33-231 Physical Analysis Fall 2003
Problems. Set 9 (due Wednesday, October 29, 2003)

35. This problem continues the analyss of the two-well potentia-energy function of
Problems 33 and 34. Now we add a periodic driving force. We Il use numerica
solutions of the differentid equation to experiment with some of the parameters of
the problem and observe the resulting motion. Usethesame numericd vauesasin
Problems 33 and 34, namely, a=1, m=1, k=1, and b=0.1

Note: Wewill belooking for limit cyclesin the phase trgectories. Sometimes the
driving force has to go through many cycles before the limit cycle becomes apparent.
In some cases you may havetotake t upto 500 or so, and plot 1000 or more

points, to seethelimit cycle. It may teke alittle time for Maple to plot the phase
trgjectory, depending on your processor speed. Be patient! Don't print out all your
plots, only one or two representative ones for each part of the problem.

a) For the Stuation of Problem 34, we add asnusoidd driving force
F = F, coswt. Write the generd differentid equation (from SF = ma).

b) Obtain anumerica solution and a phase plot for the equation obtained in (8). As
an initial trial, | suggest F, =0.02 and w = 0.2. Taketheinitial conditions to be
X =0, Vo =0. You should find alimit cycle, but note the wonderfully circuitous
route the phase point takes in gpproaching the limit cycle. Also make aplot of
X vs. t, which shows adifferent representation of the gpproach to the limit
cycle. Be sureto plot enough points to obtain smooth curves.

c) Inview of theresult of (b), can you suggest aset of initid conditions that would
make the system approach the limit cycle more quickly? Try them and see
whether they have the expected result.

d) Setheinitid conditionsback to x, =0, v, =0, andincrease Fo. | Suggest
increasing it in gepsof 0.02, upto 0.10. You may want to indulgein the
luxury of afew runswith t upto 1000 and numpoints = 5000 or 10000.
Do you reach a point where there no longer ssemsto be alimit cycle? How can
you be sure alimit cycle wouldn't gppear if you ran the solution long enough?

€) Now try increesng F, gill more and experiment with smdl variationsin initid
conditions, to explore the question whether the motion is very sendtive to smdl
changesininitid conditions. Summarize your resultsin words. For the grand
finde try Fo=0.4, w=0.4 (thevauesused in class on October 22).
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36. Thelogistic map, which we discussad in class, has played a very important role in
the study of population growth, nonlinear dynamics, and mary other areas. The map
isexpressed by theequation X1 = ax,(1- X,).

a) If thefirgt ement in the sequence (i.e, Xo) is intherange 0 £ X, £ 1, show
that al succeeding Xx,'s in the sequence d<o liein thisrange, provided that
O0f atda4

b) Forany givenvaueof a, derive an expresson for the vaue (or vaues) of X,
such that Xn+1 = Xn.

c) Forgivenvduesof a and X,, wewant to computealist of Xx,'s, large enough
to determine whether they seem to be gpproaching an attractor. There are severa
waysto do thisusng Maple. Thesmplest isto compute a sequence of values.

If wechoose a=2.5 and compute 20 vaues, garting with x = 0.5,

restart;

a:=25 x:=05 N:=20;
fornfrom1toN do

X =ax*(1l- x);

end do;

Thevariable N counts the number of iterations; each vdue of x iscomputed by
subdgtituting the previous value of x  into the logistic equation.

