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Abstract: We say a transfer model is a mapping between the questions in an intelligent tutoring system and the 
knowledge components (i.e., skills, strategies, declarative knowledge, etc) needed to answer a question 
correctly.  [JKT00] showed how you could take advantage of 1) the Power Law Of Learning, 2) an existing 
transfer model, and 3) set of tutorial log files, to learn a function (using logistic regression) that will predict 
when a student will get a question correct.  In the main conference proceeding [CHK2004] give an example of 
using this technique for transfer model selection.  Koedinger and Junker [KJ99] also conceptualized a search 
space where each state is a new transfer model.  The operators in this search space split, add or merge 
knowledge components based upon factors that are tagged to questions.  Koedinger and Junker called this 
method learning factors analysis emphasizing that this method can be used to study learning. Unfortunately, the 
search space is huge and searching for good fitting transfer models is exponential.   The main goal of this paper 
is show a technique that will make searching for transfer models more efficient.  Our procedure implements a 
search method using association rules as a means of guiding the search.  The association rules are mined from a 
dataset derived from student-tutor interaction logs.  The association rules found in the mining process determine 
what operations to perform on the current transfer model.  We report on the speed up achieved. Being able to 
find good transfer models quicker will help intelligent tutor system builders as well as cognitive science 
researchers better assess what makes certain problems hard and other problems easy for students. 
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Introduction 
Intelligent tutoring systems are able to provide instruction to students and to model their current knowledge by 
knowing what skill(s) (we use the term skill and knowledge component interchangeable) a student needs to solve 
a given problem.  However, creating an accurate model of a student's knowledge can be quite difficult 
[KLEG92].  Problems usually have more than one skill associated with them.  Transfer of knowledge is the 
process by which practice on one type of problems makes a student more likely to do well on a different type of 
problem.  We assume that transfer only happens between problems types if the two problem types share 
knowledge components that are required to solve both types of problems.  Transfer models reify assumptions of 
when knowledge component are shared between problem types.  Creating and comparing transfer models can 
make it easier to assess what skills are required for a given problem.  A transfer model is a mapping between 
different types of problems and the skills needed to solve them.  If two different problem types have one or more 
skills in common then this suggests that transfer between these two different problems exists.  Thus, students 
practicing with one type of problem might cause them to perform better on the other type of problem.  We 
further make a large simplifying assumption that if the model predicts transfer then it should happen, as we do 
not model students not realizing that transfer is possible. 

For instance, a hypothetical transfer model is shown below for two question types. Suppose you gave students 
both 1) problems that involved calculating the area of a circle, given the radius, as well as 2) problems where 



they were given the area and had to find the radius. Would students transfer learning between these two question 
types? 

Question Type (Example)\ Skills Skill1 
(Formula)

Skill2(Apply 
Forward) 

Skill3(Apply 
Backward)

Circle Area (If the radius is 5 what is the area?) 1 1 0 
Circle Radius (If the area of a circle is 10 what is the radius?) 1 0 1 

 

Alternatively put, if you gave them practice on a bunch of one type would they improve at the other type?  This 
is an empirical question, but we can represents several different answers to this question by making transfer 
models that embody different predictions of “transfer”.  The above model predicts that practice on circle area 
problems will transfer to increased performance on circle radius do the extent that students get better at skill1, 
retrieving the formula for the area of a circle.  If we removed the column for skill1, it would predict that students 
would not transfer any learning between the two question types because the two questions would no longer have 
any overlapping knowledge components (in this case we might want to rename skill2 to be “Calculate circle 
area” and skill3 to “Calculate radius given area”).  Alternatively, if we removed the column labeled skill2, the 
transfer model would predict that circle-radius problems would be strictly harder than circle area problem 
because the circle-radius problems involve a superset of the knowledge components used in the circle-area 
problems.  This transfer model (i.e., without skill2) would be reasonable if you thought that it was reasonably 
easy to take a formula and evaluate it, but very hard to do the square-root required to calculate the radius.  

