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Abstract. A procedure for defining new languages of designs from known or given ones fs presented.
It is specified in terms of shape equivalence rules or shape equivalence rule schemata which allow
shapes in spatial relations given or inferred from existing design languages to be replaced with

other shapes. The new spatial relations so defined can be used to determine a wide variety of new,
original languages of designs. The possibility of using shape equivalence rules or rule schemsta for
characterizing formsa! compositions! sspects of historic styles or languages of designs and relationships
between them is glso discussed.

Introduction

A basic familiarity with the formal definitions of shapes, spatial relations, shape rules,
shape grammars, and their applications is assumed on the part of the reader. Readers
unfamiliar with these definitions are referred to Stiny (1980a; 1980b). Readers
satisfied with their understanding of the above terms may wish to pass over the
following section on languages of designs.

Languages of designs
Any design can be understood, in a syntactic or compositional sense, as a complex of
shapes and relationships between these shapes. In formal terms, this kind of
understanding corresponds to viewing a design in terms of a vocabulary of shapes
occurring in the design and a set of spatial relations between these shapes. Here, a
shape is defined as a finite collection of lines, 2 vocabulary as a set of shapes no two
are similar, end & spetial relotion 33 & collection or arrangement of shapes.

Consider, for example, the design shown in figure 1{2). One way of describing this
design would be to say that it is composed of squares and that these squares are
arranged zccording to the spatial relation between ovedapping sguares illustrated in
figure 1(b). ‘

A more complete description of 2 design-can be given-by gpecifying exactly how-
spatial relztions recur in it or how it may be constructed in terms of these spatial
relations. This is accomplished by means of shupe rides defined in terms of
gpatiz! relations. Shape rules are applied o an uirial shepe—a shape made up from
shapes in 2 vocabulary—and to shapes produced {rom it (o actually gene
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Figure 1. (2) A design; and (b) 2 ;;\zztizl relation between everlapping squares which oceurs in the
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For example, the spatial relation shown in figure 1(b) may be used to define the
shape rule given in figure 2(z). This shape rule is applied recursively to an initial shape
consisting of a single square [figure 2(b)] to construct the design shown in figure 1(g).

A set of shape rules and an initial shape determine a shape grammar. A shape
grammar generates z language of designs. The designs in g language are syntactically
alike in that their compositions are governed by the same spatial relations.

For example, the shape rule and initial shape given in figure 2 define g shape grammar
which generates a language of designs containing not only the design shown in
figure 1(a) but other designs as well. In figure 3, other members of this language of
designs are depicted.

Of course, any one design can be understood in terms of different vocabularies of
shapes and different spatial relations between them. Each such vocabulary and set of
spatial relations may be used to define a shape grammar which usually generates 2
different language of designs. Each of these languages contains, at least, the original
design.

The shapes in a vocabulary or the set of spatial relations which are used to define
shape rules for constructing a design need not actually appear in the design. Parts or

2l of these shapes may be erased in the final design. For example, the construction -

of the design shown in figure 4(z) is based on the szme spatial relation between
overlapping squares used in the construction of the designs shown in figures 1(a) and 3.

@) (v)

Figure 2. (1) A shape rule defined in terms of the spatial relation shown in figure 1(b); and

(b) the initial shape to which the shape rule given in figure 2(a) is recursively applied to construct
the design shown in figure 1(2).

Figure 3. Additional members of the language of designs generated by recursively epplying the
ghape nile given in figure 2(2) to the initial shape diown in figure 2(b).

]
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Figure 4. (2) A design whose construction is based on the spatial relation between overlapping
tquares shown in figure 1(b), 2nd (b) & thepe rule which generates the design shown in (3).
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The shape rule which generates this design by applying it recursively to an initial
shape consisting of 2 single square is shown in figure 4(b). Each time it is epplied
part of a shape in the spatial relation is erased.

Often, when a2 group Of COTpuUs of designs is said to characterize 2 particular ‘style’,
it is because the syntax or formal composition of these designs is glike in some way.
In this case, one can usually distinguish 2 voczbulary of shapes and set of spatial
relations common to all or almost all the designs. Shape rules based on these
spatial relations fix uniform recurrences of these spatial relations within the designs.
A shape grammar, specified in terms of these shape rules, generates a language of
designs which includes, at least, some or all of the designs in the corpus. Different
syntactic interpretations of a corpus of designs determine different shape grammars
which, in turn, usually produce different languages of designs. '

Examples of shape grammars defined from a given corpus of designs include
traditional Chinese lattice designs (Stiny, 1977), Palladian villa plans (Stiny and
Mitchell, 1978), Mughul gardens (Stiny and Mitchell, 1980), Hepplewhite chair-back
designs (Knight, 1980), Japanese tearoom plans (Knight, 1981), the architecture of
Giuseppe Terragni (Flemming, 1981), and the prairie houses of Frank Lloyd Wright
{Koning 2nd Eizenberg, 1981). The vocabulary of shapes and cet of spatial relations
which are used to construct designs in these languages are not given explicitly in any
of these grammars. They are, however, implied in the rules of these grammars. The
rules of any shape grammar could, in fact, be rewritten in some ‘normal form® which
expresses exactly the spatial relations on which they are based. One such normal
form would stipulate that all shape rules be of types 3 and 4 as given in Stiny (1980b)
‘and explained later in this section. A normal form for shape grammars would permit
shape grammars and the languages they define to be analyzed, compared, and
manipulated in some uniform and systematic manner.

