
Lecture 4: Classification

Part I: Classification methods
Part II: Assessing classifier performance

Prof. Alexandra Chouldechova
95-791: Data Mining
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Agenda for Part I

• Decision Boundary for Logistic Regression

• Nearest-Neighbours methods

• Bayes Methods
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Logistic regression as a classifier

• Last class we saw how to interpret logistic regression

• But what does it look like as a classifier?

• i.e., What does the decision rule

Ŷ =

1 if eβ̂0+β̂1balance+β̂2income

1+eβ̂0+β̂1balance+β̂2income > α

0 otherwise

actually look like for various choices of the cutoff α?
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Logistic regression: Decision boundary
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Logistic regression: Decision boundary
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Logistic regression: Decision boundary
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Logistic regression: Decision boundary
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More general decision boundaries

• We see that the decision boundary provided by logistic regression
turns out to be linear:
◦ Points on one side of the boundary get classified as Ŷ = 1
◦ Points on the other side get classified as Ŷ = 0

• When we have p > 2 covariates, instead of getting a line, we get a
(hyper)-plane

• Just as we don't think that linear models are accurate representations
of numeric outcomes, we may not believe that a linear decision
boundary is the best way to classify points
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k-Nearest Neighbours Classifier
• Setup: Data (xi, yi), xi ∈ Rp vector of inputs, yi ∈ {0, 1}.

• k-Nearest Neighbours (k-NN) classification is an example of a
non-parametric “lazy learning” (memory-based) method

• Unlike the methods we've seen before1, which estimate parameters
in some model, k-NN looks at the training data each time it is
queried to make a classification2

• Let Nk(x) denote the k training points that are closest to x

• If we want to classify a new individual with covariates X = x, we
simply classify it to the majority class of the points in Nk(x)

• As an estimator of the conditional probability, we can think of k-NN
as

p̂kNN(x) = 1
k

∑
xi∈Nk(x)

yi

1With the exception of local regression, which also has these properties.
2k-NN also works for prediction, though we didn't discuss it at the time
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k-Nearest Neighbours Classifier: 3-NN example
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Figure: 2.14 from ISL. Axes represent p = 2 predictors.

• Left: We have two classes: Y ∈ {orange, blue}. 3-NN is used to classify the
× as a blue point. 2 of ×'s 3 nearest neighbours are blue, one is orange, so
blue wins.

• Right: The decision boundary. Any point in the orange shaded region gets
classified by 3-NN as orange. Any point in the blue shaded region area gets
classified by 3-NN as blue.
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k-Nearest Neighbours: Simulated data
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Figure 2.15 from ISL. Dashed purple line is the Bayes classifier “optimal”
decision boundary.

10 / 79



k-Nearest Neighbours: Simulated data
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KNN: K=1 KNN: K=100

Figure 2.15 from ISL. Dashed purple line is the Bayes classifier “optimal”
decision boundary. Solid black lines are 1-NN and 100-NN classifiers.
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Can we get non-linear boundaries from Logistic regression?
Degree=1
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Figure 5.7 from ISL. Decision boundaries are obtained by running logistic
polynomial regression for various choices of degree. 12 / 79



Choosing k: Logistic polynomial regression, k-NN
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• Error rate: 1
n

∑n
i=1 I(yi ̸= ŷi)

• Test error (computed through simulation)

• Training error

• Cross-validation error estimate
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Other extensions of logistic regression

• When we discussed Linear models, we saw that we could easily
extend them to Additive models and Regularized regression models

• The same is true of Logistic regression

• To fit Additive Logistic models:
Specify family = binomial() in a gam() command

• To fit ℓ-1 regularized Logistic regression:
Specify family = "binomial" in a glmnet command

• Indeed, Google famously uses massive regularized logistic regressions
as a core component of their AdClick prediction system. This system
is trained on many billions of observations, with potentially millions of
predictors

14 / 79



Multi-class classification
• The examples we have considered thus far have all been cases of
binary classification

• Y could take on one of two possible values: {0, 1}, {orange, blue},
etc.

• Going forward, it will be just as straightforward to consider the
multi-class case where we have J ≥ 2 classes

• Our goal is to use inputs X = x to classify Y to one of {1, 2, . . . , J},
seeing to minimize the (test) error rate (aka misclassification rate)

1
n

n∑
i=1

I(yi ̸= ŷi)

• As we said earlier, the best any classifier whatsoever could do is to
classify to the group j that has the largest value of

P(Y = j | X = x)
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Multi-class classification

• We can now think of our intermediate goal as getting good estimates
of the conditional probability functions

P(Y = j | X = x)

• There is a multi-class version of Logistic regression, which typically
goes by the name Multinomial regression

• We will not discuss this method here, because it's not a particularly
popular approach

• For k-NN, there's really no generalization that needs to take place to
go from J = 2 classes to J ≥ 2 classes
◦ We find that k closest points to x, and classify to the plurality class: the

class that appears most often among x's k nearest neighbours
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Multi-class classification: Generative models

• Logistic regression is an example of what is called a Discriminative
model

• Such models estimate P(Y = j | X = x), but do not try to model
the joint distribution between the inputs and the response Y

• Since the Bayes classifier itself only uses P(Y = j | X = x), it may
seem that to model anything beyond that is too much work and
seemingly unnecessary

• However, there are some nice classification methods that do proceed
by modeling the joint distribution of (Y, X1, . . . , Xp).

