
ME 24-731
Conduction and Radiation Heat Transfer

Solutionto AssignmentNo: 5
DueDate:March21,2000
Spring2000
Instructor:J.Murthy

1. Theproblemis split into two problemsT
�
x � y � t ��� Ta

�
x � y ��� Tb

�
x � y � t � . Thetwo problemssatisfy:

∂ 2Ta

∂x2 � ∂ 2Ta

∂y2 � 0

Ta
�
0 � y ��� Ta

�
x � 0��� Ta

�
L � y ��� 0; Ta

�
x � L ��� T1

1
α

∂Tb

∂ t
� ∂ 2Tb

∂x2 � ∂ 2Tb

∂y2

Tb

�
0 � y � t ��� Tb

�
x � 0 � t ��� Tb

�
L � y � t �	� Tb

�
x � L � t �	� 0

Tb

�
x � y � 0�	� Ti 
 Ta

�
x � y �

Thesolutionto theTa problemwasdonein classandis givenby:

Ta
�
x � y ��� 2T1

π

∞

∑
n � 1

� 
 1� n � 1 � 1
n

sin
nπx

L

sinhnπy
L

sinh
�
nπ �

Thesolutionto theTb problemis obtainedusingseparationof variables:

Tb

�
x � y � t �	� X

�
x � Y � y ��
 �

t �
Separatingvariablesandchoosingharmonicfunctionsin thehomogeneousdirections(x andy) we get

X
�
x ��� C1 cosλ x � C2sinλ x

Y
�
y ��� C3 cosµy � C4sinµy
 �
t ��� C5exp � 
 α � λ 2 � µ2 � t �

Applying boundaryconditionsin thex directionweget

X
�
x ��� C2sinλnx; λn � nπ

L
n � 1 � 2 � 3 �����

Similarly, in they direction:

Y
�
y ��� C4 sinµmy; µm � mπ

L
m � 1 � 2 � 3 �����
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sothatthetotal solutionbeforeapplyingtheinitial conditionis

Tb

�
x � y � t ��� ∞

∑
n � 1

∞

∑
m � 1

Cnm sin
�
λnx � sin

�
µmy � exp � 
 α � λ 2

n � µ2
m
� t �

Applying theinitial condition

Ti 
 Ta
�
x � y ��� ∞

∑
n � 1

∞

∑
m � 1

Cnm sin
�
λnx � sin

�
µmy �

Exploiting theorthogonalityof sin
�
λnx � , wecanfind Cnm as:

Cnm ��� L
0 � L

0

�
Ti 
 Ta

�
x � y ��� sin

�
λnx � sin

�
λmy � dxdy

� L
0 � L

0 sin2 � λnx � sin2 � λmy � dxdy

2. Assuminga lumpedcapacitanceanalysisis valid, thesolutionto theproblemwith a constantT∞ is givenby:

θ � 1 
 exp � 
 hAs

ρCV
t �

whereθ � �
T 
 Ti ��� � T∞ 
 Ti � andAs is the surfaceareaof the body. Using Duhamel’s superpositiontheorem,the

solutionto problemwith T∞ � Ti � At is givenby

T
�
t � 
 Ti � hAs

ρCV � t

0
Aτexp � 
 hAs

ρCV

�
t 
 τ � � dτ

3. Assumeauniformmeshwith size
�
∆x � ∆y � . Thediscreteequationfor eachof thepoints1,2,3and4 in Figure1 is given

below.

(a) Point1:

aE � ke∆y
∆x

; aW � 0 � 0; aN � kn∆x
∆y

; aS � ks∆x
∆y

; aB � 2kP∆y
∆x

aP � aE � aN � aS � aB � ρC∆x∆y
∆t

; b � aBTb � ρC∆x∆y
∆t

T 0
P

whereTb is theboundarytemperatureandT 0
P is thetemperatureat theprevioustime stepat thepoint P.

(b) Point2:

aE � ke∆y
∆x

; aW � 0 � 0; aN � 0 � 0; aS � ks∆x
∆y

; aBw � 2kP∆y
∆x

; aBn � 2kP∆x
∆y

;

aP � aE � aS � aBw � aBn � ρC∆x∆y
∆t

; b � aBwTbw � aBnTbn � ρC∆x∆y
∆t

T 0
P

whereTbw andTbn arethewestandnorthboundarytemperatures.

(c) Point3:

aE � ke∆y
∆x

; aW � kw∆y
∆x

; aN � kn∆x
∆y

; aS � ks∆x
∆y

aP � aE � aW � aN � aS � ρC∆x∆y
∆t

; b � ρC∆x∆y
∆t

T 0
P
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(d) Point4:

aE � ke∆y
∆x

; aW � kw∆y
∆x

; aN � kn∆x
∆y

; aS � ks∆x
∆y

aP � aE � aW � aN � aS 
 SP∆x∆y � ρC∆x∆y
∆t

; b � SC∆x∆y � ρC∆x∆y
∆t

T 0
P ; SP � 
 20; SC � 1000

Facevaluesof theconductivity areevaluatedusingharmonic-meanaveraging:

ke � 2kPkE

kP � kE

wherekP and kE areevaluatedusing TP and TE respectively. At boundaries,we may eitherusek evaluatedat the
boundarytemperature,or usetheinterior valuekP.
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Figure1: Grid for Problem3
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