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1. Writing abalanceoveraninfinitesimalcontrolvolume:

dqx

dx
� h

�
T∞ � T � P

Assuminga deptht into thepage,wemaywrite

qx
� � kA

dT
dx

; A � bxt � L; P � 2t

Further, definingθ � T � T∞, weget

d
dx

�
x

dθ
dx � � m2θ � 0

wherem2 � 2hL � kb.

Usingthetransformationz � 2mx
1
2 , we maywrite

dθ
dx

� dθ
dz

mx � 1
2

d
dx

�
x

dθ
dx � � d

dz

�
z

dθ
dz � z

4x
� �

z2 d2θ
dz2 � z

dθ
dz � �

1
4x �

sothat

z2 d2θ
dz2 � z

dθ
dz � z2θ � 0

2. (a) How many termsyou needdependson the location. Very accurateanswerscanbe obtainedwith lessthan50
terms.

(b) Not shown.

(c) At any x � x0, thevariationin y is monotonicbecauseeachtermin theseriesonly dependson sinh
�
nπy � L � . This

automaticallyimpliesthattheminimumis at y � 0 andthemaximumisat y � W . Sincethis is trueat all x, there
areno maximaor minimain thedomain.
Thereis a theoremcalled the Maximin theoremfor harmonicfunctions(i.e. solutionsto Laplace’s equation)
which hasa muchmoregeneralproof. You canfind this is Introduction to Partial Differential Equations with
Applications by ZachmanogluandThoe,pp. 194-196,Williams andWilkins, 1976,or any otherbookon partial
differentialequations.

(d)

� k
∂T
∂y 	 y 
 W

� � k � T2 � T1 � ∂θ
∂y 	 y 
 W

� � k
600
π

∞

∑
n 
 1

� � 1� n 
 1 � 1
n

�
nπ � sin

�
nπx � cosh

�
2nπ �

sinh
�
2nπ �

1



3. In all problems,wefirst removeoneinhomogeneityby definingθ � T � T1.

(a) After applyingtheall four boundaryconditionswehave:

f
�
x � � ∞

∑
n 
 1

Dnsin � nπx
L � sinh

�
nπW

L �
sothat

Dnsinh

�
nπW

L � ��� L
0 f

�
x � sin nπx

L dx� L
0 sin2 nπx

L dx

Separationof variablescanthusbeusedfor this problem.

(b) Canbreaktheproblemup into

θ � θa
�
x � y � � θb

�
x � y �

θa hasboundaryconditions

θa
�
0 � y � � θa

�
L � y � � θa

�
x � 0� � 0

θa
�
x � W � � θ2

�
x �

θb hasboundaryconditions

θb

�
0 � y � � θb

�
L � y � � 0

θb

�
x � 0� � θ3

�
x �

θb

�
x � W � � 0

This canclearlybesolvedusingseparationof variables.

(c) After applyingthebounaryconditionsat x=0, x=L andy=0, we have:

θ
�
x � y � � ∞

∑
n 
 1

Dnsin � nπx
L � sinh � nπy

L �
Theconvectiveboundaryconditioncanbewrittenas:

h
�
θ∞ � θ

�
x � W ��� � k

∂θ
∂y

�
x � W �

sothat

h
k

θ∞ � h
k

∞

∑
n 
 1

Dnsin � nπx
L � sinh

�
nπW

L � � ∞

∑
n 
 1

� Dn
nπ
L � sin � nπx

L � cosh

�
nπW

L �
sothat

h
k

θ∞
� ∞

∑
n 
 1

Dnsin � nπx
L � � h

k
sinh

�
nπW

L � � nπ
L

cosh

�
nπW

L ���
We seethatwe cansolve for Dn by invoking theorthogonlityof sin

�
nπx � L � . Soseparationof variablescanbe

usedsuccessfully.

(d) After applyingall four boundaryconditionswe have

T2
� ∞

∑
n 
 1

Dnsin � nπx
L � sinh

�
nπ
�
ax � b �
L �

We seethattheextra sinh
�
nπ
�
ax � b ��� L � termdestroysour ability to invoke theorthogonalityof sin

�
nπx � L � . So

we cannotuseseparationof variables.
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