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ABSTRACT

This study addresses the problem of thermal stress development in bulky specimens during cryopreservation via
vitrification (vitreous means glassy in Latin). While this study is a part of an ongoing effort to associate the de-
veloping mechanical stress with the relevant physical properties of the cryopreserved media and to its the ther-
mal history, the current paper focuses exclusively on the role of temperature gradients. Temperature gradients
arise due to the high cooling rates necessary to facilitate vitrification; the resulting nonuniform temperature dis-
tribution leads to differential thermal strain, possibly resulting in cracking. The cooling rate is assumed constant
on the outer surface in this study, and the material properties are assumed constant. It is demonstrated that un-
der these assumptions, mechanical stress develops only when the temperature distribution in the specimen ap-
proaches thermal equilibrium at a cryogenic storage temperature. It is shown that the maximum possible stresses
for a given cooling rate can be computed with a simple thermoelastic analysis; these stresses are associated with
cooling to sufficiently low temperatures, and are independent of the variation of viscosity with temperature. An-
alytic estimates for these stresses are obtained for several idealized shapes, while finite element analysis is used
to determine stresses for geometries used in cryopreservation practice. Stresses that develop under a wider range
of storage temperatures are also studied with finite element analysis, and the results are summarized with suit-
able normalizations. It is found that no stresses arise if cooling ceases above the set temperature, which defines
the transition from viscous-dominated to elastic-dominated behavior; the set temperature is determined princi-
pally by the dependency of viscosity upon temperature. Strategies for rapidly reaching low temperatures and
avoiding high stresses are inferred from the results.

INTRODUCTION

SINCE THE ADVENT of transplantation science,
cryopreservation has been recognized as a

highly desirable method for facilitating avail-
ability of the highest quality material. This goal
has been achieved in some cellular systems, but
extrapolation to organized tissues and organs
is fraught with additional problems that have
only recently been addressed. Application of
the principles of cryobiology to the growing
needs of the emerging tissue engineering field,
for example, tissue-engineered blood vessels,
has emphasized the need for greater under-
standing of the fundamentals of low-tempera-

ture preservation as they apply to three-di-
mensional multicellular tissues. In particular,
an understanding of the thermomechanical
stresses that arise during cryopreservation of
complex biological systems, and their tendency
to cause fracture, is crucial for the development
of improved methods of storage. This impor-
tant aspect of cryobiology has thus far received
little attention, whereas the basic tools neces-
sary for the study of these fundamental prob-
lems have not been available.

Most theoretical studies of the development
of mechanical stress during cryopreservation
have presumed an elastic response in the tis-
sue.1–5 This assumption could be justified in the
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case of tissue crystallization, which is not typ-
ical in cryopreservation. In the case of a tissue
permeated with a cryoprotective agent (CPA)
and cooled at a sufficiently high rate, crystal-
lization can potentially be avoided; instead, the
material transitions to glass as it undergoes a
steady but dramatic increase in viscosity. Glass
transition in the context of cryopreservation is
typically referred to as vitrification, where “vit-
reous” in Latin means glass. However, pure vit-
rification can only be associated with pure
CPAs, while in the tissue–CPA system partial
vitrification is expected, and the quality of vit-
rification is the subject matter of many cryobi-
ology studies.6–8 Analysis of mechanical stress
during vitrification has been paid very little at-
tention over the years, and only recent studies
have begun to address modeling and worst
case scenarios of mechanical stress during cryo-
preservation via vitrification.9–12 The resulting
mechanical stresses during vitrification can po-
tentially exceed the strength of the material,
leading to its fracturing, which is a significant
barrier to the cryopreservation of three-dimen-
sional multicellular tissues.

While the quality of cryopreservation is 
dependent on the level of mechanical stress 
developed in the tissue, vitrification as an al-
ternative to cryopreservation has several po-
tential advantages from the biological stand-
point.6,7,13,14 Here, ice crystallization can be
avoided, which is known to be the cornerstone
of cryoinjury. No appreciable degradation oc-
curs over time in living matter trapped within
a vitreous matrix, and vitrification is poten-
tially applicable to all biological systems. How-
ever, vitrification is associated with a high CPA
concentration, which is potentially very toxic,
and CPA cocktails are currently studied by var-
ious research groups to overcome this obstacle.
Other difficulties with vitrification are known
to be associated with uniform permeation of
the tissue with the CPA.

