clinical trials and the use of their results.?!

5.2 Lobbying, information provision and lying cost

Environment. Consider a policymaker (Receiver) choosing a policy’s intensity parametrized
by a € [0, 1]. The state space is Q = {0, 1}, and the policy is suitable if w = 1 and unsuitable
if w = 0. An expert lobbyist (Sender) provides information about w to the policymaker.??
The lobbyist represents a special interest group that benefits from a more intensive policy.
The lobbyist’s utility function is v (a,w) = v (a), where v is strictly increasing and convex,
and v (0) is normalized to zero. In contrast, the policymaker cares about choosing the right
policy. Her marginal utility from choosing a higher intensity under w = 1 is normalized to 1
— such gains can include the policymaker’s intrinsic desire to improve social welfare or ob-
tain re-election after a good performance. However, when w = 0, the policymaker’s marginal
loss from implementing a higher a is L > 0, which is interpreted as her cost of mistake.
In addition, the policymaker incurs a cost of “2—2 for choosing a, which is interpreted as her
effort cost. Jointly, the policymaker’s utility function is u (a,w) = [w — L (1 —w)]a— “2—2 We
assume that the lobbyist can commit to the type of research (i.e., signal structure) but then
lie about its result at a cost. We model this as a message technology with a discrete-lying
cost (Lemma 1) with £ >0 and S = M = {0, 1}.

Optimal information provision. Denote a belief g as the probability of w = 1 and

assume that the common prior is 3¢ < HLL Let aj denote the Receiver’s optimal action at

belief 3. It is readily observed that a3 = 0 if 8 < HLL and ay = f(1+ L)~ Lif 3 > HLL

Proposition 5. The optimal signal structure is as follows:

1. If E > v (1), the lobbyist chooses a fully informative signal structure and obtains his

full commitment value.

21GSee “Failure to report: A STAT investigation of clinical trials reporting,” published on December 13,
2015, which is available at https://www.statnews.com/2015/12/13/clinical-trials-investigation/.

22Gituations in which an expert lobbyist with special interests provides information to a policymaker to
influence her action have received much attention in the literature. See, for example, Austen-Smith and
Wright (1992) and Grossman and Helpman (2001).
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kB°(1+L)
v=1(k)+L’

2. If k < v (1), the lobbyist’s value of persuasion is and the optimal signal

structure generates beliefs 0 and B = ”71182“4 < 1 with probabilities 1 — Vﬁ—ol((llj)_i)[/ and
f,ol((lgi)y respectively. B increases (i.e., the informativeness of the signal structure

increases) with both k and L. The lobbyist’s value of persuasion increases with k but

decreases with L.

In the current example, because the lobbyist’s preference is state-independent, a belief
distribution {5, 5 } € D (p°) satisfies constraint (NL) if and only if

max o(85) — min 0(8) < K, (14)

where 0 () := v (a};) is the lobbyist’s expected utility when the policymaker’s belief is /.
This simplification holds more generally when the Sender has a state-independent preference

and, in the context here, allows for a useful geometric representation of constraint (NL).
Figure 2: Optimal signal structure provided by the lobbyist.

Lobbyist’s utility

v(1)

Figure 2 illustrates the case for v (a) = a, which implies that © (3) = aj. The blue solid
graph is the o-function. A belief distribution is represented by a line, and its intersection
points with © are the beliefs generated. Constraint (14) requires that the vertical distance
between the two intersection points be less than k. The green dotted line plots the fully

informative signal structure, which is the optimal signal structure under full commitment.
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The lobbyist’s full commitment value is V¢, If & > v (1), the fully informative signal
structure satisfies constraint (14); therefore, the lobbyist attains his full commitment value.
Suppose that & < v (1). The optimal signal structure now is the line that crosses the
dotted vertical line from (° at the highest possible point while satisfying constraint (14).
This is the red solid line in the figure, and the lobbyist’s persuasion value is marked by V.
It is readily observed that, if k& decreases, the optimal signal becomes a flatter line from
the origin, representing a less informative signal structure and resulting in a lower value of
persuasion. Intuitively, when the lobbyist’s lying cost decreases, his ability to generate a
larger spread in the policymaker’s posterior beliefs diminishes because such a larger spread
increases the lobbyist’s gains from lying. Because the lobbyist benefits from spreading the
policymaker’s beliefs here, the inability to do so decreases his value of persuasion.

Next, when the policymaker’s cost of mistake increases from L to L', the © graph shifts
right, as represented by the dashed blue graph. Under full commitment, the lobbyist’s
optimal signal structure and the full commitment value remain unchanged. However, when
k < v (1), the optimal signal structure is now the dashed red line in the figure. This signal
structure generates a larger spread in the policymaker’s posteriors (i.e., a more informative
signal structure), but the lobbyist’s value of persuasion drops to V'. Intuitively, under any
interior belief, the policymaker takes a lower action when her cost of mistake L increases.
Without full commitment, the lobbyist cannot credibly let the policymaker perfectly learn
the lobbyist’s preferred state (i.e., w = 1); therefore, the policymaker’s conservativeness
against a higher action can adversely affect the lobbyist’s value of persuasion, which was not

the case if the lobbyist had the commitment power to fully reveal information about w.

6 Information Misrepresentation Cost

In this section, we extend the Sender’s communication cost to include a cost that directly de-
pends on the information transmitted about the state. Let 1) : AQxAQ — RT, where ¥ (p|o)
is the Sender’s information misrepresentation cost when the Receiver’s and the Sender’s ex
post beliefs are p and o, respectively. Accordingly, if the state is w, the Sender had observed
signal s from signal structure 7 and sent message m, and the Receiver’s ex post belief is p

and takes action a, then the Sender’s ex post net payoff is

v(a,w) —c(mls) = (plox (-]s)).
As actual information about the state is essentially a belief, it is natural to model the
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Sender’s information misrepresentation cost as the discrepancy between his and the Re-
ceiver’s beliefs. However, one potential drawback of our formulation is that the Receiver’s
posterior belief is endogenous to the equilibrium, which might then affect the interpretation
of ¥ as the Sender’s lying cost. In particular, because the Receiver’s posterior belief depends
on how she interprets the Sender’s messages, ¢ could be penalizing the Sender for the Re-
ceiver’s own misinterpretation. Nevertheless, we believe that this “consequentialist” view is
still a reasonable formulation of an information misrepresentation cost because the conse-
quence of the Receiver’s belief (and hence action) is often the basis for the judgment of the
Sender’s conduct in practice. For example, Gneezy (2005) provided experimental evidence
that individuals specifically care about the harm caused by their lies, and criminal sentencing
considers not only the crime but also the damages caused. Overall, our formulation of the
communication costs is also consistent with the distinction between “lying” (penalized by c)
and “deception” (penalized by 1) in Sobel (2020).

We now consider the analysis of our extended model with the additional term . First,
the definition of an equilibrium in Definition 1 remains unchanged except that the Sender’s

best response condition (S-IC) is now replaced by (S-1Cy):

() = e mls) | + [ (e (1) 05 (15)) = & (s (1) o (15))
> 0 (1o ()07 (1) ) = 00 Clom (Im)) ox (15) ) ¥’ #m. (S1Cy)

Let

W (ralr) = 0 8 @) S m (sl) X pmls) 6 (pr () o (1) ) (15)

we seS meM
denote the Sender’s expected information misrepresentation cost. We abuse the notation for
W in (5); henceforth, let

W (s alm) ==V (g alm) — C (pu|m) — ¥ (p; o) . (16)

Our goal here is to provide a condition on @ under which all of our previous results
follow through. Condition 2 below provides the condition, Lemma 4 provides examples of
i-functions that satisfy Condition 2, and Proposition 6 provides the main result of this

section.

