
33-231   Physical Analysis Fall 2003 
 
Problem Solutions:  Set 14  (December 1, 2003) 
 
 
55. a) With Maple: 

  restart; 
  y := A*sin(n*Pi*x/L)*sin(n*Pi*c*t/L); 
  c := sqrt(F/mu); 
  assume(n, integer); 
  E := int((mu/2)*diff(y,t)^2 + (F/2)*diff(y,x)^2, x = 0..L); 
  simplify(E); 
  
  Without Maple: 

  
∂
∂

= ∂
∂

=y
t

n c
L

A
n x

L
n ct

L
y
x

n
L

A
n x

L
n ct

L
π π π π π π

sin cos , cos sin . 

  E
A n c

L
n x

L
n ct

L
F

n
L

n x
L

n ct
L

d x
L

= +
L
NM

O
QPz2 2 2 2

2
2 2

2 2

2
2 2

02
µ

π π π π π π
sin cos cos sin  

  µ π π
c F

n x
L

dx
n x

L
dx

L
L L

2 2

0

2

0
2

= = =z z     and sin cos ,       so 

  E
F
L

n A
n ct

L
n ct

L
F
L

n A= +L
NM

O
QP =π π π π2

2 2 2 2
2

2 2

4 4
cos sin . 

 
 b) restart; 
  y1 := A1*sin(n1*Pi*x/L)*sin(n1*Pi*c*t/L); 
  y2 := A2*sin(n2*Pi*x/L)*sin(n2*Pi*c*t/L); 
  y := y1 + y2; 
  c := sqrt(F/mu); 
  assume(n1, integer, n2, integer); 
  E := (1/2)*int(mu*diff(y,t)^2 + F*diff(y,x)^2, x = 0..L); 
 

  Final result:          
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56. a) y x t A k x t, sin sin ;b g = ω  
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  These are the positions of the nodes and antinodes.  When sin (2ωt)  is zero, the 
  antinodes are all at  y = 0, moving with maximum speed; the rope is  
  instantaneously aligned with the  x axis.  The energy is entirely kinetic,  
  concentrated near the antinodes.  When  sin (2ωt) = ± 1, the antinodes are at  
  maximum displacement and instantaneously at rest.  The slope is greatest near 
  the nodes, the energy is entirely potential and concentrated near the nodes.  Thus  
  there is a constant flow of energy back and forth, twice each cycle, between each  
  node and its two neighboring antinodes. 
 

57. a) Substitute  Ψ  into wave equation:     
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