The current study represents another step in
an ongoing effort to develop tools to quantify
mechanical stress and the propensity for frac-
ture during vitrification. Previous work fo-
cused on the consequences of constraining the
thermal contraction of the vitrifying specimen;
theoretical and experimental studies of a CPA
droplet vitrifying on a substrate gave insight

into the role of viscosity and the level of strain
at which vitrified CPA may crack.12 The con-
straining effect of vial walls on the thermal con-
traction of the contained CPA medium was
later studied and used to rationalize crack
propagation patterns in the CPA.10 Also re-
cently, the potential effect of partial vitrifica-
tion and partial crystallization on cracking was
investigated,11 including its dependency on
various mechanical properties of the CPA. The
current study sets aside effects of constraint
and inhomogeneity in properties and ad-
dresses exclusively the effect of temperature
gradients on stress and cracking in a homoge-
neous region of CPA. Significant temperature
gradients arise when a specimen of a signifi-
cant size is cooled from outside in and become
increasingly severe as the cooling rate in-
creases.

The current report starts with a presentation
of the material model used, including the im-
portant variation in viscosity by over 12 orders
of magnitude during vitrification. Next, the re-
cently presented concept of the “set tempera-
ture” is reviewed; this temperature represents
the transition from viscous to elastic domi-
nance of straining that is associated with
rapidly rising viscosity. It is shown in the cur-
rent study that the effect of temperature gradi-
ents is fully captured with merely an elastic
analysis, if the specimen is cooled to well be-
low the set temperature. Elastic analysis is then
applied to several cases, including close-form
solutions for idealized shapes, and finite ele-
ment analysis (FEA) for more complex geome-
tries. From the close-form solutions, size limi-
tations to avoid fractures, which depend on
cooling rate, are identified. Finally, cooling to
temperatures in the vicinity of the set temper-
ature, which must account for both viscous and
elastic responses, is studied numerically.

MATERIAL MODEL AND 
SOLUTION TECHNIQUES

The cryopreserved medium is assumed to
have uniform and isotropic physical properties,
with the only exception of the viscosity, which
is the key property associated with vitrification.
The viscosity of CPAs is largely unknown, but
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limited data is available on DMSO, which is the
key ingredient in many CPA cocktails. The vis-
cosity of DMSO at various molar concentra-
tions has been measured in the temperature
range of 20°C to �45°C with falling ball vis-
cometry;15 the authors are unaware of viscos-
ity measurements of DMSO at lower tempera-
tures. While the physical properties of DMSO
are concentration dependent, a reference con-
centration of 7.05 M DMSO has been selected
in the current study. This concentration has
been demonstrated to have similar physical
properties to two CPA cocktails currently un-
der investigation in parallel studies: DP6 (3 M
DMSO, 3 M propylene glycol, and 2.4 g/l
HEPES in EuroCollins solution) and VS55 
(3.1 M DMSO, 2.2 M propylene glycol, 3.1 M
formamide, and 2.4 g/l HEPES in EuroCollins
solution).12,16,17 Nevertheless, results presented
in the current study are rather general, and the
conclusions presented in the current study are
not limited to a specific CPA and concentration.

The viscosity of DMSO in the temperature
range of interest (in the vicinity of the glass
transition temperature, Tg) is orders of magni-
tude higher than that in the range of available
experimental data.15 While Tg is commonly
measured with differential calorimetry tech-
niques (DSC), an alternative definition of glass
transition is the temperature at which the vis-
cosity reaches a value of 1012 Pa-s (1013 Poise).
In the absence of viscosity data on cryoprotec-
tants at low temperatures, the following func-
tional behavior is assumed in the current
study:15

�(T) � �0 exp� � [Pa � s]; 

�0 � 1012 exp� � (1)

where � is the shear viscosity, and the para-
meters b � 8.607 K and T0 � 111.1 K are se-
lected to best fit the available experimental data
on 7.05 M DMSO at higher temperatures,12 and
the glass transition temperature was taken to be
�132°C, measured with DSC for 7.05 M DMSO.16

In uniaxial tension, the CPA is modeled with
a simple viscoelastic law of the form:

�̇ � � � � (2)
dT
�
dt

�
�
3�

d�
�
dt

1
�
E

�b
�
Tg � T0

b
�
T � T0

where �̇ is the strain rate, � is the stress, E is
the Young’s modulus, and � is the coefficient
of thermal expansion. This model describes the
total strain rate as a linear superposition of
[from left to right in Eq. (2)] the elastic strain
rate, the viscous strain rate, and the thermal
strain rate.18 The uniaxial stress–strain behav-
ior is generalized to multiaxial stresses assum-
ing an isotropic response; the viscous strains
are assumed to be incompressible, and the
transverse elastic strains are based on a Pois-
son ratio �. For all numerical solutions the fol-
lowing parameters were used: E � 1 GPa, � �
0.2, and � � 2 � 10�4 K�1. The Poisson ratio, �,
would describe the behavior at low tempera-
tures when viscous flow has ceased, and the
CPA has solidified and become highly brittle;
the value chosen is typical of glass and other
brittle materials.19 For simplicity, the variation
in the thermal expansion � with tempera-
ture,16,20 which was accounted for in earlier
studies, is neglected here; � � 2 � 10�4 K�1 is
a representative value at cryogenic tempera-
tures. Preliminary data from experiments (un-
published) on the flow of DMSO near glass
transition are consistent with the simple com-
bination of linear elastic and Newtonian vis-
cous behavior.

While the elastic solutions presented below
for idealized geometries are based on exact
closed-form solutions, solutions to more com-
plex geometries and to viscoelastic problems
were obtained using the general purpose finite
element program, ANSYS 8.1. For axi-sym-
metric problems, elements of type Plane183
were used; for fully 3D problems, 20-noded
SOLID186 brick elements were used. In calcu-
lations that account for the viscous deforma-
tion, special steps were taken to accommodate
the variation in viscosity over many orders of
magnitude within the simulated temperature
range as discussed previously.10,11

TRANSITION FROM VISCOUS TO
ELASTIC STRAIN REGIME

In a previous experimental study,12 droplets
of CPA were cooled on a very stiff substrate to
low temperatures at which fractures occurred.
Due to the higher thermal expansion of the
CPA compared to the substrate, the CPA
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droplet develops tensile stress. The droplet was
modeled as a circular thin film; under this as-
sumption, the stresses are equi-biaxial and uni-
form. The resulting stress in the CPA can be de-
termined by integrating Equation (2), adapted
for biaxial stress, using the viscosity as a func-
tion of temperature given in Equation (1). The
resulting stress is presented in Figure 1, along
with the viscosity as a function of temperature.
It can be seen from Figure 1 that the stress in
the droplet remains negligible at higher tem-
peratures. Eventually, the stress increases and
becomes linear with decreasing temperature,
when the viscosity becomes sufficiently high.
The set temperature is defined as the tempera-
ture obtained by back extrapolating from the
linear portion of stress down to a zero stress
value, as illustrated in Figure 1.

Based on the strain rate relationship pre-
sented in Equation (1), the set temperature can
be estimated as the temperature at which the
effects of viscous strain rate and elastic strain
rate are similar in magnitude; this has been
shown to take place when:12

P � 3 �
H

E
� � 1 (3)

where H is the cooling rate. For a baseline case
of E � 1 GPa and H � 1°C/min, one finds P
equal to 0.988. Table 1 presents a comparison
of set temperatures obtained in two ways: (1)
by direct integration of Equation (2) for a thin
film of CPA and back extrapolation, as illus-
trated in Figure 1, and (2) by using the estimate

d�
�
dT

presented in Equation (3), based on P � 0.988.
Good agreement is found between the two
methods of calculation. The set temperature is
found to be a relatively weak function of E and
H, due to the strong dependence of viscosity
on temperature. Either way, given the viscos-
ity function of Equation (1) and the associated
parameters b and T0, the set temperature is
found to be within a relatively narrow range,
at least over the range of cooling rates relevant
to cryopreservation and for the plausible range
of elasticity modulus for CPA.12

It has thus been established that the set tem-
perature is a useful indicator of the relative con-
tributions to deformation. Well above the set
temperature, the elastic strain rate is insignifi-
cant, and the material behaves practically as a
fluid. By contrast, well below the set tempera-
ture, the viscous strain is insignificant, and the
material behaves practically as an elastic solid.
This transition in behavior is critical to ratio-
nalizing two distinct responses to the temper-
ature gradients induced by the cooling proto-
col.

The effect of cooling is captured in this study
through a simple thermal history: a constant
cooling rate on the specimen’s outer surface,
starting from a uniform initial temperature 
distribution, down to a prescribed storage 
temperature; the outer surface temperature re-
mains constant thereafter. With temperature-
independent properties, a quasi-steady distri-
bution of temperature is reached during the
period of cooling, with the temperature at all
points decreasing at the same constant rate as
the outer surface. If this steady distribution is
achieved during sufficiently high tempera-
tures, no stresses will exist in the material as it
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FIG. 1. Temperature-dependent viscosity used in the
current study, and the resulting stress in a thin film of
CPA.