Condition 2. 1 satisfies the following:
1. ¢ (plo)=0if p=o0.
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2. For any 0 € AQ and 7 € AAQ such that [o'dr (0') = o,
b (plo) > / b (plo") — 4 (a]o’) dr (') for any p € AQ. (17)

The first property of Condition 2 states that the information misrepresentation cost is
zero if the Receiver’s belief is the same as the Sender’s belief. The second property states
that misrepresenting information is less costly when the Sender has less precise information.
To see this, first note that the left-hand side of equation (17) can be written as v (plo) —
¥ (o|o) because ¢ (o|o) = 0; therefore, the left-hand side is the Sender’s cost of changing the
Receiver’s belief from o to p when his private information is a belief of ¢. On the right-hand
side of equation (17), 7 is a distribution of beliefs that averages out to o; therefore, the
right-hand side is also the Sender’s (expected) cost of changing the Receiver’s belief from o
to p but under less precise private information — instead of (privately) knowing that the

belief is precisely o, the Sender knows only that the belief is o in expectation.
Lemma 4. The following parameterizations of 1 satisfy Condition 2:

e Y (plo) =d(p,o), where d : AQ x AQ — RT is any metric on AQ (e.g., Euclidean

distance, total variation distance, and the Hellinger distance).

o Kullback-Leibler divergence: ¢ (plo) = ¥ cq 0 (w)log % :

o Squared Euclidean distance: ¥ (plo) = X eq (0 (w) — p (w))’.

Proposition 6. Suppose that the Sender also has an information misrepresentation cost
¥ that satisfies Condition 2. Proposition 1 holds. In turn, Proposition 2 also holds, with
constraint (11) replaced by

Vi)' =119,  cmyls;) —c(myls;) + ¢ (BylB))
> o(aC18).8) - o(at13).5) (18)

The proof of Proposition 6 is subsumed in the proofs of Proposition 1 and Proposition 2.
As before, the key is to establish that message pooling leads to a suboptimal equilibrium for
the Sender. To see the role of Condition 2, consider the scenario in the earlier explanation for
Proposition 1, in which the Sender’s belief after signals s; and s, are o, and o9, respectively,
and the Sender reports message m after both of these signals, which leads to the Receiver

holding belief p. There, we explained how having a signal structure that shifts all of the
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conditional probabilities of s; and ss to the efficient signal 5,;, and having the Sender reporting
m after this signal lead to a better equilibrium for the Sender.

Given the first property of Condition 2, such a change also always leads to a lower
expected 1)-cost because the Sender’s belief at signal s is also p; therefore, reporting m
after signal s, leads to v = 0. Next, the second property of Condition 2 ensures that this

new construction is still an equilibrium. Intuitively, this is because constraint (S-1C,,) at 5,

is a convex combination of (S-IC,) at s; and sy with weights —2.— and —£2— respectively.

P1+p2 p1t+p2’
Because Condition 2 implies that ¢ (p'[p) = S B4 (p'|o1) + S B2-4 (p'|02), then, for any o,

the additional -cost of deviating to reporting a message m’ that induces a belief p’ # p is
higher when the Sender’s belief is p than when his belief was a convex combination of o4
and oy that averages out to p.

Finally, we note that, because a zero function satisfies Condition 1, our results hold if
1 is the only communication cost in the model. In fact, v tightens the full communication

property in Sender-preferred equilibria:

Corollary 3. Suppose that the message technology satisfies Condition 1 and 1) satisfies
Condition 2. If, in addition, 1 (plo) = 0 only if p = o, then there is full communication
in every Sender-preferred equilibrium. This additional condition is satisfied by all of the

examples in Lemma 4.

Finally, because Proposition 1 holds, Proposition 2 also extends with constraint (11)
becoming constraint (18), in which the 1)-cost is zero on the equilibrium path because the
two players’ ex post beliefs always coincide in a full-communication equilibrium. In turn,

Proposition 3 also extends.

Corollary 4. Suppose that the Sender’s information misrepresentation cost 1 satisfies Con-

dition 2. Proposition 3 holds with the no-lying constraint in (NL) replaced by

there exist sy, ...,5s)q € S such that

closls) +0(8.8) = v(a 18 8) —v(aC8).5) Vid. (NLy)

7 Conclusion

In the strategic communication literature, which includes games of cheap talk, communi-
cation with costly lying and verifiable disclosure, the Sender’s information is usually given,

and the focus is on understanding the possible communication outcomes. In contrast, in
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the Bayesian persuasion literature, the communication issues are put aside, and the focus is
on the design of information acquisition. In this paper, we provide a framework that spans
both strains of literature, which then allows us to study the interaction between the two
sets of issues. Within our framework, we derive sufficient conditions on the communication
costs such that the Sender-preferred equilibrium is always supportable with full communi-
cation, and these conditions are satisfied by many communication games that have been
widely studied in the literature. We view this result as having two substantial implications.
First, this result allows for a simple and useful characterization of the persuasion solution
under limited commitment. Second, it connects the issues in these strategic communication
games with Bayesian persuasion — for an information design to be ex ante optimal for the
Sender, the constraints that it creates for the subsequent (strategic) communication stage
should not be stringent enough to prohibit full communication. Using examples, we show
how this connection helps explain some test design features and why less information might

be acquired even if full information is mutually beneficial a priori.

A Appendix: Proof of Proposition 1

To streamline the exposition, we consider the extended setup with the information misrep-
resentation cost ¢ introduced in Section 6. Readers who are interested in only the baseline

setup can simply take v to be the zero function whenever it arises.

Notations. We drop the finiteness assumption on S, M, and A, and let them be any
compact metric spaces. This requires us to redefine some notations. Henceforth, for any
compact metric space X, let AX denote the set of all Borel probability measures on X,
endowed with the weak™® topology. A signal structure is a measurable map = : Q@ — AS,
where 7 (-|w) € AS denotes the probability measure on S in state w. The Sender’s stage-2
message rule is a measurable map p : S — AM, where p(-|s) € AM is the probability
measure on M after the Sender observes signal s. The Receiver’s strategy is a measurable
map « : AQQ — AA, where « (-|p) € AA is the probability measure on A when the Receiver
holds belief p. We further assume that A (p) is nonempty for all p € AQ and v is bounded
above by v < 0o; these two assumptions hold trivially when A is finite.

The players’ beliefs are still denoted by o and p. Fixing w € €, for any Borel SCSin
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the support of m and any Borel M C M in the support of 7 and g,

™ (8lw) 87 (@) = Turea B (@) fres 0w (@]s) dr (sl) (19)
Jies 1 (M]s) dr (s]) B° () = Turen B (') Jues hcst Pr (lm) dp (m]s) dr (s]u') . (20)

Because S and M are complete and separable, the regular conditional probabilities (i.e.,
posterior beliefs) when conditioned on s and m, respectively, exist — see Shiryaev (1996),
chapter 7. By the Radon-Nikodym theorem, o, and p, , in equations (19) and (20) define

the players’ respective posteriors almost everywhere.

Outline of the proof. We first define an auxiliary problem in Subsection A.1. Next,
in Subsection A.2, we first prove Lemmas 5 and 6, which are essentially the statement of
Proposition 1 but for the auxiliary problem. Finally, in Subsection A.3, we prove Proposition
1 by mapping the auxiliary problem to the original problem using Lemma 7, which connects

the results in Lemmas 5 and 6 to the original problem.

A.1 Defining an auxiliary problem.

Call the problem in the main text the original problem. Tts auziliary problem (to be de-
scribed) is an analogous problem with the same message set but a richer signal set. As a
convention for notations, every symbol in the auxiliary problem has an additional superscript
“A” to its counterpart in the original problem. The signal set in the auxiliary problem is
SA =S x R. A signal s € S* is a double s = (x,y), in which the first dimension x € S is
the base dimension. The message cost in the auxiliary problem is ¢ : M x S* — R* U {c0},
in which the base dimension of the signal fully determines its message cost according to the

message cost function c¢ in the original problem — i.e.,
& (m|(z,y)) = c(m|r) Vm € M and (z,y) € S*.