Shape grammars which generate languages of designs may also be defined from
scratch. In this case, they are defined by starting with some vocabulary of shapes
and then defining a set of spatial relations between the shapes in the vocabulary.
These spatial relations may be determined according to heuristics which, for example,
define spatial relations having particular syntactic or semantic properties. Shape rules
specified in terms of these spatial relations control the way in which these spatial
relations will recur in a design.

Four fundamental types of shape rules which can be defined from any spatial
relation between two shapes s and ¢ are identified in Stiny (1980b). Shape rules of
types 1 and 2 are the most basic:

type 11 (x, @) =+ s+, DY, type 21 (s, O = (x, Db,

where x is the shape s or the shape [ 2nd @ is the empty set indicating that no jabels
sre zttzched to any of the shapes in these shape rules. Type 1 and type 2 shape rules
correspond, respectively, to 2dding and subtracting shapes in zccordance with the
spatial relation between s and r. Given any spatial relation between (w0 shapess and 7,
two type 1 and two type 2 shape rules may be defined from it corresponding to
when x is equal to s and when x is equal to 1.

Shape rules of types 3 and 4 restrict the way in which type 1 and 2 shape rules are

applied by labelling the shapes occurring in them:
type 3: (x, Py — +1, ), type 41 G+, PY= &, O,

where » is the shape s or the shape r and P and O are sets of labelled points. Depending
on the way these shapes are labelled, designs with particular syntactic or semantic
properties czn be generated.
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Languages of designs defined by means of type 3 and 4 ghape rules are subsets of
the languages of designs defined by means of corresponding unlabelled type 1 and 2
shape rules. Numerous examples of languages of designs produced by shape gramimars
defined by means of type 1, 2, 3, and 4 shape rules are given in Stiny (1980b).

Languages of designs defined cither in terms of an existing corpus of designs from
which a vocabulary of shapes end spatial relations between them are inferred or in
terms of an arbitrary vocabulary of shapes from which spatial relations are defined
represent a ‘constructive’ approach to design. This approach is elaborated on in
detail in Stiny (1980b).

Defining new languages of designs )
Languages of designs defined constructively contain designs which are formal variations
on some compositional ‘theme'. Although these languages may contgin a rich diversity
of designs, all the designs in a language share 2 common syntactic structure. Any
such language may eventually be exhausted; that is, all its variations are known and
suitably employed or not employed. When this occurs & new design language is
demanded. Changing external events, new ideas, or needs may also necessitate
development of a new language of designs. In either event, the designer is faced with
the task of creating 2 lenguage new oOf different from those currcntly used.

One way out of this predicament is to revive & desizn style of the past and more
fully explore its potentialities. In the history of Western art and architecture, this
remedy was often used to goad the progress of an art or architecture suffering from
inertia. This is clearly exemplified in nineteenth century Europe when the cry for a new
style of architecture resulted in the revival of various past styles, such as the ‘Gothic™
and ‘Classical’ styles, as well as 2 sudden interest in the styles of contemporaneous
but distinct cultures such as those of China and India. At the same time, innumerable .
guidebooks or catalogs were published which documented variations of specific forms
within these styles—for example, Gothic window tracery and Classical facades.
Architects and designers were encouraged either to copy the models given in the
guidebooks or to develop new variations based on these models. If renovation of a
past style is the answer to an impoverished or inappropriate state of design development,
defining a shape grammar in terms of the revived style is certainly the easiest and most
profitable means for exploring all possible variations within this style.

Another, perhaps more efficacious, ansver is to develop 2 desizn lenguage sufficiently
different both from past and from present ones to be considered mew. This includes
languages which are defined from scratch and languages which are defined in terms of

ones already known. In the-former-case,-these languages can be defined by useof
the constructive methods given in Stiny (1980b). However, even this method requires
2 certain emount of ad hoc experimentation in order to derive & vocabulary and
spatial relations which generate interesting or spproprizte langusges of designs. In
the latter case, new languages of designs are defined by extending, modifying, or
incorporating parts of known design languzges. Llmost 8l existing styles of design,
even those heralded as new or original at their inception, are in fact derived from or
embrace some aspects of a past or present style. This method of innovation at least
allows the designer to employ select elements of known languages without having to
start from scratch. Even so, he or she must rely on intuition and ad hoc methods in
order to create new languages using these elements.

When languages of designs are defined constructively, any or all of the elements
used to determine them—shapes in a vocabulary, spatial relations, and shape rules—
provide a well-defined basis for constructing new languages of designs. What is
needed zre systematic methods for defining either new shapes in 2 vocabulary, new
spatial relations, or new shape rules from the existing ones. These new elements,

[
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alone or in conjunction with existing ones, can be used constructively to define new
design languages.