• Such methods are called Generative models

17 / 79



A closer look at Bayes theorem
• Suppose we have an outcome Y ∈ {1, 2, . . . , K} and an input vector

X = (X1, . . . , Xp)

• Bayes theorem tells us that

P(Y = k | X = x) = P(X = x | Y = k)P(Y = k)
P(X = x)

• P(X = x | Y = k) is the density for X in class k

• P(Y = k) is the prior probability of class k

• Bayes theorem gives us a way of combining prior beliefs about the
likelihood that Y = k with the new evidence that we observed
X = x.

• P(Y = k | X = x) is often called the posterior probability of class k
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Bayes theorem for discriminant analysis

P(Y = k | X = x) = P(X = x | Y = k)P(Y = k)
P(X = x)

• Let fk(x) = P(X = x | Y = k) denote the density of X in class k

• Let πk = P(Y = k) denote the prior probability of class k

• By the Law of total probability,

P(X = x) =
K∑

ℓ=1
πℓfℓ(x)

and so we can rewrite Bayes theorem as

P(Y = k | X = x) = πkfk(x)∑K
ℓ=1 πℓfℓ(x)
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How do we use this as a classifier?

P(Y = k | X = x) = πkfk(x)∑K
ℓ=1 πℓfℓ(x)

• To minimize the misclassification rate, we should classify an
observation with inputs x0 to the class with the highest posterior
probability

ŷ0 = argmax
k=1,...,K

πkfk(x0)∑K
ℓ=1 πℓfℓ(x0)

• Note that the denominator term is exactly the same for each term
(it depends on x, but not on k).

• Thus the above rule is the same as the simpler rule:

ŷ0 = argmax
k=1,...,K

πkfk(x0)
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Why is this interesting?

ŷ0 = argmax
k=1,...,K

πkfk(x0)∑K
ℓ=1 πℓfℓ(x0)

= argmax
k=1,...,K

πkfk(x0)

• Prior to collecting data, we generally don't know what any of the πk

or fk(x) should be.

• Thus we must estimate the πk 's and the densities fk(x) from the data

• The πk are easy:

π̂k = #{i : yi = k}
n

• The fk(x) are harder and more interesting to estimate

• Different ways of estimating fk(x) give us different classifiers!
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The Canadian vs American example
• In the Toy example we looked at earlier, we knew in advance that

H | American ∼ Normal(178.2, σ = 4.7) = fA(x)
H | Canadian ∼ Normal(173, σ = 3.3) = fC(x)

and πA = 0.85, πC = 0.15
• Plot below shows value of πkfk(x) for k = Canadian and American

0.00
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0.06

0.08

170 180 190
Height

colour

.Canadian

American
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Plot below shows value of πkfk(x) for k = Canadian and American

0.00
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0.04

0.06

0.08

170 180 190
Height

colour

.Canadian

American

• If πAfA(x) > πCfC(x): Classify as American
• If πAfA(x) < πCfC(x): Classify as Canadian
• πA = 0.85, πC = 0.15 so we have a very high prior that any
“American sounding” male we encounter is actually American

• So there's a very small height range where we would classify
someone as Canadian
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Linear discriminant analysis

ŷ0 = argmax
k=1,...,K

πkfk(x0)∑K
ℓ=1 πℓfℓ(x0)

= argmax
k=1,...,K

πkfk(x0)

• Linear discriminant analysis (LDA)3 assumes all the fk(x) are
Multivariate Normal(µk, Σ)
◦ Different means, same covariance matrix

3Not to be confused with Latent Dirichlet Allocation... also abbreviated LDA
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What is a Multivariate Normal?

x
1

x
1

x
2

x
2

Figure 4.5 from ISL. Bivariate normal density for two choices of Σ.
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Linear discriminant analysis
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Figure 4.6 from ISL

• Left: K = 3 classes. True fk are Bivariate Normal. Ovals represent 95%
density contours for each class (95% of points generated from a class will
fall into the ellipse). Dashed lines are the LDA boundary from the true fk

• Right: 20 points are observed from each class. Solid lines are the
estimated LDA decision boundaries. We had to estimate µk and Σ from the
data. 28 / 79



Linear discriminant analysis
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Figure 4.6 from ISL

• It's called Linear discriminant analysis because the choice
fk = MVN(µk, Σ) always results in linear decision boundaries

• The LDA rule amounts to classifying x0 to the class with the highest
value of the discriminant function δk :

δk(x0) = xT
0 Σ̂−1µ̂k − 1

2
µ̂T

k Σ̂−1µ̂k + log(π̂k)
29 / 79



Quadratic discriminant analysis

• Quadratic discriminant analysis (QDA) models fk(x) as
MVN(µk, Σk): it relaxes LDA's assumption that all the covariance
matrices are the same

• This produces quadratic decision boundaries

30 / 79
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Quadratic discriminant analysis
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Figure 4.9 from ISL. Dashed purple curve is the Bayes classifier decision
boundary. Solid green curve is QDA, dotted black line is LDA.
Left: True boundary is linear. Right: True boundary is quadratic.
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Logistic regression vs. Linear discriminant analysis

• When the classes are well separated, Logistic regression coefficient
estimates are really unstable. LDA does not have this problem.