TABLE 1. COMPARISON OF THE SET TEMPERATURE

Calculated by back extrapolation of the linear portion
of stress with temperature for constrained thin film of 
cryoprotectant, Tset film (see also Fig. 1), and approximated
based on p � 0.988 in Eq. (3), Tset,P � 0.988.

H, °C/min E, GPa Tset film Tset, P � 0.988

1 10 �130.6 �130.6
1 100 �132.3 �132.3
1 1000 �133.6 �133.8
10 1 �126.5 �126.6
100 1 �124.1 �124.1
1000 1 �121.1 �121.4
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is cooled steadily to arbitrarily low tempera-
tures, since the thermal strains are decreasing
uniformly in space. Once the temperature at the
outer surface reaches the storage temperature
and is held constant, the temperature distribu-
tion in the domain gradually equilibrates to-
ward a uniform final temperature distribution
(the term “thermal equilibrium” is used in the
text below in reference to a uniform tempera-
ture distribution in the domain, equal to the
storage temperature). If this storage tempera-
ture is well below the set temperature, then
upon approaching thermal equilibrium, the
body will develop stresses that correspond to
the thermoelastic problem of transitioning
from the nonuniform, stress-free temperature
distribution, associated with the constant cool-
ing rate, to the final uniform temperature dis-
tribution. However, if the storage temperature
is nearer to the set temperature, the deforma-
tions associated with temperature equilibration
includes viscous and elastic strains occurring
simultaneously, which must both be included
in the analysis.

Figure 2 presents results of a representative
process of cooling a bag of CPA well below the
set temperature. While the specific parameters
of the particular case are described in detail be-
low (in the Numerical Solutions for Practical
Shapes section), Figure 2 is discussed here in a
qualitative manner only, for the purpose of
identifying the effects of quasi-steady cooling
(constant cooling rate) and equilibration of
temperature. A cross-section of the CPA con-
taining bag is illustrated in the inset of Figure
2, where the geometrical center point A and a
point on the surface B are identified. As dis-
cussed above, stresses only begin to rise when
cooling of the outer surface ceases and is held
at constant temperature thereafter; these
stresses are dictated by the elastic response of
the material during the subsequent thermal
equilibration.

ANALYSIS OF ELASTICITY BELOW THE
SET TEMPERATURE

Analytical results for ideal shapes of an infi-
nite plate, an infinite cylinder, and a solid
sphere are presented in the next subsection.

Numerical results for the more practical shapes
of a finite cylinder (representing a vial of CPA)
and two pillow-like shapes (representing a bag
of CPA) are presented in the following subsec-
tion.

Analytic solutions for ideal shapes

For the ideal shapes, the temperature distri-
bution during steady cooling and the stress dis-
tribution after thermal equilibration are de-
pendent on a single coordinate. The
temperature distribution is given by:

� �xn � (4)

where � is the thermal diffusivity (k/�cp), t is
the time and, x is the relevant coordinate, and
n equals 0, 1, and 2 for the Cartesian, cylindri-
cal, and spherical geometry, respectively.
Equation (4) is subject to the boundary condi-
tion of:

T(�) � � Ti � Ht 0 � t � (Ti � Ts)/H

Ts (Ti � Ts)/H � t
(5)

where � is the outer surface, Ts is the storage
temperature, Ti is the initial temperature, and
H is the cooling rate.

The solutions to the ideal shapes subject to
zero normal and shear stresses at the bound-
ary, are given by Boley and Weiner21 for an ar-

	T
�
	x

	
�
	x

1
�
xn

	T
�
	t

1
�
�
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FIG. 2. Representative thermal and stress histories for
cooling a pillow-like rectangular bag (Fig. 3) containing
CPA; the inset schematically illustrates a cross-section of
the bag, where A is the geometrical center point.
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bitrary function of temperature; in those solu-
tions, the stresses are zero at an initial uniform
temperature. In the current study, however, the
initial stress distribution is zero, while the ini-
tial temperature distribution is nonuniform,
corresponding to the quasi-steady temperature
distribution resulting from Equations (4)–(5);
stresses develop only as the temperature dis-
tribution equilibrates to the storage temperature,
as described above. Hence, the final stress dis-
tributions are identical in magnitude, but nega-
tive in sign, to the stress distributions obtained
by substituting the solutions to Equations (4)–(5)
for the temperature distribution into the equa-
tions presented by Boley and Weiner.21

It can be seen from Equation (4) that if the
cooling rate is constant, the temperature distri-
bution is parabolically dependent on x, and the
maximum temperature difference is dependent
on d squared:


T � f (6)

where the coefficient f is listed in Table 2. The
characteristic length is the thickness for an in-
finite plate, and the diameter for a sphere and
an infinite cylinder.