Next, a signal structure in the auxiliary problem is 7* : @ — AS*, and a Sender’s
message strategy is p® : S® — AM. The players’ posteriors are as expressed in (19) and
(20) but with the signal set S replaced by S*. A Receiver’s strategy in the auxiliary problem
is still o : M — AA, as in the original problem. The functions V4, C*, ¥ and W* are the
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natural extensions of (3), (4), (15) and (16), respectively:

=X 8@ [ [ o (s (Im) .o (1s) ) du® (m]s) d (k)

wes

=Y 8w /SESA/WEM (mls) du* (m]s) d (s])

we

)
)

W (utsale) = 080 @) [ (e () o (1) )du® (m]s) d® (sf)
)

weN

=V (,u ;CY|7TA> -C (/LA|7TA> - Vv (uA; oz|7rA)

The definition of an equilibrium is the same as Definition 1 but with the appropriate replace-
ment of the signal set and the message cost function in constraint (S-IC,) to the following:

for any s € S& and m € M in the support of u® (+|s),

o (m'ls) = ¢ mls) | + [ (e Com) o (15)) = 9 (0 Clm) o (1))
> v(a (1or g (1)) s (-|S)> —U(a (1ps g (1)) e (-|s)) V! £ m. (S-IC%)

Similarly, (7TA, T a) is a full-communication equilibrium if p* is also pure and separating.

A.2 Full communication in the auxiliary problem

Definition 2. (Direct signal mapping.) Fix a signal structure 7* and a message strategy
p®. Let M be the set of messages supported by 7 and p*, and let A (-|m) € AS* be the
regular conditional probability measure over S* when conditioned on the Receiver receiving
message m € M under 7 and p*.2® Say v : M — S* is a “direct signal mapping of 7 and
p7 if for all m € M,

L ¢ (mly (m)) < fuer ¢ (mls) dA (sm).

2. for any m’ € M such that [,cg. ¢® (m/'|s) dA (s|m) < oo, ¢* (m|y (m))—c* (m/|y (m)) <
Jaesn ¢ (m]s) dA (sjm) — [iegn ¢ (m'[s) dA (s]m).

3. for any m’ € M such that [,cqu ¢ (m/|s)dA (s|m) = oo, * (m'|y(m)) = oc.

23 e., for any Borel set M C M and S* C S2,

Zﬂo /SESA /MEM SA|m du (m|s d7r |o.) ZBO /SegA /mEMdluA (m\s)de (s|w) .

weN
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4. v (m') =~ (m") if and only if m’ = m”.

Lemma 5. Suppose that v satisfies Condition 2, (WA, ps a) is an equilibrium in the auz-
iliary problem, and v is a direct signal mapping of 7™ and p* (as defined in Definition 2).
Let M C M denote the set of messages supported by ™ and . There exists an equilibrium
(ﬁA,ﬁA;a) such that

1. The support of T is S := {7 (m)|m € ]\7[}
2. For allm € M, i* (-] (m)) is a Dirac measure on m (i.e., i* is pure and separating).
3. VA (/_LA; a|7‘rA) = VA (,uA; oz|7rA>, CcA ([LA|7_TA> <CA (MA|7TA>, and U4 (,QA; oz|7_rA> = 0.

Proof. As in Definition 2, let A (:|m) € AS* be the regular conditional probability measure
over S* when conditioned on m € M under 7* and p®. Let g : S* — M be the function
in which g (y(m)) = m V¥m € M.?* Let 7* : Q — AS* be the following mapping: for any
Borel set S* C SA

Th (§A|w> = /seSA uh ({g (s')|s' € 84 n gA} |s) dr® (s|lw) Yw € Q. (21)

Notice that {g (s')]s" € SAOSA} = M. This implies that 7* (SA]w) =1VYw € Q and,

A is a valid signal structure that is supported on S*.

hence, 7

We first verify that (ﬁA, s a) is an equilibrium. Because (WA, u; a) is an equilibrium,
a € A*. Therefore, we only have to verify the Sender’s incentive-compatibility condition,
which is (S-IC*) for the auxiliary problem. First, note that the messages supported under 7
and i* is M (i.e., same as that of under 7 and p*). For any Borel M C M, let Pra <M|w)

denote the probability measure of M conditional on w under 7 and u®. Because

Y _ —A 9 —A _ —A
Prs g (M) = /se5A it (Ms) di* (slw) = AE{V(m)mEM} it (s|w)
_ A / At _ Y
- /SlesA /m At (mls) () = P (W) (22)
we have
Prh gh (|m) = Prh yh (]m) VYm e M. (23)

245 is injective but not necessarily surjective because its range is S* C S*. If we define its codomain to

be S%, then v will be bijective, and g is simply the inverse of ~.
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Therefore,
orn (|7 (m)) = pruga (-|m) = pra g (-lm) = /S,ESA oo (|8) dA (s'lm)  Vm e M, (24)

where the first equality follows from fi* (-|y (m)) being Dirac on m Vm € M, the second
equality is (23), and the third equality follows from the martingale property of Bayesian
posteriors. Next, due to (23), we can ease notation by letting pn, = pzs o (-|m) = pra (M)
and a,, (1) = a(-|pm) ¥Ym € M. To verify (S-IC*) for (ﬁA,ﬁA;&A), we have to show that
VYm € M and m' # m,

0 s (7 () ) = (s (1 (m)) )
> [ (mly (m)) = * (m'|y (m))] + [¥ (pmlozs (17 (M) = & (pwrlorze -1y (m)))] . (25)

c® (m|y (m)) must be finite for all m € M because (ﬂ'A, A 04) is an equilibrium and m is
in the support of u® (-|y (m)). Moreover, the left-hand-side of the inequality in (25) is finite
by assumption. If m’ is such that [, gu ¢ (m|s’) dA (s'|m) = oo, property 3 of v implies
that c* (m’|y (m)) = oo, which implies that (25) is trivially satisfied. Therefore, we consider
Jyegn ™ (m'|s") dA (s'|m) < co. By property 2 of 7,

/565A c* (mls) — ¢ (m/]s) dA (s|m) > c* (mly (m)) — ¢* (m'|y (m)). (26)

From (24), [ycge 0x (-|8") dA (s'/m) = 074 (-] (m)) and p,, = 074 (-]7 (m)), which implies
that ¥ (pm|ozs (+|7 (m))) = 0. Next, the second part of Condition 2 implies that for all m/,
b (pmelozs 1y (M) 2 Joesn ¥ (pmr|ome (|87) = (ozn (-1y (m)) [oe (-|s)) dA (s'}m); thus,

Joesn ¥ (pmlorn (-|s") = o (puvlome (+[57)) dA (s'|m) = b (pmloza (-[7 (m))) = & (vl on (|7 (M)BT)

From (24), for any o € AA and m € M,

v (a, o5 ( =Y oz (wly (m = > /seSA (w]s") dA (s'|m) v (o, w)

weN we

= v (v, 054 (+]8)) dA (s'|m). (28)

s'eSA
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Putting everything together, we have,

0(ame s (7 ) ) = (s (1 (m)) )
= [ o [0 @ n (1)) = 0 (@ 7 ()] A () (29

s'eSA

> [ oo [ () = ¢ ()] + [ (pmlas (1) = @ (ool ()] dA (5lm) — (30)
> [c* (mly (m)) = ¢* (m/|y (m)] + [ (pm|os (17 (M) = ¥ (pwrloze 1y ()], (31)

which is (25) — the equality in (29) follows from (28); the inequality in (30) follows from (S-
IC*) for ( At a ), and the inequality in (31) follows from (26) and (27). Thus, (ﬁA, TS oz)

satisfies (S-IC*); therefore, it is an equilibrium, and

VE(utialrt) = S0 87 [ [ (o (1s)) die® (mls) dr* (s)o)

w'eN

=3 Y B w / o (w]8) /mEMv(ozm,w) di™ (mls) dr® (s|w)

weN W' eN

=28 @) [ [ v w)di (mls) dn* (sl) (32

we

=Y 5 (W) /m 0 (@, w) P i (mw) . (33)

we €M

By the same argument, V4 (ﬂA;a|7?A) = Yweq B (W) [nenr ¥ (o, w) dPra gn (m|w) . Since
Prs gn (-|lw) = Pra o (+|lw) Vo from (22), VA (uA; Oé|7TA) =V (ﬁA;alﬁA) . Next,

c* (") = > /m [ by (m)] dPes s ()
<w§€:Q50 / M /SGSACA(m|s)dA(s|m)} dPos s () (34)
=X o) [ e tmls) dA ()| dPos s (i) (35)
_ ZQ 8 () /S/GSA /m . [ / ¢ (mls) da (S|m)] i (mls') dr (s'|)
=20 [0 [ (ol i ol () (36)
=C* (7). (37)

