
15-455: UCT K. Sutner

Assignment 7 Due: March 24, 2023.

1. L-Completeness (20)

Background
Here is a rather simple version of graph reachability that turns out to be L-complete. Warning: We don’t have the
right notion of reduction for this class yet (it requires circuits), just try to make your reduction below as simple as
ever possible.

Problem: Outdegree-1 Reachability (OD1R)
Instance: An outdegree-1 digraph G, two nodes s and t

Question: Is there a path from s to t?

Task

A. Show that OD1R is in L.

B. Show that OD1R is L-hard.

2. Standard NL-Complete Set (20)

Background
We have seen several examples where a complete set for a particular complexity class can be constructed by adding
padding to a scaled version of the Halting Problem. Of course, much more interesting are natural problems, but at
least this produces an existence result. Here is this construction for NL. Define the following problem

Problem: NL-Recognition
Instance: A nondeterministic machine M, some input x, a bound 0m.
Question: Does M accept x in space log m?

Task

A. Show that NL-Recognition is in NL.

B. Show that NL-Recognition is NL-hard (wrto log-space reductions).



3. More Tilings (30)

Background
Recall the tiling problem from the previous homework: we discussed the anchored square tiling problem (ASTP)
problem: can a n × n square can be tiled by a given set of tiles and fixed corner tiles? This problem turns out to be
NP-complete.
Define the anchored rectangular tiling problem (ARTP) problem as follows: we are given a collection of tiles, the two
special tiles and a “width” n (given in unary as 0n). The question is whether there is a “height” m so that the n × m
rectangle can be tiled. Note that m is not part of the input.

Task

A. Show that the ARTP is in PSPACE.

B. Show that the ARTP is PSPACE-hard.

Comment
There is no need to repeat all the details of the old square construction, just explain what the essential differences are
in this version of the problem.

4. Regular Expression Equivalence (30)

Background
Two regular expressions α and β are equivalent if they denote the same language: L(α) = L(β). Some equivalences
are trivial, say, α + β is equivalent to β + α, and α⋆α⋆ is equivalent to α⋆, but in general the algebra of regular
expressions is fairly complicated (thanks to the Kleene star operation), and it is difficult to check equivalence with
algebraic methods. For example,

(αk)∗(
ε + α + α2 + . . . + αk−1)

= α⋆

which is pretty wild from an algebraic perspective.
At any rate, one would like to understand the complexity of the following decision problem:

Problem: Regular Expression Equivalence (REEQ)
Instance: Two regular expressions α and β.
Question: Are α and β equivalent?

Task

A. Describe a practical algorithm to solve REEQ and determine its time/space complexity.

B. Show that REEQ is in PSPACE.

C. Show that REEQ is PSPACE-hard even for α = Σ⋆.

Comment
Practical in (A) means that the algorithm is based on often implemented components, and will work perfectly well for
lots of inputs. Alas, on occasion, it will blow up exponentially because of part (C). In part (B), the whole point is to
make sure we can get away with a polynomial amount of memory. For (C), think about non-accepting computations
coded as strings (a trick that should sound familiar by now).
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