In this work we will allow each skill to have two parameters that define 1) the learning rate for each skill (some 
skills are easier to learn than others) and 2) the initial difficult for each skill (some student have had more 
experience than others at each skill, and this is one reason why some skills will be more difficult than others). 
One of the authors has done some previous work on creating an automatic search process for generating transfer 
models [OH03] using a blind brute force approach in finding the best fitting transfer model for a given dataset.  
This paper reports on work that has developed a guided search process.  A data mining technique, association 
rules, is used to guide our search.  We have found that by mining for association rules, in the instances that 
transfer model predicts incorrectly, information can be obtained on how to guide the search process more 
efficiently toward finding a better model. A guided search process allows for quicker discovery of good fitting 
transfer models for a given dataset.  In addition, the transfer models generated from the search process have the 
potential of discovering new information as to what exactly makes a particular problem difficult and others easy. 

Background 
The work described in this paper draws its resources from five main areas: 1) the student-tutor interaction logs 
from the online algebra tutor Ms. Lindquist, 2) transfer model definition as applied to a set of log files, 3) 
transfer model evaluation and comparison, 4) searching for transfer models, and 5) association rules. These will 
now be discussed in order. 

Ms. Lindquist 

Ms. Lindquist is an algebra tutor designed to help students learn how to write algebraic expressions [H01], 
[HK98]. It can be found at http://www.algebratutor.org.  The data for this work comes from the log files Ms. 
Lindquist generates when a student uses the tutor. The main conference presents analyses of student learning 
found in these log files [HC04].    Ms. Lindquist is targeted towards 7th and 8th grade students and takes a dialog-
based approach.  Every problem Ms. Lindquist gives is a word problem.  An example problem is “Mary is 800 ft 
from the dock.  If she rows 40 feet per minute how many feet is she from the dock after x minutes.”  The student 
is expected to answer 800-40*x.  An illustration of the student-tutor dialog is given in Table 1.  For now, only 
look at the column headed “Example Question” and the column headed “ Response” which indicates if the 
students input was marked as correct or not.   



 

Table 1: Example transfer model mapped to a dataset 

Transfer model definition as applied to a set of log files 

A transfer model is a mapping between different types of problems and the knowledge components needed to 
solve them.  A transfer model is represented by a table, where the rows represent the different problem types and 
the columns indicate the knowledge components needed to solve each problem type.  Ms. Lindquist records in 
log factors about each question a student answers such as the number of steps the question involves or what type 



of question it is.  If there are two factors; say number of steps and task-directions, where the number of steps for 
a question can be either one or two, and the possible values for task-directions can be of one of 3 values 
(compute [i.e., “Can you compute a value?”, Answer=680], articulate [i.e., “Can you articulate what math you 
would need to do to get a value?”, Answer=800-3*40],  and symbolize [i.e., “Can you write an expression that 
has a variable?”, Answer=800-40m],), a transfer model that crossed these two factors would have six rows.   

Table 1 shows the result of mapping an example transfer model, with these two factors, to a sample Ms. 
Lindquist session.  In particular, you will see that columns labeled with “Difficulty parameters” are the 
knowledge components, and their mapping to particular question types depends completely upon the two factors 
(in column 2, “Task-Directions”, and 3 “Steps”) that when crossed result in 6 different question-types.    

The first 9 columns in Table 1 represent the information Ms. Lindquist logs while a student is using the tutor.  
Column 7 in Table 1 shows an example of the questions a Ms. Lindquist asks a student based on the student’s 
previous answers.  The “difficulty parameters” shown in columns 10 through 15 represent the skills the student 
needs to solve each of the questions Ms Lindquist asks.  Columns 16 through 21 represent the learning 
parameter for each skill.  A learning parameter value represent the number of times a student has answered 
correctly a question (and thus got positive feedback enabling him to “learn”) that involved that particular skill. 
We see that the learning parameters don’t start to increase until the 9th row, because that is the first time that the 
student gets positive feedback that he did something correct.  In particular, in row 7 we see that the student was 
asked to do a problem that involved doing what the transfer model predicted involved using both the 
“Arithmetic” and the “Comprehend One-Step” knowledge components.  We see that by the last row in the table, 
the student has been given positive feedback on arithmetic three times, and thus our model will expect the 
student to be more likely to get a problem correct that involves arithmetic than a student that had fewer 
opportunities to get positive feedback on arithmetic. (Note that [CHK04] deals with the this counting in a more 
sophisticated manner than we do here.)   It is because we are modeling different learning rates for each 
knowledge component that this technique is called “learning factor analysis” rather than just “difficulty factor 
analysis.”    