The order of magnitude of temperature dif-
ferences that can be produced may be deduced
as follows. The thermal conductivity, k, of 7.05
M DMSO at 273 K is 0.2 W/m-K,22 while its
value at very low temperatures is unknown;
this value can impact the result substantially.
Since DMSO is a water-based solution, and
since the thermal conductivity of water in-
creases exponentially with decreasing temper-
ature,23 a similar dependency might be as-
sumed for DMSO.10 Thus, the thermal
conductivity of DMSO is assumed to be simi-
lar to that of ice, but shifted down to agree with
the thermal conductivity value of DMSO at 273
K. It follows that the actual values for conduc-
tivity plausibly lies in the range of 0.2 W/m-K

Hd2
�

�

and 6.5 W/m-K.10 The density and specific heat
are given representative values of 1100 kg/m3

and 2400 J/kg-K.10 For the case of a cylinder,
for example (f � 1/16), a temperature difference
of 25°C is produced for a vial diameter of 25
mm, cooling rate of 45°C/min, and thermal
conductivity of 3 W/m-K; this case is studied
below. Note that a much more substantial tem-
perature difference would arise with the same
cooling rate at higher temperatures, when the
thermal conductivity is lower. While the un-
derlying assumption that a steady-state tem-
perature distribution is achieved might be
questioned with such large temperature differ-
ences, the consequences of relaxing this as-
sumption are left for future studies.

The maximum tensile stress corresponds to
the in-plane stress for the plate, the axial stress
for the cylinder, and the circumferential stress
for the sphere; in all shapes, the stress is max-
imum at the geometric center of the domain.
From the equations in ref. 21, the resulting max-
imum stresses for these ideal shapes can be pre-
sented in the form:

�max � g (7)

where the coefficient g is listed in Table 2 for
various geometries.

Numerical solutions for practical shapes

To test its accuracy, FEA was applied to the
prediction of the stresses in a plate and a sphere,
subject to a constant cooling rate. This analysis
predicted stresses that differed from the analyt-
ical result of Equation (7) by only 0.3% and 0.1%,
respectively. With these reassuring results, FEA
was applied to the pillow-like shapes illustrated
in Figure 3, and to two cases of finite cylinders
having length-to-diameter ratios of 9/5 (consis-
tent with the vial used for prior studies24) and
1 (designated as the squat cylinder). Circular
and rectangular pillow-like shapes were mod-
eled as having maximum thickness 2h, with par-
abolic surfaces of the form:

z � �1 � � �
2

� (8)

z � �1 � � �
2

��1 � � �
2

� (9)y
�
Ly

x
�
Lx

h
�
2

r
�
R

h
�
2

E�
T
�
1 � �
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TABLE 2. COEFFICIENTS FOR MAXIMUM TEMPERATURE

DIFFERENCE AND MAXIMUM STRESS, EQS. (6), (7)

Plate Cylinder Sphere

f 1/8 1/16 1/24
g 1/3 1/20 2/50



as illustrated in Figure 3. For heart valve cryo-
preservation, reasonable values of 2Lx � 122
mm, 2 Ly � 85 mm, and h � 13 mm, were se-
lected. Since the rectangular pillow-like bags
are sealed in various ways to produce different
ratios of Ly/Lx, and for purpose of simplicity in
this study, only the square case of 2Lx � 122
mm, 2 Ly � 122 mm, and h � 13 mm is consid-
ered. The circular pillow (R � 61 mm, and h �
13 mm) is given here for comparison purposes
only, which has no direct application to cryo-
preservation.

The infinite cylinder solution overpredicts
the maximum temperature difference in the
vial by 3%, and the infinite flat plate solution
overpredicts the maximum temperature differ-
ence in the rectangular pillow by 7%; the latter
solution overpredicts the maximum tempera-
ture difference in the circular pillow by 1%. The
maximum temperature difference in the squat

cylinder is between the predictions of an infi-
nite cylinder and a sphere having the same
radii. Comparisons for the maximum stress,
normalized by E�
T/(1 � �), are listed in
Table 3, where the temperature difference 
T
was taken from FEA. For the most part, maxi-
mum stresses from the idealized shapes serve
as reasonable approximations for those found
from the more realistic shapes. One exception
is the pillow-like shapes, where the predicted
stresses are up to 50% higher than the corre-
sponding flat plate solution.

