33-231 Physical Analysis Fall 2003

Problem Solutions. Set 14 (December 1, 2003)

55. &)

b)

With Maple:

restart;

y := A*sin(n*Pi*x/L)*sin(n*Pi*c*t/L);

c .= sgrt(F/mu);

assume(n, integer);

E := int((mu/2)*diff(y,t))"2 + (F/2)*diff(y,x)"2, x = 0..L);

simplify(E);

Without Maple:
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restart;

yl := Al*sin(n1*Pi*x/L)*sin(n1*Pi*c*t/L);

y2 := A2*sin(n2*Pi*x/L)*sin(n2*Pi*c*t/L);

y =yl+y2;

¢ := sgrt(F/mu);

assume(nl, integer, n2, integer);

E := (1/2)*int(mu*diff(y,t)*2 + F*diff(y,x)"2, x = 0..L);

Final result;

E=PF (At enial) =P E g e ¢ ber of mod
=5 (nfA nzAz)-4LaniA (for any number of modes).
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56. @ Y(xt)= Asinkxsinwt;
P=- %g—y = - F(kAcoskxsinwt)(wAsinkxcoswt)

_ Fwk A?

sin(2k x) sin(2wt) (from double - angle identity).

Also, k = % = W\/E, S0 “ ~——w? A% sin(2kx) sin(2wt).

b) P, =——WA
4
P occurs at points for which 2kx:g, % S?p - and
X = ﬂ, ﬁ @ -+~ . These points are midway between each node and
4k~ 4k 4k
the adjacent antinodes.
c) Fromabove, P =0 when 2kx =np and X = %

These are the positions of the nodes and antinodes. When sin (2wt) is zero, the
antinodes are dl a y = 0, moving with maximum speed; the ropeis
ingantaneoudy digned with the x axis. The energy is entirely kinetic,
concentrated near the antinodes. When sin (2wt) = + 1, the antinodes are at
maximum displacement and ingtantaneoudy a rest. The dopeis greatest near
the nodes, the energy is entirely potentiad and concentrated near the nodes. Thus
thereisacongtant flow of energy back and forth, twice each cycle, between each
node and its two neighboring antinodes.
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57. @ Subditute Y into wave equation: >~ =-k°Y and i -iwY ;

- h? h?k?

2m

(-K?Y) =in(-iwY). Y isasolutionif = hw

2
If p=#ik and E=hw, then E = Zp_m congigtent with dlassica

energy- momentum relaion.

_hk_ P P
b) Phasevdocity is v = k = Sm = 3pm (not po as expected).
2
C) w = LS group velacity is vV, = dw = ULS =P (as expected).
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