• LDA makes assumptions on the distribution of X | Y = k
◦ When the assumptions hold (or approximately hold), LDA can produce

better, more stable decision boundaries, even when n is small

• When we have K = 2 classes, Logistic regression can be extended in
all kinds of ways (additive models, regularized models, etc.), and is
highly interpretable

• Logistic regression gets hard to interpret for K > 2 classes. LDA is
essentially the same regardless of how many classes we have.
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Naive Bayes
• Naive Bayes is a popular simple classifier in cases where we have a lot
of predictors p

• Imagine p = 1000 and n = 2000. It's going to be extremely difficult to
accurately estimate fk(x) without really strong assumptions on fk

• Naive Bayes says: Let's assume that all components of
X = (X1, X2, . . . , Xp) are independent4

• Under the independence assumption, fk(x) simplifies to:

fk(x) = P (X1 = x1, . . . , Xp = xp | Y = k)
= P (X1 = x1 | Y = k) × · · · × P (Xp = xp | Y = k)

=
p∏

j=1
P (Xj = xj | Y = k)

• So now to estimate fk(x) we just need to estimate p univariate
densities: fk(xj) = P (Xj = xj | Y = k)
4We're actually assuming conditional independence: The inputs are independent given

the class labels 34 / 79



Naive Bayes with the Default Data
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Calculate:
f̂Y es(i, b, s) = f̂Y es(income) × f̂Y es(balance) × f̂Y es(student)
f̂No(i, b, s) = π̂Nof̂No(income) × f̂No(balance) × f̂No(student)

Naive Bayes posterior probability estimate of default = Yes:

P̂(default = Yes | i, b, s) = π̂Y esf̂Y es(i, b, s)
π̂Y esf̂Y es(i, b, s) + π̂Nof̂No(i, b, s)
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Naive Bayes vs. LDA vs. QDA

• Naive Bayes scales well to problems where p is large
◦ If you have enough data to estimate the univariate density of each

predictor (i.e., enough to form a nice histogram), you can apply Naive
Bayes

• In LDA, we have to estimate K × p parameters to get µ̂k 's and
another 1

2p(p + 1) parameters to estimate the p × p covariance
matrix Σ̂.

• In QDA, we have to estimate the means and K p × p covariance
matrices. That's 1

2Kp(p + 1) parameters!

• So why do even bother with methods like LDA or QDA?
◦ They can capture meaningful interactions. Naive Bayes cannot.
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An example where Naive Bayes fails
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This is not a difficult classification problem. Logistic regression with
formula y ∼ X1 * X2 gives a perfect classifier.
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What does Naive Bayes see on this problem?
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Naive Bayes views X1 and X2 independently, and cannot produce the
rule: “If X1 and X2 are both small or both large, classify as Ŷ = 1”
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Assessing the performance of Classifiers
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Agenda for Part II

Assessing performance of classification models
• Calibration plots

• Confusion matrices

• Sensitivity, Specificity, Accuracy, Precision, Recall

• Cost-based criteria

• ROC curves
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Assessing Classifier Performance

• We now have a bunch of different ways of estimating the conditional
probability (aka posterior probability, if we take a Bayes approach)

pk(x) = P(Y = k | X = x)

• Now we can start asking questions about whether the estimate
p̂k(x) is a good one, and whether it results is a good decision rule

• Let's start with the question:

Is p̂k(x) a good estimate of pk(x)?
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Are we doing a good job of estimating pk(x)?

Is p̂k(x) a good estimate of pk(x)?

• Why do we care?
◦ An email whose spam probability is p̂k(x) = 0.52 will get classified to

spam the same as an email whose spam probability is p̂k(x) = 0.999.
But one email is borderline, while the other is extremely likely to be
spam. This is important information.

◦ Whether to pursue suspicious insurance claim may depend on the
estimated probability that it's fraudulent and various cost-related factors

◦ Customer Lifetime Value (CLV) calculations require an estimate of the
probability that a customer will make a purchase
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Calibration plots

1 Bin the data according to p̂k(x): E.g., bins could be
[0, 0.1], (0.1, 0.2], . . . , (0.9, 1].

2 For each bin, calculate the proportion of observations in bin b that
had class Y = k

3 Plot the midpoints of the bins on the x-axis and the proportions
from Step 2. on the y-axis

• Note: Certain methods are obviously poorly calibrated. E.g., we
saw that linear regression can return negative values

• In such cases, a popular approach is to use the softmax
transformation

p̂∗
k = eŷk∑K

ℓ=1 êyℓ

These values at least all lie in [0, 1] and sum to 1
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Fig. 11.1: Left: A simulated two-class data set with two predictors. The solid
black line denotes the 50% probability contour. Right: A calibration plot
of the test set probabilities for random forest and quadratic discriminant
analysis models

For example, Fig. 11.1 shows a sigmoidal pattern such that the QDA model
under-predicts the event probability when the true likelihood is moderately
high or low. An additional model could be created to adjust for this pattern.
One equation that is consistent with this sigmoidal pattern is the logistic
regression model (described in Sect. 12.2). The class predictions and true
outcome values from the training set can be used to post-process the proba-
bly estimates with the following formula (Platt 2000):

p̂∗ =
1

1 + exp (−β0 − β1p̂)
(11.1)

where the β parameters are estimated by predicting the true classes as a
function of the uncalibrated class probabilities (p̂). For the QDA model, this
process resulted in estimates β̂0 = −5.7 and β̂1 = 11.7. Figure 11.2 shows the
results for the test set samples using this correction method. The results show
improved calibration with the test set data. Alternatively, an application of
Bayes’ Rule (described model is Sect. 13.6) can be similarly applied to recal-
ibrate the predictions. The Bayesian approach also improves the predictions
(Fig. 11.2). Note that, after calibration, the samples must be reclassified to
ensure consistency between the new probabilities and the predicted classes.