In Stiny (1980b) one such method is proposed. It sllows for a diversity of type 3
or 4 shape rules to be defined from & given type 1 or 2 shape rule. It consists,
basically, of lzbelling the given shape rule in different ways eccording to the symmetry
properties of the shapes occurring in it. All of the shape rules so defined generate
different languages of designs. All these languages are subsets of the language
produced by the original shape rule. In general, changing the set of labelled points

) - associated with a shape rule defines a new shape rule which generates a language of
’ . designs different from that generated by the original one.
New shape rules may also be defined from & given one by parameterizing the
shapes occurring in it. The resuiting shape rule schema generates shapes of designs

: which are generalizations of the designs produced by the original shape rule. New
‘ shape rule schemata can be defined from a given shape rule schema by changing
’ conditions on the parameters associated with it. Different spatial relations may be
‘ derived from a given one in the same way—by parameterizing the shapes occurring in
it or by changing conditions on existing parameters. The perameters attached to °
shapesin g spatizl relation can be used either to vary the shepes themselves or to vary
the disposition of these shapes withe respect to each other. Shape rule schemata
defined from these new spatial relations usually generate different languages of designs.

In this paper, an additional technique for defining new languages of designs is
proposed. Itis given in terms of shapes and spatial relations between them as these
provide the most basic and essential information about the spatial organization of a
design. In the analysis of existing designs, recognizing spatial relations between
shapes occurring in designs provides the foundation for 2 rigorous, intelligible
discussion of their formal characteristics and structure. In the synthesis of designs,
spatial relations are the foundation for constructing designs whose formal characteristics
and structure are known. Defining new spatial relations from ones given in an
existing language of designs is, therefore, the simplest, most direct and informative
way of producing new design languages. :

Shape replacement in spatial relations

The following simple yet sroductive technique for Zefining new spztizl selztions from
a given one is specified in terms of the shapes occurting in the given spatial relation.
Basically, it allows shapes in 2 spatial relation, containing any number of shapes, (C
be replaced with other shapes in the spatia! relation. :

A This procedure is similar to & phenomencn in spoken languages KROWD 85 —o - oo ow . s E T

metathesis. Metathesis, the trznsposition of letters, sounds, of svlizbles within 2
'% word, accounts for much of the change in lenouage systems. For example, the modern
English word hird® is derived from the Old English word ‘brid” by the transposition
of the letters r" and ‘1. Much of the time, etathests oocurs uncansciously in the
speaker as when one ac identally says ‘evelate’ instead of «clevate'. With frequent
repetition, some of these mistakes are assimilated into the language.

Shape replacement transposes shapes in 2 spatial relation just as metathesis
transposes letters in 2 word. Consider, for example, the spatial relation in figure 5
which consists of 2 rectangle and round arch and is 2 common spatial element of
Romanesque architecture and Western architecture in general. If the rectangle and
round arch zre transposed in this spatial relation a ne¥w spatial relation [figure 6(2}]
between z rectangle and 2 cound arch resuits.

The shape replacement procedure, however, extends the concept of metathesis by .
glso allowing one shape in z spatial relation to be replaced by another shape in the g

relation and not vice versz. For example, given the spatial relation shown in

I -
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figure S, the rectangle can be replaced with a round arch to produce a spatial
relation between two round arches [figure 6(b)] or the round arch can be replaced
with a rectangle to produce a spatial relation between two rectangles [figure €c)].
In other words, the steps performed in & metathesis can be separated and performed
individually in & shape replacement operation. The exact manner in which this is done
is given in the next section. Notice that each of the spatial relations produced from
the originel one is glso frequently used in Romanesque end other styles of design.

Like metathesis in a word, shape replacement in & spatial relation is an easy and
natural innovative process. Unlike metathesis, shape replacement can be performed
consciously and deliberately to produce results which are employed consciously and
deliberately in a design or design language.

fectangle gound rectangle
grch end
rousd srch

Figure §. A spatidd relztion between & rectangle and & round sxch.

(2) (b) ©)

Figure 6. (a) A spatial relation between 2 rectangle ¥nd 2 round arch which is derived from the
spatial relation depicted in figure S by transposing the rectangle and round arch; (b) and (c) show
the spatial relations between 2 round arch and 2 round arch and between a rectangle and a rectangle
which are derived from the spatial relstion shown in figure 5§ by replacing the rectangle with a
round grch and by replzcing the round exch with 2 rectangle, respectively.

Shape equivalence rules .
The shape replacement procedure described in the previous section can be specified

“precisely znd unambiguously by & shope equivalence rule o« < §, where ¢ 2nd § are S
the shapes that can be transposed or replaced in some spatial relation. Itis gpplied
recursively to @ spatial relation to derive new gpatia! relations in much the same way
that 2 Thue equivslence rulet® is applied recursively to 2 word in an sssociztive
calcutus to produce new words in ¢the calculus. For example, suppose that pot isz
word and p <« ¢ is ¢ Thue rule in some sssociative calculus. The Thue rule permils
occurtences of the letter p to be replaced by the letter ¢ andfor cccurrences of the
letter ¢ to be replaced by the letter p in any known word in the calculus. By
applying this rule to the word pot the following new words are produced: rof, top,
and pop? ‘

Unlike letters of an alphabet, however, shapes are defined in two, three, or more
dimensions. Whereas a letter may be replaced with another letter in only one
reasonable way, a shape can be replaced by another shape in an infinite number of
different ways. Depending on the shapes involved,.some ways of replacing these

() & Thue equivalence ruié is also csﬁt:d 2n undirected substitution or Thue ptdduction‘
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shapes may seem more intuitive or correct. In any case, the exact location of
the shape replacing another shape must be specified with respect to the Cartesian
coordinate system in which the original shape is defined. This may be accomplished
by defining 2 shape equivalence rule which indicates exact coordinates of each of
the shapes cccurring in the rule. When no ambiguity can arise, the locations of these
shapes can be specified informally by identifying &t.lcast one corresponding fixed or
distinguished point of each shape.

