33-231 Physical Analysis Fall 2003

Problem Solutions. Set 9 (October 29, 2003)

35. a)

b)

d)

Use force expressions from Problem 34, with additiond driving force:

2 3 2
Ixe 2
-k + ——- 20 b%+ Focoswt:md—;(.
a a dt dt

With suggested numericd vdues (m=1, k=1, a=1, b=0.1),

d?x X
— + 01— + X - 3x2 + 2X3 = F, coswit.
dt dt

The limit cydeismore or lessdlipticd, with Xmax @0.022 and Vmax @0.004.

The limit cycle passes gpproximatdy through the points (x = 0.022, v =0) and
(x=0, v=0.004). If weusethefirg of these asinitid conditions, the limit cycle
is gpproached very quickly. Not so for the other point, because the phase of the
driving force isn't right. But if we use the second point with a driving force

F = 0.024n (0.2t) instead of cos(0.2t), the limit cycleis again approached
quickly.

Chaotic motion developswhen F, is greater than about 0.097.
Many possihilities, for example, with Fo, = 0.1, running to t = 100,

phase trgjectory for initid conditions (x = 0, v = 0) is very different from
trgectory for (x =0.01, v =0).
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36. @) For 0 £ x £ 1, themaximumvdueof x(1- X) (a x=1/2) isl/4. Soif
afd4 then ax(1- x)E1 for O£ x £ 1L

b) Weneed x=ax(l-x). Solvefor x: x=0, x=1- ?;11'

(Notethat when a £ 1, theonlyrootintheintervd O £ x £ 1 is x=0.)
c) Numericd experiments

d X TaX(d- X)) Xpe2 T @naa(l- Xqe):
Xnaz = fax, (1- %)L - ax,(1- %))
If Xpeo = Xy, then x mugt satisfy the equation
x = afax(1- W][1- ax- x)]

Thisisafourth degree equation. Two of the roots are dready known: x =0 and
x=1- 1/a=0.677419. Soin principle the problem could be reduced to solving
aquadratic equation. Instead, use Mapleto find dl four roots, which are

0, 0.558013, 0.677419, 0.764568.
The second and fourth are attractors, the other two are repellers.

€e) Numericd experiments. The attractors are independent of the vaue of X.

f) Thesecond bifurcation occursa a = 3.449490.

g When a=3 y=3x(1- x), (;—'Z:S- 6X.

From (b), intersection pointisat x = 1- 1. 1- 1. g.
a 3 3
Sope of parabola a this point is the value of % a thispoint: 3 - 6(%) =-1

Sopeof lineis +1; so the two are perpendicular at the intersection point.
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37. @ Ofafl.
b) x=06sn(px) eq:=x=0.6*sin(Pi*x); attractor :=fsolve(eq, x = 0.1..1);
x =0, 0.580781. (Thecommand fsolve(eq, X); returnsonly thevaue x =0.)
c) Thevdue x =05 satisfiesthe equation x = 0.5 sin(0.5p).

In (b) and (c), use numerica experiments to show that the values of x
are atractors and not repellers.

d) Thefirg three bifurcations occur a gpproximately

a=0.719, 0.833, 0.858

38. a - kg + K(X - X)) = 3myy,
- k(X2 - Xl) = 2mX2

b) Tryasolutionintheform x, = a coswt, x, =a, coswt; let | =w".
Substitute, divide out the common factor coswt:
- 2ka, + ka, = - 3mw?a,, (2k - 3ml) a, - ka, =0,
ka, - ka, = - 2mw?a, - ka, +(k- 2m )a, = 0.
For non-trivid solutions, secular determinant must be zero:

2k-3m K (k- am (k- 2ml) - k2 =0
-k k-2m| I
1k K
6m - Kyml - k) =0, I,=~X |, =X
CLRGI =2k, =k

Amplitudes: For 11, (2k- $Kk)a, - ka, =0, a, =3a,.
For |, (2k - 3k)a, - ka, = 0, a =-a.

C) X =acosw;t+bcosw,t = q, +0q,,

. . } genera solution
X, =3acosw,t - bcosw,t =3¢, - d,

Solve for qp and 22 @ = %(Xl + %), o :%Xl - %XZ-
(continued)
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38. (continued)

d) Subdituteinto SF = ma equations:

f)

-2k(y + @) + k(3 a1 - @) = 3m(dy + b)),
-k - gp) + k(o + ) =2m(3dy - 6y).
Subtract second equation from first:

k
-9k, =5md,, or G = - — G 5= wp?

Multiply first equation by 2, second by 3, and add:
K 2 _

k
- 2kgy =15mey, or Oh = - 2 Ch. Iy =wy = am

— 3my 2 o2 L1y 2 L1 2
E =3Sm¥” + mxy" + Sk +5K(X - %)%

Fall 2003

Subdtitute normd- coordinate transformation from (c) and smplify, to obtain

E =2mq? + 3ma,” +3kay® + S kay”.

The firgt and third terms contain only @, the other two contain only gp.

o et B

Also, from (c),

G e by
0, 5 "5 )\% 5 "%

1 1\(2 2 10
Check: AA'lz[3 1][3 g]:( j
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