Critical characteristic length for fracture

It is commonly accepted that fracture is more
likely to occur when the cooling rate is higher
and the cryopreserved specimen is larger; this
is consistent with the stress dependency ex-
hibited in Equations (6)–(7). Quantitative esti-
mates of the propensity for fracture can be ob-
tained if the maximum tensile stress reached is
compared with the critical stress for fracture
�crit. Alternatively, the critical characteristic
length, dcrit, above which the specimen is likely
to fracture, can be calculated from:

dcrit � 	




 (10)

To gain insight into the critical characteristic
length of the ideal shapes, Equation (10) was
evaluated and the following material proper-
ties were applied. Based on experiments and
analysis of the spontaneous fracture of a thin
film of DMSO on a cooling substrate,12 a criti-
cal stress of 3.2 MPa was assumed; this corre-
sponded to an elastic modulus value of 1 GPa,
to which the inferred critical stress is propor-
tional.

�crit�
E

�
�
�H

1 � �
�

fg
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FIG. 3. Schematic illustration of pillow-like shapes an-
alyzed by FEA: (A) Cross-section of the pillow, (B) top
view of a circular pillow, Equation (8), and (C) top view
of a rectangular pillow, Equation (9).

TABLE 3. MAXIMUM STRESS NORMALIZED BY E�
T/(1 � �) 

Comparison of FEA predictions and analytical results by Eq. (7) for an
infinite cylinder, �ic, sphere, �s, and an infinite plate, �ip. Axial stress is
maximum for vial and squat cylinder; in-plane stress is maximum for the
pillow-like shapes.

Configuration FEA Ideal shape approximation

Vial (h/day � 9/5) 0.52 �ic � 0.5
Squat cylinder (h/day � 1) 0.43 �ic � 0.5, �s � 0.4
Pillow (square) 0.48 �ip � 0.33
Pillow (circular) 0.45 �ip � 0.33

A

B C
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Figure 4 presents the critical characteristic
length as a function of the cooling rate, for the
ideal shapes, and for two extreme values of
thermal conductivity, k � 0.2 W/m-K and 6.5
W/m-K. It can be seen from Figure 4 that the
critical characteristic length is strongly depen-
dent upon the thermal conductivity. For ex-
ample, for a cooling rate of 20°C/min, the crit-
ical characteristic length varies by an order of
magnitude from 10 mm to 100 mm. It can fur-
ther be seen that a spherical shape generates
the lowest stress, and that an infinite plate gen-
erates the highest stress, out of the three cases
under consideration; thus, the former permits
a greater critical size then the latter. However
the thermal conductivity effect overwhelms the
shape effect, in the range of properties studied
here. For each set of conditions, the critical
characteristic length is inversely proportional
to the square root of the cooling rate, Equation
(8).

STRESSES UPON COOLING TO
INTERMEDIATE TEMPERATURES

The discussion now turns to the effect of the
storage temperature on stress. Thus far, the
specimen was presumed to be cooled at a con-
stant cooling rate to well below the set tem-
perature, where the viscosity is effectively in-

finite. If cooling of the specimen is to be halted
at higher temperatures, in the vicinity of the set
temperature, the resulting stresses would be
lower.

Figure 5 presents results for a finite cylinder
representing a vial, with a 25°C temperature
difference between the outer surface and the
center during steady cooling. The axial stress
�z is plotted in Figure 5 for several radial loca-
tions across the central plane of the vial as a
function of the storage temperature; this is the
stress reached when the distribution through-
out the volume has effectively equilibrated to
the storage temperature. (After a very long pe-
riod of time, the stresses would relax to zero if
storage temperature were not sufficiently low.)
Notice that no stress develops if the storage
temperature is too high. In addition, all stresses
approach asymptotically the values corre-
sponding to fully elastic stress development
(addressed in the previous section) if the stor-
age temperature is sufficiently low.

Note that stresses begin to rise only when the
storage temperature reaches �127.0°C. For the
cooling rate that produces a 25°C difference in
the vial (H � 45°C/min), and for an elastic
modulus of 1 GPa, the set temperature was de-
termined from Equation (3) to be �125.0°C.
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FIG. 4. Critical characteristic length as a function of the
cooling rate for extreme values of thermal conductivity of
0.2 W/m-K and 6.5 W/m-K (corresponding to a critical
stress level of 3.2 MPa, taken from Boley and Weiner12).