For example, suppose that s is a square and ¢ is 2 right triangle which have the

 spatial relation s+ ¢ ¥ shown in figure 7(2). In figure 7(b), one possible shape
equivalence rule defined in terms of the shapes s and ¢ is shown. In this rule, the
point p, is the distinguished point of the shapes on either side of the rule. It indicates
the exact location of the two shapes with respect to cach other.

A shape equivalence rule a + B, such as the one sbove, is applied to a set of shapes
specifying a spatial relation. If there exists some Euclidean transformation r such
that either r(a) or r(B) is identical to a shape in the spatial relation, then this shape
may be replaced by r(f) or (a), respectively, to define a new spatial relation. This,
process may be repeated until no new, nonequivalent spatial relations can be generated
from any previously generated spatial relfation. All the spatial relations so defined arc
members of the class of spatial relzations defined by the shape equivalence rule. The
transformations under which a shape equivalence rule is applied may be restricted in
order to limit the class of spatial relations defined by the rule.

For example, if the shape equivalence rule depicted in figure 7(b) is applied to the
original or initial spatial relation s +¢ in both directions (+), four new spatial relations are
produced (figure 8). (Notice that applying a shape equivalence rule in both directions
(+*) to a spatial relation is analogous to the operation of metathesis in 2 word.)

Spatial relation 2 is equivalent to the initial spatial relation. It therefore defines
equivalent type 1, 2, 3, and 4 shape rules and equivalent languages using these rules.
Spatial relations 1, 3, and 4 are not equivalent to each other or to the initial one.
Different languages are determined by each of these spatial relations using type 1, 2,
3, or 4 shape rules. If the shape equivalence rule is applied to the initial spatial
relation in the direction (—) only, four new spatial relations are generated (figure 9).

IR AN EN L
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(2} (v) :
Figure 7. (3} A spatial relation between & square end & right trangle] and {t) & shape equivalence
sule defined in 1orms of the shapes in the spatia! relation shown in (2).

—
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i P 3 4

Figure 8. Spatial relations produced by applying the shape equivalence rule given in figure 7(b) to
the spatal relation shown in figure (2} in both directions ().

Q) 4 spatial relation is sometimes denoted informally in this paper by the shape union of the
shapes in the set which specifies it
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None of these spatial relations are equivalent to each other or to the initial spatial
relation. They therefore determine different languages. The shape equivalence rule
applied to the initial spatial relation in the direction (+) produces only onc new
spatial relation (figure 10) which determines yet snother different language.

The shape equivalence rule can now be gpplied, in eny direction, to any of the
spatial relations produced from the initial one to define still more spatial relations.
All of the possible new, nonequivalent spatial relations which can be derived from .
previously generated ones gre iltustrated in figure 11. All are produced by recursively )
applying the shape equivalence rule either to the spatial relations shown in figure 8,
the spatial relations shown in figure 9 or the spatial relation shown in figure 10. In
figure 12, the complete class of spatial relations generated by the shape equivalence
rule is shown. Shapes in the languages produced by use of type 1 shape rules defined
from each of these spatial relations are shown in figure 13. For the sake of simplicity,
only type 1 shape rules are used to generate the designs shown in this example and
) following ones.
! The precise manner in which shape equivalence rules arc defined and applied to
X gpatial relations is given in the following formal definitions:

A shape equivdlence rule is @ rule of the form a < £ where a and § are any shapes
not identical to the empty skepe S¢.

bR A

Figure 9. Spatial relations produced by xgplying‘thc shape equivalence rule given in figure 7(b) to
the spatial relation shown in figure Xa) in the direction -+ )

z

é‘igmc 10. The spatial relation produced by epplying the thepe equivalence rule given in figure (¥}
to the spatial relation shown in figure Hg) in the firection ().

-
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Figure 11. Spatial relations produced by recursively applyir{g the shape equivalence rule given in
figure 7(b) to the spatial relztions shown in figures 8,9, or 10.
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Gtven a spatial relation S, specified by a finite set of shapes, new spatial relations
may be defined from &t by applying an appropriate shape equivalence rule to S.

A shape equivalence rule o« § s applicable to a spatial relation S i and only If
there exlsts @ shepe s € S and a Euclidean transformation v suck that elther ) = s
or () = s. :

If a shape equivalence rule is epplicable to a spadal relation S, a rew spattal
relation S' may be produced by replacing s with v§) if {c) = 5 or by replacing s
with r{a) if 7(8) = 3.

The new spatial relation S' ts speclfied by the set:

(5 (v} v {(+B)} Fr)=s,
oF

(S—{r®)} U {r(a)} frh)=s.