The RF is well-calibrated. The QDA model overestimates the true
probability when it's low, and underestimates it when it's high.

[source: Applied Predictive Modeling]
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Fig. 11.2: The original QDA class probabilities and recalibrated versions using
two different methodologies

Presenting Class Probabilities

Visualizations of the class probabilities are an effective method of commu-
nicating model results. For two classes, histograms of the predicted classes
for each of the true outcomes illustrate the strengths and weaknesses of a
model. In Chap. 4 we introduced the credit scoring example. Two classifi-
cation models were created to predict the quality of a customer’s credit: a
support vector machine (SVM) and logistic regression. Since the performance
of the two models were roughly equivalent, the logistic regression model was
favored due to its simplicity. The top panel of Fig. 11.6 shows histograms of
the test set probabilities for the logistic regression model (the panels indicate
the true credit status). The probability of bad credit for the customers with
good credit shows a skewed distribution where most customers’ probabili-
ties are quite low. In contrast, the probabilities for the customers with bad
credit are flat (or uniformly distributed), reflecting the model’s inability to
distinguish bad credit cases.

This figure also presents a calibration plot for these data. The accuracy of
the probability of bad credit degrades as it becomes larger to the point where
no samples with bad credit were predicted with a probability above 82.7%.
This pattern is indicative of a model that has both poor calibration and poor
performance.

When there are three or more classes, a heat map of the class probabilities
can help gauge the confidence in the predictions. Figure 11.4 shows the test
set results with eight classes (denotes A through I) and 48 samples. The

The QDA calibration curve looks S-shaped. The technical term to
describe this shape is: sigmoidal. We can try recalibrating by feeding the
p̂(x) into a logistic regression to predict yi, and then use the resulting
probabilities. In some cases this actually works.

[source: Applied Predictive Modeling]
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Evaluating Classifications
• Let's focus again on the binary classification setting:

◦ Y = 1: if the event happened
◦ Y = 0: if the event did not happen

• The primary building block of essentially all approaches to evaluating
a Classifier is the confusion matrix

254 11 Measuring Performance in Classification Models

Table 11.1: The confusion matrix for the two-class problem (“events” and
“nonevents.”The table cells indicate number of the true positives (TP ), false
positives (FP ), true negatives (TN), and false negatives (FN)

Predicted Observed
Event Nonevent

Event TP FP
Nonevent FN TN

Equivocal Zones

An approach to improving classification performance is to create an equivocal
or indeterminate zone where the class is not formally predicted when the
confidence is not high. For a two-class problem that is nearly balanced in the
response, the equivocal zone could be defined as 0.50± z. If z were 0.10, then
samples with prediction probabilities between 0.40 and 0.60 would be called
“equivocal.” In this case, model performance would be calculated excluding
the samples in the indeterminate zone. The equivocal rate should also be
reported with the performance so that the rate of unpredicted results is well
understood. For data sets with more than 2 classes (C > 2), similar thresholds
can be applied where the largest class probability must be larger than (1/C)+
z to make a definitive prediction. For the data shown in Fig. 11.4, if (1/C)+z
is set to 30%, then 5 samples would be designated as equivocal.

11.2 Evaluating Predicted Classes

A common method for describing the performance of a classification model
is the confusion matrix. This is a simple cross-tabulation of the observed
and predicted classes for the data. Table 11.1 shows an example when the
outcome has two classes. Diagonal cells denote cases where the classes are
correctly predicted while the off-diagonals illustrate the number of errors for
each possible case.

The simplest metric is the overall accuracy rate (or, for pessimists, the
error rate). This reflects the agreement between the observed and predicted
classes and has the most straightforward interpretation. However, there are a
few disadvantages to using this statistic. First, overall accuracy counts make
no distinction about the type of errors being made. In spam filtering, the cost
of erroneous deleting an important email is likely to be higher than incorrectly
allowing a spam email past a filter. In situations where the costs are different,

[source: Applied Predictive Modeling]
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Table 11.1: The confusion matrix for the two-class problem (“events” and
“nonevents.”The table cells indicate number of the true positives (TP ), false
positives (FP ), true negatives (TN), and false negatives (FN)

Predicted Observed
Event Nonevent

Event TP FP
Nonevent FN TN

Equivocal Zones

An approach to improving classification performance is to create an equivocal
or indeterminate zone where the class is not formally predicted when the
confidence is not high. For a two-class problem that is nearly balanced in the
response, the equivocal zone could be defined as 0.50± z. If z were 0.10, then
samples with prediction probabilities between 0.40 and 0.60 would be called
“equivocal.” In this case, model performance would be calculated excluding
the samples in the indeterminate zone. The equivocal rate should also be
reported with the performance so that the rate of unpredicted results is well
understood. For data sets with more than 2 classes (C > 2), similar thresholds
can be applied where the largest class probability must be larger than (1/C)+
z to make a definitive prediction. For the data shown in Fig. 11.4, if (1/C)+z
is set to 30%, then 5 samples would be designated as equivocal.