Transfer model evaluation and comparison 

Following [JKT00], and explained in greater detail in [CHK04], we applied logistic regression to predict the 
student’s response (binary), based upon 1) student characteristics (like pretest scores) as well as 2) item 
characteristics (which we call difficulty parameters that are shown in columns 10-15), and 3) characteristics of 
items that differ with student practice (called learning parameter and shown in the last 6 columns of Table 1). 
(We have also looked at modeling that fact that some students might be better learners than others, but this work 
only reports on different rates of learning due to different knowledge components, not do to different student.) A 
logistic regression is used when the dependent variable is binary.  In the case of transfer models, we want to use 
a logistic regression to predict whether a student will get the answer to a given problem correct or not.  Thus, 
whether the student answered the problem correct or not is the binary dependent variable. A value of one 
(response=1) means the student answered the problem correctly and a value of zero (response=0) represents the 
student answered the problem incorrectly.  For this work a statistical package, S-Plus, was used to perform 
logistic regressions. 

In model selection, a perennial problem is that as you add more parameter you can get a better fit, but is the 
increased fit worth the extra parameters?  We can compare two models by using the Bayesian Information 
Criterion (BIC) [R95] that applies a penalty for using more parameters to allow you so say that you have the 
“best fitting most parsimonious” model.  For one model m to be more statistically significant than another model 
n, the BIC value of m must be at least 10 BIC points lower than n’s BIC.  Overall accuracy will be used to 
determine the strength of a given transfer model on its own.  ([CHK04] also used a k-holdout strategy in 
addition to BIC with somewhat similar results) 



 Arithmetic compute an 
 expression 

articulate an 
 expression 

symbolize an 
expression 

generalize an 
 expression 

 Steps Qtype=compute qtype=articulate qtype=symbolize Qtype=generalize
problem_type0 1 1 0 0 0 
problem_type1 2 1 0 0 0 
problem_type2 1 0 1 0 0 
problem_type3 2 0 1 0 0 
problem_type4 1 0 0 1 0 
problem_type5 2 0 0 1 0 
problem_type6 1 0 0 0 1 
problem_type8 2 0 0 0 1 

Table 2: Example transfer model, the first row shows potential names for the skills, the second row shows 
which factor value pair the skill is associated with, qtype= question type 

 
Searching for transfer models: A search space of transfer models 

Koedinger and Junker [KJ99] conceptualized a search space where each state is a new transfer model.  The 
operators in this search space included split, add and merge. In this work we will ignore the merge operator.  
(Extending [KJ99] we have also added the map operator that is similar to add but works for nominal instead of 
categorical data.)  This approach was called by [KJ99] learning factors analysis because it starts with factors. In 
task-directions (Table 1, column 3) and steps (column 4) are factors that are simply tags to individual questions.  
An example of another factor would be a binary factor for whether the word problem involves money 
(suspecting that problems that involve money might be easier for students).   Table 2 shows the results of doing 
a map of number-of-steps (creating the second column in the transfer model) as well as an add of task-directions 
(which creates a new column for each of the 4 values of task-directions).  Note that in Table 1 we did not have 
an example of a question that was tagged with the task-direction=“generalize”.  Given that we cross the two 
factors (number-of-steps and task-directions), (where the number-of-steps for a question is quantitative and is 
either one or two) and the task-directions can be of one of four types (compute, articulate, symbolize and 
generalize), a transfer model for these would have eight rows.  The first row in Table 2 shows potential names 
for the skills in the transfer model.  Creating names for skills in a transfer model is a highly creative process. 
When a factor is included into a transfer model it is referred to as a knowledge component or skill.  Thus, the 5 
rightmost columns in the above transfer model represent skills. 

The more complicated way of incorporating a factor is by the split operator. The split operator takes as input 1) 
a knowledge component to split that is already in the transfer model, and 2) a factor to split the knowledge 
component by.  A split will create a new transfer model by remove the existing knowledge component and 
replacing it by knowledge components for each of the values of the factor.  Splitting makes use of an existing 
skill s in the transfer model and a factor f. The existing skill is replaced with n new skills where n is the number 
of values the factor f can have.  Figure 1 shows how a split operation is performed. A refined split can also be 
performed where a skill is only split into two new skills based on one value for a factor f. 