FIG. 5. Axial stress at the mid-height of a finite cylinder
after it reaches thermal equilibrium, as a function of the
storage temperature. The various curves represent the
stress at several radial locations, where the cylinder height
is 45 mm, its diameter is 25 mm, the cooling rate is
45°C/min, and the maximum temperature difference
across the cylinder is 25°C.
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Thus, the set temperature determined for a thin
film on a substrate12 has relevance to the cur-
rent, quite distinct but technologically impor-
tant, problem of stress development due to
temperature gradients in a vial. Note that the
center point in the domain has the highest ten-
sile stress regardless of the final temperature.
The same behavior is observed for the cases of
the plate and the sphere (Figs. 6 and 7). Using
the appropriate cooling rates of 50°C/min and
66°C/min, the set temperature is determined
to be �124.9°C and �124.6°C for the plate and
sphere, respectively; therefore, it is not sur-
prising that the stress tends to rise from zero at
approximately the same temperature of
�127°C. For the purpose of a more detailed
analysis, a “transition temperature” is defined
in the current study as the storage temperature
at which the stress first begins to rise notice-
ably upon thermal equilibration. While the
transition temperature cannot be quantified
precisely, it approximately equals �127°C in
the current case, which is a few degrees below
the set temperature. One could expect the
stresses to depend on the temperature differ-
ence between the storage temperature and the
transition temperature, as well as on the max-
imum temperature difference within the body
during constant cooling.

To allow one to approximate stress for in-
termediate storage temperatures, while avoid-
ing the need to repeatedly perform full scale
viscoelastic calculations, which are computa-
tionally expensive, results are replotted in Fig-
ure 8 as normalized stress versus dimension-
less storage temperature. Here, the stress is
normalized by its elastic value, corresponding
to the same geometry and same temperature
difference between inside and outside. The di-
mensionless storage temperature is defined as:

	 � (12)

where Ttrans is the transition temperature, 
Tstorage is the storage temperature, and 
T is
the maximum temperature difference during
steady cooling. The dimensionless storage
temperature indicates the extent to which the
body is cooled below transition, relative to the
temperature difference between the outside
and inside during steady cooling. At 	 � 1, the
center point of the domain (the point for which
stresses are presented) reaches transition just
as the steady cooling ceases. The maximum
temperature difference during constant cooling
is 25°C for all the cases shown in Figure 8.
While the curves for the different cases pre-
sented in Figure 8 differ in details, they display

Ttrans � Tstorage��

T
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FIG. 6. In-plane stress in an infinite plate after it reaches
thermal equilibrium, as a function of the storage temper-
ature. The various curves represent the stress at several
distances from the plate centerline, where the plate thick-
ness is 2.5 mm, the cooling rate is 50°C/min, and the max-
imum temperature difference across the plate is 25°C.

FIG. 7. Circumferential stress in a sphere after it reaches
thermal equilibrium as a function of the storage temper-
ature. The various curves represent stress at several ra-
dial locations, where the sphere diameter is 25 mm, the
cooling rate is 66°C/min, and the maximum temperature
difference is 25°C.
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a similar general trend, that the stress exceeds
90% of its elastic value before 	 � 1.

Based on the current observations, a method
of approximating the maximum stress, for
other parameter values and viscosity functions
of temperature, is proposed as follows. First,
elastic calculations (requiring no viscoelastic
analysis) are to be performed for the geometry
in question. These calculations may be per-
formed for a single cooling rate, since the
stresses are linearly proportional to the cooling
rate, provided that there is sufficient time for a
quasi-steady temperature distribution to de-
velop. (One may further choose to use one of
the idealized shapes presented above.) Next,
the set temperature is determined, either
through integration of Equation (2), or through
the approximation discovered above, namely
P � 0.988; either way, the appropriate viscos-
ity function of temperature must be used.
Based on the current results for DMSO, the
transition temperature at which the stresses
first start rising is estimated as 2°C below the
set temperature. Finally, the normalized stress
as a function of the dimensionless temperature
presented in Figure 8 is used to estimate the
specific maximum stress developed in the spec-
imen.

To validate the new method of approximat-
ing the maximum stress, several additional
cases for the vial shape were studied. As dis-

cussed above, the thermal conductivity at low
temperatures is associated with a significant
level of uncertainty, which may have an impact
on the calculated stress, where the temperature
gradient increases with decreasing thermal
conductivity. (The specific heat is assumed con-
stant in the current case; therefore, the thermal
conductivity is proportional to the thermal dif-
fusivity). Here, calculations were carried out
for cooling to a specific storage temperature of
�132°C, for various cooling rates and thermal
conductivity values. In all cases, the set tem-
perature was recomputed (for the given cool-
ing rate), and the transition temperature was
set to be 2°C below the set temperature. The
temperature difference is distinct for each set
of parameters; this difference determines the
elastic stress and, hence, the normalization of
the stress and the storage temperature. It can
be seen in Figure 9 that for all studied cases,
the new results agree very well with the base-
line curve of normalized stress versus dimen-
sionless storage temperature (H � 45°C/min
and k � 3 W/m-K). These results validate the
proposed simplified method of maximum
stress approximation.