11.2 Evaluating Predicted Classes

A common method for describing the performance of a classification model
is the confusion matrix. This is a simple cross-tabulation of the observed
and predicted classes for the data. Table 11.1 shows an example when the
outcome has two classes. Diagonal cells denote cases where the classes are
correctly predicted while the off-diagonals illustrate the number of errors for
each possible case.

The simplest metric is the overall accuracy rate (or, for pessimists, the
error rate). This reflects the agreement between the observed and predicted
classes and has the most straightforward interpretation. However, there are a
few disadvantages to using this statistic. First, overall accuracy counts make
no distinction about the type of errors being made. In spam filtering, the cost
of erroneous deleting an important email is likely to be higher than incorrectly
allowing a spam email past a filter. In situations where the costs are different,

• In R (and often in practice), it's more natural to form confusion
matrices with the Non-event and Event labels swapped.

Observed
No Yes

Predicted
No TN FN
Yes FP TP

[source: Applied Predictive Modeling]
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The Confusion Matrix
254 11 Measuring Performance in Classification Models

Table 11.1: The confusion matrix for the two-class problem (“events” and
“nonevents.”The table cells indicate number of the true positives (TP ), false
positives (FP ), true negatives (TN), and false negatives (FN)

Predicted Observed
Event Nonevent

Event TP FP
Nonevent FN TN

Equivocal Zones

An approach to improving classification performance is to create an equivocal
or indeterminate zone where the class is not formally predicted when the
confidence is not high. For a two-class problem that is nearly balanced in the
response, the equivocal zone could be defined as 0.50± z. If z were 0.10, then
samples with prediction probabilities between 0.40 and 0.60 would be called
“equivocal.” In this case, model performance would be calculated excluding
the samples in the indeterminate zone. The equivocal rate should also be
reported with the performance so that the rate of unpredicted results is well
understood. For data sets with more than 2 classes (C > 2), similar thresholds
can be applied where the largest class probability must be larger than (1/C)+
z to make a definitive prediction. For the data shown in Fig. 11.4, if (1/C)+z
is set to 30%, then 5 samples would be designated as equivocal.

11.2 Evaluating Predicted Classes

A common method for describing the performance of a classification model
is the confusion matrix. This is a simple cross-tabulation of the observed
and predicted classes for the data. Table 11.1 shows an example when the
outcome has two classes. Diagonal cells denote cases where the classes are
correctly predicted while the off-diagonals illustrate the number of errors for
each possible case.

The simplest metric is the overall accuracy rate (or, for pessimists, the
error rate). This reflects the agreement between the observed and predicted
classes and has the most straightforward interpretation. However, there are a
few disadvantages to using this statistic. First, overall accuracy counts make
no distinction about the type of errors being made. In spam filtering, the cost
of erroneous deleting an important email is likely to be higher than incorrectly
allowing a spam email past a filter. In situations where the costs are different,

• Each cell is a count. The cells in total add up to n

• The diagonal entries are correct classifications
• The off-diagonal entries are classification errors

[source: Applied Predictive Modeling]
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What does it mean to have a good classifier?

254 11 Measuring Performance in Classification Models

Table 11.1: The confusion matrix for the two-class problem (“events” and
“nonevents.”The table cells indicate number of the true positives (TP ), false
positives (FP ), true negatives (TN), and false negatives (FN)

Predicted Observed
Event Nonevent

Event TP FP
Nonevent FN TN

Equivocal Zones

An approach to improving classification performance is to create an equivocal
or indeterminate zone where the class is not formally predicted when the
confidence is not high. For a two-class problem that is nearly balanced in the
response, the equivocal zone could be defined as 0.50± z. If z were 0.10, then
samples with prediction probabilities between 0.40 and 0.60 would be called
“equivocal.” In this case, model performance would be calculated excluding
the samples in the indeterminate zone. The equivocal rate should also be
reported with the performance so that the rate of unpredicted results is well
understood. For data sets with more than 2 classes (C > 2), similar thresholds
can be applied where the largest class probability must be larger than (1/C)+
z to make a definitive prediction. For the data shown in Fig. 11.4, if (1/C)+z
is set to 30%, then 5 samples would be designated as equivocal.

11.2 Evaluating Predicted Classes

A common method for describing the performance of a classification model
is the confusion matrix. This is a simple cross-tabulation of the observed
and predicted classes for the data. Table 11.1 shows an example when the
outcome has two classes. Diagonal cells denote cases where the classes are
correctly predicted while the off-diagonals illustrate the number of errors for
each possible case.