 
Figure 1: Example of a split operation, FactorA has two possible values and when it is used to split the 

skill skill1, two new skills are created.    

Association Rules, Apriori, and ASAS 



Given a collection of data instances, each one described in terms of a set I of attribute-value pairs or features 
(sometimes called “items”), association rules are rules of the form X => Y, where X and Y are disjoint subsets 
of I [AIS93].  Apriori is the standard algorithm to generate association rules [AS94].  It is probable to find many 
associations in a dataset so interest is usually focused on rules that have high accuracy and/or large support.  
Support of the association rule X => Y is the percentage of instances in the dataset that contain both X and Y.  
Confidence of X => Y is the percentage of instances that contain Y among those that contain X.  Another 
measure that is used in addition to support and confidence is lift.  The lift of X => Y is the ratio between the 
conditional probability of Y given X, and the prior probability of Y in the dataset.  Yet another measure for 
evaluating an association rules is Chi-square.  Chi-square is a means of determining how well an association 
rule would apply to a larger dataset.   For the purpose of mining association rules from tutorial logs, we used the 
AprioriSetsAndSquences (ASAS) algorithm.  ASAS is an extension to the Apriori algorithm [P04].  ASAS 
allows one to mine temporal data.  In addition, ASAS provides enhanced pruning methods for association rule 
mining. 

Our Search Algorithm 
Now that we have reviewed the prior work, we will discuss our new search algorithm.  For this work, we used 
association rules to guide a search process in finding transfer models that predict student's success. The transfer 
models themselves provide information as to what skills are required to solve a particular type of problem.  The 
search process starts with a list of factors, a dataset and an empty transfer model as the root node.  The dataset is 
a table where the rows represent a question Ms. Lindquist gave to a student and the columns are the factors for 
each question.  There is one additional column in the dataset that indicates whether the student answered the 
question correctly or not.  Looking back at Table 1, columns 3, 4 and 9 are an example of what would be found 
in the dataset. 

Each node in the search tree represents a new transfer model.  To generate new transfer model nodes from a 
current transfer model node, the search algorithm performs one of three operations on the current transfer 
model. The three operations are map, add and split.  Only one operation is performed on a transfer model at a 
time and each operation includes only one new skill in the current transfer model, creating a new transfer model 
node.  The new transfer model node becomes a child of the transfer model node it was created from. 

Since the root node contains an empty transfer model, only add or map operations can be performed on the root 
node to create the first level of transfer models.  A list of possible skills to include in the transfer model is 
generated by mining the dataset for factors associated with a student's response being correct or incorrect.  The 
initial set of mined rules have the form “factor=value ==> response=(0|1) [Conf: #, Sup: #, Lift: #, Chi-square: 
#]” where factor is the name of a factor in the dataset (e.g., steps, question type), value is one of the possible 
values the factor can have (e.g. steps can have a value of either 1 or 2), response=0 means students' response is 
incorrect and response=1 means student's response is correct.  A hypothetical set of association rules obtained 
from mining the dataset is shown in Figure 2. 

  steps=1 ==> response=1 
   [conf: 0.9, sup: 0 .6, lift: 1.02, Chi-Square: 30] 
  qtype=2 ==> response=0 
   [conf: 0.9, sup: 0.4, lift: 1.25, Chi-Square: 40] 
  qtype=3 ==> response=1 
   [conf: 0.9, sup: 0.5, lift: 1.04, Chi-Square: 20] 

Figure 2: Hypothetical set of association rules obtained from mining the Log+Factors dataset 

The first rule in Figure 2 is interpreted by the search process as potentially adding a skill for one step problems 
to the initial model. Since steps happens to be a quantitative factor it can be mapped into the initial transfer 
model as well. The second rule suggests adding a skill for questions of type two, and the third rule suggests 
adding a skill for questions of type three.   

Thus, in this hypothetical situation the search process would create four child transfer model nodes from the root 
node.  The first child node would represent the initial transfer model with a skill for one steps problems added. 