As noted previously, one shape can be replaced by another in an infinite number
of different ways. This implies that for any two shapes an infinite number of différent
shape equivalence rules can be defined in terms of them. In order to restrict the
overabundant number of shape equivalence rules definable in principle from any two
shapes, the following heuristic is suggested for defining these rules. It includesz
variety of ways of replacing one shape with another which seem reasonable or
intuitive and which produce interesting results as well as other ways which are not as
obviaus or easily conceived:

Locate one shape with respect to the other so that a maximal line of one shape
overlaps 2 maximal line of the other shape and an endpoint of one of these maximal

L Ds

1 T2 3 4
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A0 Vg <

Figure 2. The complete class of spatial relations defined by recursively epplying the shape
equivalence rule given in Bgure 7(b) to the given or furid spatial relation zhe\m in figure 7(a).
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lines is coincident with an endpoint of the other maximal line. The shared endpoint
in each shape is the distinguished point in the gshape equivalence rule which indicates
the location of the two shapes with respect to each other.

Defining & shape equivalence rule in this manner allows the rule to be casily
epplied. One shape is replzced bY gnother by using & maximal line gnd its endpoint
in one shape as 2 guide for locating the new shape.

Shape equivalence rule schemata

. Consider now another example of 2 spatial relation s+1¢ where s is a rectangle and ¢ is

-

s trapezoid {figure 14(2)]. One shape equ ence rule defined in terms of the shapes
s and ¢ eccording to the previously given heuristic is shown in figure 14(b). In figure 15,
some of the spatial relations in the infinite class of spatial relations defined by
applying this shape equivalence rule to the initial spatial relation are given.

Although the new spatial relations are interesting, they appear to have no
immediate relationship to the original spatial relation other than that they consist of
the same shapes. One might expect that given the spatial relation s+ t which consists
of a trapezoid embedded in  rectangle one could at least derive the inverse relation—
2 rectangle embedded in @ trapezoid. However, nO one shape equivalence rule will
produce this spatiz] relation when applied to the initial one. What is needed is 2
more general version of a shape equivalence rule which aliows any rectangle to be
replaced with 2 trapezoid of commensurate size and vice versa. This generalized version
of a shape replacement operation can be specified by a shape equivalence rule schema.

A-shape equivalence rule schema o < B consists of parameterized shapes « and §.
Like a shape equivalence rule, it is applied recursively to a set of shapes specifying 2
spatial relation to define a class of spatial relations. A shape equivalence rule schema

o ol Lo

z
(2) (&)
Figure 14. (1) A spatial relation between 2 rectangle and 2 trapezcid; znd (v) 2 shape equivalence
rule defined in terms of the shapes in the spatial relztion depicted in {2)-

gl
IR

Figure 15. Some members of the infinite cass of spatal relations generated by recursively spplying
the shape equivalence rule given in figure 14(b) to the spstial relation shown in figure 14(2).
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applies to a spatial relation when there exists an assignment g to all variables in @ and §

end 2 Eudidean transformation r such that either rig(a)] or ri{g(B)] is dentical to »

shape in the spatial relation. This shape may then be replaced by r(g(8)] or rlga)],

respectively, to define a new spatial relation. The transformations under which a

{  shape equivalence rule schema is applied may be restricted in order to Hmit the spatial

f relations defined by the schemz. The parameters in & shape equivalence rule schemz

" gpecify the family of shapes to which« end f belong. They slso indicate corresponding .
points of « and § which show how these shapes are located with respect to one another.

For example, a shape equivalence rule schema which replaces any rectangle with 2
trapezoid and vice versa is depicted in figure 16. Values 2ssigned to the parameters in
this schema must satisfy the following conditions:

(1) The points (x;, ¥1), (x3. y3), (x3, ¥3), and (xq, Yo &€ the vertices of & rectangle
such that the distance between (x;, ¥;) and (X4, ¥e) or between (x3, ¥;) and (x5, ¥;)

is greater than or equal to the distance between (x;,¥1) and (x5, ¥;) or between

(XB * yl) ‘ﬂd (X¢ ’ }'4).

(2) The points (x1, ¥1), (X1, ¥2), (x5, ¥s), and (x¢, ¥e) are the vertices of a trapezoid
such that the points (xg, ¥s) and (xq, ¥¢) are coincident with the line with endpoints |
(x5, ¥s) 2nd (x¢, yo) and are equidistant from the endpoints of this line.

Some members of the dass of spatial reletions defined by zpplying this shape

equivalence rule schema to the original spatiz! relation s+¢ ere thown in figure 17.
! Additional spatial relations, similar to those shown, may be defined by assigning
different values to the variables associated with the trapezoid. A spatial relation in
this class consists of cither a trapezoid embedded in a rectangle, a rectangle embedded .
in a trapezoid, a trapezoid embedded in a trapezoid, or a rectangle embedded ina
rectangle. All are intuitively senisible derivatives of the initial spatial relation. Notice
that the spatial relations shown in figures S and 6 consisting of rectangles and round
arches can be derived by applying a shape equivalence rule schema similar to the one
given in figure 16.

(x‘,y‘) (X:o}';) (X..Jr“) (X..)',)

Goyd L) Gen) ) ;
Figure 16. A shape equivalerice rule schema which replaces 2 rectangle with & trapezaid snd vice vers.