The simplest metric is the overall accuracy rate (or, for pessimists, the
error rate). This reflects the agreement between the observed and predicted
classes and has the most straightforward interpretation. However, there are a
few disadvantages to using this statistic. First, overall accuracy counts make
no distinction about the type of errors being made. In spam filtering, the cost
of erroneous deleting an important email is likely to be higher than incorrectly
allowing a spam email past a filter. In situations where the costs are different,

• Accuracy = (TP + TN)/n

• Misclassification rate = (FN + FP )/n = 1−Accuracy

• If FP and FN have the same cost, then our goal is to minimize the
Misclassification rate

• E.g., if Y ∈ {cat photo, dog photo}, we don't care if our error was
mistaking a cat for a dog or vice versa

• If Y ∈ {fraud, not fraud}, the cost of a FN (failing to catch fraud) is
typically much higher than the cost of a FP (further investigating a
false lead)
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What does it mean to have a good classifier?

• Suppose I tell you my classifier has 97% accuracy. Are you impressed?

• Well, what if Y ∈{wins lottery, does not win}?
◦ The chances that a ticket wins the Powerball lottery are way smaller

than 1% (they're 1 in 175,000,000)

◦ By classifying all tickets as “does not win”, we'd have an accuracy of
1 − 1/175,000,000 = 0.99999 . . .

◦ So a 97% accuracy in this case is actually really bad

• We must take the baseline probabilities (i.e., prior probabilities) of
each class into account when assessing performance
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Sensitivity, Specificity

• We're now going to look at ways of quantifying the performance of a
classifier that go beyond the simple notion of Accuracy

• Sensitivity: aka Recall

= #observations correctly classified to have the event
#observations that had the event

= TP

TP + FN

• Specificity: aka True Negative Rate (TNR)

= #observations correctly classified as non-events
#observations that did not have the event

= TN

TN + FP
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Sensitivity - Specificity trade-off

• A classifier with high Sensitivity is desirable when False Negatives
(e.g., failing to detect fraud) are more costly than False Positives
(flagging a case that turns out to be non-fraudulent)

• A classifier with high Specificity is desirable when False Positives
(convicting an innocent person of a crime) are more costly than False
Negatives (failing to convict a guilty person of a crime)

• Sensitivity and Specificity tend to move in opposite directions
◦ To increase Sensitivity, we can always flag more cases as potentially

fraudulent. But this would decrease Specificity because more non-fraud
cases would now be misclassified as fraud.
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An example: Marketing data
• The Marketing data set contains information on bank customers who
were contacted by marketers wanting them to open an account

• Y = “Yes” if the customer opened an account when contacted, “No”
otherwise

• Here's a confusion matrix obtained from fitting a logistic regression
model, and classifying Y = 1 if p̂(x) ≥ 0.25

Observed
Yes No

Predicted
Yes 121 234
No 916 7771

• n = 121 + 234 + 916 + 7771 = 9042
• Accuracy = (121 + 7771)/n = 87%
• Misclassification rate = (234 + 916)/n = 13%
• Prevalence = (121 + 916)/n = 11.5%
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Marketing data

Observed
Yes No

Predicted
Yes 121 234
No 916 7771

• n = 121 + 234 + 916 + 7771 = 9042
• Accuracy = (121 + 7771)/n = 87
• Misclassification rate = (234 + 916)/n = 13%
• Prevalence = (121 + 916)/n = 11.5%
• Sensitivity (Recall) = 121/(121 + 916) = 11.6%
• Specificity = 7771/(7771 + 234) = 97.1%
• So at the cutoff, p̂(x) ≥ 0.25, our classifier has low Sensitivity and

high Specificity
• This is not a good setting for marketing.
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Some other measures of performance
• Here are some other quantities that people have names for
• Positive Predictive Value (PPV):

= #observations correctly classified to have the event
#observations classified to have the event

= TP

TP + FP

• Suppose you take a diagnostic test for a disease. The PPV of the
diagnostic is the probability that you actually have disease when you
test positive.

• Negative Predictive Value: (NPV)

= #observations correctly classified as non-events
#observations classified as non-events

= TN

TN + FN

• Suppose you take a pregnancy test. The NPV is the probability that
you actually aren't pregnant given that the test comes up negative.

57 / 79



Cost-Based Criteria

• All of the criteria we've discussed so far take the form of counts and
proportions

• But many real world problems have real costs and benefits
• We may be interested in:

◦ Predicting which investments to make to maximize return
◦ Improving customer satisfaction through market segmentation
◦ Minimize costs associated with fraudulent transactions

• Suppose you work for a clothing retailer and are tasked with mailing
out promotional offers
◦ It costs you $2.00 to mail a promotion
◦ A customer who Responds to the promotion yields you an average gain

of $28.40

• We can use the confusion matrix now to calculate profit
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Simple profit calculation11.2 Evaluating Predicted Classes 261

Table 11.4: Left: A hypothetical test confusion matrix for a predictive model
with a sensitivity of 75% and a specificity of 94.4%. Right: The confusion
matrix when a mass mailing is used for all customers

Predicted Observed Observed
Response Nonresponse Response Nonresponse

Response 1, 500 1, 000 2,000 18,000
Nonresponse 500 17, 000 0 0

If the model accurately predicts a nonresponse, there is no gain or loss since
they would not have made a purchase and the mailer was not sent.4 However,
incorrectly predicting that a true responder would not respond means that
a potential $28.40 was lost, so this is the cost of a false-negative. The total
profit for a particular model is then

profit = $26.40TP − $2.00FP − $28.40FN (11.2)

However, the prevalence of the classes should be taken into account. The
response rate in direct marketing is often very low (Ling and Li 1998) so
the expected profit for a given marketing application may be driven by the
false-negative costs since this value is likely to be larger than the other two
in Eq. 11.2.