The inequality in (34) follows from the first property of v, the equality in (35) follows from
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(22), and the equality in (36) follows from noting that the integral [, qu c* (m|s)dA (s|m)
integrates over only signals s in which m is in the support of x (+|s). Finally, it is immediate
that ¥4 (ﬁA;&\frA) =0< UA (,uA;a|7rA) . Therefore, W4 (ﬁA;alﬁA) > WA (/AA; a]ﬂA). O

Lemma 6. Suppose that (ﬂ'A, ut oz) is a Sender-preferred equilibrium in the auxiliary prob-
lem and p* is pure and separating. There exists a signal structure ™ such that (ﬁA, TS a)
is also a Sender-preferred equilibrium and ‘S’A’ = ‘J\Zf‘ < |9, where S* is the support of T

and M is the set of messages supported by 7 and p™.

Proof. We first introduce a few notations. Let S* C S* be the support of 7, M C M
be the set of messages supported by 7* and p#, and Q € AM be the probability measure
over the equilibrium messages under 7 and p*.%5 Assume that ‘M ’ > |Q| (if not, we are
done). Since p* is pure and separating, for each m € M, let s,, denote the signal in which
p® ({m} |s,,) = 1. To shorten the notations, let c* (m|s,,) be ¢, a (:|m) be au,, ora (+|5m)
be 0y, U (Qm,0m) be vy, and v, — ¢ = wy,. Finally, let B = {o},,c;p € AQ and
X = {0m, Wi },pepy C RV

We first note the following observation: for any finite subset of messages M C M, if
there exists a probability vector (pp),,cy; such that 3> o prnom, = 8°, then there exists a
signal structure #* that generates a belief distribution supported on only beliefs {om}omenns
(frA, ,uA;a) is also an equilibrium, and W4 (,uA;a\frA) = > mens PmWn. This is because
from KG, since >, .y PmOm = B, there exists a signal structure 7% that generates a belief
distribution supported on only beliefs {oy,},,cx; With o, occurring with a probability of
Pm. Let belief 0, be attached to signal s,, in #*. Notice that under #* and the stage-2
strategy profile (,uA; a), the set of constraints (S-IC*) is a subset of that under the original
7. Therefore, (ﬁA, u a) is also an equilibrium, and W (MA; oz|7ArA> = > et PmWm-

Next, for any set X, let co (X) denotes its convex hull. Let £ = (inf,, .y ws,) — €, where
e >0, and let Y : co(B) — R be a function defined by

wy,, ifpeBandf=o,

Y(p) = _
§ ifp¢B

Let hyp (Y) be the hypograph of Y — i.e., hyp(Y) = {(B,y) |y <Y (8)} c R Note
that since v is bounded and & must be finite, hyp (Y') is path-connected and hence con-

nected. As 3° = [ i omd@ (m) and W (uA;a\WA> = [ et WmdQ (m), this implies that

m

i e., for any Borel set M C M, Q (M) =Y wea B’ W) [ g p® (M|s) dr® (s|w) .
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{BO,W (MA;Oz|7TA>} € co(x) C co(hyp(Y)). By the Fenchel-Bunt theorem (see Hiriart-
Urruty and Lemaréchal (2012), p. 30, Proposition 1.3.7), there exist Z = {z1,...,2x} €
hyp (Y), with N < |Q|, and a probability vector 6 = (d1,...,dy) such that >N | 8,2, =
(B", |44 (MA;ahA)). By the observation in the previous paragraph, if we can show that
Z C x, then we would have proven the Lemma. We show this next.

Let Z = {(B1,11),.-.,(Bn,yn)}, where, for each n, 3, € co(B) and y,, € hyp (Y (8,)).
Therefore, ZnN:1 O0nfn = [° and Zfzvzl Onyp = W (;LA; oz|7rA). Suppose, for a contradiction,
that Z ¢ x. For ease of exposition, suppose that only z; ¢ x but zo,...,2y € ¥, and
that ‘M ‘ is finite — the argument is readily extended. Let M = {my,ma,...,my}, where
J > |Q| > N, and without loss of generality, let o = 0y, .., Oy = Oy If 21 € X, then it
implies that either (i) f; € B but y; <Y (f1), or (ii) 51 ¢ B.

Consider Case (i) first. Without loss of generality, let $; = 0,,,. By the observation
above, there exists an equilibrium in which the Sender’s expected net payoff is >N, 6, w,,, =
51Y (o) + SN 0 00yn > 0y + X0, 0y, = WA (MA;Oé|7TA>, which then contradicts the
assumption that the Sender’s value of persuasion is W* (,uA; oz|7rA>.

Next, consider Case (ii). Since 51 € co(B), by the Carathéodory theorem, there exists
a probability vector (qj)j:Lm’ ; such that 3, = 237:1 ¢;0m, (note that some g;’s are possibly
zero). Consider the probability vector (31, . ,&;) where Sj = q;6, if 7 # 2,...,N, and
0; = 8; +q;0, if 7 =2,..., N.% Notice that

J J N N
2 0i0m, = D 4j010m, + 3 0;0m, = 6181 + Y OnfBa = B°.
j=1 j=1 n=2

Jj=2

Therefore, by the observation above, there exists an equilibrium in which the Sender’s net

expected payoff is ijl Sjwmj. However,

J J N N N
Zgjwmj =" qi01wm, + Y 6w, = G1wi + > Spw, > GE+ Y Gy = WA ([LA; a|7rA> ,
j=1

j=1 j=2 n=2 n=2

where the inequality is because ; ¢ B implies that y; = £ Again, this contradicts the
assumption that the Sender’s value of persuasion is W* (uA; a]ﬂA).
Jointly, this implies that Z C y. O

Lemma 7. If Condition 1 is satisfied in the original problem, then for any signal structure

7 and message strateqy p* in the auziliary problem, there exists a direct signal mapping of

205 8 = 0+ Yy 0 =Y O = 1.
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™ and p* (as defined in Definition 2). Moreover, if M, the set of messages supported by
7 and p®, is such that ’M‘ < |Q|, then there exists a direct signal mapping ~y such that for
allm € M, v (m) = (z,y) with y = 0.

Proof. Let 5,, € S be the efficient signal of m in set M as defined in Condition 1. Condition 1
implies that that setting v (m) = (5,,,y) € S* satisfies the first three properties in Definition
2 for any y € R. The last property is then trivially satisfied given the freedom in the choice
of y. Since 5, = 5, if and only if m = m’, we have vy (m) = v (m’) if and only if m = m/.

The last part of the lemma is immediate. O

A.3 Proof of Proposition 1

Proof. Let (m, pi; &) be an equilibrium in the original problem, and let M denote the set of
messages supported in this equilibrium. For any Borel $4 ¢ $4 (in the auxiliary problem),
define X (gA) = {($, y) € Shly = 0} C 9% — ie., the subset of signals in S* in which the
second dimension is zero — and let B (§A> = {x| (x,y) € SA} C S — i.e., the collection of
base signals of S*. For all w € Q and Borel $* ¢ S*, let 7* (S’A|w> = (B (X (S’A)) |w)
Next, for any x € S, let p* (-] (z,0)) = u(-|z); the mapping u* (-| (x,y)) for any y # 0

A The following two

can arbitrarily specified because such a signal is not supported by 7
observations are immediate: (i) the set of messages supported by 7 and p* is also M,
and (ii) ox (-|z) = o (-] (2,0)) for any x € S in the support of 7, pr, (-|m) = pra (M)
Vm € M. These two observations imply that if (m, ;@) satisfy (S-ICy), then <7TA, T a)
satisfy (S-IC*). Therefore, (WA7[LA;Q) is an equilibrium in the auxiliary problem, and
wh (,uA;Ozlﬂ'A) = W (w;alr). By Lemma 7, there exists a direct signal mapping of m*
and p*, which we denote by 7. By Lemmas 5 and 6, there exist 7* and p* such that

(ﬁA, T a) is also an equilibrium and

1. ‘SA’ = ‘]\7[‘ < ||, where S* is the support of 7* and M is the set of messages supported
by 7 and p*.