T o [
BAmIE

Figure 17. Some members of the infinite class of spatiz! relations defined by recursively zpplying
the shape cquiyz!cnccng{lcmsc&cmz given in figure 16 to the spatial relation depicted in figure 14(z).
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A useful heuristic for defining 2 shape equivalence rule schema in terms of two shapes
in a spatial relation is similar to the one given for defining & shape equivalence rule:

Define the family of shapes to which each shape belongs. This entails parumeterizing
each of the shapes. Choose z representative member of each family. Locate one
with respect to the other so that & meximal line in one shape overlzps & maximal line
in the other shape and every endpoint of & maximal line in one shape is coincident
with a point in the other shape. (For example, if the two shapes are polygons, this
would require inscribing one shape inside the other.)

As with shape equivalence rules, there will often be more than onc way t0 define a
shape equivalence rule schema in terms of two shapes which is in accordance with the
sbove heuristic. Each of the shape equivalence rule schemata so defined will usually
generate & different class of spatial relations when applied to the initial spatizl relation.

The precise way in which shape equivalence rule schemata are defined and applied

_ to spatial relations is given in the following formal definitions:

A shape equivalence rule schema is a rule schema of the form o + § where x and §
are parameterized shapes and no member of the family of shapes specified by a or §
Is identical to the empty shope s¢ .

A shope equivalence rule schema o< g & applicable to e spatial relation S if and
only if there exists a shape s € S, an assignment g 10 all the varigbles in « end §, and
a Euclidean transformation t such that either rlg(@)] = s or rlg®)] = s.

If a shape equivalence rule schema is applicable to S, a new spatial relation S’ may
be produced by replacing s with rlg@®)] if rlg(e)] = s or by replacing s with rig(o)]
if rlg®] = s

The new spatial relation S' is specified by the set

(S—{rlg@Nl v {rlz®]} ¥ rig@l=s,
or '
(s-{rlg® 1V {rlg(x]} Frig@l=s.

Shape equivalence rule schemata are more or less appropriate than shape equivalence
rules as a means for defining a class of spatial relations depending on the shapes in the
initiz] spatiz! relation. If the epatial relation consists of shapes which are not easily
inscribed within one znother or which differ greatly in zrez or fonm, it may be more
expedient to redefine these shapes in terms of families of shapes. These parameterized
shapes can.then be used to specify a shape equivalence rule schema applicable to the
spatial relation.

Shape replacement using new shapes
The concept of shape replacement in spatial relations can be generalized by asllowing
it to include the replacement of ghapes in & given spatizl relation with & new shape
not in the spatial relation. Here, & new shape is understood to mean any shape not
congruent to a shape in the given spatial relation. The choice of this new shepe is
arbitrary and can be determined in a number of ways. It may, for example, be
created from scratch, selected from 2 host of other known shapes, borrowed from the
vocabulary of another design language, or perceived as a subshape of other known
shapes or designs.

Consider, for instance, the spatial relations shown in figure 18. All are prevalent in
Romanesque and other styles of design. If one or more of the round arches in each
of these spatial relations is replaced with & new shape, 2 pointed zrch®™, new spatial

() The origin of the pointed arch is 2 perplexing issuc of considerable interest to architectural
historians. One theory is that the shape was derived from the intersection of two round arches as -
shown in spatial relation 4 of figure 18.
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relations are defined. Figure 19 shows some of the new spatial relations produced by
this replacement operation. These new spatial relations together with the original
ones are typical of Gothic design. The shape replacement opcmtzon represents, in &
very clementary way, the transition between spatial elements used in Romanesque
design and spatial elements used in Gothic design.

This shape replaccmcnt operation, which replaces & ghape in & spatial relation with
a shape which is not in the spatial relation, can be specified by & shape equivalence .
rule or rule schema. The shape equivalence rule or rule schema is defined and applied
in exact sccordance with the formal definitions given in the preceding scctions. The
heuristics given may ilso be used to determine how the shapes in the rule or rule
schema replace one another.

Aao@Mm
m qr

Fu;me 18. Spatul rchtxon: between rectangles and round arches and between round arches and

A O A00
Al

iRl

Fxg&.r‘e 9. sz 121 relations derived from the spatial relations shown in figure 18 by replacing roeund
arches with pointed arches. The numbers given beneath these spatisl relations ccm'pond to the
numbers of the spatial relstions from which they are dcrwcd
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P Py

s+t

Q) ®) ()

Figure 20. () A spatiz] relation between two right trangles; and (b) & new dupc, s rectangle, not
in the gpatial relation ilustrated in (2); 2nd () a shape equivalence rule defined in terms of & right
trisngle and & rectangle.
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Figure 21. The complete class of spatial relations defined by recursively xpplymg the sthc
equivalence rule given in figure 20(c) to the spatial relation thown in Hgure 20{2).
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Figure 22. A design in cach of the languages produced by means of type 1 shape rules defined
from each of the spatizl relations shown in figure 21. The number given beneath exch design
cotresponds to the number of the spatial relstion used to coastruct it.
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For example, suppose that s and ¢ are right triangles which have the ‘spatial relation
shown in figure 20(a). Letr be a new shape, & rectangle {figure 70¢(b)] not in this
spatial relation. One possible shape equivalence rule defined in terms of either of the
shapes s or f and the new shape r is given in figure 20{c). The points py, Pz and p,
sre the distinguished points of the shapes on cither side of the rule. Usually, when
one of the shapes in a shape equivelence rule or rule scheme is not & shape in the
initial spatial relation, more than one distinguished point nesds to be given in order
to define the new shape completely and unambiguously. In figure 21, the complete

" class of spatial relations generated by applying this shape equivalence rule to the

initial spatial relation is shown. A shape in cach of the languages produced using
type 1 shape rules defined from each of the spatial relations is shown in figure 22.

