Constructive Logic (15-317), Fall 2012
Assignment 5: Classical Logic

Carlo Angiuli (cangiuli@cs)

Out: Friday, October 12, 2012
Due: Thursday, October 18, 2012 (before class)

In this assignment, you will investigate the relationship between constructive
and classical logic.

1 Double-Negation Translation (12 points)

Unlike in constructive logic, which has only a judgment for truth, classical logic
has judgments for truth, falsity, and contradiction. Classical logic also has a
primitive notion of negation (—A), whereas constructive logic simply defines =A
tobe AD L.

The Godel-Gentzen double—negation translation takes a classical proposition
A to a constructive proposition A*, and is defined inductively on the structure of

A as follows:
T =T

1" =1
(AAB)=A"AB*
(ADB)=A"DOB
(AV B)" =-—=(A"V BY)
(mA) = —A*
P* = =—=P where P atomic
(Note: On the left, — is the primitive classical notion of negation; on the right, —

is an abbreviation for —> L.)

Task 1 (12 points). Prove that, for any classical proposition A,
kAT DA true

is derivable (constructively). You need only show the cases for:

1



o T

atomic propositions
oD

oV

2 Embedding Classical Logic (28 points)

The Godel-Gentzen double-negation translation allows us to embed classical
logic into constructive logic in the following sense:

Theorem 1.
1. If T vc A true, then I'" + A” true.
2. IfT +c A false, then I + = A* true.
3. IfT ke #, then I + L true.

In the above theorem, I'" is the result of applying the double-negation trans-
lation to each proposition in the context; +c indicates a classical derivation,
using the rules listed at the end of this assignment; and  indicates a construc-
tive derivation. In other words, this theorem states that any classically—derivable
proposition has a constructively—derivable counterpart, given by the translation.

Task 2 (28 points). Prove Theorem 1, showing the following cases:
e DT
e VT1
e OF
e VF
o —F
o #
e PBCT

You may use the result stated in Task 1. (Hint: You will also need weakening.)



A Classical rules

I',x:Atruevrc M : B true T T'tcM:Atrue T vc N:Btrue T
TrcAx:AM:ADB true - Tre (MNY:AABtrue ' Trex:Tirue |
I'tc M : A true 1 I'tc M : B true I'+c K: A false

Treing M:AV B true ¥ Trcim M:AVBirue '12  Trc—K:=Atrue 'L

IF're M:Atrue T rc K: B false I'tc K:Afalse T +cL:B false
I' ¢ M;K: ADB false o F I'tc [K L]: AV B false VE I'rce: L false LE
I'+c K: A false I'+c K : B false I'kc M : A true

I'tc 11 -K: A AB false AF1 I'tc mp-K:AAB false AF2 I'tc =M : —A false ~F

IF'reM:Atrue T rcK:A false

Fre M>K): # I,x:Atruevc x: A true hypT I,x:Afalse ¢ x : A false
Iu:Afalsec E: # T,u:Atruevc E: #
PBCT PBCF
I'tcu:Afalse.E : A true I'tcu:AtrueE : A false

hypF
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