Table 11.4 shows hypothetical confusion matrices for 20,000 customers
with a 10% response rate. The table on the left is the result of a predicted
model with a sensitivity of 75% and a specificity of 94.4%. The total profit
would be $23,400 or $1.17 per customer. Suppose another model had the same
sensitivity but 100% specificity. In this case, the total profit would increase
to $25,400, a marginal gain given a significant increase in model performance
(mostly due to the low cost of mailing the promotion).

The right side of Table 11.4 shows the results when a mass mailing for all
the customers is used. This approach has perfect sensitivity and the worst
possible specificity. Here, due to the low costs, the profit is $16,800 or $0.84
per customer. This should be considered the baseline performance for any
predictive model to beat. The models could alternatively be characterized
using the profit gain or lift, estimated as the model profit above and beyond
the profit from a mass mailing.

With two classes, a general outline for incorporating unequal costs with
performance measures is given by Drummond and Holte (2000). They define
the probability-cost function (PCF ) as

4 This depends on a few assumptions which may or may not be true. Section 20.1
discusses this aspect of the example in more detail in the context of net lift modeling.

• It costs you $2.00 to mail a promotion
• A customer who Responds to the promotion yields you an average
gain of $28.40. This is a net gain of $26.40 (benefit of a TP).

• A customer who would have Responded but who you did not reach
out to thus loses you $28.40 (cost of a FN)

• Thus the strategy for the Left confusion matrix gives us a profit of:

profit = $26.40TP − $2.00FP − $28.40FN = $23,400

• If we mailed everyone (strategy on right), the profit would be $16,800
[source: Applied Predictive Modeling]
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Probabilities as ranking functions
• Suppose we have a probability estimate p̂(x)
• We can use p̂(x) to order the observations from most likely to have

the Event to least likely
i p̂(xi) yi

45 0.975 1
12 0.824 0
191 0.762 1
77 0.754 1
...

...
...

• We can think about how well p̂(x) performs by asking: When we
order the yi according to p̂(x), do most of the observations with
yi = 1 appear at the top of the list?

• A perfect ranking function will score all of the observations where
yi = 1 higher than those where yi = 0

• We're now going to discuss various approaches for visualizing how
well p̂(x) does at ranking observations
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ROC Curves
• As we vary our probability cutoff α, we get different classification
rules and hence different values of all of our performance metrics

• You can think of getting a different confusion matrix at each α
• It's useful to plot the values of various performance metrics as you
vary the cutoff α

• Perhaps the most widely used plot is the ROC Curve
11.3 Evaluating Class Probabilities 263
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Fig. 11.6: A receiver operator characteristic (ROC) curve for the logistic
regression model results for the credit model. The dot indicates the value
corresponding to a cutoff of 50% while the green square corresponds to a
cutoff of 30% (i.e., probabilities greater than 0.30 are called events)

tivity (60%) but decrease specificity (79.3%). Referring to Fig. 11.3, we see
that decreasing the threshold begins to capture more of the customers with
bad credit but also begins to encroach on the bulk of the customers with
good credit.

The ROC curve is created by evaluating the class probabilities for the
model across a continuum of thresholds. For each candidate threshold, the
resulting true-positive rate (i.e., the sensitivity) and the false-positive rate
(one minus the specificity) are plotted against each other. Figure 11.6 shows
the results of this process for the credit data. The solid black point is the de-
fault 50% threshold while the green square corresponds to the performance
characteristics for a threshold of 30%. In this figure, the numbers in paren-
theses are (specificity, sensitivity). Note that the trajectory of the curve
between (0, 0) and the 50% threshold is steep, indicating that the sensitivity
is increasing at a greater rate than the decrease in specificity. However, when
the sensitivity is greater than 70%, there is a more significant decrease in
specificity than the gain in sensitivity.

This plot is a helpful tool for choosing a threshold that appropriately
maximizes the trade-off between sensitivity and specificity. However, altering
the threshold only has the effect of making samples more positive (or negative

[source: Applied Predictive Modeling]61 / 79
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tivity (60%) but decrease specificity (79.3%). Referring to Fig. 11.3, we see
that decreasing the threshold begins to capture more of the customers with
bad credit but also begins to encroach on the bulk of the customers with
good credit.

The ROC curve is created by evaluating the class probabilities for the
model across a continuum of thresholds. For each candidate threshold, the
resulting true-positive rate (i.e., the sensitivity) and the false-positive rate
(one minus the specificity) are plotted against each other. Figure 11.6 shows
the results of this process for the credit data. The solid black point is the de-
fault 50% threshold while the green square corresponds to the performance
characteristics for a threshold of 30%. In this figure, the numbers in paren-
theses are (specificity, sensitivity). Note that the trajectory of the curve
between (0, 0) and the 50% threshold is steep, indicating that the sensitivity
is increasing at a greater rate than the decrease in specificity. However, when
the sensitivity is greater than 70%, there is a more significant decrease in
specificity than the gain in sensitivity.