A somewhat more elegant way isto use the notation x[n], inwhich Maple
interprets the quantity in square brackets as a subscript, asin x,. Thus:

restart;

a:=25;, x[0]:=0.5;, N:=20;
fornfromOto N do

X[n + 1] := evalf(a*x[n]*(1 - x[n)));
end do;

Stll nicer isto plot agraph showing x, asafunctionof n. The Maple plot
command will plot alig of points, if you giveit aligt of pairs of numbers
(coordinates) for the points. (Note that each pair isitself alist.) For this
problem we can use seq to generate alist of coordinate pairs, [n, X[n]], which
well cdl pointlist. Thatis, pointlist := seq([n, x[n]], n =0..N): All
together, it looks like this:

restart;
a:=25, x[0]:=0.5;, N:=20;
fornfromOto N do
x[n + 1] := evalf(@*x[n]*(1 - x[n])):
end do:
pointlist := seq([n, x[n]], n = 0..N):
plot([pointlist]);
(continued)
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36. (continued)

| suggest placing semicolons at the ends of lines 4 through 6 until you are sure
it sworking; then replace them with colons to suppress the information you
don’t need. That'simportant when you needtolet n run up to severa hundred.

Maple will draw lines between the points unless you tell it not to. Try usng the
plot options style = point and symbol = cross. The"plot" command is
then plot([pointlist], style = point, symbol = cross); Read the Maple
hdpfile ?plot[options] for details.

Also note that "pointlist” hasto be in square brackets to show that it isindeed a
lig. Alternatively, we could put the right side of the next to lagt linein square
brackets:

pointlist := [seq([n, x[n]], n = 0..N)]:
Then the square brackets aren't needed in the "plot’ command.

Now back to the problem. Chooseavaueof a between 1 and 2.5, and try
severd different valuesof X, to check whether the attractor isindependent of
Xo. Thentry adifferent vdueof a and again find the attractor. Compare your
results with predictions obtained from the result of (b).

d) Take a = 3.1, and obtain an equation for the vaue of x, suchthat for eech X,
Xn+2 = Xn. Thiswill be afourth-degree equation; use Maple to find the roots

of thisequation that lieintherange 0 £ x £ 1. You should find two
attractors.

e) For a=3.1, chooseafew valuesof X, and repesat the caculations of (C)
for each. Compare the attractors you find with your predictions from (d).

f) By trid ad error, find the value of a for which the second bifurcation occurs
and the sequence of X’s convergesto arepesting cycle of four attractors.

g Show that when a=3, the line y=x isperpendicular to the tangent to the
curve y = ax(l- x) a thepoint of intersection. What doesthistel you about

whether thevadue of x a thispoint isan attractor or arepeller?
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37.

38.

Consgder themapping  Xn+1 =asn(pXn).

a) Find the pemissblevauesof a suchthat every X, isintherange O£ x, £1
if X, isinthat range.

b) If a=0.6, usethe Maple fsolve command to find the vduesof x such
that Xn+1 = Xn. Arethese vaues attractors or repellers?

c) Showthatif a=0.5, then x =05 isan attractor.
d) By trid and error, show that bifurcations occur a sufficiently large vadues of a.

Thefirgt isaround 0.72, and the next three are between 0.83 and 0.87. Find the
vaduesof a for the fird three bifurcations, to three sgnificant figures.

a) For the system shown, write the ' x1 X2
SF = ma equations, using the ko k e
coordinates shown. E— R

b) From these equations, find the frequencies of the norma modes and the
amplitude relation for each norma mode.

c) Obtain anormal-coordinate trandformation. That is, obtain equations for
x1 and Xz intemsof g1 and . Also obtain equations for the inverse
transformation (the equationsfor g; and ¢z intermsof X3 and X»).

d) Expressthe SF =ma equations intermsof the norma coordinates, and show
that they can be separated into two uncoupled equations, each of which contains
only one normal coordinate. Solve the equations for the normal coordinates, and
verify that you get the same norma-mode frequencies asin part (b).

€) Write an expression for the totd energy of the sygemintermsof X3, X2, and
their derivatives. Then express this quantity in terms of the norma coordinates,
and show that it can be separated into two parts, each of which contains only
one norma coordinate.

f) Express the normd- coordinate transformation in terms of a matrix equation.

X
That s, let x:(xlj and qz(glj, and find amatrix A such that
2 2

Ag. Find A'! (theinverseof A), and verify that the transformation
A x givesthe same equations as those obtained in (c).

X

q