2. Sh = {fy(m) Im € ]\7[}
3. For all m € M, i* (-|y (m)) is a Dirac measure on m (i.e., i* is pure and separating).
4. Wh (,LLA;CY‘ﬁ'A) > WA (,UA;Oé’ﬂ'A).

By Lemma 7, since ‘]\7[’ < |9, we can set v to be such that for all m € M, v(m) =

(5,,0). Therefore, 7 is a signal structure supported on ‘]\;f ’ signals in which the second
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dimension of every supported signal is always zero. Next, define a signal structure 7 in the
original problem as follows: the support of 7 is {S },,c 7> and 7 ({8} [w) = 7 ({(5, 0) } |w)
Vw. Define a message strategy fi in the original problem as follows: for each m € M,
g ({m}|5,) =1 = p*({m}|(5m,0)). By a similar argument as above, because (ﬁA,ﬂA; a)
is an equilibrium in the auxiliary problem, (7, i; ) is an equilibrium in the original problem,
and W4 (ﬁA; 04\7?&) = W (i; a|7). We have thus proved Proposition 1. O

Remark 3. In our construction of the full-communication equilibrium, when M is the set of
messages supported in the equilibrium, the set of signals supported by the signal structure

is the set of efficient signals {5, },,.; (as defined in Condition 1).

B Appendix: Proofs

This section provides the proofs for all the results except for Proposition 1, whose proof is
found in Appendix A. As in Appendix A, we also streamline the exposition by considering

the extended setup with the information misrepresentation cost ¢ introduced in Section 6.

B.1 Proof of Lemma 1

Proof. Consider the distance-lying cost first . For any M C M, set 5, = m ¥Ym € M. As
¢ (m|s,,) = 0, the first property must hold. For the second property, for any m € M, m'#m
and s € S, ¢ (m/|5p,) —c(m|sm) = d(m/,m) > d(m',s)—d(m,s) =c(m'|s) —c(m]s), where
the inequality follows from the triangle inequality property of d. Next, the discrete-lying
cost is the discrete metric under the distance-lying cost.

Finally, consider partial verifiability. If ¢ ¢ M, set 5,, = m Ym € M; if Q€ M, then set
54 to be any s ¢ M and §,, = m for the other m # ¢. As ¢ (mls,,) = 0, the first property
must hold. For the second property, if m’ = ¢ or m’ € N, the left-hand side is —c (m]s),
whereas the right-hand side is 0 because ¢ (m|s,,) = 0; therefore, the second property holds
it m" ¢ V. If m' € V, the right-hand side is ¢ (m/|s,,) = k, whereas the left-hand side is
weakly lower than k; therefore, the second property also holds if m’' € V. O

B.2 Proof of Proposition 2

Proof. Let ®* (1,a) :==V*(1,a) — C* (1,). Call (7, ;) a |Q|-full-communication equilib-
rium if it is a full-communication equilibrium and 7 is support on || or less signals. We

first prove the following two statements:
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1. For any 7 = {_),5} € D(B°) and a € A*, there exists a |Q]-full-communication
equilibrium (7, i; &) such that W (g; &|7) = @ (7, «).

2. If (m, ;) is a |Q|-full-communication equilibrium and 7 is the belief distribution
generated by 7, then V* (1, ) =V (u; a|w) and C* (1, ) < C ().

For statement 1, let y = {s’{, R TR ,mrgl} denote the solution that obtains C* ({B’, 5} ,a).
For j =1 to ||, let # (s;‘\w) = ’Bégﬁij for each w € Q and p* (m}‘|sj) = 1. Let & be such
that & (-|8;) = a (+|38;) for j = 1 to ||, and & ({Q} |£) = 1; note that & € A*.?" The Sender’s

belief after observing signal s} is 3;. x satisfying constraint (11) (resp., (18)) implies that p*

satisfies constraint (S-IC) (resp., (S-ICy)). Therefore, (7, fi; &) is a |Q2|-full-communication
equilibrium, and V' (fi; &|7) = V* (1, ), and C (ii|7) = C* (1, ).

For statement 2, the equality between V* and V is trivial. For the second part, let s; to
sio| be the signals supported by 7, and let m; be the message such that p({m;}|s;) = 1.
Since (7, p; o) satisfies constraint (S-1C) (resp., (S-1Cy)), {31, LS, ,m‘m} satisfies
constraint (11) (resp., (18)) and, hence, is a feasible solution for program (C) for (7, ).
Therefore, C* (1, ) < leﬂl djc(mjls;) = C (p|m).

Next, fix any |Q|-full-communication equilibrium (7, y; ). If program (P) does not
have a solution, then by statement 2, there exist 7 € D(f°) and & € A* such that
O* (7,&) > W (u; o). In turn, by statement 1, there exists a |Q|-full-communication equi-
librium (7, fi; &) such that W (4; &|7) > W (u; a|w). Therefore, if program (P) does not
have a solution, there does not exist a Sender-preferred |Q2|-full-communication equilibrium.

Conversely, suppose that program (P) has a solution (7%, «*). By statement 1, there
exists a |Q|-full-communication equilibrium (7*, ©*; @*) such that W (u*; a*|7*) = & (77, o).
Consider any |Q|-full-communication equilibrium (7, p; ). By statement 2, W (u; a|m) <
® (7%, ). Therefore, (7*, u*; a*) is a Sender-preferred |Q|-full-communication equilibrium.

Jointly, the two preceding paragraphs imply that a Sender-preferred |Q|-full-communication
equilibrium exists if and only if a solution to program (P) exists. Moreover, if (7%, u*; a*) is
a Sender-preferred equilibrium, then W (p*; o*|7*) = @ (7%, a*), where (7%, a*) is a solution
to program (P). The first part of Proposition 2 then follows from Proposition 1 (and the

first part of Proposition 6), where the Sender-preferred |€2|-full-communication equilibrium

2TThere is some tension if one of the 3;’s is p. This problem is created because we defined a strategy as a
mapping from the Receiver’s belief instead of from the message she receives. To be precise, let & : M — AA
be a Receiver’s strategy that is a mapping from the message that she receives such that & (|m;‘) =a(8)
V4, and let & ({a} |m) = 1 for all other m. The Receiver’s belief after receiving any (off-equilibrium) message

méimi, ... ,ml"m is p; therefore, & is a Receiver’s best-response against p*.
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is also a Sender-preferred equilibrium.
Finally, we show that program (P) always has a solution. Per footnote 16, we assume

that ¢ is continuous and A* is compact. For any (7,a) € D (5°) x A*, let
X (1,0) = {5’: (sl, . SIQ\) T = (ml, . ,mm|> | §,m jointly satisfy (11) under (, a)} )

Next, let D = {7 € D(5°) |x (7, ) is non-empty for some a € A*} be the subset of D (5°)
such that the sets of signals and messages satisfying constraint (11) are non-empty. Given
that there exists (1,a) € D (8°) x A* such that C* (1,a) < oo, D is non-empty, and it is
without loss of generality to search for the optimal signal structure over D. Since constraint
(11) (resp., (18)) is a finite set of (N? — N) weak inequalities and A* is compact, D is a
closed set, which implies that it is also compact. Next, as v is an expected utility function,
v is continuous in « for a € A*; ¢ is continuous by assumption. By noting that the right-
hand side of the inequality (as written in (11)) (resp., (18)) is a scalar, it is readily verified
that that x (7, ) is both upper and lower hemicontinuous for all (7,a) € D x A*. By the
maximum theorem, C* (7, @) is continuous in D x A*. It is immediate that V* (1, a*) is also
continuous; therefore, V* — C* is continuous in D x A*, which is compact. Thus, V* — C*

must attain a maximum in D x A*. OJ

B.3 Proof of Proposition 3

Proof. As noted, we consider the extended model with v; therefore, constraint (11) in the
baseline model is replaced by constraint (18).

