33-231 Physical Analysis Fall 2003
Problems. Set 4 (due Wednesday, September 24, 2003)

15. A gdlider onan air track has amass of 0.300 kg. It isattached to one end of a spring,
and the other end of the spring is held stationary. When forces with magnitude
0.480 N are applied to the ends of the spring, it stretches 0.100 m.

a) Find the force congtant of the spring.

Suppose the block isgiven aninitid displacement of 0.0300 m inthe +x direction
and an initid velocity of 0.160 nV/s inthe +x direction.

b) Find the angular frequency, frequency, and period of the resulting motion.

c) Find the amplitude, the phase angle, and the totd energy of the motion
(essuming. x isgiven asafunction of t by an equation of the form of Eq. (4)
in Chapter 5 of the notes).

d) Could you stretch this spring 0.0300 m by holding the ends in your hands and
pulling? Explan briefly.

€) Write an equation for the block’ s position as afunction of time, giving numericd
vauesfor dl congtants. Use Mapleto plot agraph of x asafunctionof t. Also
plot a graph with the same amplitude and frequency but with j = 0. Plotthe
two graphs together, to show the significance of the phase angle.

f) UseMapleto take the time derivetive of the firg functionin (€). Then mekea
phase plot for thismotion, i.e, agraph of v asafunction of x, for onecycle.

16. Consder the same potentia-energy function V(x) asin Problem 14.

a) Using the Maple command taylor, obtain series expandgonsof V(x) and F(x)
in powers of the quantity (x - 2a) (i.e, the distance from the equilibrium
position at x = 2a). From these, obtain an expression for the angular frequency
W, of smadl oscillations about the equilibrium postion. Obtain the generd
expression; then subgtitute in the numbersfrom Problem 14(c).

b) Using the numbers from Problem 14(c), find the approximate values of x for
which thevdueof F differsby 10% from the vaue obtained by taking only
the fird term in the series. Thiswill aso give you some idea of the precison of
the vdue of w, youfoundin ().
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17. Wewant to consder numerica solutions of the differentid equation for the Stuation
of Problems 14 and 16, using the numerica vaues given in Problem 14(c).

a)

b)

d)

Write the differentid equation (from SF = ma) for the motion. Taketheinitid
position to be the equilibrium position (i.e,, X, = 2a=4.0m) and give
the massasmdl initid velocity (eg., Vo = 0.1 m/s).

Use the Maple command dsolve({...}, numeric); to obtain a numerica solution
of the sysem. Then use odeplot to plot the solution. Remember that you first
haveto load odeplot usng with(plots, odeplot); . Take alarge enough range
of vaduesof t soyou can estimate the period of the motion from the graph.
Compare your estimate with the period calculated from the vaue of w, obtained
in Problem 16(a), i.e, T=2p/w, =2p/(0.559s ') =11.2s.

Repesat part (b) with severd larger vduesof v, (e.g, 1.0, 1.5, 2.0 m/s), and
estimate the period for each. Note that the shape of the graph of x(t) changesas
Vo increases. With referenceto the graph of F(x), discuss quditatively the
reasons for this change.

If v, exceedsthe "escape velocity” found in Problem 14(e), the motion is no
longer oscillatory, but instead x increases continuoudy. Try vauesof v,
dightly large and dightly smdler than thisin part (c), and verify thet the
character of the solution changes.

18. A generd expression for the period of motion T of amass m in apotentia well
described by V(x) isderived on p. 4-6 of Chapter 6, Force, Work, and Potential
Energy. Thereaultis

b)

— Xmax adx
! am Xmin \/E - V(X) .
Apply this result to the Situation of Problem 14(c,d) to find the period of this
moation. Theintegra cannot be evauated in terms of eementary functions.
To evduaetheintegrd of afunction f(x) numericaly, usethe Maple
command evalf(int(f, x = xmin..xmax)); The evalf forces Mapleto do
anumerica evadudion ingead of trying (and falling) to do it anayticdly.

With the numerica vaues of Problem 14(c), find the numerica vaue of the
veocity of the masswhen it is a the equilibrium pogtion, in Problem 14(d).

Using the velocity you obtained in (b), carry out a numerica solution of the
differential equation in Problem 17(b). Estimate the period from the graph of the
solution, and compare your result to that of part ().
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19. Inthe system shown, mass m moves aong aline perpendicular
to the equilibrium postion of the system. In the equilibrium T
position, the sporings liein agraight line, neither stretched nor
compressed. There are no other forcesactingon m (eg., no |

gravity). L |

a Asuming V(0) = 0, obtain an expression for the potential "
energy V(x) of the sysem, asafunction of x. | +«
(Hint: The dongation of esch springis /L2 + x2 - L.) L |

b) Use Mapleto obtain an expression for the horizontal force F(x). i/ 777

c) UseMapleto obtain aTaylor seriesexpanson of F(x) about the point x = 0.
Do you hotice anything unusua abouit this series?

d) Approximate the series by keeping only the first non-vanishing term. Then
subgtitute Smple numerica vauesto obtain an equation in the form
2
d—;( = - (some power of X). Thenassume X, =0 and explore the numerica
dt
solutions of this equation, taking various vaues of v,. Questions such as
whether the motion is Snusoidd, whether the period depends on the amplitude,

and what the phase plot looks like may be of interest.

Note: For some of the Maple cdculationsin this problem you may have to use the
command assume(L > 0); For example, Maple can't smplify the expression

«/F - L unlessyoutdlitthat L isapostive quantity. Seethe Maple help fileon
assume for further information.