N ‘
N L/ N

20

21

Figure 22 {continued)
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S

Classes of spatial relations

A shape equivalence rule or rule schera applied recursively to a spatial relation
generates a class of spatial relations. Each epatial relation in the class can be derived
from any other spatial relation in the class by applying the shape equivalence rule or
rule schemz to gny of these spatial relations & finite number of times.

Given a2 spatial relation between two shapes s end ¢, & shape equivalence rule
defined in terms of these shapes generates & class of spatial relations between (s) and .
¥(t), 1(s) and ¢(s), and 7(¢) and ¥(r), where 7 and ¢ sre Euclidean transformations.
A shape equivalence rule schema defined in terms of these shapes generates & class of
spatial relations between tig(s)] and ¥ [k(2)], rlg(s)] and $lR()], and rlg(f)] and
v [A(6)], where r and ¢ zre Euclidean transformations and g snd k are assignments to
211 of the varizbles in the shape equivalence rule schema. '

A shape equivalence rule defined in terms of 2 shape s in & given spatial relation
between two shapes s &nd ¢ and a new shape r generates a dass of spatial relations
which contains, at least, the given spatial relation and a spatial relation between r{r)
and r. A shape equivalence rule schema defined in this way generates a class of
spatial relations which contains at least, the given spatial relation and a spatial relation .
between rlg(r)] and r. Depending on various formal properties of the shapes in the
eiven spatiz! relation and shape equivalence rule or rule schema, sdditional spatizl
relztions between 1{r) and ¢(s), 7(r) and ¥(r), end {s) and ¢ (r) or between rle)]
and ¢ [k(s)], rlg(r)] and Y{k()], and rlg(s)] and ¢ [h(£)] may be generated.

) '

L. 4
£
P t 141 Py Py
initial spetial relation shape oquivalence
H 2 3 4
} _ i ‘
s (4 7 4
9 10 11 12

13 ‘ 14 is

. come members of the infinite clags of spatiz! relations generated by the thape equivalence rule
Figure 23. An example of a shape equivalence rule which generates an infinite class of spatial
relations when gpplicd to the initial spatal relaton.
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Figure 23 (continued}
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A class of spatial relations may be finite or infinite in extent. Again, this depends
on varous formal characteristics of the initial spatial relation, the shape equivalence
rule or rule schema, and the shapes occurring in them. The shape equivalence rules
and rule schemata given in the examples in the preceding sections generated both
finite and infinite classes of spatial relations. In figures 23-25, three additional
examples of shape equivalence rules which generate infinite classes of spatial relations
are given.

In the first example (figure 23), the initial spatial relation consists of & rectangle
" and an L shape. Fifteen members of the infinite class of spatial relations generated
by 2 shape equivalence rule defined in terms of the shapes in the initial spatial
relation are shown. Spatial relations 2~6 are generated by applying the shape
equivalence rule to the initial spatial relation in both directions (+). Spatial relations
7-10 are generated by applying the shape equivalence rule to the initial spatial
relation in the direction (=) Spatial relations 11 and 12 are generated by applying
the shape equivalence rule to the initial spatial relation in the direction (+). Spatial
relations 13, 14, and 15 are generated by applying the shape equivalence rule to
epatial relation 12 in the direction (-*). An infinite number of new spatial relations
may be produced by applying the shape equivalence rule to spatial relations 13, 14,
snd 15 and to spatial relations produced from them. Some members of each of the
fanguages determined by type 1 shape rules defined from each of the fifteen spatial
relations are also given.

In the second example (figure 24), the initial spatial relation consists of similar right
triangles. Thirteen members of the infinite class of spatial relations generated by a shape
- equivalence rule defined in terms of thesc shapes arc shown. - Spatial relations 2-5
are generated by applying the shape equivalence rule to the initial spatial relation
in both directions (). Spatial relations 6 and 7 are generated by applying the
shape equivalence rule to the initial spatial relation in the direction (-+). Spatial
relations 8 and 9 are generated by applying the shape equivalence rule to the initial
spatial relation in the direction (+). Spatial relations 10 and 11 are generated by
applying the shape equivalence rule to spatial relations 6 and 7, respectively, in the
direction (<). Spatial relations 12 and 13 are generated by applying the shape
equivalence rule to spatial relations 10 2nd 11, respectively, in the direction (+).
Infinitely more spatial relations can be produced by applying the shape equivalence
rule in different ways to spatial relations 2-13 and to spatial relations produced from
them. A member of each of the languages determined by type 1 shape rules defined
from each of the thirteen spatial relations shown, is also given.

and a square. A shape equivalence rule is defined in terms of the rhombus znd a new
shape, an equilateral triangle. Six of the spatial relztions in the infinite class of
spatiz! relations defined by the thape equivalence rule are shown. Spatial relations 2
end 3 are generated by applying the shape equivalence rule to the initial spatial
relation in the direction (). Spatial relation 4 is generated by applying the shape
equivalence rule to spatial relation 2 in the direction (). Spatial relations 5 and 6
are generated by applying the shape equivalence rule to spatial relation 3 in the
direction (+). An infinite number of new spatial relations can be generated by
applying the shape equivalence rule to spatial relations 5 and 6 and to spatial relations
produced from them. A design in each of the languages generated by type 1 shape
rules defined from each of the six spatial relations is also shown.