Fix any {B’, 5} and « and suppose that C* ({B’, 5} , a) # oo. This implies that the feasible
set for constraint (18) is nonempty. Let messages my, ... mq and signals si,. .. sjg be a set
of messages and signals that satisfy constraint (18). If it is the partial verifiability message
technology, assume for the moment that none of these messages are ¢. Set 5; = m; for all j.
From the proof of Lemma 1, for each j, §; is an efficient signal (as defined in Condition 1) of
message m; given the set of messages {ml, . .m‘m}. By the second property of Condition

1, for any j and j’,
c(myl8;) —c(myl3;) > c(myls;) —c(myls;) > U(Oé('fﬁj') 753') —71(04('\53‘) >5j> — ¢ (By|B;) -

Thus, {ml,. m‘m} an

d SIQ\} satisfy constraint (18), and Z 105¢(m;l8;) = 0.
Therefore, C* ({ },a)

51,
0. Given this solution, program (Py) is immediate.
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Next, suppose that one of the messages in the feasible set for constraint (18) is ¢ under
partial verifiability. Let messages ¢, ma,...m|q and signals sy, ... s|q| be a set of messages
and signals that satisfy constraint (18). Consider the set of messages mi, mo, ... mq|, where
my is any message that is not my to mjq). Consider signals 31, ..., 5 such that §; = m; for
all j. By the argument above, constraint (18) at §; for j > 2 is satisfied. For §;, notice that

c(m1]51) =0 = c(¢]s1), and for any m; # my, since my = 81, c¢(mj/|51) > ¢ (myr|s1).

— clmpl)—elml;) > clmpls)—c(0ls;) > v(a (8. 8)—o(a (18).8) =6 (318).

Therefore, constraint (18) for §; also holds. O

B.4 Proof of Corollary 1

Proof. Let T : [0,00) = D (7)< A*, T (k) := {(T, o) [k > v(a (165 ,ﬁj) - U(a (16;) ,5].) Vj,j’} .
I is both upper and lower hemicontinuous. By the maximum theorem, the value function is

continuous in k. O

B.5 Proof of Lemma 3

Proof. As mentioned in the main text, we need to verify that the truthful message strategy
satisfies (violates) constraint (NL) to show that C* = 0 (C* = c0). At s = v/, constraint
(NL) holds trivially. Consider (NL) at s = x. The LHS of (NL) is always k. The RHS is at
most v, which thus establishes the first point. If 3, > 0.5, the RHS is v, which establishes
the second point. If 5, = 0.5, the RHS is zv, which establishes the third point. O

B.6 Proof of Proposition 5

Proof. By Proposition 2, we only have to consider Bayes plausible distributions of beliefs
supported on two beliefs. Let 3 and 3 denote the two beliefs under the optimal signal
structure and, without loss of generality, assume that g < 32 < (. The probabilities of

: 2 _ B-p° - _ BB : o LA _
beliefs 8 and 8 are 7 = 53 and T = 5 respectively. As § < % < 77, 0 (ﬁ) = 0.

Therefore, the Sender’s Valueiof persuasion 1;‘7 (é, B) = 7190 (ﬁ) +70 (B) = %f) (B) , and

constraint (14) requires that ¢ (5) <k. Asp>p°, 1% (@, 5_) decreases with 3; thus 8 = 0 and
V(0,8)=%0(B) 1B< L, V(0,8)=0if B> L, V(0.8) =Zv(B-L(1-8)) >
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0. Therefore, 5 > T L As v is convex, it is differentiable almost everywhere, and

L _ v(—L+B(1+L
d‘%v(o,ﬁ)ow’(—L+ﬁ(1+L))— ( BZi(L;L )
, _ v(—L+B(1+1)

>V (~L+B(1+1L)) - (—L+B(1+L)>

V(x

The last inequality follows from v/ (z) > Vo > 0, implied by the convexity of v.

Since V (O,B) increases with 3, the optimal S is to set such that © (6) = k, thus im-

plying that 3 = ”711(f)L+L and the Sender’s value of persuasion is U;)_Blo(i,%i? ﬁ (f?jﬁ;&)) =

B°(1+L) —1 _dvTl(k) v=1(2) dv~1(2) . .
= (L + vt (k) kidk ) > 0 because = > = for any z, which is due to

v~ ! being concave. Therefore, the Sender’s value of persuasion increases with k. Finally,

v~ (k) < 1 implies that the Sender’s value of persuasion decreases with L. O

B.7 Proof of Lemma 4

Proof. The first property is immediate. We prove the second property. Fix any o € A,
7 € AAQ such that [o’dr (¢/) = o, and consider any p € AQ.
For any metric d, the triangle inequality property implies that

[ vl = v (olo)dr (o) = [ d(p.0") = d(o,0") dr (o)
< [d(p.0)dr (o)) = d(p,0) = ¥ (plo).

For the Kullback-Leiber divergence, note that for any o,

b plo) — b (olo) = 3 o' (@) log T = 3 o' (w)log ) = 37 o7 () log T\,

we P ((U) weN g (w) wEN p (CU)

= [v0lo) -l i) = [ o @ T ar ()
- Yoo T = v(sa).
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For the squared Euclidean distance, note that for any o',

¥ (plo’) = (alo") = 3" (o' (W) = p ()" = X (¢/ (w) — 0 ())’

weN we
= Z;ZP(W)2 — 0 (W) =20" (W) [p(w) — o (W),

= [Ule) =l dr () = X pwf —o @) =2 [ @)dr (") [p (@) — 0 @)

weN
_ %p (W) = 0 (W)* =20 (W) [p (W) — o (W)]
= ZQ[U(W) —pW) = ¥(plo).
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Online Appendix for
Bayesian Persuasion with Costly Messages

C Online Appendix

In Section C.1, we provide further details on the example in Section 3.1. Next, in Section C.2,
we present a result when the Sender has state-independent preferences. Finally, in Section

C.3, we address Remark 2 regarding the Sender’s commitment to the signal structure.

C.1 Additional Details for Section 3.1
C.1.1 Action set and the Receiver’s utility

Let A={-2,-1,0,1,2} and let the Receiver’s utility u (a,w) be as follows:

w=0|w=1
a=-2] -1 :
a=—1 1 —4
a=0 0 0
a= : —2
=2 -5 [}

When the Receiver’s belief is p, her expected utility from taking action a is £ [u (a, w) |p] =
u(a,0)+p[u(a,1) —u(a,0)]. Figure 3 plots the Receiver’s expected utility from taking each

action as a function of her belief. From the figure, it is readily observed that

(-1 if p e [0,0.2)
(~1,0,1} ifp=02
argmax £ [u (a,w) |p] = { {0} if p € (0.2,0.8)
(-2,0,2} ifp=038
(-2} if p e (0.8,1]

Because we are looking for the Sender-preferred equilibrium, the Receiver must be choosing
a = 1 and a = 2 under beliefs p = 0.2 and p = 0.8, respectively. Therefore, to simplify

the exposition, we remove actions a = —1,0 and a = —2,0 from the sets of the Receiver’s
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optimal actions under beliefs p = 0.2 and p = 0.8, respectively, which is as presented as

A(p) in equation (6) in the main text.

Figure 3: F |u(a,w) |p]

C.1.2 Best full-communication equilibrium.