As a second validation test for the method,
the effect of a different CPA, DP6, was ana-
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FIG. 8. Maximum normalized stress as a function of di-
mensionless storage temperature, Equation (12), for ideal
shapes.

FIG. 9. Comparison of normalized stress as a function
of the dimensionless storage temperature, Equation (12),
subject to various thermal parameters; all results corre-
spond to a cylinder having a length of 45 mm and a di-
ameter of 25 mm, representative of a vial in previous stud-
ies.10 Except for the three data points identified for the
CPA cocktail DP6, all other data points refer to DMSO
properties.
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lyzed. The temperature-dependence of the vis-
cosity of DP6 was fit to Equation (1) in a pre-
vious study,12 with b � 5.45 K and T0 � 132.3
K. The set temperature was found by integra-
tion to be �116.3°C, for the baseline case of E �
1 GPa and H � 1°C/min; the ratio of P was
found to be 0.990, nearly the same value as for
DMSO. Using the viscosity function of tem-
perature for DP6, stresses were determined by
means of FEA for the vial shape, when cooled
to three different storage temperatures, and
subject to the same temperature difference of
25°C (H � 45°C/min and k � 3 W/m-K). The
normalizing elastic stresses are the same for
DP6 as they were for DMSO, and are indepen-
dent of the viscosity. The dimensionless stor-
age temperature requires the transition tem-
perature, which is estimated as 2°C below the
set temperature, following the procedure de-
scribed above. The set temperature for DP6 in
this case, was found to be �113.4°C, using the
fixed value of the ratio P. Therefore, the tran-
sition temperature was presumed to be
�115.4°C. The dimensionless storage tempera-
ture corresponding to the three different stor-
age temperatures, as well as the stresses, are
also presented in Figure 9. It can be seen from
Figure 9 that good agreement is found between
the new data points and the previously drawn
curve for DMSO, further supporting the gen-
erality of the newly proposed method.

SUMMARY AND CONCLUSIONS

To gain insight into the propensity for crack-
ing to occur during cryopreservation via vitri-
fication, stresses which develop in a mass of
cryoprotectant, subject to a constant cooling
rate down to a preset storage temperature, have
been studied. The temperature-dependent vis-
cosity is shown to play a critical role in the de-
velopment of stresses. In particular, the re-
cently defined set temperature, which depends
primarily on the temperature dependency of
viscosity, separates the storage temperature
into stress development regimes. Negligible
stresses arise when the storage temperature is
above the set temperature, while far below the
set temperature, stresses approach levels that
are independent of the viscosity and can be de-
termined by merely an elastic analysis. At tem-

peratures slightly below the set temperature,
analysis accounting for both viscous and elas-
tic straining is necessary.

For storage temperatures far below the set
temperature, the stresses have been found to
be proportional to the cooling rate, the elastic
modulus, the characteristic dimension of the
domain to the second power, and the thermal
expansion coefficient; these stresses are inversely
proportional to the thermal conductivity. Ana-
lytic expressions for the stress have been found
for simple shapes, which are demonstrated to
be credible approximations for stresses in more
complex shapes, where the latter can only be
found from computationally expensive FEA.
FEA simulations accounting for viscoelastic
material behavior were used to determine
stresses when the storage temperature is not
well below the set temperature. A normaliza-
tion of stress and storage temperature approx-
imately condenses the predicted stresses, as
shown for a number of different geometries
and cooling conditions, enabling one to esti-
mate stresses for the entire range of storage
temperatures, without resorting to viscoelastic
analysis. Stresses are found to approach those
based on elastic modeling, provided that the lo-
cation of highest temperature (usually at the
center of the domain) exceeds the set tempera-
ture during the period of steady cooling.

This work has indicated the importance of
measuring the key properties of CPAs, such as
viscosity and thermal conductivity, in the cryo-
genic temperature range. The current study
suggests potential strategies for simplified cal-
culations of mechanical stresses, with the goal
of establishing tools for efficient optimization
of cryopreservation. Specifically, it is demon-
strated that one could produce very low
stresses by cooling down very rapidly to just
above the set temperature and allowing ther-
mal equilibration to occur; further cooling
could then be accomplished much more slowly
to the final temperature. Experiments to test
this prediction are also underway.
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