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I Zeilberger's algorithm

"Programming is even more fun than proving... " -

Doron Zeilberger

W Intuition

We certainly cannot expect that afirst order difference operator is only what we need for proving

identities. In general, we consider a higher order linear operator with polynomial coefficients L(A)
that vanishes on a particular function f:

where
Apf = f(n+1) - f(n)

In acontext of hypergeometric summation this means that we want to find such L(A,) that will
vanish on a particular definite sum

L(An) D F(, k) = > LA F(M, k) =0
k k

where

N
LA FM, k) = > dimFn+ j, k) (1)
j=0
with unknown polynomial coefficientsd;(n). Order N is also unknown. However, the existence of
such N is assured under the same assumption asin Sister Celine's algorithm, namely F(n, k) must
be a proper hypergeometric term.

Asin the WZ algorithm, we will be using Gosper's algorithm. Namely, we need find such a
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sequence G(n, k) that
L(Ap) F(n, k) =G(n, k+1) — G(n, k)

If Fisahypergeometrictermin nand k with afinite support, then

[ee] [ee]

D LADFM, k= > [GM k+1) - G, k] =0 @

k=—00 k=—00

Let usfix N and outline computational steps of Zeilberger'salgorithm. The algorithmsfinds a
linear recurrence equation for a given sum

S = i F(n, k)

k=—00

Denote

N
sc= > dimFn+], k)
j=0

Compute the term ratio

- F(n+j,k+1)
Se1 DodMFM+j, k+D  Fm k+1) ZisodiW 7 5e
S Nodi(M F(n+j, k) FL k) N odin) F;::Jk;o

which is definitely arational function. Find polynomials px, gk and ry and write arecurrence
equation

Okr1 F(K) =1 F(k=1) = px (3)
Finally, calculate the degree bound M for f (k)

M
f) =) ¢k
j=0

If such apolynomial exists, we are able to find a sequence G(n, k) that (2) holds. Therefore, the
algorithmyields alinear difference equation with a polynomial coefficients

N
Zdj(n)SHj =0 (4)

=0

Indeed,
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(o]

o0 N N 00
DILAFM k= > Y dimFO+j, k=Y dim > Fn+j k=
j=0

k=—co k=—co j=0

k=—c0

We will address the problem of solving (4) in the next lecture.

Note, when we solve equation (3) we end up with a system of linear equationswrt M + N

N
Zdj(n) Svj
i=0

unknown variablesd; and c;. If the system has only atrivial solution, then thereis no recurrence (1)

of the assumed order N. In this case, we will need to increase the order.

m Examplel

Find aclosed form for

n n 3
_ _nk
sm=) (-1 (k)
k=0
We start with arecurrenceof order N = 1

doM FN, K)+diy(N)F(n+1, k) =G(n, k+1) — G(n, k)

where
F(n, k) = (- 1)K ( E)g

In order to find sequence G(n, k) let us denote a LHS of (5) by
S = do(n) F(n, k) +dy(n) F(n+1, k)
and apply Gosper's algorithm. Compute the ratio
s1 (k=n-17°  (k-nPdo—(n+1)°d;
S (k+1)° (k-n-13dy-(n+1)3d;

Hereisaset of polynomials

= (k-n-13dy—(n+1)°dy

Oks1 = (k—n-1)3

Nk = k3

A recurrence (Qk+1 fk — Ik fuer = px)
(k-n-1°fk)-k*f(k-1)=(k-n-13do—(n+1)>d;
If it has a polynomial solution it must be of order 1. Substituting

(5)
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f(Kky=co + c1 Kk
into the above equation, we obtain the following system

Co—dg—dy =0,
3cg-ci(n+1)—3dy =0,
Co—Ci(N+1)—do =0,
3cl(n+1)+d0:0

that has only atrivial solution,
We have to increase the order of (5) and repeat all the above steps. Let N = 2.
do(n) F(n, K) +di(n) F(n+ 1, K) + dx(n) F(n+ 2, k) = G(n, k+ 1) — G(n, k) (6)
Theratio
St (k=n-2)°
S (k+1)3
(k-n-2)3 ((k— n-1>3dy—(n+ 1)3d1)+(n+ 1% (n+2)2%d,

((k— n—1)> ((k— n3 dy— (N+ 1)3 dl) +(n+1)3(n+2)3 dz)/

A set of polynomials
Dk = (k—n—2)3((k—n—1)3d0—(n+1)3d1)+(n+1)3 (n+2)3d,

Oks1 = (k—n-2)3

Nk = k3
A recurrence
k-n-23f-k3f(k-1) = p«
has a polynomial solution of order 4. Here is a system of equations wrt unknowns ¢, and d
(3n+2)c4+d0:0
(N+1)3(dp+d; +dy)+co =0
2n+3)do-(N+Dcz+(nP+4n+2)cs==0
3dh (N+1)3+32n+3)dy(N+1)?+3c-(N+2)c; =0
3dy(N+1)°+3(5n°+15n+11) N+ do+3Co—3(N+2) ¢y +(N+2)°C, =0,
di(N+1)°*+(2n+3)(10n*+ 30N+ 21) do —
(Bn+5)ci+(3n*+12n+11)c,— (N*+5n+7) (N+1)c3—C4 =0
3(5n°+15n+11)do+Bn+4)c-3(N+ 1) (N+3)cz+(N*+6n°+12n+4)cy =0
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Itssolution is
=1
¢ =-3(N+1)%(26n° +51n+22)
c; =3(n+1)(29n”+58n+ 26)
3 =—3(15n°+32n+ 16)

cs=3(3n+4
do=-3@Bn+2)(3n+4)
d]_:O

dp = —(N+2)?