As noted in the main text, the signal structure must be one that generates the belief distri-
bution of 0.2 and 0.8 with equal probabilities. It is readily checked that the following signal

structure generates this belief distribution for the Sender:

The Sender’s expected utility is 1 (0.2 x 1) + 5 (0.8 x 2) = 0.9, and his expected message

cost under the equilibrium message strategy described in the main text is % x 0.1 =0.05.

C.1.3 Optimal signal structure

Let p and p’ be the probabilities of beliefs 6 and 6/, respectively, under the belief distribution
generated by 7. Because this belief distribution is formed by a mean-preserving spread at

belief 0.2 from belief distribution 7, p+p’ = % and 5 fp,& + pfp, ' = 0.2. Jointly, this implies

that p’ = 217%5  which decreases with both 6 and & when 6’ > 0.1. Together with the

6'—6
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constraint that & < 1, p’ is minimized at 6’ = 1 and & = 0.1. It is readily checked that the
following signal structure generates this belief distribution for the Sender:

fT(rlw=1)=08 ; Ayw=1)=4+; #(lw=1)

T(rlw=0)=02; 7ylw=0)=08; #(zlw=0)=

S Ol -

The Sender’s beliefs upon observing x, y, and z are 0.8, 0.1 and 1, respectively, and the
probabilities of the signals realizing are %, g, and %, respectively; therefore, the Sender’s
expected utility is 0.9. The equilibrium message strategy is to report m, after x and m,

after both y and z, which results in an expected message cost of only %8 x 0.1 < 0.05.

C.2 Sender with State-independent Preference

Our solution characterization in Proposition 2 rests on the property that there is a Sender-
preferred equilibrium with full communication. We have focused on the conditions on the
message technology for this to hold. If the Sender has state-independent preferences and
the message technology is cheap talk, it is readily observed that restricting attention to only
full-communication equilibrium is without loss of generality, as observed in, for example,
Chakraborty and Harbaugh (2010) and Lipnowski and Ravid (2020). In the following result,
we show that this extends further — if the Sender has state-independent preferences, then
regardless of the message technology, if a Sender-preferred equilibrium exists, then there

exists one with full communication.

Proposition 7. Suppose that (7, u; ) is a Sender-preferred equilibrium. If 1) satisfies Con-
dition 2 and the Sender’s utility function v is independent of w, then there always exists an

equilibrium (7, i; ) such that W (fi; o|w) = W (u; | ), and
1. 1 is a pure and fully separating message strategy,
2. the number of signals supported by 7 is at most |€)].

As is the case for Proposition 1, the key is to show that message pooling leads to a
weakly suboptimal equilibrium for the Sender. To illustrate this intuitively, consider a signal
structure in which Sender’s belief after signals s; and s, are o; and o5, respectively, and the
Sender pools to message m after both of these signals, which leads to the Receiver holding
a belief of p. Suppose that ¢ (m|s;) < c(m|s2). Consider modifying the signal structure
by shifting all the conditional probabilities at each state of sy to that of s;. Under this
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new signal structure, the Receiver’s belief after receiving m is still p, which means that
the Sender’s expected utility is unchanged. However, his expected message cost is lower.
Crucially, as the Sender’s preference is state-independent here, his own belief (which, at s,
is now p instead of o1) does not affect his utility; thus, his incentive-compatibility constraint
at signal s; is unaffected. In turn, this implies that the modified signal structure supports

an equilibrium that gives the Sender a higher expected net payoff.

Proof. As in Appendix A, we consider S, M and A to be any compact metric spaces and
follow the notations there. Let (7, u; ) be an equilibrium. Let S C S be the set of signals
in the support of m, and let M C M be the set of messages in the support of {u (-|s)},.s-
Let T': M = S be a correspondence in which s € T (m) if and only if m is in the support
of 4u(-|s). For any Borel set M C M, let P, (]\7[ ]w) denote the probability measure of
M conditional on w under m and u. Let v (m) := arg minger(n) ¢ (mls),® and let S :=
{7 (m)|m € ]\_4}, which is the support of 7 (to be defined). Since v is injective but not
necessarily surjective, we redefine the codomain of v to be its range S, so 7 is now bijective
and thus, its inverse exists. Let the inverse function be denoted by g : S — M exists (i.e.,
for any m € M, g(y(m)) = m). The signal structure 7 is defined as follows: for any
Borel set S C S, (S’|w) = [ies it ({g (s')]s" € 5’05} \s) dr (s|w) Yw € Q. Notice that
{g (s) ] € SN S'} = M; therefore, 7 (S|w) = 1 Yw € Q. Next, for any s € S, define i (-|s)
to be Dirac at m = g (s). The message strategy after s ¢ S is irrelevant as it is not supported
by 7. i is clearly a valid message strategy that is fully separating and pure.

We verify that (7, i; o) is an equilibrium. As the support of messages under (7, 1) is still

M, by the same argument as in (22), for any w € Q and any Borel set N C M,
Prj (Mlw) = Pry (Mw) . (38)

Therefore, pz z (:|m) = pr,. (-lm) ¥m € M, and the Receiver’s action distribution after any

m € M is the same for (7, i) and (7, u). Moreover, since ji (-|y (m)) is Dirac on m,

oz (-[y (m)) = pa (-m) . (39)

We check constraint (S-1C,) of (7, i; @) now. By the martingale property of Bayesian

281f there are multiple minimums, just choose any one of them.
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posterior, for all m € M, there exists A,, € AT (m) such that
Ly () 8 (5) = pr () = e (fm) (40)
Next, (S-ICy) of (7, u; ) implies that for all s € I' (m) and m?/,

V(@ ([prpu (-[m)), ox (]s)) = ¢ (mls) = (pr (M) |ox (-|5))
20 (a (-] prp (Im)) s 0x (-|5)) — c(m|s) = ¢ (prpu ([m) 0w (]5))

= /ser(m) [ (0 Cl) [0 (15)) = % (P (-|m) |02 (-]8))] A (5) + [e (0] 5) — ¢ (m]s)]

> [0 (a ([prpu (Im")) 05 (|5)) — v (@ (lprp (1m)) o (-[5))] dAm (5) (41)

sel’(m)

If Condition 2 holds, [icpr(y 0x (*|8) dAy, (5) = pr (-[m) implies that

/Ser(m) [ (e ClM) [0 (15)) = % (P (-[m) |0 (-]8))] A (5) + [e (] 5) — ¢ (m]s)]

<Y (e (1M [P (+[m)) + e (m']s) — ¢ (m]s)]
<Y (e (1m) [P u (-|m)) + e (m]s) — ¢ (m]y (m))]. (42)

As the Sender’s utility function is state-independent, we can write it as v (a,w) = v (a) Vw.
Equations (41) and (42) then jointly imply that for all m € M and m’ # m,

U (P (1) [ o (Im)) + [e(m]s) — ¢ (m]y (m))] Z v (a (|pnu (-1m) = v (@ (-[prp (-[m)))
(43)
From (39), pr, (-|m) = pz s (/m) = 0z (:]7 (m)); thus, equation (43) becomes the following:

for all Ym,m' # m,

v(a(lpsp(m))) — c(mly (m)) — ¢ (pza (-Im) |o% (-|y (m)))

=0 by Condition 2

>v (a (+|pzz (-|m")) — ¢ (mly (m)) = ¥ (pz (-[m') |oz (-|y (m))),

which is (S-ICy) of (7, i; ). Therefore, (7, ;) is an equilibrium. Since Pz (mlw) =
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Py, (m|w) and pz 4 (-|m) = prp (-jm) Vm € M, we have V (i;a|7) = V (i; a|r). Moreover,

Clum) =38 @) [ [ clmls)dy(mls) dr (s])

zZﬁ @) [, ], elmby () dus(m]s) dr (5] (4)
=X 0w [ elmby (m) dPry (mlo) (15)
=X [ elmly (m) dPrs (ml) (46)
=C (ji|7).