" In the third example (figure 25), the initial spatial-relation consists of 2 rthombus ——— ——ome -
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Supplementary remarks and conclusions

In the preceding sections, a simple method for defining new spatial relations from &
given one was presented. It consists, basically, of replacing one or more shapes in
the given spatial relation with gnother shape which may or may niot be in the given
spatial relation. This shape replacement operation can be specified precisely by 2
shape equivalence rule or rule schema. Heuristics were suggested which enable one to
easily define these rules or rule schemata so that they are simple to apply and produce
. interesting results.

A ghape equivalence rule or rule schema recursively defines a class of spatial
relations. For the sake of simplicity, each of the classes of spatial relations given in
the examples were determined by one shape equivalence rule or rule schema; more
than one shape equivalence rule or rule schema can be applied to a given spatial relation
to determine a larger, more diverse class of spatial relations. The spatial relations in
this class can be used to define a wide variety of new languages of designs.

Although all of the examples of spatial relations were specified by pairs of two-
dimensional shapes, the methods and results given here apply to spatial relations -
containing any number of shapes defined in two, three, or more dimensions. When a
given spatial relation consists of more than two shapes, 2 shape equivalence rule or rule
schema can be specified in terms of any two shapes in the spatial relation or in terms
of any one shape in the relation and a new shape. This rule or rule schema is applied
to the given spatial relation in the usual way. If the shapes in the given spatial
relation are defined in more than two dimensions, shape equivalence rules or rule
schemata are easily specified by means of the same heuristics used for two-dimensional
shapes. These rules or rule schemata are applied in the same way that rules or rule
schemata consisting of two-dimensional shapes are applied.

The methods proposed here are also easily extended to apply to spatial relations
between parameterized shapes. These more general types of spatial relations are
particularly useful in the description of existing design languages in which the
proportions of different manifestations of a recurring spatial relation are often not
geometrically similar. For example, the spatial relation between a rectangle and arch
(figure S) occurs throughout Western architecture; the relative dimensions of the
shapes in this spatial relation, however, vary in separate instances of it. If a spatial
relation is specified by a set of parameterized shapes, each zssignment of values to
the variables associated with these shapes defines a spatial relation between non-
parameterized shapes. A shape equivalence rule or rule schema may be applied in the

usual way to each of the spatial relations so defined.

It should be clear then that shape equivalence rules or rule schemata are a powerful’
tool for creating new and original languages of designs. Instead of attempting to’
create new designs in 2 random of ad hoc manner which may be time-consuming and
unproductive, a designer can employ these rules or rule schemata to construct quickly
and effortlessly not just a single design or language of designs, but a multiplicity of
new languages of designs. Because shape equivalence rules or rule schemata define new
languages of designs by changing existing ones in terms of the most basic elements
used to construct and understand them—spatial relations—and because they make
explicit these changes, they enable the designer to understand and control the
languages of designs produced by them. In this context, therefore, creativity or
inventiveness is not an abstruse, unconscious process, but an informed and deliberate
manipulation of known or given information.

Shape equivalence rules or rule schemata 4nd the classes they define are not only a
means for producing new languages of designs; they are also the basis for a potentially
rigorous and substantial analysis of the formal composition of historic styles or G,
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languages of designs in both diachronic and synchronic terms. In the former, the

spatial elements of styles as they change over a period of time are characterized.

In the latter, the various spatial elements of a single style, irrespective of historical

antecedents, are characterized. The feasibility of using shape equivalence rules or

rule schemata for modelling the relationships between spatial elements of a single

style as well as the transition between spatial elements of different styles was

illustrated in a very rudimentary way for Romanesque and Gothic design. ’
Devices which delimit a class of spatial relations determined by a shape equivalence -

rule or rule schema may be of significant value in any such analysis or description.

One way of regulating the application of shape equivalence rules or rule schemata and .

the spatial relations defined by them was suggested previously. It entails restricting the :

transformations under which shape equivalence rules or rule schemata are applied to ’

spatial relations. A class of spatial relations can also be restricted by associating labels

with shapes in the initial spatial relation and shape equivalence rule or rule schema.

Shape equivalence rules or rule schemata containing labelled shapes are applied to 2

spatial relation containing labelled shapes according to the formal definitions given in

preceding sections. Some shapes in the spatial relations so defined may have labels

associated with them; these labels can be erased by specifying rules which do so.

Further research into the possible applications of shape equivalence rules and rule

schemata as a descriptive and explanatory tool in stylistic analysis should prove fruitful.
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