Mk . . .
Wewon't compute z, = — s fx_1 but rather derivearecurrenceequationfor S(n). Since
Pk

do(n) F(n, k) +di(N) F(n+ 1, K)+ da(n) F(n+ 2, k) = G(n, k+ 1) — G(n, k)

we obtain
N+2?SN+2) + 33n+2)(B3n+4)Sn) =0

or

3(3n+2)(3n+4

Sn+2) = - Bn+2)(3n+4)
(n+2)?

Initial conditions

S0) =1

S1) =0

The above equation can be easily solve by iteration

nay (
-,

w
Nl:
N—

w

!

N IS
N—
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m Mathematica session

Find aclosed form for
n 3 0 3
B (M3 k(N
sm = 0¥(p) = D v¥(y)
k=0 k=—o0
1:=(-1)%Binomal [n, k]°

Ss[k+1]
s [k]

|S[k ]:=dOF[n, k] + d1F[n+1, k] + d2F[n+2, k]
‘ // Functi onExpand // Si nplify

( 2+k-n)s
(—dl (-1+k-n)% (1+n)3+d2 (2+3n+n2)3+d0 <7k+k2+n72kn+n2)3))/
((1+K)3 ((1+n)3 (-dl (-2+k-n)3+d2 (2+n)3) +
do (2+kZ+3n+n2-k (3+2n))°%))

pPLk_1:=

((1+n)3 (—dl (-2+k-n)3+d2 (2+n)3)+d0 (2+k2+3n+n2—k (3+2n))3)
qrk_1:= (-3 +k-n)3
rik_1:=k3

ark +17f [k] -r[k]f[k-1]- p[k]

- (1+n)® (—dl (-2+k-n)%+d2 (2+n>3) =
d0 (2+k2+3n+n2-k (3+2n))° -k3f [~1+Kk] + (-2+k-n)3f [K]

This has a polynomial solution of order 4

| Exponent [p[k], k] - Exponent [q[k +1] +r [k], k] +1

| 4

| qrk +11f[k] -r[k]f[k-11-p[k] /. f[k 1> c4k* +c3k3+c2k?+clk + cO;
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Col | ect [%, k1;
CoefficientList[% KI;
Map [Equal [#, 0] & %];

Sol ve[%, {cO, cl, c2, c3, c4, dO, dl, d2}1[[1l]]
Solve::svars : Equations may not give solutions for all "solve" variables. >

{e15-(do (-22-95n-150n2-103n?-26n*)) / (8+18n+9n?),
cO—>-(2d0 (14+71n+143n?+143n%+71n*+14n°)) /(3 (8+18n+9n?)),
c2--(d0 (26+84n+87n?+29n%)) /((2+3n) (4+3n)),

d0 (-4 -4n-n?) d0 (-4-5n) do

d2 - - , 35 -—————— d1-0, c4- - }
3(2+3n) (4+3n) 2+3n 2+3n

dO S[n] + d1S[n+1]+ d2S[n+2] /. %

doS[n] - (dO (-4-4n-n?)S[2+n]) /(3 (2+3n) (4+3n))

RSol ve[{% == 0, S[0] =1, S[1] =0}, S[n], n]

3i" 1+ (-1)™M) Gama{g—;])/ (26amm{1+2]2Gamm[g])}}

—
w

Nl:

N—

w

o=

—
N IS
N—
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m Example 2 - Mathematica session

Find a closed form for
s0= 2 (%)

FIn_, k_1:=(-1)XBinonial [n, k] Binom al [3k, n]
s[k ]:=dOF[n, k] + d1F[n+1, k] + d2F[n+2, k]
sk +1]

// Functi onExpand // Sinplify
s [K]

plk_1:=

(-(8k-n) (d1 (-2+k-n) +d2 (1-3k+n)) +d0 (2+k*+3n+n?-k (3+2n)))
qlk_1:=3(2+9 (k-1) +9 (k-1)2) (-2+ (k-1) -n)
rek_1:=(1+3(k-1)-n) (2+3 (k-1) -n) (3+3 (k-1) -n)

plk+1]1qgrk+1] s[k+1]
prklr [k +1] ) s [k]

/7 FullSinplify

grk +171 f [k] -r [k]f[k-1]1-p[k] /. f[k 1> C
Col | ect [%, k1;

Coef ficientlList[% KkI;

Map [Equal [#, 0] & %]

{-12¢-2d0-4cn-3d0On+2din-d2n+3cn?-don?+dln?-d2n?+cn’ =0,

-54¢c-6d1+3d2-45¢cn-4dln+6d2n-9¢cn?+d0 (3+2n) =0,
-d0+3d1-9d2 = }

| sols = Solve[%, {c, dO, d1, d2}] // Sinplify

Solve::svars : Equations may not give solutions for all "solve" variables. >

d0 (3+2n) dO (7 +5n) 2d0 (3+2n)
{{Ce— ,dl - —— dZA—}}
9 (1+n) (2+n) 3 (1+n) 9 (1+n)



15-355: Modern Computer Algebra

d ear [F];
d2F[n+2, k] +d1F[n+1, k] +dOF[n, k] /. sols[[1]]

d0 (7+5n) F[1+n, k] 2d0 (3+2n) F[2+n, K]
dOF[n, k}-l— b

3 (1+n) 9 (1+n)

36n+7FN+1, k+22n+3)F(n+2,K)+9(n+1)F(n, k) =0

RSolve[ {9 (1+n) S[N] +3 (7+5Nn) S[n+1]+2 (3+2n) S[nh+2] =0,
S[0] ==1, S[1] =-3}, S[n], n]

| {{S[n] > (-3)"}}

Thus
S = kzz;(—l)k(ﬂ)(g’nk) = (-3

m Proving ldentities

Prove
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