The second would represent the initial transfer model with the factor steps mapped into the initial transfer 
model. The third child node would represent the initial transfer model with a skill for questions of type two 
added. The fourth child node would represent the initial transfer model with a skill for questions of type three 
added.  These first level nodes can be referred to as the base models.  It is from these transfer models that all 
other transfer models are built. 

Transfer models built from the base models are constructed a little differently than how the base models are 
constructed.  First the base models are mapped to the dataset (which we call a Log+Factors dataset), creating 
what we call a Log+Factors+TransferModel dataset. A Log+Factors dataset is just a dataset where each instance 
represents a question a student was asked.  Columns 3, 4 and 9 in Table 1 compose a Log+Factors dataset.  Each 
question in a Log+Factors dataset is marked with the factors related to that question.  In a 
Log+Factors+TransferModel dataset questions are marked with their associated factors along with specific skills 
need to solve each question.  Columns 9 through 21 in Table 1 compose a Log+Factors+TransferModel dataset.  
A logistic regression is run over the Log+Factors+TransferModel dataset.  The instances that the logistic 
regression predicted incorrectly are then mined for association rules using the AprioriSetsAndSequences 
algorithm [P04].   

Thus, we are looking for commonalities in the instances in the Log+Factors+TransferModel dataset predicted 
incorrectly by the logistic regression.  Given a data instance, that is a problem posed to a student, the logistic 
regression outputs a numeric value between 0 and 1 representing the predicted probability of the student 
answering the problem correctly.  We use a threshold of 0.5 to convert this value into a Boolean prediction: if 
the output of the logistic regression is less than 0.5, we predict that the student will answer the problem 
incorrectly, if greater than or equal to 0.5 we predict correct.  These predictions are compared against the actual 
response from the student.  The instances in which the prediction from the logistic regression and the 
correctness of the actual student response disagree are considered incorrectly predicted by the logistic 
regression.  It is these incorrectly predicted instances that are mined for association rules that will determine the 
next operation to perform on a transfer model.  These association rules are used to determine the new transfer 
models to be created from the base models. 

For the initial transfer model only the operations add and map can be used.  For all transfer models created from 
the base models the split operation can be used as well.  Association rules of the form “factor=value ==> 
response=(1|0)” are interpreted as potential add or map operations to be performed on the base model.  
Association rules of the form “skill=value && factor=value ==> response=(0|1)” are interpreted as a potential 
split operation to be performed on the base model where skill in the transfer model is split by factor = value. 

Figure 3 shows a hypothetical set of association rules that could be obtained by evaluating a base transfer model 
with one skill for one step problems and mining the instances that the model predicts incorrectly. 

  steps=2 ==> response=1 
   [Conf: 0.9, Sup: 0.5, Lift: 1.10, Chi: 10] 
  steps=1 && qtype=2 ==> response=0 
     [Conf: 0.8, Sup: 0.7, Lift: 1.20, Chi: 14] 

Figure 3: Hypothetical set of association rules mined from base model 

The first rule in Figure 3 suggests creating a new transfer model with an additional skill for two step problems.  
For the second rule in Figure 3, since there is already a skill for one step problems in the parent transfer model, 
this rule suggests splitting that skill by the factor question type when it has a value of two. 

The same process for generating transfer models from the base models is repeated for every child node of the 
base models. The transfer model is expanded by mapping it to the Log+Factors dataset, creating a 
Log+Factors+TransferModel dataset which is then inputted into a logistic regression. Next, association rules are 
mined from the instances in the Log+Factors+TransferModel dataset that the logistic regression predicted 
incorrectly, and new transfer models are created from the current transfer model based on the association rules 
obtained.  



For every transfer model that is evaluated, a BIC value for the model is obtained.  In addition, the overall 
accuracy for a model is calculated.  Overall accuracy for a model is the number of correctly predicted instances 
(i.e. the logistic regression created from the model predicted a correct response and the actual response was 
correct, or the logistic regression predicted an incorrect response and the actual response was incorrect) divided 
by the total number of instances. These two numbers help determine how good a transfer model is and are used 
in guiding and terminating the search process. 

