15-355: Modern Computer Algebra Symbolic Integration

Symbolic Integration

Victor Adamchik
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I Integrals of a Logarithmic Extension

Evaluate this integral

f(xlogz(x)+ log (x+ 1) + ! )dx
x+1)?  xlog(x)

Solution.

Do not split integral into three. Such splitting is always dangerous. See the following integral

J

Extending Q[x] by #; = log x and #; = log(x + 1), we obtain

(1+2) zogrx1? 2 Log [x]
+

(x + Log[x])? x (x+Log[x])

5 5]
Xt (x+1)?

Since is a polynomial wrt #,, we assume that

1 t <
f(xl‘% + —+ 2 )dx:b2t22+b1tz+b0+2dk*10g(uk)
xti (x+1)? =1

Differentiating both sides wrt x

1 t
B —t —
xti (x+1)?

d n
= bz' l‘22 + (2 by l‘z' + bl') th+ by lzl + bo/ + — de % log (uk)
dx P

and equating coefficients by #,,we get a system of equations

by’ =0
’ ’ _ 1
2bytr + b = T2

b1 l‘2'+b0/+j—xzj'é:1dk>k10g(uk) = xt% +#
1

From the first equation we find
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b=

From the first equation we find

b ==-2c " +
(1 +x)?

bi=-2crtrp— +C

+Xx

and conclude that

On this step we call integration in Q[x]

f dx 1
c+1? l+x

The last equation in the above system is

d < 1
by tz'+b()'+—de>klog(uk): xt3 +—
dxk:1 X1

1 d & 1
cl— b +by +— D dixlog(up) = x88 + —
(1 1+x) 2 0 a’x,; i+ log (ur) 1

X1

L 1 1 1
bo+de*10g(uk):f(xt% +——(c1— ) )
pa X 1 1+x/) 1+x

Here we again have a call to integration but this time it is in Q[x, #1]. We break the integral in two -

) ):f)cl_z]+f(xﬁ_(cl_1ix)1ix)

d 1 1
bo +d—xk:21dk>x<10g(uk)=xt% +——(C1—1 )lz

polynomial and rational parts

1 1
Jfrt b
Xt 1+x

and integrate each of them separately.

1
1+x

Rational part
1

XUl

Compute the resultant
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D[x tl1[x], x]

Resultant[xtl, 1- z (t1 + 1), t1]

| tl[x] +xtl [x]
| (1-12)

and then compute GCD
| PolynomialGCD[x tl, 1 - 1 (t1 + 1)]

| -

Thus, we found

1
— =1xlogt; +c¢
X1

f(xﬁ_(q_lix)lj-x)

We proceed in the same as we did above for #;

Polynomial part

Since is a polynomial wrt #1, we assume that

1 1 n
f(xﬁ—(cl— ) )dx:b3t13+b2t12+b1t1+bo+de*log(uk)
k=1

1+x/) 1+x

Differentiating both sides wrt x

1 1
xt%—(Cj— ) =
1+x/) 1+x

d n
by’ l‘12+(3 byt +by) l‘12+(2b2 0 +bHu+bi i/ +by + d—de*log(uk)
X =1

and equating coefficients by #1,we get a system of equations

by’ =0
3b35’ + by =x
2byt' + by’ =0

bty +bo + = deslog ) = —(c1- 1) 7=

I+x/ 1+x
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From the first equation we find that b3 of x
by = Cs

second equation
x2
3C3l‘1+b2=?+C2
$2
C3 =0 and bz = ?+C2
third equation

2b2f+b1’=0

X2
2(?+Cz)t1/+b1’ =0

b’—2)ﬁ+Cl
bo 2 2x

x2
b1 =—?—2l1 C + Gy

x2
C2:0 and b1:—?+C1

forth equation

b1 t1” + by d ngd log (uy) ( ) !
+by + — wxlog (up) = —|cy —
H 0 dxkzlk gk ! 1+x/) 1+x

b’+did log (i) ( 1) 1 < a)!
— xlog (ux) = —|c1 — —[-—= -
O TR Vaax) e U270 s

b+§nd log (uy) f[ ( ! ) ! xz+C 1]+C
*log (ux) = —lc1— -|-— -
0 p 108 Wk : 1+x) 1+x 2 : x 0

x2

— —log(x+ 1) c; — log(x) C; —
4 x+1

bo + de «log (ug) =
k=1

Remember, on the last step we do allow a field extension! It follows

x2

b() = - +C()

4
dy = log (u1) + dz #log (u2) = —log(x + 1) c1 — log(x) C

So, we found that
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f(”% _(CI_ l-li-x) l-lkx)dx:

ﬁ112+(—ﬁ+cl)t1+(ﬁ— ! +C0)—log(x+l)cl—log(x)C1:
2 2 4 x+1

ﬁtlz—ﬁtl+(ﬁ— ! +Co)—10g(x+l)cl

2 4 x+1

Finally, we combine polynomial and rational parts,

, 1 1 X, X x? 1
th +——|ca- =10gt1+?t1 —?t1+ I— +Co |—logx+1)cy

X 1+x/) 1+x x+1

Back to equation (1)

L 1 1 1
bo+de*log(uk):f(xt%+——(cl— ) )
k=1 xnh 1+x/) 1+x

that is

n 2 2 2
bo+ > dixlog(u) = —t12——tH+|—-
0 ;k g (uk) S - (4

+C0)—10g(x+ e +logh
x+1

Therefore,

di=1;, uy =1
d2=—cl; u2=1+x

Putting all these together

1 t &
f(xl‘% + —+ 2 )dx:b2t22+b1t2+bo+de*10g(uk)
xti (x+1)? =1

f(xf%+L+ 2 )dx:
xti (x+1)?

( ! )t xzzz xzz x 1 Co |-log(x+1) log ¢
c1— +— - —t+|—- + —log(x+ ey +1o
! 1+x 2 21 21 4 x+1 0 5 ! 84

or

f(xlogz(x)+log(x+1)+ ! )dx:
(x+1)?  xlog)

x? x?

log? i log(x+1)
—logx— —logx— ———
2 8 2 8

x+1 x+1

x? 1
+loglogx + I_