The inequality in line (44) follows from noting that m is in the support of u(-|s) only if
s € I'(m) and c¢(m|s) < c¢(m|y(m)) Vs € I'(m). The equality from line (45) to line
(46) then follows from (38). It is immediate that ¥ (u; afm) > W (g; o) = 0; therefore,
W (p; o) > W (p; o). The last part of Proposition 7 follows the same argument as

Lemma 6; thus, it is omitted. O

C.3 Sender’s commitment to the signal structure.

In Remark 2 in the main text, we note that our model has an equivalence to one in which
the Sender’s commitment to the signal structure is weakened. We provide details of this
equivalence here.

Consider the following model, which we call the “companion model” As in the model
in the main text (hereafter, the “main model”), there is an unknown state w € €2 with a
common prior 3°. For ease of exposition, we consider S and A to be finite sets. Let II denote
the set of the available signal structures, where each © € II is as defined in the main text.
Next, let G := {g: S — AS} be the set of all possible mappings from S to AS, with the
notation that for each g € G and s € S, g (|s) € AS. Let

G(m):= {fr € H‘fr(s|w) =Y g(s|s)m(s'|lw) Vs € S,w e Q} :
geG

s'es

Therefore, G (m) contains the signal structures that are Blackwell less informative than .
We call g “the garbling of m to &7 if & (s|lw) = Xyeg g (s|s') 7 (s'|w) for all s and w.

The timing of in the companion model is as follows:



1. The Sender publicly announces a signal structure 7 € II.
2. The Sender privately chooses a signal structure & € G ().
3. The state w € Q is realized, and a signal is drawn according to the distribution 7 (-|w).
4. The Receiver directly observes the signal and takes an action a € A.
Let 3, (-|s) € AQ denote the Bayesian posterior after signal s from a signal structure 7 —

i.e., for any s in the support of 7, 3, (w|s) = ZW(Slw)ﬂ"(w)

(sl @)

and the Receiver takes action a, the Receiver’s utility is still u (a,w). For the same set of

If the underlying state is w

action-state pair (a,w), if the Sender had announced 7 but privately chosen #, then signal s

is realized, the Sender’s ex post net payoff is

v(a,w) =k (@|m) = (pl Bz (-]s)),

where p is the Receiver’s ex post belief. v is the Sender’s utility, x is the Sender’s cost of
deviating from his announcement,? and 1) is as defined in Section 6 of the main text. The
Receiver’s strategy is still o : AQ — AA — a mapping from her belief to a distribution
over her actions — whereas the Sender’s strategy is an announcement 7 and a privately
chosen signal structure 7.3 Let W (7%5 ;Q, ﬁ'R’ﬂ') be the Sender’s expected net payoft from
(privately) choosing #° after announcing 7, and the Receiver playing o and conjecturing
that the Sender had chosen #%, which implies that the Receiver’s ex post belief is B:r (+|s)

after observing signal s. Therefore,

W (% 0, #81r) i= 32 8 (@) 075 (k) [0 (@ (B2 (-19)) , Bis (1)) = ¥ (Bas (1) [Bes (1))

we ses
— K (ﬁs \W) :
Definition 3. The triple (7, 7; «) is an equilibrium in the companion model if

1. Upon observing any s € S, the Receiver conjectures that the Sender chooses 7 and

forms a posterior using Bayes’ rule whenever applicable.

2. (Receiver’s best response) o € A*.

29We have restricted the Sender’s choice set in stage 2 to be from G (7). This is equivalent to allowing
any signal structure to be chosen in stage 2 while setting & (#|7) = oo for any & ¢ G (7).

30For a full specification of strategies, the Receiver’s choice of o and the Sender’s choice of # should depend
on the announcement 7, but we drop the dependence as we only define an equilibrium of the subgame starting
from stage 2.
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3. (Sender’s best response) For all 7’ € G (7),

A

W (7 o, 7t|m) > W(ﬁl;a,ﬁ\ﬂ)- (S-IC-comp)

Consider the main model with a message technology {S, M, c}, with M = S. Its associ-
ated companion model has the same v and ¢, and k is defined as follows: for each & € G (7),

K (7|m) = C (g|m), where g is the garbling of 7w to 7, and C' is defined in (4).

Proposition 8. (7, u;«) is an equilibrium in the baseline model (as defined in Definition
1) if and only if (w,7; ) is an equilibrium in the associated companion model (as defined in

Definition 3), where p is the garbling of © to . Moreover, W (#; a, #|m) = W (u; a|r).

Proof. We only have to check that (S-1C,) is satisfied in the baseline model if and only if
(S-IC-comp) is satisfied in its companion setup with u being the garbling of 7 to 7.

We first prove the “if” direction. Let V (us s, IUR’W) be the Sender’s expected utility in
the baseline model when the Sender chooses signal structure 7, uses message strategy u°,
the Receiver conjectures that the Sender uses message strategy pu and then uses strategy

«. Therefore,

V (150, pfr) o= 30 3% (w) Yo m (slw) D2 i (3]s) v(a (lpryer (-19)) s o <-|s>).

weN s€S ses

Analogously, let

b (10,1 o= X 87 () X 7 (ole) 3 4 (319) @ (13) o2 (1) ).
weQ ses €S
It is readily observed that V (u; v, u|w) = V (u; a|m) and W (u; v, p|w) = W (p; oo|7), where
V and W are, respectively, defined in (3) and (15). Suppose that in the companion model,
the Sender announces 7, privately choose #°, the Receiver conjectures #% and plays . Let
1% be the garbling of 7 to #°, and let uf be the garbling of 7 to #%. The Sender’s expected
utility is

7B (w) Y- A5 (3lw) D Bas (W'[8) v (e (+]Bsr (+]3)) ,w)

we ses w' €N
=2 8@ X (sl) 34 (3ls) 3 o (@18)v (a (lomyn (19)) ) = V (150, 1u%7)
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Similarly, the Sender’s expected information misrepresentation cost is

> 87 (w) Y- 7% (8lw) ¢ (Ban (-|s) |Bas (-]s))

weN ses
= 387 @) X0 (sle) 3 ¥ (815) ¥ (Ban (1) B (1))
weN seS ses
=3 5@ X () z;u (pw (3 low (1s) ) = 0 (s, )

Since K (frﬂw) =C (us\ﬂ), we have

W (7?5; a, ﬁR\W) =V (us; «, ,uR\W) — U (us; a, uR\W) —K (ﬁs\ﬂ)
=V (%0, p|7) = ¥ (%50, p|) = C (p¥)r) . (47)

Therefore,

W (7, #t|m) = V (5., plm) = W (s @, pl) = C (ulm)
V(g alr) =V (ualr) = C(plr) = W alr)

Next, if (S-1C,) is satisfied, it implies that for any message strategy p’, where p is the

garbling of 7 to 7,

W (s o)

2 30 57 ) S (oko) T 819 [0 Clor (13)) 0 (1) ) = €(6l8) = 0 (ps (19 o (1) )|
= X8 DA 619 [v(a(-wﬁus)),ﬁﬁ/<-|§>) =08 (19)18 C19) )|

—%5" Z slw) S%u

—W (#; a, #|7)

where the last line follows from noting that °,cq 8% (W) Y ses T (S|w) Yses 1 (5]5) ¢ (8]s) =
C (W|x) = k(#'|r). Therefore, W (#;a,#|7) < W (u;alr) = W (#;a, #|r), which is is
(S-IC-comp).
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For the “only if” direction, suppose that (S-1C,) is violated, so there exists § such that

0@ Clonn C180) 100 (13) ) = ¢(§15) = @ (pr (1) o2 (15))
>0(a@ Clon (19)) 2 (1) ) = € (313) = & (prs (13) 02 (1))
This implies that there exists a message strategy i/ such that V (u/; ov, pu|m) — W (/s v, pu| ) —

C (/|7) > W (u; a|m) . From (47), the LHS is W (fr/; a,fr|7r), where 4/ is the garbling of 7
to #/, whereas the RHS is W (#; a, #|r). Therefore, (S-IC-comp) is also violated. O
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