A path in the search space is explored until no new association rules can be found in the instances the transfer 
model, through a logistic regression, predicts incorrectly; if there are no instances predicted incorrectly; if no 
new skill can be added; or if no significant improvement is achieved from the transfer model's parent model (i.e. 
overall accuracy).  In addition, the BIC for a transfer model is used to determine when to stop exploring one 
path and start exploring another.  Low BIC values are desired, so when a transfer model's branch reaches a 
specified threshold (BIC values for transfer models differ from one dataset to another) further searching on that 
path will stop. 

Several different ways were explored as to how to guide the search process.  In addition, several different search 
algorithms were considered for the search process.   The two types of search algorithms that were tested were 
depth first search and greedy search.  As far as heuristics for guiding the search three different heuristic were 
considered.  The heuristics rank each transfer model node available for expansion and the best ranked node is 
expanded first.  The first heuristic used was called the equal-weight heuristic and ranked each node by summing 
up the four metrics for the association rule used to create the model, namely support, confidence, lift, and chi-
square.  The other two heuristics that were used both attempted to predict a nodes BIC using the four metrics for 
the association rule used to create the model along with the BIC and overall accuracy for the node’s parent node.  
One heuristic used a linear regression to do this prediction and the other used an artificial neural network.  The 
two heuristics are referred to as the regression heuristic and ANN heuristic. 

Results 
In evaluating the search process, the transfer models generated from the search process are scrutinized by 
domain experts to assess how logical they are. The transfer models are rated on how applicable they are to a 
larger set of students. Whether the transfer model illuminates any new information about why students struggle 
with certain problems and have an easy time with others is an important factor as well.  The objective evaluation 
criterion for the transfer model generated is how parsimonious the model is.  Models with few skills are 
preferred. How cognitively plausible the model is is also a criterion.  If there are valid reasons for the skills 
being in the transfer model, then this model is preferred over other models that have high accuracy but no clear 
connection between the skills and problems.  A transfer model's overall accuracy and BIC are also criteria used 
to determine how good a transfer model is.  

The experiments and results for this work are based on a dataset obtained from Ms. Lindquist.  The dataset 
contains questions from Ms. Lindquist’s section 2 and contains three factors: number of steps, question type and 
whether the question deals with money or not.  A question can have one or two steps and there are four different 
types of questions in the dataset.  The four types of questions are symbolize, articulate, generalize and compute.  
The primary dataset used to run the majority of the experiments contains 751 instances representing data for 
about 42 students.   

Comparing the performance of the original blind search method to the search guided by association rules was 
done to assess how worthwhile it is to use association rules.  Determining whether the search process using 
association rules is better required comparing how long it takes to find a good model using association rules 
with how long it takes to find a good model using the blind search method.  If the association method can find 
comparably good models in less time than the blind search method, then using association rules is beneficial.  
Figure 4 shows how the three heuristic search methods using association rules compared to the blind search 
method. 



 
Figure 4: Comparison of heuristic searches to blind search 

Figure 4 is a graph of BIC value versus time.  The graph shows how quickly each search found a transfer model 
with a lower BIC in the search space.  We plotted the BIC of the best transfer model found over time.  As can be 
seen from looking at Figure 4 the three heuristic methods using association rules performed significantly better 
than the blind search method.  Of course we do not know before hand when you have found the “best” and there 
could exists better fitting models that none of the searches found.  The regression heuristic search preformed the 
best and was able find a transfer model with the lowest BIC value in only 16 minutes.  The blind search method 
was not able find a transfer model with as low a BIC value even after 12 hours. Figure 4 marks a few places (at 
28 second and between 803 and 871 seconds) that if we had stopped the search, the blind search method would 
have appeared best.  This could be just because the blind method got luckily in picking a branch of the search 
space to explore that happened to have good model, or it could be symptomatic of some overly greediness our 
guided search method.  We will have to apply this method to other data sets to better study when. 

Conclusion 
In conclusion the search algorithm that this work has created allows for good transfer models to be found 
quickly.  While it is not guaranteed to find the same transfer models as the brute-force search, it seems that it 
works well in practice, where we were able to find better models in a few hours as opposed to a few days for the 
brute force search.  By using association rules to prune the search space in combination with a heuristic (such as 
linear regression) good transfer models were found in a reasonable amount of time. 
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