This plot is a helpful tool for choosing a threshold that appropriately
maximizes the trade-off between sensitivity and specificity. However, altering
the threshold only has the effect of making samples more positive (or negative

Each point on the curve corresponds to the value of (1−Specificity,
Sensitivity) calculated at a particular choice of cutoff α

[source: Applied Predictive Modeling]
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ROC

• The diagonal is the ROC you would get from randomly picking
proportion πk of the observations to classify to class k

• Higher ROC is better
• The perfect classifier has (1 − Specificity, Sensitivity) = (0, 1)
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Area under the curve

• The AUC is the area under the ROC curve

• AUC has a nice interpretation: The AUC is the probability that the
classifier will rank a randomly selected observation where yi = 1
higher than a randomly selected observation where yi = 0

• What is the AUC of the perfect classifier?
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Precision-Recall curves

• Precision: TP/(TP + FP ) (aka, PPV)
• Recall: TP/(TP + FN) (aka, Sensitivity)
• Precision @50% Recall is a common performance metric

[source: Introduction to Information Retrieval, Manning et al.]
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Lift charts
• Lift charts are kind of like ROC curves, but may be more useful
depending on the application

266 11 Measuring Performance in Classification Models
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Fig. 11.7: An example lift plot with two models: one that perfectly separates
two classes and another that is completely non-informative

to all customers. Using the lift plot, the expected profit can be calculated
for each point on the curve to determine if the lift is sufficient to beat the
baseline profit.

11.4 Computing

The R packages AppliedPredictiveModeling, caret, klaR, MASS, pROC, and
randomForest will be utilized in this section.

For illustration, the simulated data set shown in Fig. 11.1 will be used in
this section. To create these data, the quadBoundaryFunc function in the Ap-
pliedPredictiveModeling package is used to generate the predictors and out-
comes:

> library(AppliedPredictiveModeling)
> set.seed(975)
> simulatedTrain <- quadBoundaryFunc(500)
> simulatedTest <- quadBoundaryFunc(1000)
> head(simulatedTrain)

X1 X2 prob class
1 2.4685709 2.28742015 0.9647251 Class1
2 -0.1889407 -1.63949455 0.9913938 Class1

• y-axis: Recall (Sensitivity)
• x-axis: #{i : p̂(xi) > α}/n = (FP + TP )/n

[source: Applied Predictive Modeling]
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Lift charts
272 11 Measuring Performance in Classification Models
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Fig. 11.9: Examples of lift and calibration curves for the random forest and
QDA models

family argument to specify the type of outcome data being modeled. Since
our outcome is a discrete category, the binomial distribution is selected:

> ## The glm() function models the probability of the second factor
> ## level, so the function relevel() is used to temporarily reverse the
> ## factors levels.

• In this example, of the top 40% of observations ordered according to
p̂(x), essentially all of them have yi = 1. This is great!

[source: Applied Predictive Modeling]67 / 79



How do we pick the best classifier?
You can overlay the ROC curves from a bunch of different methods.
Here's a facial recognition example. [source: cmusatyalab/openface GitHub]

• The DeepFace Ensemble method is amazing
• The proposed method, OpenFace nn4.small2.v1 does really well. Its
ROC curve is the solid black line.
◦ 10 grey curves are Test Fold ROC curves from 10-Fold CV
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It depends on what region of the curve you care most about.
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Example: Cancer diagnosis

We can think of two settings: Screening, and Referred examinations
• Screening: E.g., we want annual screening of all people above age 40

◦ Most people we test will not have cancer (high ratio of non-Events to
Events)

◦ Cost(False positives)/Cost(False negatives) moderate or high
◦ Focus on: performance at High Specificity (small x-axis values)

• Referred examination: E.g., you're exhibiting symptoms and your
doctor feels a bump under your skin, and refers you for a biopsy to
get it tested for cancer
◦ Many referred individuals will have cancer (low or equal ratio of

non-Events to Events)
◦ False negatives are really costly
◦ Focus on: performance at High Sensitivity (high y-axis values)
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Putting confidence bands on ROC curves
• We like putting standard error bars on our curves so that we can
visually discern which trends/differences are statistically significant
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Using Cross-validation
• In the Prediction setting, we focussed entirely on MSE as our
performance metric

• To validate our model, we would use K-Fold CV to estimate the Test
MSE

• In the Classification setting, there are many metrics out there. The
set I presented is by no means exhaustive.

• To estimate Test performance:
1 Pick a metric (E.g., Accuracy, profit, AUC, Sensitivity @x% Specificity,

Precision @x% Recall, etc.)
2 Calculate the metric on each fold of K-fold CV
3 Average over all of the folds

• For ROC and Precision-Recall curves, you may want to show the
curve you get from each Test fold. This gives a visual representation
of the variability of the curve estimates.
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Takeaways
• In the Prediction setting, we focussed entirely on MSE as our
performance metric

• There are other options out there, but MSE is by the far the most
widely accepted

• In the Classification setting, there are many metrics out there. The
set I presented is by no means exhaustive.

• Whatever criterion it is we wish to maximize (e.g., Accuracy, profit,
Sensitivity @x% Specificity, Precision @x% Recall, etc.), we can use
Cross-validation to estimate the Test set performance according to
this metric

Main takeaway:
Classification is way more interesting than Prediction.
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