
Characteristic function of the Gaussian probability density

The probability density of a Gaussian (or “normal distribution”) with mean µ and variance σ2 is
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Its characteristic function is defined to be the Fourier transform

p̃(k) =
〈
eikx

〉
=

1
√

2πσ2

∫
∞

−∞

dx e−
(x−µ)2

2σ2 eikx . (2)

To work this out, all we really need to do is to complete the square in the exponent of the integral:
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From this we immediately get
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where in the last step we exploited the standard integral over a shifted Gaussian, using the fact
that this holds even if the shift [here: −(µ+ ikσ2)] is a complex number.


